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ABSTRACT

From ancient times dice have been used to denote randomness. A dice throw experiment is set
up in order to examine the predictability of the die orientation through time using visualization
techniques. We apply and compare a deterministic-chaotic model and a stochastic model and
we show that both suggest predictability in die motion that deteriorates with time, just as in
hydro-meteorological processes. Namely, a die’s trajectory can be predictable for short horizons
and unpredictable for long ones. Furthermore, we show that the same models can be applied,
with satisfactory results, to high temporal resolution time series of rainfall intensity and wind
speed magnitude, occurring during mild and strong weather conditions. The difference among
the experimental and two natural processes is in the time length of the high-predictability
window, which is of the order of 0.1 s, 10 min and 1 h for dice, rainfall and wind processes,
respectively.
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1 Introduction

In principle, one should be able to predict the trajec-

tory and outcome of a die throw by solving the classical

deterministic equations of motion; however, the die has

been a popular symbol of randomness. This has been

the case from ancient times, as revealed in the famous

quotation by Heraclitus (c. 540–480 BC; Fragment 52)

“Αἰών παῖς ἐστι παίζων πεσσεύων” (“Time is a child

playing, throwing dice”). The die’s first appearance in

history is uncertain but, as evidenced by archaeological

findings, games with cube-shaped dice were wide-

spread in ancient Greece, Egypt and Persia. Dice were

also used in temples as a form of divination for oracles

and sometimes even restricted or prohibited by law,

perhaps for the fear of gamblers’ growing passion to

challenge uncertainty (Vasilopoulou 2003).

Despite dice games originating from ancient times,

little has been carried out in terms of explicit trajectory

determination through deterministic classical

mechanics (see Nagler and Richter 2008, Kapitaniak

et al. 2012). Recently, Strzalko et al. (2010) studied

the Newtonian dynamics of a three-dimensional die

throw and noticed a larger probability for the outcome

face of the die to be the face looking down at the

beginning of the throw, which makes the die not fair

by dynamics. However, the probability of the die

landing on a face should approach the same value for

any face, for large values of the initial rotational and

potential energy, and a large number of die bounces.

Contrariwise to deterministic analyses, real experi-

ments with dice have not been uncommon. In a letter

to Francis Galton (1894), Raphael Weldon, a British

statistician and evolutionary biologist, reported the

results of 26 306 rolls from 12 different dice; the out-

comes showed a statistically significant bias toward

fives and sixes, with an observed frequency approxi-

mately 0.3377 against the theoretical one of 1/3 (see

Labby 2009). Labby (2009) repeated Weldon’s experi-

ment (26 306 rolls from 12 dice) after automating the

way the die is released, and reported outcomes close to

those expected from a fair die (i.e. 1/6 for each side).

This result strengthened the assumption that Weldon’s

dice were not fair by construction. Generally, a die

throw is considered to be fair as long as it is con-

structed with six symmetric and homogenous faces

(Diaconis and Keller 1989) and for large initial rota-

tional energy (Strzalko et al. 2010). Experiments of the

same kind have also been examined in the past in coin

tossing (Jaynes 1996, ch. 10; Diaconis et al. 2007).

According to Strzalko et al. (2008), a significant factor

influencing the coin orientation and final outcome is
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the coin’s bouncing. Particularly, they observed that

successive impacts introduce a small dependence on

the initial conditions leading to a transient chaotic beha-

viour. Similar observations are noticed in the analysis by

Kapitaniak et al. (2012) of a die’s trajectory, where lower

dependency in the initial conditions was noticed when

the die’s bounces are increasing and energy status is

decreasing. This observation allowed the speculation

that, as knowledge of the initial conditions becomes

more accurate, the die orientation with time and the

final outcome of a die throw can be more predictable,

and thus the experiment tends to be repeatable.

Nevertheless, in experiments with no control of the

surrounding environment, it is impractical to fully

determine and reproduce the initial conditions (e.g.

initial orientation of the die, magnitude and direction

of the initial or angular momentum). Although in the-

ory one could replicate in an exact way the initial con-

ditions of a die throw, there could be numerous reasons

for the die path to change during its course. Since the

classical Newtonian laws can lead to chaotic trajectories,

this infinitesimal change could completely alter the rest

of the die’s trajectory and, consequently, the outcome.

For example, the smallest imperfections in the die’s

shape or inhomogeneities in its density, external forces

that may occur during the throw, such as air viscosity,

table friction, elasticity etc., could vaguely diversify the

die’s orientation. Nagler and Richter (2008) describe the

die’s throw behaviour as pseudorandom since its trajec-

tory is governed by deterministic laws while it is extre-

mely sensitive to initial conditions. However,

Koutsoyiannis (2010) argues that it is a false dichotomy

to distinguish deterministic from random. Rather, ran-

domness is none other than unpredictability, which can

emerge even if the dynamics is fully deterministic (see

Appendix B for an example of a chaotic system resulting

from the numerical solution of a set of linear differential

equations). According to this view, natural process pre-

dictability (rooted to deterministic laws) and unpredict-

ability (i.e. randomness) coexist and should not be

considered as separate or additive components. A char-

acteristic example of a natural system considered as fully

predictable is the Earth’s orbital motion, which greatly

affects the Earth’s climate (e.g. Markonis and

Koutsoyiannis 2013). Specifically, the Earth’s location

can become unpredictable, given a scale of precision,

in a finite time window (35 to 50 million years, accord-

ing to Laskar, 1999). Since a die’s trajectory is governed

by deterministic laws, the related uncertainty should

emerge as in any other physical process. Hence, there

must also exist a time window for which predictability

dominates over unpredictability. In other words, a die’s

trajectory should be predictable for short horizons and

unpredictable for long ones.

In this paper, we reconsider the uncertainty related to

dice throwing. We conduct dice throw experiments to

estimate a predictability window in a practical manner,

without implementing equations based on first principles

(all data used in the analysis are available at http://www.

itia.ntua.gr/en/docinfo/1538/). Furthermore, we apply

the same models to high temporal resolution series of

rainfall intensity and wind speed magnitude, which

occurred during mild and strong weather conditions, to

acquire an insight into their similarities and differences in

the uncertainty of the process. The predictability win-

dows are estimated based on two types of model: one

stochastic model fitted on experimental data using differ-

ent time scales, and one deterministic-chaotic model (also

known as the analogue model) that utilizes observed

patterns assuming some repeatability in the process. For

validation reasons, the aforementioned models are also

compared to benchmark ones. Certainly, the estimated

predictability windows are of practical importance only

for the examined type of dice experiments and hydro-

meteorological process realizations; nevertheless, this

analysis can improve our perception of what predictabil-

ity and unpredictability (or randomness) are.

2 Data description

In this section, we describe the die throw experimental

set-up and analysis techniques, as well as information

related to the field observations of small-scale rainfall

intensities and wind speed magnitude.

2.1 Experimental set-up of die throw

A simple mechanism is constructed with a box and a

high-speed camera in order to record the die’s motion

for further analysis (see also Dimitriadis et al. 2013).

For this experiment we use a wooden box painted

white (to easily distinguish it from the die), with

dimensions 30 × 30 × 30 cm. Each side of the die

represents one number from 1 to 6, so that the sum

of two opposite sides is always 7. The die is of acetate

material with smoothed corners, has dimensions

1.5 × 1.5 × 1.5 cm and weighs 4 g. Each side of the

die is painted a different colour (Fig. 1): yellow, green,

magenta, blue, red and black, for the 1, 2, . . ., 6 pips,

respectively (Table 1). Instead of the primary colour

cyan, we use black, as that is easier to trace in contrast

to the white colour of the box. The height from which

the die is released (with zero initial momentum) or

thrown remains constant for all experiments (30 cm).
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However, the die is released or thrown with a random

initial orientation and momentum, so that the results

of this study are independent of the initial conditions.

Specifically, 123 die throws are performed in total, 52

with initial angular momentum in addition to the

initial potential energy and 71 with only the initial

potential energy. Despite the similar initial energy sta-

tus of the die throws, the duration of each throw varied

Figure 1. Mixed combination of frames taken from all the die throw experiments.

(a) (b)

(c) (d)

(e) (f)

Figure 2. Selected frames showing the die’s trajectory from experiments number (a) 48 and (b) 78; (c, d) the three Cartesian
coordinates (denoted xc, yc and zc for length (left–right), width (down–up) and height, respectively); (e) the colour triplets
(corresponding to one of the eight possible combinations of the three neighbouring and most dominant colours; see Table 1 for
the definition); and (f) the standardized audio index (representing the sound the die makes when colliding with the box).
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from 1 to 9 s, mostly due to the die’s cubic shape which

allowed energy to dissipate at different rates (see

Fig. 3).

The visualization of the die’s trajectory is done via a

digital camera with a pixel density of 0.045 cm/pixel and a

frame resolution of 120 Hz. The camera is placed in a

standard location and symmetrically to the top of the

box. The video is analysed by frames and numerical

codes are assigned to coloured pixels based on the HSL

system (i.e. hue–saturation–lightness colour representa-

tion) and the die’s position inside the box. Specifically,

three coordinates are recorded based on the Cartesian

orthogonal system; two are taken from the box’s plan

view (denoted xc and yc) and one corresponding to die’s

height (denoted zc) is estimated from the die’s area (the

higher the die, the larger the area; Fig. 2). Moreover, the

area of each colour traced by the camera is estimated and

then transformed to a dimensionless value divided by the

total traced area of the die. In this way, the orientation of

the die in each frame can also be estimated through the

traced colour triplets, i.e. combinations of three successive

colours (Table 1; e.g. Fig. 2(f)). Note that pixels not

assigned to any colour (due to relatively low resolution

and blurriness of the camera) are approximately 30% of the

total traced die area on average. Finally, the audio is

transformed to a dimensionless index from 0 to 1 (with 1

indicating the highest sound produced in each experiment)

and can be used to record the times the die bounces,

colliding with the bottom or sides of the box and contri-

buting in this way to sudden changes in the die’s orienta-

tion, to its orbit and, as a result, to the final outcome. We

observe in Fig. 3 that the die’s potential energy status

(roughly estimated through the noise produced by the

die’s bounces) decays faster than its kinetic energy status

(roughly estimated through linear velocity). Seemingly,

most of the die’s energy dissipation occurs before approxi-

mately 1.5 s, regardless of the initial conditions of the die

throw (Fig. 3). Based on these observations, we expect

predictability to improve after the first 1.5 s.

To describe the die orientation we use three vari-

ables (x, y and z) representing proportions of each

colour, as viewed from above, each of which varies in

[−1,1], with x, y, z = 1 corresponding to black, blue or

green, respectively, and with x, y, z = −1 corresponding

to the colour of the opposite side, that is yellow,

magenta or red, respectively (see Table 1 and Fig. 4).

However, these variables are not stochastically inde-

pendent of each other because of the obvious relationship:

xj j þ yj j þ zj j ¼ 1 (1)

The following transformation produces a set of indepen-

dent variables u, v andw, where u and v vary in [−1,1] and

w is a two-valued variable taking the value either −1 or 1:

u ¼ xþ y; v ¼ x � y; w ¼ sign zð Þ (2)

The inverse transformation is:

x ¼ uþ vð Þ=2; y ¼ u� vð Þ=2;

z ¼ w 1�max uj j þ vj jð Þð Þ
(3)

In Fig. 5, the plots of all experimental points and of the

probability density function (pdf) show that u and v are

independent and fairly uniformly distributed, with the

(b)(a)

Figure 3. (a) Standardized audios, showing the time the die collides with the box (picks) and (b) linear velocities (calculated from
the distance the die covers in two successive frames) for all experiments.

Table 1. (a) Definitions of variables x, y and z that represent
proportions of each pair of opposite colours and (b) the eight
possible colour/pips triplets, i.e. combinations of three succes-
sive colours.

(a) Value → −1 1

Variable ↓ Colour Pips Colour Pips

x yellow 1 black 6

y magenta 3 blue 4

z red 5 green 2

(b) Colour triplets (by pips)

1st 2 4 6
2nd 4 5 6
3rd 2 3 6
4th 3 5 6
5th 1 2 4
6th 1 4 5
7th 1 2 3
8th 1 3 5
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