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IDF Curve DefinitionIDF Curve Definition

εd,max:: annual maximum of annual maximum of εεdd

εd,T:: value exceeded by value exceeded by εεdd,,maxmax with probability with probability 1/1/T T (years)(years)

εd:: average rainfall intensity over duration average rainfall intensity over duration dd

IDF CurvesIDF Curves

log εd,T

log d

↑T



Methods of IDF EstimationMethods of IDF Estimation

2)2) From stochastic models of rainfallFrom stochastic models of rainfall

�� Fit a model to the Fit a model to the continuouscontinuous rainfall recordrainfall record

�� Calculate IDF curves from model Calculate IDF curves from model �������� typically through MC simulationtypically through MC simulation

1)1) From annual maximaFrom annual maxima

•• Estimate Estimate aa((TT)) and and bb((dd) ) from the annual maxima time seriesfrom the annual maxima time series

εd,T= b(d) α(Τ) 

•• Separability assumptionSeparability assumption……

IDF valueIDF value
empirical empirical 

functionfunction

e.g.e.g. ((d+d+ηη))--δδ

empirical empirical 

functionfunction

e.g. e.g. TT kk, , loglogTT

From distribution of From distribution of εεdd,,maxmax

KoutsoyiannisKoutsoyiannis et al.et al.

(1998)(1998)

oror



Multifractal Rainfall ModelsMultifractal Rainfall Models

�� Use of the full historical recordUse of the full historical record

((i.e. utilize information on the i.e. utilize information on the 

distribution of distribution of εεd  d  for for ≠≠ d))

�� KnownKnown asymptoticasymptotic IDF IDF scaling scaling 

propertiesproperties for d for d →→0 and 0 and T T →→∞∞

�� No need for Monte Carlo simulationNo need for Monte Carlo simulation

�� Few parametersFew parameters

AdvantagesAdvantages

�� No aNo a--priori assumptionpriori assumption on on εεdd,,ΤΤ

Temporal rainfallrainfall is said to be multifractalmultifractal (MF) if the statisticsstatistics remain unchanged unchanged 

when the observation axis is contracted by a factor r observation axis is contracted by a factor r > 1> 1 and the rainfallrainfall intensity is 

multipliedmultiplied by some random variable AArr..

Definition:Definition:
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IllustrationIllustration:: Multiplicative CascadesMultiplicative Cascades
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K(q)
K(q)=logrE[Ar

q]

(q-1)

-1

q1 q*(0,0)
γ1

1
q

Moment scaling Moment scaling 

functionfunction

Asymptotic IDF Behavior Under Multifractality

��Multifractal models Multifractal models have knownhave known asymptotic IDF scaling properties asymptotic IDF scaling properties 

(Hubert (Hubert et al.et al., 1999; , 1999; VenezianoVeneziano and and FurcoloFurcolo, 2002) , 2002) 

εd,T ∝ 


d -γ1 T 1/q1 , for d→0 and T finite 

 d -1
 T 1/q

*

  , for d finite and T→∞
 

�� SeparabilitySeparability holds for very holds for very 

smallsmall dd or very largeor very large TT

εd,T ~T k d -δ 

Order of moment Order of moment 

divergencedivergence



What’s next…

�� Multifractal rainfall modelsMultifractal rainfall models……

IDF calculationIDF calculation

AccurateAccurate and and simple simple IDF IDF 

calculation procedurescalculation procedures

(+ (+ example applicationexample application))

Identification of Identification of 

separabilityseparability regionregion

Bias of q* estimates Bias of q* estimates 

from tail fittingfrom tail fitting

((commonly donecommonly done))

�� Comparison of Comparison of annual maximaannual maxima andand MF methodsMF methods……see postersee poster



Rainfall Models With MF Interiors

Number of Number of 

model model 

parametersparameters

dry period
storm event

I

D

Model 3 (I and D random)

t

Model 1 (I and D deterministic)

tD

I

MF storm MF storm 

interiorinterior

Model 2 (I random, D deterministic)

tD

I

LangousisLangousis and and VenezianoVeneziano (2007):(2007):



IDF Calculation Under Model 1

��Rainfall as a sequence of Rainfall as a sequence of iidiid multiplicative cascadesmultiplicative cascades

D

I

td

εεεεεεεεdd

D

r =D/d D:: Upper limit of Upper limit of MultifractalityMultifractality

(a(average verage ““stormstorm”” interarrivalinterarrival timetime))

I:: Mean rainfall intensityMean rainfall intensity; ; Set it to 1Set it to 1

Mean Mean 11 MF interiorMF interior:: AArr ~ ~ ((ββ--LNLN))

�� CCββ: Intra: Intra--storm dry periodsstorm dry periods

��PP[[AArr ==0] = 10] = 1--rr--CCββ

�� ((lnlnAArr|A|Arr >>0) 0) ~~ N[(N[(CCββ--CCLNLN)ln)lnrr, 2, 2CCLNLNlnlnrr]]

��CCLNLN: Multiplicative fluctuations when it : Multiplicative fluctuations when it 

rainsrains

lim
z→∞

 P[Z >z] ∝ z -q*
 

lim
ε→∞

 P[εr >ε] ∝ ε -q*
 

εr = εd=D/r =
d

 Ar Z 

Asymptotic power law tailAsymptotic power law tail
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CCββ=0.4, =0.4, CCLNLN==0.050.05

……IDF IDF 

calculation is calculation is 

numerically numerically 

heavyheavy

Exact IDFs Under Model 1

•• Develop Develop accurate accurate butbut simple IDFsimple IDF calculation calculation methodsmethods

1/q1 = 0.29

γ1 = 0.67
1

εr,T ∝∝∝∝ r γ1 T 1/q1  Scaling for r→→→→∞∞∞∞  

1
1

1/q*=0.083

εr,T ∝∝∝∝ r T 1/q
*

  

Scaling for T ↑↑↑↑
∞∞∞∞

  



Approximation 1

I) Replace Z with       ArZ
 

���� q′′′′ ≈≈≈≈ q*/2 =(1-Cβ)/2CLN works well….

log10 ε

-40

-35

-30

-25

-20

-15

-10

-5

0

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5

Z exact

1
q*=12

 lo
g

1
0
 P

[ε
r 

>
 ε

] 

ArZ
 

nonnon--powerpower--

law taillaw tail

CCββ=0.4, =0.4, CCLNLN==0.050.05

Accurate!Accurate!

���� Calculate rZ so that        matches some moment order q′′′′ of ZArZ
 

εr     =
d
 ArrZ
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Approximation 2

��““GraftGraft”” a a qq** power law tail to the distribution of           above power law tail to the distribution of           above εεrr**ArrZ
 

��Find the point Find the point εεrr** at which the logat which the log--log slop of the distribution oflog slop of the distribution of

equals equals ––q*q*

ArrZ
 

II) Improvement over         for the upper tail regionArrZ
 

P[εr>ε]∝∝∝∝ ε -q*
, for ε > εr* 

εr =
d

 ArrZ
 , for ε ≤≤≤≤ εr* 

log10 εr*



Analytical Results
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~ 20% lower

Tr,γ ≈≈≈≈ 
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(2π)2ln(rrZ) 
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2

CLN

1/2
 (rrZ)

[1+(γ-1) 
1-Cβ
CLN

 
]
                      , γ    > 2-Cβ-CLN     

 

��Let Let εε==((rrrrZZ))γγ



Practical IDF Estimation….

5) Estimate the IDF values εd,T using 

the previous equation.

1) Estimate the mean rainfall intensity 

I of the historical record.

2) Choose Cβ and CLN to match K(0)

and K(3)

• Cβ= -K(0)

4) Set D such that the empirical 

moment E[εD
3] equals the 

theoretical value I 3rZ
K(3).

• CLN =[K(3)+2K(0)]/6

3) Calculate rZ(Cβ,CLN) from 

diagram

6) Multiply the calculated IDF 

values by the average rainfall 

intensity I.
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CCββ=0.4, =0.4, CCLNLN==0.050.05

εr,T ∝∝∝∝ r T 1/q
*

  

εr,T ∝∝∝∝ r γ1 T 1/q1  

Scaling for T ↑↑↑↑
∞∞∞∞

  

Scaling for r→→→→∞∞∞∞  

Ranges of Approximate IDF Scaling

1
1/q*=0.083

1

1/q1 = 0.29 γ1 = 0.67
1

��Find regions where the Find regions where the actual slopeactual slope and and spacingspacing are within are within ξξ %% of the of the 

asymptotic valuesasymptotic values

…… analytical expressions for analytical expressions for boundariesboundaries inin LangousisLangousis et al. et al. (2007)(2007)

No separability!!!

ξξ=10=10%%

ξξ=10=10%%



Bias in the Empirical Estimation of q*

loglog εεrr**

1
q*

log log εεrr

log(log(dd//T*T*))

loglog PP[[εεrr>> εε]]

T* ≈≈≈≈
5D

r
 (rrZ)

[
(1-Cβ)

2

CLN
+Cβ] 

Minimum record length to observe the q* tailMinimum record length to observe the q* tail……

CCLNLN=0.06=0.06, C, C
ββ=0.45=0.45

DD=12 days, =12 days, rrZZ= 4.65= 4.65

Example:Example:

8.5 1013881 hour

5.4 107121 day

1.2 101686420 min

T* (yrs)rd

��Many studies infer Many studies infer multifractalmultifractal

parameters parameters ((CCββ ,,CCLNLN) ) from the tail from the tail 

slope of the empirical distributionslope of the empirical distribution. . 

Is there any bias?Is there any bias?

q^ =  λ  q*  

q
^
 

1
log(log(dd//TT))

5.15

4.3

4.1

0.56

0.47

0.45

λ

9.21 hour

9.21 day

9.220 min

q*d q^ 

Example: Example: ((TT=50yrs of data)=50yrs of data)

λ=
CLN

 
[logrrZ

(rT/5D) -Cβ]

1-Cβ
 

…… range found in range found in 

literatureliterature



Summary and Conclusions

1)1) We developed We developed IDF IDF estimation estimation 

methods assuming methods assuming multifractalitymultifractality of of 

rainfall.rainfall.

2)2) SimpleSimple approximationsapproximations led  to led  to 

analytical expressionsanalytical expressions suitable for suitable for 

engineering practiceengineering practice..

3)3) We identified the We identified the regions regions on the on the ((T,dT,d) ) 

plane where the IDF curves areplane where the IDF curves are

separable separable andand scalingscaling ((common common 

assumption in MF literatureassumption in MF literature)). . 

�� Wide range of nonWide range of non--separabilityseparability..

4)4) Bias Bias when estimating the when estimating the powerpower--law law 

slopeslope of the distribution of of the distribution of εεdd

((common procedure in MF common procedure in MF 

literatureliterature))..

��ContinuationContinuation…… (Poster: (Poster: XY0569XY0569, tomorrow, , tomorrow, Halls X/Y)Halls X/Y)

•• Robustness Robustness 
�� Are actual Are actual IDFIDF’’ss separable separable 

in d and T ?in d and T ?

�� Comparison of annual maximaComparison of annual maxima and and MF methodsMF methods

•• Sensitivity to outliersSensitivity to outliers
•• Accuracy Accuracy 

�� Modifications for non scaling rainfallModifications for non scaling rainfall



Thank you for your time!


