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Long horizons of prediction within a stochastic framework
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• The General Circulation Models (GCMs) are used to predict the climate.

 Numerical representations of the climate system and deterministic.

 Example of projection of the surface temperature to the year 3000 (!)
(IPCC 2007 p.823).

• Many criticisms regarding the validity of the results.

 Negligible hindcast properties (e.g. Koutsoyiannis et al. 2008;
Anagnostopoulos et al. 2010; Fyfe et al. 2013).

 Cannot predict the regional climate (e.g. Handorf and Dethloff 2012;
Scafetta 2013).

 Do not model adequately the climate (e.g. Spencer and Braswell 2011;
McNider et al. 2012; Stevens and Bony 2013).

• Long horizons of prediction are inevitably associated with high
uncertainty, whose quantification relies on the long-term stochastic
properties of the processes (Koutsoyiannis 2010).



Long-term persistence in predicting the climate
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• Long-term persistence or Hurst-Kolmogorov (HK) behaviour defined
by (Beran 1994, p.42)

lim
k→∞

ρk / (c k−a) = 1, 0 < a <1, 0 < c 

• HK behaviour modelled by HK process (HKp) (Multivariate normal).

ρk = |k + 1|2H / 2 + |k − 1|2H / 2 − |k|2H, k = 0, 1, …, H := 1 −a / 2 

• Useful model for geophysical time series (Hurst 1951), not artificial
and parsimonious (Koutsoyiannis 2015), stationary (Koutsoyiannis
2006), result of 2nd law of thermodynamics (Koutsoyiannis 2011).

Explains bigger variations
Same μ and σ, but
H = 0.5
H = 0.8

30-year moving average



A Bayesian framework on the prediction of climate
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θ ~ π(θ) 

π(θ|x1:n) = 
f(x1:n|θ)π(θ)

 f(x1:n|θ)π(θ)dθ
 g(y|x1:n) = g(y|θ,x1:n)π(θ|x1:n)dθ 

• We assume that there is a record of n observations x1:n = (x1,…,xn)T

• We define the random variable x1:n

x1:n := (x1,…,xn)T, x1:n ~ f(x1:n|θ) 

• A parametric statistical model consists of x1:n and x1:n (Robert 2007,
p.7).

• We model the uncertainty of the parameter θ using a probability
distribution π, called prior distribution.

• A Bayesian statistical model consists of x1:n, x1:n and π (Robert 2007,
p.9).

Posterior distribution Prediction

• Computations using analytical expressions or simulation.



Objectives and research questions
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• Use of stochastic models instead of the state-of-the-art GCMs.

• We provide some tools towards the development of a stochastic
framework for the prediction of hydroclimatic variables.

• We examine topics such as:

 The estimation of the parameters of the model.

 The uncertainty of the estimation of the parameters.

 The incorporation of this uncertainty in the prediction uncertainty.

• Research questions:

 How can the uncertainty in the estimation of the parameters be
integrated in the uncertainty of the prediction?

 How can the data be used for the prediction?

 Which is an appropriate framework to gain from available information
from deterministic models?



A first typical statistical approach for climate prediction
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Source: Koutsoyiannis et al. (2007)

• First attempt to predict the climate by Koutsoyiannis et al. (2007).

• Estimation of confidence limits for a quantile (e.g. μ + 2σ), using a
heuristic Monte Carlo confidence interval algorithm.

• A HKp was used to model the observed time series.

Runoff of Boeoticos Kephisos

Confidence limits



The Monte Carlo Confidence Interval (MCCI) algorithm
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[l(x),u(x)] = [b(x) + 
b(x) − υ(b(x))
(dυ/dθ)|θ = b(x)

, b(x) + 
b(x) − λ(b(x))
(dλ/dθ)|θ = b(x)

] 

λ(θ) = G−1(α/2|θ) and υ(θ) = G−1(1 − α/2|θ) 

• Confidence interval estimate [l,u] as a result of the inversion of a
hypothesis test about the parameter θ (Casella and Berger 2001, p.385).

• Results in an approximate 1 − α confidence interval (see the ABC
triangle).

b(x): θ estimator
G: distribution function of b(x)

Triangle ABC



Properties of the algorithm
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• General algorithm (simultaneously advantage and disadvantage).

• Exact for location and scale families.

• Asymptotically equivalent to Wald-type intervals.

• Applied using a maximum likelihood estimator.

• Unknown quantities are computed with simulations.

• Heuristic expansion for multi-parameter probability distributions.

• Still remains asymptotically equivalent to Wald-type intervals.

Proved in Tyralis et al. (2013).



Application to a sample from a normal distribution
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Bootstrap Ripley location

Ripley scale MCCI

• Simulated sample (size n = 10) from a normal distribution.

• Estimation of 1 − α confidence intervals of μ for 1 − α  [0.80,0.99], using
general methods.

• The MCCI algorithm performs better compared to the other algorithms
(closest to the exact confidence intervals).

μ̂ = 0.026, σ̂ = 1.023 



Comparison of coverage probabilities
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Coverage probabilities when calculating 0.975 confidence intervals for all methods 
(with ranks in parentheses, rank 1 is assigned to the method of best performance) 

Case Distribution Parameter Approximate Ripley 
location 

Ripley 
scale 

Wald-
type 

Bootstrap MCCI 

1 Exponential Scale  0.889 
(5) 

0.977 
(2) 

0.975 
(1) 

0.916 
(4) 

0.966 
(3) 

2 Normal Location  0.946 
(3) 

0.946 
(3) 

0.947 
(2) 

0.931 
(5) 

0.968 
(1) 

3 Normal Percentile  0.919 
(4) 

0.929 
(2) 

0.929 
(2) 

0.867 
(5) 

0.973 
(1) 

4 Gamma Scale 0.753 0.923 
(5) 

0.976 
(1) 

0.940 
(4) 

0.957 
(3) 

0.974 
(1) 

5 Gamma Shape 0.976 0.948 
(5) 

0.972 
(2) 

0.978 
(2) 

0.956 
(4) 

0.974 
(1) 

6 Weibull Scale 0.971 0.969 
(3) 

0.970 
(2) 

0.966 
(4) 

0.965 
(5) 

0.973 
(1) 

7 Weibull Percentile 0.971 0.968 
(3) 

0.970 
(1) 

 0.961 
(4) 

0.969 
(2) 

 mean rank  4.000 1.857 2.500 4.286 1.429 

 



Implementation in software package “Hydrognomon”
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User interface Monthly precipitation in Zographou 
campus (November 1993-2006). The 

sample is modelled by a gamma 
distribution



Maximum Likelihood Estimator of the HKp parameters
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• The MCCI estimates confidence intervals for parameters.

• Instead the prediction requires estimation of confidence regions for
random variables.

• This can be accomplished in a Bayesian framework.

• First step: Estimation of the parameters using a Maximum Likelihood
Estimator (MLE). R is the correlation matrix, thus it is function of H.

g1(H):=− 
n
2ln[(x1:n−

xT
1:n R−1

 [1:n] [1:n] en

eT
n R−1

 [1:n] [1:n] en
en)TR−1

 [1:n] [1:n](x1:n − 
xT

1:n R−1
 [1:n] [1:n] en

eT
n R−1

 [1:n] [1:n] en
en)]−

1
2 ln(|R[1:n] [1:n]|) 

σ̂ = 
(x1:n − μ̂ en)T R̂−1

 [1:n] [1:n] (x1:n − μ̂ en)
n  μ̂ = 

xT
1:n R̂−1

 [1:n] [1:n] en

eT
n R̂−1

 [1:n] [1:n] en

 

l(θ|x1:n) = (2π)−n/2 |σ2 R[1:n] [1:n]| −1/2 exp[(−1/2σ2) (x1:n − μ en)Τ R−1
 [1:n] [1:n] (x1:n − μ en)] 

f(x1:n|θ) = (2π)−n/2 |σ2 R[1:n] [1:n]| −1/2 exp[(−1/2σ2) (x1:n − μ en)Τ R−1
 [1:n] [1:n] (x1:n − μ en)] 

Probability density and likelihood function (parameters: μ, σ, Η)

First maximize g1(H)

Then substitute to obtain the estimates of μ and σ



Least Squares based on Variance (LSV) estimator
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x(κ)
t  := (1/κ) 

l = (t − 1) κ + 1

t κ

 xl sn := 
1

n − 1 
i = 1

n

 (xi − x(n)
1 )2 

E[s2
n] = 

n − n2H−1

n − 1  σ2 

E[s2(κ)
n ] = 

(n/κ) − (n/κ)2H−1

(n/κ) − 1  κ2H σ2 

er2(σ, H) := 
κ = 1

κ'

 
[E[s2(κ)

n ] − s2(κ)
n ]2

κp , κ΄ = [n/10] 

• A second estimator (LSV) was also developed (Tyralis and
Koutsoyiannis (2011).

• Based on the Least Squares Based on Standard Deviation (LSSD,
Koutsoyiannis 2003), but using analytic expressions instead of simulation.

See Beran (1994 p.9)

Due to the self-similarity 
properties of the HKp

Minimize the er2(σ,H) to estimate H and σ

1

Step

4

3

2



Comparison of Root Mean Squared Errors (RMSEs)
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Comparison between the three estimators
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Estimation method  Nominal H 
  0.6 0.7 0.8 0.9 
ML Ĥ 0.599 0.700 0.799 0.899 

 τ 0.008 0.007 0.008 0.007 
 RMSE 0.008 0.007 0.008 0.007 
LSSD Ĥ 0.599 0.699 0.799 0.892 

 τ 0.011 0.011 0.015 0.015 
 RMSE 0.011 0.012 0.015 0.017 
LSV Ĥ 0.599 0.700 0.800 0.895 

 τ 0.009 0.008 0.011 0.014 
 RMSE 0.009 0.008 0.011 0.015 

 

• 200 independent realizations

• 8 192 long

• τ: standard deviation of the sample containing the estimated H’s.

• Additionally the three estimators, seem to be more accurate compared
to other estimators of the literature (see Tyralis and Koutsoyiannis 2011).



Investigation of parameters orthogonality
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σ = 1 

H = 0.60
σ = 1 

σ and H are not orthogonal 
(definition of orthogonality 
in Cox and Reid 1987).

This is also proved in Tyralis 
and Koutsoyiannis (2011).

Numerous publications that 
calculate the standard 
deviation by the classical 
statistical estimator.



Posterior distribution of the parameters
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π(θ)  1/σ2 

μ|σ2, φ, x1:n  N[(xT
1:n R−1

 [1:n] [1:n] en)/(eT
n R−1

 [1:n] [1:n] en), σ2/(eT
n R−1

 [1:n] [1:n] en)] 

σ2|φ, x1:n  Inv-gamma{(n−1)/2, [eT
n R−1

 [1:n] [1:n] en · 

xT
1:n R−1

 [1:n] [1:n] x1:n − (xT
1:n R−1

 [1:n] [1:n] en)2]/(2 eT
n R−1

 [1:n] [1:n] en)} 

π(φx1:n)  |R[1:n] [1:n]| −1/2 [eT
n R−1

 [1:n] [1:n] en · 

xT
1:n R−1

 [1:n] [1:n] x1:n − (xT
1:n R−1

 [1:n] [1:n] en)2] −(n−1)/2 (eT
n R−1

 [1:n] [1:n] en)n/2 – 1 

θ := (μ, σ2, φ) Prior distribution

Posterior distribution mixture

f(x1:n|θ) = (2π)−n/2 |σ2 R[1:n] [1:n]| −1/2 exp[(−1/2σ2) (x1:n − μ en)Τ R−1
 [1:n] [1:n] (x1:n − μ en)] 

• f is the multivariate normal distribution function .

• R is the correlation matrix, thus it is function of φ.

• φ could be equal to H, or other parameter (depends on the kind of
correlation).

1

3

2

Step



Posterior distribution of the truncated process parameters
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f(x1:n|θ)  exp[(−1/2σ2) (x1:n − μ en)Τ R−1
 [1:n] [1:n] (x1:n − μ en)] I[a,b]n(x1, …, xn) 

π(μ|σ2, φ, x1:n)  exp{−[μ− (xT
1:n · R−1

 [1:n] [1:n] en)/(eT
n R−1

 [1:n] [1:n] en)]2/(2σ2/eT
n R−1

 [1:n] [1:n] en)} I[a,b](μ) 

σ2|μ, φ, x1:n  Inv-gamma{n/2, (x1:n − μ en)T R−1
 [1:n] [1:n] (x1:n − μ en)/2} 

π(φ μ, σ2, x1:n)  |R[1:n] [1:n]| −1/2 exp[− (x1:n − μ en)T R−1
 [1:n] [1:n] (x1:n − μ en)/2σ2] 

Gibbs sampler

Truncated multivariate normal in the interval [a,b]n



Posterior predictive distribution and variable of interest
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μmn = μem + R[(n+1):(n+m)] [1:n] R
−1
 [1:n] [1:n] (x1:n − μen) 

Rmn = R[(n+1):(n+m)] [(n+1):(n+m)] − RT
 [1:n] [(n+1):(n+m)] R

−1
 [1:n] [1:n] R[1:n] [(n+1):(n+m)] 

f(x(n+1):(n+m)|θ,x1:n) = (2πσ2)−m/2 Rmn−1/2 exp[(−1/2σ2) · 

(x(n+1):(n+m) − μmn)T R −1
mn (x(n+1):(n+m) − μmn)] 

The posterior predictive distribution for a horizon of length m

where

• Similar solution for the case of truncation

xt(30) := (1/30)( 
l = t − 29

n

 xl+ 
l = n + 1

t

 xl), t =n+1, …, n+29 and 

xt(30) :=(1/30) 
l = t − 29

t

 xl, t=n+30, n+31, … 

Variable of interest



Asymptotic behaviour
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f(x(n+m+1):(n+m+l)|θ,x1:n) = (2πσ2)−l/2Rln−1/2 · 

exp[(−1/2σ2)( x(n+m+1):(n+m+l) − μln)TR−1
ln( x(n+m+1):(n+m+l) − μln)] 

μln = μel + R[(n+m+1):(n+m+l)] [1:n] R
−1
 [1:n] [1:n] (x1:n − μen) 

Rln = R[(n+m+1):(n+m+l)] [(n+m+1):( n+m+l)] − RT
 [1:n] [(n+m+1):(n+m+l)] R

−1
 [1:n] [1:n] R[1:n] [(n+m+1):(n+m+l)] 

μln = μel 

Rln = R[1:l] [1:l] 

The posterior predictive distribution for a 
horizon of length l, m times ahead

When m → ∞ (asymptotic behaviour)

Proofs of the results of slides 17-20 can be 
found in Tyralis and Koutsoyiannis (2014)



Runoff of Boeoticos Kephisos
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Posterior distribution of the parameters

μ σ φ1 or H



Prediction of runoff of Boeoticos Kephisos
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• 95% confidence region of the 30-year moving average.

• Truncation case.

• Six examined cases.



Temperature in Berlin
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Posterior distribution of the parameters

μ σ φ1 or H



Prediction of temperature in Berlin
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• 95% confidence region of the 30-year moving average.

• Truncation is not needed.

• Six examined cases.



The Bayesian joint probability (BJP) modelling approach
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• Idea: Use of the Bayesian joint probability (BJP) modelling approach
(Wang et al. 2009 and Pokhrel et al. 2013, for seasonal forecasting of
streamflows at multiple sites).

• Modelling of x1 (deterministic model output) and x2 (historical
observations) as two correlated stochastic processes.



The bivariate HKp
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{x1t} and {x2t}, t = 1, 2, …: two HKps with parameters (μ1, σ1, H1) and (μ2, σ2, H2) respectively. 

Then {xt = (x1t,x2t)}, t = 1, 2, … is a well-balanced HKp if (Amblard et al. 2012) 

wij(k) := ρi,j |k|Hi+Hj , ρi,i = 1, ρi,j = ρj,i = ρ, {i,j}  {{1,2},{1,2}} 

γij(k) := Cov[xit, xj t + k] = (1/2) σi σj  ( wij(k−1) − 2 wij(k) + wij(k+1) ) 

ρ2  
Γ(2H1+1) Γ(2H2+1) sin(πH1) sin(πH2)

Γ2(H1+H2+1) sin2(π(H1+H2)/2)  

• Modelling of x1 and x2 as a bivariate HKp.

• Previously applied to White Noise and Markovian processes.

Definition



Prediction
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• Maximum likelihood estimate of the 7 parameters of the bivariate HKp.

• Posterior prediction using the estimates of the parameters.

f(x2 (n+1):(n+m)|x1 1:(n+m),x2 1:n,θ) = (2πσ2)−m/2 Rmn−1/2 exp[(−1/2σ2) · 

(x2 (n+1):(n+m) − μmn)T R −1
mn (x2 (n+1):(n+m) − μmn)] 

Simulation of f(x2 (n+1):(n+m)|x1 1:(n+m),x2 1:n,θ)

Proofs of the results can be found in 
Tyralis and Koutsoyiannis (2015)



Example of temperature prediction
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• 95% confidence region for the 30-year moving average.

• Historical time series: CRU combined land [CRUTEM4] and marine
temperature anomalies.

• Deterministic model: A1B scenario of the UKMO HadGEM1 model.



Example of rainfall prediction

Use of Bayesian techniques in hydroclimatic prognosis 29

• 95% confidence region for the 30-year moving average.

• Historical time series: CRU precipitation over land areas.

• Deterministic model: A1B scenario of the ECHO-G model.



Contributions
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• Investigation of the properties of a general Monte Carlo algorithm, to
estimate confidence intervals.

• Construction of a novel estimator of the HKp parameters.

• Investigation of the properties of the MLE, the LSV and other
estimators of the parameters of the HKp.

• Development of a Bayesian statistical model for climate prediction.

• Application of the Bayesian statistical model to temperature, rainfall
and runoff time series.

• Incorporation of information from deterministic models, to improve
the Bayesian statistical model’s prediction (the second framework).

• Application of the second framework to temperature and rainfall data
and GCM outputs.

• The Bayesian statistical model performs well.

• The information obtained from the GCMs is negligible.



Recommendations for further research and limitations
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• Assignment of informative prior distribution to the HKp parameters.

• Derivation of the MLE for the multivariate HKp.

• Bayesian expansion of the second framework.

• Application to more datasets.

• Is HKp suitable to model geophysical time series?
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