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If a random variable RV X follows the distribution FX x then the distribution function of the
maximum of n independent and identically distributed RV’s, i.e., Yn max X1,…,Xn will be,
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Now, if → ∞ there are three limiting laws, the type I or Gumbel G , the type II or Fréchet F
and the type III or reversed Weibull RW with distribution functions respectively given by
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These distributions comprise a location parameter α ∈ and a scale parameter β 0, with the
Fréchet and the reversed Weibull distributions having the additional shape parameter γ 0.
These three distributions can be unified into a single expression known as the Generalized
Extreme Value GEV distribution also known as the Fisher‐Tippet with distribution function
given by
exp
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This simple reparameterization exploits the limiting definition of the exponential function so
that the Gumbel distribution can also emerges for → 0.
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The distribution of the maximum value, given in Eq. 1 ,
converges to one of the three liming laws given that the
maximum value is selected from a sample with size
tending to infinity.
Infinity in real world does not exist, and particularly for
daily rainfall, in the best case the sample size would be
equal with the number of the year’s days, i.e., 366 values.
Obviously the actual number of rainy days is much lower
and also varies from year to year.
So, the convergence to the limiting laws should not be
taken for granted.
The figure on the right demonstrates the issue on
convergence. In a previous study* we found that the
Burr XII and the Generalized Gamma distribution are
both good models for describing daily rainfall.
So, using representative Burr XII and GG distributions
as parent we estimated a the exact distribution of
the annual maximum for a representative number of
rainy days, i.e., n 90, b calculated their L‐moments,
and c fitted a GEV and a Gumbel distribution using
the L‐moments estimated in step b .
*Papalexiou, S. M. and Koutsoyiannis, D.: Entropy based derivation of
probability distributions: a case study to daily rainfall, Adv. Water Resour.,
doi:10.1016/j.advwatres.2011.11.007, in press, 2011
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The data used here, are daily rainfall records from the Global Historical Climatology Network‐Daily database.
Among the records comprising the database, only those fulfilling the following criteria were selected: a record
length greater or equal than 50 years, b missing data less than 20% and, c data assigned with “quality flags”
less than 0.1%. The map depicts the locations of the stations, a total of 15 137 records.
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If daily records contain missing values
forming the annual maxima series is
not trivial. For example the maximum
value of an incomplete year may not be
the real one, as it is likely for a larger
value to have occurred in those days
that rainfall was not recorded.
Basically, there are three different
methods for extracting the annual
maxima series:
a in first method M1 , specific
criteria are used to assess the validity
of the annual maxima, e.g., the annual
maximum value is considered valid
only if the missing‐values percentage is
small ,
b in the second method M2 , only the
maxima of complete years are accepted
as valid while the those of incomplete
years are assumed unknown,
c in the third method M3 , the
annual maxima of every year are
extracted irrespective of the years’
missing‐values percentage.

Explanatory plot of the maxima extraction method.
The annual maximum daily rainfall is considered
unknown red rectancles if its rank in the sample is
in the smaller 40% of ranks red shaded ranks and
the missing‐value percentage MV% of the year it
belongs is larger than 1/3 red shaded percentages .
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The criteria defined previously
where not selected unjustifiably,
but rather emerged after intensive
Monte Carlo simulations
The Monte Carlo scheme could be
summarized in four basic steps:
a a subset of complete daily
records is selected and the annual
maxima series are created,
b this daily‐records subset is
modified to contain missing
values,
c annual maxima series are
extracted from the modified daily‐
records subset by utilizing the
maxima extraction method for
various criteria values, and
d the real maxima series created
in step a are compared with
those created in step c .
The idea is finding, those criteria
resulting in maxima series with
statistical characteristics similar
to the real ones.

The box plots depict the resulting differences of various sample
statistics between the real annual maxima series and the ones
created from the incomplete daily series. The advantage of the
first method compared to the others is clearly seen by the
smaller range of the box plots. The box plots lower and upper
fences represent, respectively, the sample quantiles Q1 and Q99.
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L‐kurtosis vs. L‐skewness plot the 15 137 observed
points. Interestedly, only 20% of points lies on the left
of the Gumbel distribution, corresponding thus to a
GEV distribution with γ 0 reversed Weibull law ,
while 80% of points lies on the right corresponding to
a GEV distribution with γ 0 Fréchet law . The
average point lies almost exactly on the GEV line and
corresponds to γ 0.09. The figure may not reveal the
percentage of points that could be described by a
Gumbel distribution, yet, it offers a clear indication that
the Fréchet law prevails.

The figure depicts the empirical distribution of the GEV
shape parameter as well as a fitted normal distribution
with mean 0.093 and standard deviation 0.12.
It is worth noting the large variation of the estimated GEV
shape parameter as it ranges from 0.59 to 0.76 with
mean value 0.093; the 90% empirical confidence interval is
much smaller, i.e., from 0.11 to 0.28 .
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Larger samples offer more accurate
estimates; in this direction we study
the estimated GEV shape parameter
in relationship with the record
length, as the records studied here
vary in length from 40 to 163 years.
We grouped the 15 137 estimated
shape parameter values into nine
groups based on the length of the
record that were estimated; and
second, we estimated various
statistics for each group.

Clearly, the figure indicates an upward
“trend” over record length both in the
mean shape parameter value and in the
percentage of records having positive
shape parameter.

The figure depicts the mean value of the GEV
shape parameter for various ranges of record
length. While the number in the boxes indicates
the percentage of records with positive shape
parameter value.
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The previous analysis indicated a relationship between
the GEV shape parameter and the record length but it
did not reveal a precise law. So, we partitioned each
record into many sub‐records of smaller length and we
analyzed them. The figures present these results.
a

Mean, Q5 and Q95 observed points vs. record
length, and the estimated asymptotic values of the
fitted curves.

b Standard deviation vs. record length,
c

Percentage of record with negative shape
parameter vs. record length.
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In order to verify that the true distribution of the GEV
shape parameter is a Normal with mean value 0.114 and
standard deviation 0.045 we performed a Monte Carlo
simulation summarized in the following steps:
a We generated 15 137 random samples, with sizes
exactly equal with the original records lengths, from a
GEV distribution with the shape parameter being
randomly generated from the anticipated normal
distribution and with the location and scale parameter
fixed to their mean values.
b We estimated the shape parameter values of those
samples and we formed the empirical distribution and
compared it with the original one.
Empirical distribution of the GEV shape parameter
resulted from the Monte Carlo simulation. The solid
line depicts the fitted normal.
While the prior distribution of γ was a normal with
mean 0.114 and SD 0.045, the estimated posterior
has mean 0.104 and SD 0.11, values very close with
those of the empirical distribution of γ emerged
from the real records upper figure on the right
which respectively are 0.092 and 0.12.
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Geographical distribution of the mean value of the GEV shape parameter in regions of latitude
difference Δφ 2.5° and longitude difference Δλ 5°.
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Geographical distribution of the corrected mean value of the GEV shape parameter in regions of
latitude difference Δφ 2.5° and longitude difference Δλ 5°.
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We analyzed 15137 records of daily rainfall annual maxima from all over the world by fitting
the GEV distribution and focusing on its shape parameter values. The analysis revealed that
• “Φύσις κρύπτεσθαι φιλεῖ…” There is a clear relationship of the GEV shape parameter value
with the record length implying that only very large samples can reveal its true distribution
or the true behaviour of the extreme rainfall.
• The fitted functions suggest that the true distribution of the GEV shape parameter is
approximately normal with mean value 0.114 and standard deviation 0.045.
• The percentage of records with negative shape parameter rapidly decreases over sample size
while the fitted function indicates that for record length greater than 226 years this
percentage would be zero. Interestedly, none of the 16 records available with length greater
than 140 years resulted in negative γ.
• The probability for a negative shape parameter to occur, according to the distribution fitted,
is only 0.005 and combined with the previous finding suggests that a GEV with negative
shape parameter is inappropriate for rainfall.
• We should expect the GEV shape parameter to belong in a narrow range as the 99% CI
ranges approximately from 0 to 0.23.
• There is a clear geographical variation of the GEV shape parameter with different areas of
the world exhibiting different behaviour in extremes.
• A final proposal: in the case where data suggest a GEV distribution with negative shape
parameter it should not be used. Instead it is more reasonable to use a Gumbel or for more
safety a GEV distribution with a shape parameter value equal to 0.114.
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