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A random walk on water




A walk on wateris safer on water’s solid phase...

though SC) re 'ét eold ...
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‘ Acheloos River:
a watery origin

| “Aeheloos @'
[ (my Village)
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ITIA.NTUA.GR: A water loving plant with deep roots
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‘ The Henry Darcy Medal... and Tyche (Tuxn)
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Randomness
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| Wh

at is randomness? (Common reply)

= The common reply is based on a dichotomous logic (+ reductionism):

Q

Q

on ontological grounds: there exist two mutually exclusive types of
events or processes—deterministic and random (or stochastic);

on epistemological grounds: we separate the events into these
two types—the random we do not understand nor explain.

Extended dichotomization: natural process are composed of two

different, usually additive, parts or components—deterministic and
random;

Q

each part may be further subdivided into subparts (e.g.,
deterministic part = periodic + aperiodic/trend).

= The dichotomous logic is typically combined with a manichean

percept

Q

Q
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I\ |
\ |

\ |

| \l
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|

jon:
the deterministic part supposedly represents cause-effect
relationships and, thus, is physics and science (the “good”);

the random part is noise, and has little relationship with science
and no relationship with understanding (the “evil”).
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‘ Does “random” mean “noise™:
Does Nature produce noises?

o DR
l T T T T T
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Time in 10-second invervals
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‘ What is randomness? (Alternative reply)

= Randomness = unpredictability (in deterministic terms):
we may understand, we may explain, but we cannot predict.

= Randomness and determinism:
o coexist in the same process;
o are not separable or additive components; and

o it is @ matter of specifying the time horizon of prediction to decide
which of the two dominates.

= Unpredictability (in deterministic terms) = high uncertainty for the future.

= Uncertainty is quantified by Probability:

o Andrey Kolmogorov (1933) system: Probability is a normalized
measure, i.e., a function that maps sets (areas where unknown
quantities lie) to real numbers (in the interval [0, 1]).

o Random variable: a variable associated with a probability distribution
(or density) function.

o Probabilization of uncertainty: axiomatic reduction from the notion of
unknown to the notion of a random variable (typical in Bayesian
statistics).

 p 7~ ) | ~ 1T L 11T Ao iir 7 T | 7Y

~ . | “ N
&
-

. . .
. . .

-

-

-

-
-
-
-

-

T B
v*v*n *.*.*v*v*
.

=
.
.

.

-

|

-

-
.
.
-
-

B,
i
N
e
e
-
i
I
e
=
.
0
o
-

-
—

»m
:

e
N
!
.
5t

-
=
.

-
-

-
.
.
.
-

-
.
o

-
.
.
-

o’
e
ol
-
-

=
e
e
—
e
7

=
y
.
i
T

7/

o

5

=

1
i
i

.
i
*
B,
i
n
A
i

w

S o

N

"

.

-

™

.
.

"

n

S

=

.
-

i
5

e
-

i
-
.

.

*
-
-

=
=
5

-
.
-
-
o
|
i
-
-
5
-
r
-
-
-
=
-
o
-
-

.
-
)
&
. |

B
-
P

@
W

&

-
&
&

} B 1
. -
. o,

: -

-
-

*

\d
s
i
-
=
=

-

*~
=
5

.

|

.
!
s

-
-

4

\

=
.
.
“
.
.
P
E
.
=
.
4

ol

.
|
!
-
-
.
-
-
-
-
-
-
-
-
.
.

\
N
L N
-

*

-

0
.
-

.

.

o

)

i

.
-

-

)
-
-

=
-
-

-
-
-
-

-
-

=
-

T
-

-

L

-

-

.
.
.
.
.
.
.
.
.
.
-
.
.
-
.
-
’
.
.
|
|

-

-
-
A
-

i

|
|
P
|
|
|
.
|
|
P

-

E
E
E
E
|

-
.
.
.
.
-
S
-
.

*..
-
-
-
-
|
|
|
P

-

=
-
.
P
-

P

.

o gy
g
e -y §F F
l S AT LIS T 1 TN

P
|
|
.
.
|
B

-
|

D. Koutsoyiannis, A random walk on water 9



Historical references

= Pierre Simon Laplace:

a perhaps the most famous proponent of determinism in the history
of philosophy of science (cf. Laplace’s demon);

o at the same time, one of the founders of probability theory:

o «la théorie des probabilités n'est, au fond, que le bon sens réduit
au calcul»
“Probability theory is, au fond, nothing but common sense
reduced to calculus” (Laplace, 1812).

= James Clerk Maxwell:

a “the true logic for this world is the calculus of Probabilities”
(Maxwell, 1850, in a letter to Lewis Campbell).

= Edwin Thompson Jaynes’s recent book
a “Probability Theory: The Logic of Science” (2003).

D. Koutsoyiannis, A random walk on water 10



Ism:

N

Emergence of randomness from determ
A toy model of a caricature hydrological system

Only infiltration, transpiration and water storage are considered.

The toy model is designed intentionally simple.
The rates of infiltration ¢ and potential transp

7;3 are constant.
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/ (“years”).
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The toy model at equilibrium

= If at some time /- 1:
Vi, = @ /7, =250/1000 = 0.25
then the water balance results in
Xi= X1t P— Vi 1Tp = Xy
= Continuity of system dynamics demands that for some x;,_,, v.= v,_,.

Without loss of generality we set this value x;_; = 0 (this defines a

datum for soil water).
= Thus the system state:

B e .= . =
’’’’’’’ v =0.25:] 1 Vi _ Vi1 _0.25
U _ Vegetation| | X=X_,=0
7= 250 mm: cover |!  represents the
|

Transpiration equilibrium of the

system.

= If the system arrives at
equilibrium it will stay
there for ever.

@ = 250 mm:
Infiltration

x=0:
Soil water
at datum

D. Koutsoyiannis, A random walk on water 12



‘ Non-equilibrium state — conceptual dynamics
of vegetation

1

High soil water

Increased (above datum)

vegetation

Normal soil water
Unchanged (at datum)
vegetation

Low soil water
(below datum)
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Interesting trajectories produced by simple
deterministic dynamics

= These trajectories of sand v, for time /= 1 to 100 were produced assuming
initial conditions x; = 100 mm (# 0) and v, = 0.30 (# 0.25); they can be
easily reproduced using a spreadsheet (or even a hand calculator).

= The system state O T Sl water, x — — Equilibrium: x = 0 >
does not converge " soo | Vegetation cover, v ————Eq!ilibrium:vgo B I
to the equilibrium. : " i

= The trajectories : SR G G TR Sl (O 1.,
seem periodic. o o n KA N AN AN A

= Iterative 0

application of the 200

simple dynamics G
allows prediction R e e e i st S R RS
for arbitrarily long ~ ®® L eiie B \

time horizons (e.g., w0
X0 = -244.55 mm; 1000 | | | | | | | |
V].OO B 0.7423)- 0 10 20 30 40 50 60 70 80 90 100

—400[ 77 :" Lo CLo t :::'- v --::.'::
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Understanding of mechanisms and system

dynamics

= System understanding—causative relationships:
a There is water balance (conservation of mass);
o Excessive soil water causes increase of vegetation;
o Deficient soil water causes decrease of vegetation;
o Excessive vegetation causes decrease of soil water;
o Deficient vegetation causes increase of soil water.

= System dynamics are:

a Fully consistent with this understanding;

a Very simple, fully deterministic;
a Nonlinear, chaotic.

D. Koutsoyiannis, A random walk on water
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‘ Science vs. understanding

= Science < Latin Scientia < translation of Greek Episteme (Eniotriun)
< Epistasthai (Eniotacbai) = to know how to do
< [epi (eni) = over] + [histasthai (ioTaocBal) = to stand]
= to overstand.
= Understanding is not identical, nor a prerequisite, to overstanding.
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‘ Does deterministic dynamics allow a reliable
prediction at an arbitrarily long time horizon?

= Axiomatic premise: A continuous (real) variable that varies in time cannot be
ever known with full (infinite) precision.

= It is reasonable then to assume that there is some small uncertainty in the
initial conditions (initial values of state variables).

= Sensitivity analysis allows to see that a tiny uncertainty in initial conditions
may get amplified. 800
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‘ From determinism to stochastics
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Probabilization of uncertainty: axiomatic reduction from the notion of an
uncertain quantity to the notion of a random variable.

Any value x; is a realization of a random variable x; and is associated with
a probability density function 7(x;).

Stochastics (modern meaning): probability + statistics + stochastic
processes.

Stochastics (first use and definition) is the Science of Prediction, i.e.,
the science of measuring as exactly as possible the probabilities of events
(Jakob Bernoulli, 1713—Ars Conjectandi, written 1684-1689).

Stochastics (etymology): < Greek Stochasticos (2ToxaoTikog) <
Stochazesthai (ZToxaleoBar) < Stochos (ZT0X0C)

o Stochos = target

o Stochazesthai = (1) to aim, point, or shoot (an arrow) at a target; (2) to
guess or conjecture (the target) (3) to imagine, think deeply, bethink,
contemplate, cogitate, meditate.

If one 'stochazetai' (thinks deeply), eventually he goes 'stochastic' (with the
probability-theoretical meaning) and he will hit 'stochos’ (the target).
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‘ The stochastic formulation of system
evolution

= We fully utilize the deterministic dynamics: x;= S(x;.,), where
X;:= (x;, v) is the vector of the system state and S is the vector function
representing the known deterministic dynamics of the system.

= We assume that 7(x, ) is known, e.g. a uniform distribution extending 1%
around the value x;, = (100 mm, 0.30).

= Given the probability density function at time /— 1, f(x;_,), that of next time
/, f(x;), is given by the Frobenius-Perron operator FP, i.e.
f(x;) = FPf(x;_,), uniquely defined by an integral equation (e.g. Lasota and
Mackey, 1991), which in our case takes the following form, where

={x, x< (x, v} and S1(A) is the counterimage of A:
82

OXOV IS (A)

= [terative application of the equation can determine the density 7(x;) for any
time /— but we may need to calculate a high-dimensional integral.

— —
. -
)

FPF(x) = f(u)du
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‘ Difficulties in applying the stochastic framework
and their overcoming using stochastic tools

= The stochastic representation has potentially an analytical solution that

behaves like a deterministic solution, but refers to the evolution in time of
admissible sets and densities, rather than to trajectories of points.

_ o°
o From x;= S(x;.,)to f(x)= oy Js i (u)du

n the iterative application of the stochastic description of system evolution
e encounter two difficulties:

Despite being simple, the dynamics is not invertible and the counterimage
S-1(A) needs to be evaluated numerically — numerical integration.

The stochastic formulation is more meaningful for long time horizons

— high dimensional numerical integration.

For a number of dimensions ¢ > 4, a stochastic (Monte Carlo)
integration method (evaluation points taken at random) is more accurate
than classical numerical integration, based on a grid representation of the
integration space (e.g., Metropolis and Ulam, 1949; Niederreiter, 1992).

In our case the Monte Carlo method bypasses the calculation of S-1(A).
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Results of Monte Carlo integration: Time 100

= We assume £(x;) to be a uniform density extending 1% around the value x;
= (100 mm, 0.30).
= From 1000 simulations we are able to numerically evaluate /().

= The figure shows
the density of 1

. f —Timei=0
the soil Waterl ) — Time i = 100, estimated by Monte Carlo
X. o1 4 — Gaussian fitted to time i = 100
= Moving from ‘ ‘ | |
time/=0to
/=100, the 0.017
density changes:
o from 0.001 -
concentrated
to broad; 0.0001
o from uniform
to Gaussian.
0.00001

-1000 -800 -600 -400 -200 0 200 400 600 800 1000
X
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Why is the distribution of soil water, after a
long time, Gaussian?

= There are a number of theoretical reasons resulting in Gaussian
distribution; see Jaynes (2003).

= Among them the most widely known is the Central Limit Theorem,
which does not apply here (there are no sums of variables).

= Here applies the Principle of Maximum Entropy: for fixed mean
and variance the distribution that maximizes entropy is the normal
distribution (or the truncated normal, if the domain of the variable is
an interval in the real line).

= Entropy [< Greek evTponia < entrepomai (evrpenopai) = to turn
into] is a probabilistic concept, which for a continuous random
variable xis defined as

plx]i=E[-Inf(x)]=- off()() Inf(x)dx

= Entropy is a typical measure of uncertainty, so its maximization
indicates that the uncertainty spontaneously becomes as high as
possible (this is the basis of the Second Law of thermodynamics).
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‘ Propagation of uncertainty in time

= The propagation of uncertainty is completely determined using stochastics.
= In summary, the stochastic representation:
o incorporates the deterministic dynamics—yet describes uncertainty;

a has arigorous ~ *®°
analytical " o0 -
expression
(Frobenius- 400
Perron);

o provides and
tilizes a 0
owerful

numerical -200
integration
method

(Monte Carlo). 00

:Low uncertainty High uncertainty

200

-400

exact trajectory for x[0] = 100, v[0] = 0.3
- ——-95% prediction limits - deterministic forecast
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‘ Do we really need the deterministic
dynamics to make a long-term prediction?

= Working hypothesis: A set of observations contains enough information,
which for long horizons renders knowledge of dynamics unnecessary.

= Here we use 100 “years” of “past observations”, for times /= -100 to -1.

= Initial conditions: 800 | |
)(_100 S 73-99 and Xi 1 |
V_100 = 0.904.
= Attime /=0, the 400
resulting state is 200

7 = 99.5034 = 100;
» = 0.3019 = 0.30. °

= Interpreting -200
“observations” as a
statistical sample, we
estimate: -600
mean = -2.52; 1 |
standard deviation = 100 -0 80 -70 60 50 40 -30 20  -10 0
209.13.
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‘ A naive statistical prediction vs. deterministic
prediction

=  We compare two different predictions:
o That derived by immediate application of the system dynamics;
o A naive prediction: the future equals the average of past data.

= For long prediction times o, ** - SR —

- . i i Betteriskill of i i i Better*: skill of naive | |
the naive pred Iction iIs 450 7 Hétéfr?:ﬁr{iéﬁd fq)*rééésftf N f : éfét&ﬁ‘iééffb}ééésftf S
more skilful. 400 - : | | | | : ;

= [ts error ¢;is smaller than sso
that of deterministic pre- sy
diction by a factor of V2.

= This result is obtained
both by Monte Carlo
simulation and by 1507
probability-theoretic 100 -~
reasoning (assuming 50 |
independence among 0
different trajectories). 0
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Deterministic forecast

Naive statistical forecast

- - —- Expected deterministic forecast
error assuming independence
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‘ Past data and ergodicity

Ergodicity (< Greek gpyodikoc < [epyov = work] + [0d0¢ = path]) is an
important concept in dynamical systems and stochastics.

By definition (e.g. Lasota and Mackey, 1994, p. 59), a transformation is
ergodic if all its invariant sets are trivial (have zero probability [= measure]).

In other words, in an ergodic transformation starting from any point, a
trajectory will visit all other points, without being trapped to a certain subset.
(In contrast, in non ergodic transformations there are invariant subsets, such
that a trajectory starting from within a subset will never depart from it).

An important theorem by George David Birkhoff (1931) says that for an
ergodic transformation S and for any integrable function g the following
property holds true: 1

lim ;Z glS'(x))= j g(x)f(x)ax

n—ow =0 i
For instance, for g(x) = x, setting )(9 the initial system state, observing that
the sequence x,, x; = S(x), % = S%(X), ..., nrepresents a trajectory of the
system and taking the equality in the limit as in approximation with finite
terms, we obtain that the time average equals the true (ensemble) average:
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Gaussian fitted to time i = 100
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