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A subsetof the GlobalHistoricalClimatologyNetwork-Dailydatabase stationswith daily rainfall time
serieswith lengthover 50 years(atotal of 11 519 stationswith very few missingvalues)
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Entropy andnaximum entropy distributions

A The BoltzmantGibbsShannon (BGS) entropy for a aoagative random
variableXwith probability density functiori(x) is

s ()= A FE()F
. , 0
A The Havrdd K I NEHilisi(HCT) entropy, a generalization of the BGS
entropy that has gained popularity in the last decades, was originally
AYUONRRAzOSR FTEA2YI GAOIf & ardroduckddiR

Tsallis [1988]; this is defined by
1 & ° |

s ()=t R 6) B

0 \
A Application of the principle of maximum entropy (ME) [Jaynes, 1957a, b], f
a given set of macroscopic constrains expressed in the EgjiX)] =c,
I =M 21X Por the BGS and the HCT entropies using Lagrange multiliers
results, respectively, in density functions

fu(X) = expf ¢ <0 ¢ X< 0n(X)], X%
f@={1+(La)[o+< (X0 b < B, Eea, xx 1
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The most commomaximum entropy distributions

A The most common constraints in entropy optimization assume known first
and second moments.

A The resulting probabillity distributions from these constraints for positive
variables are:

(a)for the BGS entropy, the normal distribution truncated at zero, and,

(b) for the HCT entropy, a symmetric behaped distribution with power
type tails truncated at zero, called the Pearson type VIl distribution
(introduced by Pearson in 1916; now also called the Tsallis distribution

A These distributions do not adequately describe various properties of the
empirical daily rainfall distribution, e.g.,

(a) the truncated normal seems to fail to describe both the right and left ta
of fine timescale rainfall [Koutsoyiannis, 2005],

(b) the truncated Tsallis distribution performs better but seems to fail to
describe the left tail [Papalexiou and Koutsoyiannis, 2008a], and,

(c) both distributions have limitations in the shapes they can form, as their
skewness is only due to truncation.
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Seeking a better entroplgased distribution for rainfall

A

We seek a probablllty distribution resultlng from the application of the
principle of maximum entropy that is capable of describing the daily rainfall
at all locations, if possible.

It seems reasonable to generalize the constraints, from the first two
moments (orders 1 and 2) to moments of unspecified oqlare.HX) =m,,.

Another simple constrain that seems reasonable for-negative positively
skewed variables is the geometric mean, IE€n X) = In>..

Using only two constrains:§, m,) and BGS entropy, the ME density is
fu(X) = expf < ¢< InXg<,xP], Xk n
which after algebraic manipulation and parameter renaming becomes

[]

I | N °
f (x)= 2 ax g expg _ _28 Generalized Gamma
SR Y. Q™% GGK i, 1,'5)
1" 2 B C
where | is ascale parameter and, and- , are shape parameters

This includes as special cases many common distributions, e.g., the Gamn
Weibull, and Exponential distributions.
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A generalization scheme

A The following generalizations of the exp and In functions are used (compat
with the definition of the exp function by Euler, 1748)

exp,(X):=(L+nx)"'", sothat exp0<)—llmexpn(x)
In_(x):=(x" - 1)/ n, sothat In(x)—llm In (X)

A Using these functions, the ME distribution for the HCT entropy is
X)) = exRc1[C <6< (¥ C X (<59, xx  n

A Using constraint&(X?) =m, andEIn.X) = In>g,, the ME distribution is
X)) = explC K C <INy XX ], XK

A After algebraic manipulations and assuming smgaélnd after parameter
renaming, this is approximated as:

} oy i :
f _ 1 élli AX 5 el :, Xai . ;Srllienrgllzed Beta of
X(X) B & 0 g e v >
: '(' A s o 2)' C G GBIk, 1y,15,19)

A The Generalized Gamma IS a special case of GBII; anotheipdmameter
special case of GBIl is the Burr type XII distribution, introduced in 1942:

1.1 A 1_

o o 1 4
_t,ax 6°€ Xa % ' Burr type XII
fX(X)_-_ﬁ_- 0 el *2 - @ BurrXI(xj , 4,
08 0 01,0
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Empirical points in the Generalized Gamibraoments space
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From the body to the tail of the distribution

A The upper tail of the distribution is its most important part as it rules the
magnitude and the frequency of the extreme events.

A The heawytailed distributions, whose probability density function goes to zero les
rapidly than exponentially, result in more frequent and more intense extreme
events compared to distributions of exponential type.

A The most commonly used models for daily rainfall belong to the exponential fan
(e.g. Gamma). However, several studies suggest that heavy tailed distributions
be more suitable (e.g. a pioneering study by Milke, 1973, which proposed the
Kappa distribution, a heavy tailed distribution, for daily rainfall).

A As only a very small portion of the empirical data belongs to the tail, fitting a
simple (e.g. tweL,Jr NJ YSUOSND RAAGNAOdzOA2Y TFdzy Of
against the tail (the estimated parameters will result in a fitting that best describ
the largest portion of the data, i..e the body rather than the tail).

A An ilHitted tail may result in serious errors with severe consequences in
hydrological design. For example, the magnitude of the I3¥r precipitation
may be seriously underestimated if it is calculated from an exponential tail rathe
than a heavy talil.

A It may be assumed that a simple, typarameter distribution can give an
acceptable fit on the tail only, i.e. over a certain threshold.

Papalexiou & Koutsoyiannis, A wewille investigation of the probability distribution of daily rainfall9



Two-parameter special cases and their talls

Distribution Qrvival function F;( ( x) Comments

Pareto 2 The Pareto distribution is the simplest heawyled distribution anc

BurrXllk, i, 1,*) F* *Jﬁ 8 depending on the shape parametemay produce very extreme

i events Other distributions, taiequivalent with Pareto, are the

Burr[Tadikamalla 1980] the KappdMielke, 1973]and the Log
Logistide.g. Ahmad et al. 1988]

Weibull 4 ¥ The Weibull distribution, a common model in hydroldgyg.Heo

GGK,1,1,1) i ( X) :enge'j_ et al,, 2001] can be considered as a generalization of the
exponential distribution, and for a shape parametet1, results in
a heavier tail compared to that of the standard exponential
distribution tail.

Gamma rr‘gelx The Gamma distribution is probably the most popular model fo

GGk, i,', 1) R (%)== o describing daily rainfaje.g.Bushand 1978] Asymptotically, it

rTfJ ) behaves like the standard exponential distribution.
LogNormal alnx- ! The LogNormal distribution is a very common distribution in

1
g ( X) —Eerfcaeg J2 hydrology that may approximate powdaiw distributions fora
large portion of the body of the distributiofMitzenmachey 2004]

=2

Notes:F (X)) =1 -F( ¥, erfc(x) \/__fje"z dt, nf , )EQ a*  andnf )ézﬁ <
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Fitting distribution tails to empirical data

A The upper tail is assessed through its survival fundgom) ;=
1 ¢ R(x) =P{X>x| x> 0} for largex.

A For each station with record length Nfyears and a total number
n of nonzero values, we derived the empirical survival function
the tail, F,"(x), as the empirical probability (according to the
Weibull plotting position) of thé\ largest nonzero rainfall values,
l.e.,F (%) =r(x)/(n+ 1), withr(x) being the rank of the value,

.e., the position ok; in the ordered sample X 2 Xx2,. X

A Four different theoretical distributions were chosen and fitted tc
the empirical tails: Pareto, Weibull, L-obprmal and Gamma.

A The theoretical survival functions were fitted to the empirical
ones by minimizing a modified mean square error (MSE) norm
defined as MSE E{(x) / F,"(x) ¢ 1)?/N; this is superior to the
classical MSE norm (more balanced).
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Fitting results: the
Generalized Pareto tall
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Number of stations

Fitting results:
the Welbull talil

1000
800
600

400

200

0.01 0.02 0.03 0.04 0.05

Mean square error of the fitted tail

0.06

Number of stations

1200
1000 -
800
600
400

200

10

20

30

40

Scale parameter of the fitted tail

Papalexiou & Koutsoyiannis, A wewitle investigation of the probability distribution of daily rainfall3




