
1. Abstract 

The upper tail of a probability distribution controls the behavior of both the 
magnitude and the frequency of extreme events. In general, based on their tail 
behavior, probability distributions can be categorized into two families (with 
reference to the exponential distribution): subexponential and hyperexponential. 
The latter corresponds to milder and less frequent extremes. In order to evaluate 
the behavior of rainfall extremes, we examine data from 3 477 stations from all 
over the world with sample size over 100 years. We apply the Mean Excess 
Function (MEF) which is a common graphical method that results in a zero slope 
line when applied to exponentially distributed data and in a positive slope in the 
case of subexponential distributions. To implement the method, we constructed 
confidence intervals for the slope of the Exponential distribution as functions of 
the sample size. The validation of the method using Monte Carlo techniques 
reveals that it performs well especially for large samples. The analysis shows that 
subexponential distributions are generally in better agreement with rainfall 
extremes compared to the commonly used exponential ones.  
 

2. Motivation 
The upper tail of a probability distribution controls the behavior of both the 
magnitude and frequency of extreme events 
 
Study of the distribution tail of meteorological and hydrological phenomena, 
and especially rainfall, constitutes important knowledge for the design of 
hydraulic constructions 
 
An ill-fitted tail may result in significant errors having major impacts on 
hydrological design 
 
Commonly used distribution fitting methods are biased against the distribution 
tail, as the parameters are estimated for the majority of the data, which by 
definition do not belong to the tail 
 
We apply the Mean Excess Function (M.E.F.) to data from 3 477 stations from all 
over the world aiming to find their tail type: exponential, subexponential or 
hyperexponential 
 
The results can be used to investigate the rainfall tail behavior on a global scale 

3. Data 

Taking the above information under consideration, the data used for analysis were 
finally  derived from 3 477 stations 
Their locations are shown on the map 

 

We examined daily rainfall data 
from the Global Historical 
Climatology Network which 
contains data from 40 000 
stations 
http://www.ncdc.noaa.gov/ 
oa/climate/ghcn-daily/ 
 
We only used stations with 
records of over 100 years and 
with missing values of less than 
20%, for which the 
“questionable quality” was less 
than 0.1% 

4. Mean Excess Function (MEF) 
|e u E X u X uMean Excess Function: 

When applied to five known theoretical distributions: 

Exponential Pareto type II LogNormal 

Weibull Gamma 

For the exponential distribution 
(light –tailed), the graphical 
representation of MEF is constant. 
For subexponential distributions 
(heavy tails), the graph has positive 
slope (and is linear for the Pareto 
distribution).  
For hyperexponential ones (light 
tails) the graph has negative slope 
(El Adlouni et al., 2008) 
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(Benktander & Segerdahl, 1960) 

(Embrechts et al., 1997) 

5. Slope Intervals for Exponential distribution 

Dependence of slope intervals on 
parameter  of the Exponential 
Distribution: 
For all values of the parameter the 
interval is [-0.2, 0.2]  

Dependence of slope intervals on sample and 
tail size of the Exponential Distribution:  
The slope interval is independent of the 
sample size n but varies with tail size N 

For each parameter we generated 1000 
random samples of Exponential 
Distribution with sample size 10 000 on 
which MEF was applied 

6. Monte Carlo simulations on theoretical distributions (1) 

For the Weibull distribution, the increase of the shape parameter c implies increase of 
“exponentiality”. For parameter value equal to 0.8, which is an intermediate state, the results 
are not clear, as anticipated. For the Gamma distribution the percentage of “exponeniality” 
was high, which is expected because the behavior of the Gamma distribution tail is close to 
that of the exponential one.  

1000 random samples are 
generated for various 
parameter values for the 
Weibull, Gamma, Pareto type 
II and LogNormal 
distributions, n being the tail 
size (considered to be 10% 
of the sample size). The 
specific n values shown in 
the graphs were selected in 
a way so that they are near 
the min, max and mean 
values of the tail size of our 
data 

Gamma 

Weibull 

c = 0.6 c = 0.8 

c = 0.2 c = 0.3 

6. Monte Carlo simulations on theoretical distributions (2) 

For a low shape parameter value for the Pareto type II distribution the test is effective for 
large sample sizes. In our case the 80% of the stations had a record of over 6000 daily values, 
which corresponds to tail size of 600, and thus the results are satisfactory. The increase of the 
parameter augments the “subexponentiality” and the results are good even for small tail 
sizes. The same behavior is also observed for the LogNormal distribution.  

LogNormal 

Pareto type II 

c = 0.1 c = 0.15 

c = 0.6 c = 0.8 

c = 0.2 

8. Construction of MEF Test 

C.I. Type of limit b c d 

90% 
upper 0.41 1.25 23.86 

lower -0.92 1.49 7.14 

In order to implement the method on different sizes of records, we created an 
“Exponentiality Test”. We generated 10 000 simulations for various tail sizes. Again, the tail 
size was considered as the 10% of the sample size. For 90% confidence interval we found 
the results shown in the first graph. The red dots represent the upper and lower boundaries 
of possible exponential tail slope values. We  then applied a theoretical function of the form 
of eqn. (1) in order to implement the test on our data, and the values of the coefficients 
shown in the table were derived. 
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9. Implementation on data 

We considered the largest 10% of each record values as tail. The MEF was applied to all 
stations and the resulting slopes are shown on the  left graph while their statistical 
characteristics are shown on the table. For 90% confidence, the majority of samples (66%) are 
characterized as subexponential according to the MEF test. In 33.5% of records the hypothesis 
of an Exponential tail cannot be rejected. 

Min Q1 Median Q3 Max 

- 0.852 0.062 0.121 0.194 2.402 

10. Importance of sample size 

The graph shows the exponential-subexponential rate  vs. tail size. The tail 
sizes were selected in such a way that in every category there were 500-600 
stations with tail size in the specific category. For n = 111 years and over, the 
percentage of “exponential” tails decreases with the increase of tail size.  

11. Global Map 

12. Conclusions 
The mean excess function can be considered a reliable method for tail 
classification (Exponential, Subexponential, Hyperexponential) especially for 
large sample (and tail) sizes. 
According to the method, the majority of stations (66%) appear to have 
subexponential tails while for the 33.7% the hypothesis of exponential tail 
cannot be rejected. 
This means that rainfall extremes in their majority are better described by 
heavy tails (Papalexiou et al., 2012). 
The latest result contradicts the common practice of using light tails for 
simulating extreme rainfall. 
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