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Avalntnon akpotadTov: nEB000C YpvoNns TOUNS

Xnueto

erayiotov

N

O Aoxiun 4

""" <@ Aokiun 3

o

HEekwape amo tpio onueia (a, b, c).
[Tvkvovoope (onueio 1) amod T0
evoldueco onueio (b) mpog v
TAEVPE TOV TO OTOUOKPVGUEVOV,
aKoAovOmvTag TNV avaroyio g
xpvong Topng (3 -V5)/2 =
0.38197).

E&etdlovpe moto and ta d0o
EVOLAUEGH OTUELD AVTIGTOLYEL GTN
UIKPOTEPT TETAYLEVT.

Kpatdpe avto 1o onpeio ko 600
onueio eVOALAE.

2TOUOTAUE OTOV TO OLAGTNUO TTOV
opiCovv ta 0VO axpaio onueio;
TPOG TO AOPOIGUO TOV TETUNUEV®V
TV 00O EVOIIUECOV GNUEI®V
(xat’ amdAvTn TIUN) yiver
UIKPOTEPO ATTO LA TIUT OLVOYNG.
Aropopetikd emavoAiapPivoue.
(T k@dwomoinon akyopifuov
BA. Press et al., 1992)

A. Kovtooyudvvng, Avackonnon evvolmv pedodmv feltiotonoinong kot dAyefpag pntpoeyv 2



Avalnitnon akpotatov: ngboooc mtapapforkng mapeppoinc

Xnueio

erayicToL
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YoAOYIGHOG KOPLONE TapaPOAnG

_1G=-a)IfB) = (= (b =c)[f(b) = f(a)]
2 b=a)lf ()~ f(O]-(b-o)lf(b)~ f(a)]

Hekwvape and tpia onpeia (a, b, c).
[Tukvavovpue pe Eva akoun onueio
(u) Tpocapuolovrog mapafoin
ota Tpio yvootd onueia (a, b, c)
Kot vroloyiovtag ™ 6€on g
KOPLONG NG Topaforng.
E&etdlovpe oo and ta d00
evoldpeca onueio avtiotoryet ot
UKPOTEPT] TETAYUEVN.

Kpatape avto to onueio kot 600
onueio eVOALAE.

2TOUOTAUE OTOV TO JLAGTNLLO TTOV
opiCovv ta 0VO axpaio onueio;
PO TO AOPOICUA TOV TETUNUEVOV
TV 000 EVOIIUECOV GNUEI®V
(kot’ amdAvTN TIUN) Yiver
UIKPOTEPO OO LA TIUT OLVOYNG.
AlopopeTiKd ETOVOAAUPAVOVLE.
Beltiopévn ekdoyn e pedooov

&xev avamtuyOei amo Tov Brent
(BAL. Press et al., 1992)
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2. lToAvowaotata mpoPpiquoato: Excaymyikés Evvoleg
ALOVOGLOTO KOl UNTPOO,

SIH [dn a2 aw []
a - a
Aldvoopa (peyEBouvg n): x = HZH Mnrtpwo (neyébovg n X k): A = %21 = :Zk E

anl A2 *° Apk |:|

[ az1 - am []
AVEGTPOPO SLAVOOHO: X' = [X] X3 ... X,] AVGTPOopo uNTpdo: AT = @12 2 [ ]
0 i [

Dllk Aok~ Apk D
15 SIJFJ/IH |:Fl11+bn apptby - atbi []
Y

B
Dbl | oty anntby - antby [
= : A+B= / : g .
H BB 5 : H [ : 2 : [ ]
4 ”+y" |:Llnl—l_bnl an2+bn2 o Apk +bnk |:|

|ja11 Aap -+ Lay []

1A= Dazlﬂazz /lasz

]
m BEE— =

Banl/lanz e Aagk D

' Yvvaptnon EXCEL: TRANSPOSE(A) 6mov A: range (array formula)

[IpocBeon: x +y =

BaOuwtog molhoanmiactocpog: A x = %
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ALOVOGHOTO KOl UNTPpOO (2)
IHoAlamAooLOONOC UNTPO OV )/KOL ﬁlavvcud‘w)v*:

Comx

|]?11 Cip "+ Ciy |:|

Amxk) B (e x 1

[qurdn - air [] G)llbIZ"' bll|:|

w w
@216122"'6121{[[. % @21b22'”b2l|:|= % B?zlczz“'czzD
g O -0 & BE—o— F
g‘ B‘nl Ao " Apk D ~ gkl bia -+ b D = EéLm Cn2 """ Cpl D
=
=
k otheg [ otheg [ otheg

Omov ¢;; = » a; by (W co1 = az1 by + axn by + -+ + aybi)
r=1

Ecmtepiké yivopevo drovuepdrov: <x, y> =Xy (Bofunto péyedoc)

Noppa owavoopatoc: |[x|| = <x, x> = (x" x) 2

TeTpaymviki] pope1: n covaptnon e Lopens fx) =<x, A x> = x' A x, 6mov A TETPAYDOVIKO
GUUUETPIKO UNTPMO KOl X O1dVUG QL.

OeTIKG 0propévo pTPp®o: ‘Eva 1eTpay®vikd GUUUETPIKO UNTPDO A YOl TO OTTO10 1GYVEL

<x, A x> > 0 v k40e X # 0. (OeTikd NUOPIGUEVO UNTP®O: <X, A x> = ()

' >vvapton EXCEL: MMULT(A, B), 6mov A, B: ranges (array formula)
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Awovoopoto Kol untpoa (3)

Io10tTEC ToALaTTAGGIOoNOV pTpOOV: A (BC)=(A B) C, (A B)T =B" A"

Dl 0 --- 0 []

(D1 - 0[]

Eer o ¢ |

[(bo .. 10U

AvTioTpo@o mrrp(i)o*: ‘Eva tetpayovikd untpoo A (ueyébovg n X n) ovoupdletor opaAoc (non-

singular) av vrdpyel Eva aviiorpopo untpwo (GuUPoiikd A_l) TOL VOl 1KOVOTOLEL TN GYEon
AA'=ATA=T

e avtifemn nepintwon to untpwo A ovoudletal avoualo (singular).

Movaoraio pntpmo (neyébovgn X n): I =

IowtyTa avrietpoPns: (A B)_1 =B'A"
YVoTHHOTO YPOPRPIKOV eElo®@oe®Vv: 'Eva cvotnuo 7 YPOUUIKOV EEICOCEMV UE 7 OYVOOTOVC, TNG

HOPPTG
anxytapx,+ - +ay,x,=b

a1 X1 +an2x2+ +ann-xn:bn

YPAQETAL GE SLOVUGLOTIKT LOopeT: A X = b kot 11 Avon Tov (Yo opord A) givor X = A'b.

*Zvvdpmcm EXCEL: MINVERSE(A) 6mov A: range (array formula).
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Ev0Ogieg, emimedo Kol VITEPETITEON GE OLOVUGUUTIKOVS YOPOVS

4 /4 T 4 /4 /4 14 14 14
Xnpeto: To dtavvoua X =[x, X3, ..., X,] 0T0 ¥®PO 1 dactdoewv TaploTavel (o) Eva onueio (B) pio
otevbuvon.

EvO¢ia: o va opiotel po vbeia (&) o ydpo 7 S10GTAGEDV QTOUTOVV-

Tal 000 onueia (Po, P1) N €va onueio (pPo) ko pa o1evdvvon (d). H

eClomon ¢ evbeiog diveta:

1. Mg Bdon ta 0vo onueia (po, p1): X=(1 =) po + f p1, 0mov 5 LI R
(Yo To €06OYpappo T petadd po Kot py, f U [0, 1]).

2. Mg Bdon 1o onueio (po) kot tn devBovvon (d) (mTapapeTpikn popen):
X = Po + IB d.

3. Mg Bdon t oxéon A x =b, 6mov A untpmo peyébovg (n— 1) X n X
Kot b ordvoopa peyéboovg n — 1.

EvOcia oe ywpo 3

(Ymep)enimedo: X210 yOPO 7 dAGTAGEDV UTOPOVV VO, OPIGTOVV ETITEON, 0100TAoEDV

k dwaotdoewy, omov 1 £k <n—1 (yia k=1 &ovue gvbeia). 'Eva k-eninedo kabopileton pe Tpelg

JLOPOPETIKOVE TPOTTOVG Kl EXEL TIG OVTIOTOLYES EEIGMGELS:

1. Mg Baon k + 1 onueia (po, P1, ---» Pr): X=P w, 6mov P = [po, p1, ..., Pr] UNTPp®O pEyEOOLC
n % (k+ 1) ko w o1dvoopa peyéboug k + 1 pe dBpoiopa cuvictwcwv ico pe 1.

2. IMapaperpka, amd v e&icmwon x = py + Q t, 6mov py dtdvvcua peyebovg n (onueio oto YOPO 1
dactdcemV), totdvocua peyéboug k kot Q untpmo peyebovg n X k.

3. Q¢ toun n — k dapopetikav (n — 1)-emmédwv: A X = b, 0mov A untpwo peyédovg (n — k) X n ko
b owdvuopa peyébovug n — k.

A. Kovtooyldvvng, Avackonnon evvolmv pedodmv feltiotonoinong kot dAyefpag pntpowv 7



I poynaTIKES GVVEPTICGELS OLOVUGUROTIKNG HETUPANTNC

IpaypoTikny cuvaptnoen dwovoopotikig petofintic: £ R” - R

of o0 d
Hoapdymyog og mpog dwdvoopa (tng f(X) og Tpog X): Zlf E%{ , 6){2’ o a){;g

ig «avé ..o 90 o
Teheotig «avadehtar: L1 = x> 0y " O
K\ion 1 Ba®pida (gradient): grad(f) := %xil , 5xi2 . Exig %

of of . 9f
H axl 6x16x2 axlaxn

Lo Oer o . & 0

AgbTepn mapdyeyog g TPog Sravucpa: —I [szaxl 0x, 0x20x, []
=+
azf of . 9f B

x,0x; 0x,0x> 0x,,

H 6ebtepn mapdywyog eivol GOUUETPIKO PUNTPp®O, YVOG6TO 0G Eooiavo (Hessian)
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Hopaderypo TPpoyRaTIKNS GVUVAPTNONS OLOVUGUATIKNG HETUPANTNG

0.00 0.25 g50 0.75‘ 1‘.00
X

0.00

1

0.00

025 0.50

0.50

0.25

0.00

0.75 x11'00

m0.45-0.50
W 0.40-0.45
100.35-0.40
m 0.30-0.35
[0.25-0.30
W 0.20-0.25
00.15-0.20
00.10-0.15
M 0.05-0.10
[0.00-0.05

m0.45-0.50
W 0.40-045
[00.35-0.40
W 0.30-0.35
[0 0.25-0.30
m0.20-0.25
00.15-0.20
00.10-0.15
m0.05-0.10
[0 0.00-0.05

AWVOGPATIKY pETAPANT: X = [X1, x2]" (xopog
d00 O106TAGEWMV)
[paypatikn covaptnon:

AX) = (61— 0.5)* + 0.5(x, — 0.5)°

= 0.5()61 = 05)()62 = 05)

To ypdonua g cvvaptnong oto medio (0 < x< 1,
0 < x< 1) paivetan ota Surhavd GYNULATO (TTAVED
TPLOLAGTOTY TPOOTMTIKY] OMEIKOVIOT), KAT®

OOLA0TATY ATEIKOVIOT] LE LOPPT] IGOTIUKOV
KOUTOADV).

KAion:
_ o BH _Bor ofF _
grad() = L= g = Ox; ” 0xH
[2(x;—0.5)—0.5 (x,—0.5), (x2—0.5)— 0.5 (x;—0.5)]"

[Tapadetypota Tin®OV KAIONG:
T x =[0.6, 0.3]", grad() = [0.3, -0.25]"
T x =[0.65, 0.75]", grad(f) = [0.175, 0.175]"

Ta davoopato Twv 6V0 TOPASELYUATOV EXOVV
OMEIKOVIGTEL 6TO KAT® oynua (Tpdoiva BEAN).
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ALOVUGUUTIKES GUVUPTI|OELS OLUVUGUATIKNG RETUPANTIG
AlavoopoTiKY covapTnen dwavospatikig petapinrig: f: R” — R”

onAaon f(x) = [f1(x), AH(X), ..., fk(x)]T omov ot f1(X), f2(X), ..., fi(X) elvar TPAYUATIKEC CLVOPTNGELS TNG
dtavvopotikng petaPAng x. (Iapdderypa: n kiion grad(fx)) g mpayunatkng Ax) eivon
OLOLVUGLOTIKT] GLVAPTNOT) SLUVLGHOTIKNG LETAPBANTNG.)

of o Oh

X1 aXQ axn

0f, 9f of
w oo ol e P

Hopayowyog ¢ f(X) oc mpog x: e iy Ox axH:
[]: s
X, O0x; 0x,

H moapdymyog eivan yvoot o¢ lakwpfiovo (Jacobian) puntpmo.

YTOLYELDOELS KUVOVES TUPAYADYLONS OLUVUGUUTIKMOV GUVIPTIGEMY

Xvvdaptnon (f) [Tapaywyoc (df / dx) Xvvéptnon (f) [Tapaywyog (df / dx)
afna 0, A X A

ARA Oy xn x B B

X 1 x' I, X X 2x’

a’ x a’ x Cx x C+x' C’

a, X: n-oavoopota A: m X n untpoo: B: n X [ intpwo- C: n X n untpdo- O,: pndeviko n-otavoopuo: Oy, x x:
pundevikd mn X n untpwo- I,;: povadaio n X n untpwo- ta a, A, B, C givat aveEdptnta Tov X.
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3. lloAvowaototo mpoPiquata

YOVONKES AKPOTATOV YOPIS TEPLOPLGUOVS

HpoPinpa: Na Bpebei to onpeio x+ €161 woTE
A(xx) =min [X)]

Avaykaieg ovvOkeg ehayioTov:

 WfxoH
H dx 0 o’ (x+ otdolpo — stationary — onueio)
M

2. Eocuovo untpwo g dx’

EOS’L‘IKOL OPLGULEVO.

Hopatnpios:

Ot napoméwoa ouvOnkeg elval Kot ucowég oV 1 GLVAPTNON
elvar Kvprn, onAadn to Ecolovo ;,mtp(oo elvon Oetikd
optcusvo i KaOe x. Ze o mv nepintoon N AX) Exel
uovo éva otacipo onueio mov givar kot odixo (global)
eAdyioTo.

Awopopetikd pmopei n AX) va £xel TEPIGGOTEPO GTAGILA
onueta, kabéva amd Ta omoia, avaAloya LUE TIG WOIOTITEG TOV
Eccuavon, pmopet va eivan tomixo (local) eAdyiaro 1) tomixo
uéyioro M timote am’ Ta 000. L& ALTH TNV TEPITTMOON 1
emiAvon tov TpoPAnuaTog Tpodmodétel TV ebpecn OA®V
TOV GTAGILOV CTUEIOV X+; KAl T1 CUYKPIOT] TOV TILOV
f(X*i).

To mpoPAnua ¢ avalnong peyictov aueca
uetatpénetal oe TpoPAnua avalytnong erayictov,
dedopévov 6Tt max[—f(x)] = —min[—Ax)].

PeltioTomoinong
Hapaosrypa:
AxX) = (x1—-0.5)* + 0.5(x, — 0.5)°
— O.S(Xl — 05)(X2 — 05)
g){ =[2(x;-0.5)—0.5 (x,—0.5), (x,—0.5)—0.5 (x,—0.5)]
df 02 -0.50
ax® E}—O.S 1 E

(BeTikd opropévo mavtov — opilovca BeTiKn — apa
ocuvdptnon eival Kvptn)

Ytdowo onpeio: x« = [0.5, 0.5]" O oAucd ehdyioto.
1.00

m0.45-0.50
W 0.40-045
10.35-0.40
m0.30-0.35
0 0.25-0.30
m0.20-0.25
10.15-0.20
10.10-0.15
m0.05-0.10
£ 0.00-0.05

0.50

0.25

Bn==dEPZ

025 0.50

0.00
x 1‘I .00

0.00 0.75
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EliooTtikol mepropiopot

popinpe: Na Bpebdei o EAdtomo: rvg 1.00
onuelo X« €161 MOTE x. % [0.5, 0.5]" ’ A X2
f(xx) = min [f(x): x U K]

OOV TO GUVOLO TEPLOPIOUDV K

opietar amd T oyéon 0.50
h(X*) =0
: e 0.25
10, Sedopévn dtavospatuc (1 [A(x) =x,—0.5 x,—0.5=0
TPayMOTIKY) GuVapTNon h(X). (sv0eia)
e 0.00
000 025 050 075 , 1.00
, : 1.00
Hopaostypora: SR ee: =

210, TOPAOELYLOTO TMV x. = [0.5,0.5]7

]

oynudtov eetdleton m
GLVAPTNG

e [ h®=x,-2x2=0
f(X) = (X1 —05) + 0.5()(?2 — 05) (napaBoM])

= 0.5(X1 = 05)(X2 = 05)
He diapopeg LOPPEG \E

0.00

/

0.50

0.25

7
4 4 \
eEICMTIKOV TEPLOPIGUAV. 3

S i o S 0.00
025 050 0.75 X1‘I.OO

m0.45-0.50
W 0.40-0.45
[00.35-0.40
W 0.30-0.35
[00.25-0.30
m0.20-0.25
00.15-0.20
00.10-0.15
m0.05-0.10
[00.00-0.05

m0.45-0.50
m0.40-045
10.35-0.40
m0.30-0.35
0 0.25-0.30
m0.20-0.25
10.15-0.20
10.10-0.15
m0.05-0.10
£ 0.00-0.05
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AVIGOTIKOL TEPLOPLONOL

EAdyoto

IpoPinpa: Na Bpebel o A w m0.45-0.50
onueio X« €161 MOTE Kvpto F W 0.40-0.45
— SVOAO [00.35-0.40

f(x+) =min [f(x): x U K] SLALY
m0.30-0.35
OOV TO GUVOLO TEPLOPIOUMOV K 0.50 |@0.25-0.30
opiletar amd ™ oyéon o  m020-025
g(x+) < 0 g/(x)=—x,+0.5x,+0.5<0 / [00.15-0.20
_ === =N 4 025 170.10-0.15
Yo 6edopEVN davucuatikn (1 g(X)=x-035<0 B0.05-0.10
TPAYUATIKY) GLVAPTNON Z(X). g:(x)=x.2+x,2—1<0 7 000 |[0.00-0.05

000 025 050 075 100

g1(X)=—x?— (x,—0.5)*+

1.00
Hopoadeiypota: +0.25<0 .. /@0:45-050
. — 2
Yto Topodeiypoto Tov —= m0.40-045
oynudtov eetdleton n Mn kvpto S R
GLVAPTNON chvoro ;8-22'8-23
AX) = (x1-0.5)> + 0.5(x, — 0.5)° , S s
—0.50x; = 0.5)(x, - 0.5) ]ixﬁ)xg(’%"sv 70.15-0.20
e S10popeC LOPPEC i L 0.25 /50.10-0.15
AVICOTIKOV TEPLOPLCLDV. B 5 m0.05-0.10
8 (X) =X, +2x°< 0.00 |@0.00-0.05

000 025 050 075 100
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MoONuatiKoS YEPLGUOS TEPLOPLOUMDY
Apyko Tpofinpa pe e€10OTIKOVS TEPLOPLONOVG:
min £x) OTOV X = [X1, X2, ..., Xn]
s.t. h(x) =0 omov h(x) = [11(x), hy(X), ..., h(x)]"
Metaoynpoaticpuévo Tpofinpa:
max ¢(x, &) = Ax) + A" h(x)

Omov A= [A1, A, ..., 4] SLAVOGLO TOPOLETPOV TOV EIVOL YVOOTES O TOANATAUGLUOTEC
Langrange.

Me tov TpOTO 0VTO TO APYIKO TPOPANUA LE TEPLOPIGUOVS LETATPATNKE GE TPOPAN LA YOPIG
TEPLOPLGUOVGS, UE TEPLOGOTEPES OUMG PeTAPANTEG (1 + k EvavT ).

ApYKO TPOPANUO pE GVICOTIKOVS TEPLOPLGUOVS:

min f{(X) Omov X = [xy, Xp, ..., xn]T
s.t. g(x) < 0 6mov g(x) = [g1(X), &(X), .., &)’

Metaoynpaticpuévo Tpopinna:

1. Ewdyovue T1c «a&a(gopsc;» (slack) uetapnteg r = [ry, 1o, .. 1] kau 1 OLLVUGLOTIKT)
GVVAPTNON W(T) = [F1, 72, ..., ]| Y10 VO LETOTPEYOVLE TOVS OVIGOTIKOVE GE EEIGOTIKOVC:
h(x, r) =g(x) +y(r)=0

2. Ewdayovpue nodhamhoaoiaotéc Lagrange A= [, Ay, ..., 4]’ kot petatpémovpe €101 10 apyucd

TpOPANUO 6E TPOPANUA YOPIS TEPLOPIGLLOVG:
max ¢(Xx, r, A) = f(x) + A g(x) + Al y(r)
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0.00

0.0

0 025 050 0.75 1.00
X

0.00

1

il 1.00
! 20VOAO X,
EPLOPIGUMD

ELXdyioto (Kll)JD_TO o

Bl —— N 0.50

L | N n.25
| 5

_-Miﬂ‘ 0.00
0.25 0.50 0.75 1.00

X1

m 1.80-2.00
W 1.60-1.80
01.40-1.60
l1.20-1.40
@1.00-1.20
m0.80-1.00
[10.60-0.80
00.40-0.60
m0.20-040
@ 0.00-0.20

m 1.80-2.00
m 1.60-1.80
01.40-1.60
m1.20-1.40
01.00-1.20
m0.80-1.00
[10.60-0.80
[10.40-0.60
m0.20-040
@ 0.00-0.20

E101Kn wepintoon: YPOUUIKOS TPOYPOUUROTIGHLOG

I'poppkog npoypappotiopog: [Tpofinua
TPOGOLOPIGLLOV OKPOTATOL GTO OTOL0 TOGO 1
AVTIKELEVIKT cvvdpTnon f(X), 660 Kal ot
neploptopol (e€lomtikot h(x) xat avicmtikol
g(X)) etvar YPOUUIKES GUVOPTNCELS.

IHapatipnon 1: Av dev vrdpyovv
TEPLOPIoUOL TO TPOPAN A OV £xel Avon (N
Ax) amepiletor — PA. dumhavod Gynuo Tov
mopleTavel T cvvaptnon fAx) =x; + 0.5 x, +
0.5).

IHapatipnon 2: To GOVOLO TOV YPOLUIKDV
TEPLOPIOUDV (EEICOTIKMY KOl OVICOTIKMV)
etvan mévta Eva KuptOd GUVOLO TOL
ovopdletot moAvedPO (6TIS dVO0 JOOTACELS
TOADY®VO — BA. dumAavo Gynua).

IHapatpnon 3: H Avomn tov mpofAnotoc
(To eAdy1oTO TNG GLVAPTNONG) ElvVOL Loy
KOpLON TOL TOAVESPOV. Katd cuvEmela To
TPOPAN UL AVAYETAL GTI) CUGTNUOTIKT TOpPEiQ
TPOG QTN TNV KOPLOT).
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E@oapuoyn otn AVon EAAYIGTOV TETPAYOVOV YPOUUULKOV
cVOTNUATOV — TO YEVIKEVUEVO GVTIGTPOPO UNTPOO
Hpopinpa: To cOhoTua Ypoppuk®v Eloc@ce®mv A X = b £yel Tn povadikn Adomn X = A'bavo
ap1Oudc Tov eElomcemv ivar i00g e Tov aptud Tov ayvootov (OnAadt) To A ival TETPAY®OVIKO,
n X n) ko emmA&ov 10 A givan opard. Iwg pumopet va Bpebet pua «Avony, dtav 6gv 16YVOLY 0L
npobmobEcels avTéc;
Iepintoon 1: ApOpog e€io@oe®v (1) PIKPOTEPOS TOL UPLONOV AYVAOGTOV (1)
(Ed vrdryeton kou 1 mepintmon mov 1o A dgv eivor opadd, yloti avto onuaivel Ot o 1
TEPIGGOTEPES ATO TIG EEICMCELS ATOTEAOVV YPOUUIKO GUVOLACUO AAA®V EEIGOGEDV).
YovOnkeg: To A €yl uéyebog n X m, 6mov m > n. Yndpyovv Anelpec AVCELC.
Z‘réxongAvngnroﬁus TN CUKPOTEPT dLVATH AVGT, ONANOT VTN TTOL EANYIGTOTTOLEL TN VOpLOL
x| = (x" x)
AwToTOon: min X' x st. Ax—b=0
AvVOOL0TOTMGT YOPIS TEPLOPIGUOVS: MiIn ¢(X, A) = x' x+A (Ax—b)

0 0
Hopaywyog (PA. 6TOLYELMOELS KAVOVES TTAPAYDYLGTC): 53 =2x +A" A, 5% =AXx-b
Yraowpo onpeio: {2x =-A' A, Ax=b}
Eribvon: {x=(1/2)A" AL Ax=b}0 {x=(1/2) A" A, (=1/2) A A" L=Db}. To A A &ye1 uéyeboc
n X n ko gtval oparo, dpa avtiotpéyipo. 'Etol n oevtepn eiocmon olvet A =-2 (A AT)_1 b ko n
mphmx=A" (A AN ' b. Anodeucvieta (BA. m.x. Marlow, 1993, ¢. 263) 611 T0 Ecclavo oto onueio
¢ Avong eivar I kot apa Betikd opiopévo.
Telkn Avon: x = AT (A AT)_1 b (Lovadikd eAdy1oTO 6TO TPOPANUQ).
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E@appoyn otn Aon ELGYLETOV TETPAYOVEOYV YPOUUULKOV
cVOTNUATOV — TO YEVIKEVUEVO OVTIGTPOPO UNTP®O (2)
Iepintoon 2: AprOpog e€io@ocmv (1) peyalvTePos Tov apLtOpod ayvaoTov (m)
YovOnkec: To A €yer uéyebog n X m, 6mov m < n. Agv vapyet koud (axpipng) Avon

X10Y0G: Avalntove Lo TPOGEYYIGTIKN ADGT KOl CUYKEKPIUEVA VLT TTOV O1VEL TO UIKPOTEPO OLVATO
opéipa |[Ax—b||=[(Ax—b) (Ax-b)]"*"=x"A"TAx—x"A"b-b" Ax+b"b)"”

Awtonoon: min ix)=x A’Ax—x A’ b- b"Ax+b'b

d
Hopayowyog (PA. oTOXEI®IELS KOVOVES TTOPAYDYIOTC): ;,g =2x  A"TA-2b"A
2 TAGN0 GNUELO: x ATA=b"AO0 A"Ax=A"b

Enihvon: To A" A &yet puéyeBog m X m xan givar opokd, Gpo aviiotpéyipo. Apa x = (A’ A)'A" b
Amodewcvietan (PA. wy. Marlow, 1993, 6. 255) 611 10 Ecotavo oto onueio g Abong eivar 2 ATA
Ko apa OeTIKd OpIoUEVO.

Telkn Mon: x=(A"A) A" b (LovadKo EAAY10TO GTO TPOPANLQ).
| n

Kmowkomoinoen ¢ Ao1g 100 cueTuotoc A X =Dh

Xyéon m, n |OUOAO UNTPOO Mntpmo C tmg MWongx=C b
m=n B=A C=A" (m % n) [Kavoviko avtictpopo]
m>n B=AA" nxn) C=A"B"' (mxn)
[Ae&16 avTioTpo@o 1 avTioTpoPo eAGY1GTNG VOPLLOC]
m<n B=A"A mxm)|C=B'A" (mxn)
[Ap1oTEPO QVTIGTPOPO 1] AVTICTPOPO EAGYIGTMOV TETPAYDOV®V]

[Tapatnpnon: To 0€EL0 Kot To aploTEPO AVTIGTPOPO TOVTILOVTOL LLE TO KAVOVIKO OTOV M = A.
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4. EQappoyn otny mpocopuoyn voporoyikov HOVIEAOL
I'poppikd cueTNROTE KOl HOVAOLXL0 VOPOYPAPN LA

I'pappikoé cvetnpa: 'Eva cbotua, tov omoiov 1 €icooog 1(7) kol n £E0dog O(f), dmov £ 0 Ypovogc,
cuvoEovTal ua YPOLULKT] SLOPOPTKT) séiococm 1e otafepoc cuVTELEGTEC, ONA. TNG LOPPNS

nl
a, dt +an ITQ -+ a; dt+a1Q 1

OOV @; GLVTEAEGTEC. ATOOEIKVVETOL 1) AVoN TG €€lomONC €lval Piol GUVEMKTIKT) GYE0M TS LOPPNG

O(t) = i I(r) U(t—1) dr

omov U(?) etval | AeyOUEVN c0VAPTHON ATOKPLONS (response function) T0V GLGTNUOTOC.

I'poppuicn Aekavn amroppons: Mo Aekdvn amopporg yia TV ortoio vrotifeton facipa 6Tl propel va
BempnOel ypopkd cOGTNUO G TPOG TO LETAGYNUATICUO TNG EvEPYOL PBpoyng o€ amoppon. Ev
TPOKEIUEVD M €16000¢ 1(¢) etvar 1 kKabap1) Bpoydntmon ot Aekdvn (= oMKT BPoyONTOGT — ATMOAELES
KaTaKpatnong kot ombnonc) kot O(7) etvail n TAnUpLPK Topoyn 6€ 000UEVT] OLOTOUY| TOV
VOATOPEVLATOC.

XTiypweio povaoraio vopoypaenua (XMY): EE opiopov givar n cuvdaptnon anoxkpiong U(r). To EMY
amotelel TNV ypovikn e€EMEN ™G Tapoyns av ¢ eiopon 1(¢) Bewpnbel Evag otryaiog ToALOS GUVOAL-
K00 vyoug Bpoyng Hy (katd cdpPaocn Hy =1 cm = 10 mm) mov wpaypatonoleital oto ypovo ¢ = 0.
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Bao1KES 1010TNTES TOV HOVAOLALOD VOPOYPUPTLATOS
Movaoraio vopoypaonua owdpkerog d: ES opiopot A
glvon m ypovikn e€EMEN ¢ mapoyng Uy(t) av 1 e1Gpon) A/
1(t) OewpnBet Evag TeTpAyOVIKOS TOANOG O10pKELNG d j/ H o/d S Tyuidio povadiaio usPoyPAPNUa
Kot GLVOALKOL Vyovug Bpoyne Hy (évtaong Hy/ d). <5 (eppad6 Vo=HyA)

Bpoxn

Koapmodn S (kotaskevoaspévn amd 1o Lovadloio
vopoypdenua drapkelag d): EE opiopod gtvar ) ypovikn
eEEMEN ¢ mapoyng S«?) av n ewopon I(¢) BewpnBel o611
&xel otabepn| Evraon Hy/ d ywo dmepn didpxeia,
Eextvovtag and to ypovo ¢ = 0 (amotelel emaAinAio
dmelpov Lovadlaiov vopoypaenUdToV didpkelog d).

Movadiaio udpoypdenua didpkeiag d
(EMBadO Vo=H o A)

Ul(t), Ua(t)

Eppaoo povaodraiov vopoypa@nuatog (6yKoc
QTOPPOTG)

Ty Ty ’

Vo= [ Udd) di= [ U() di = Ho 4 ~ Bpoxi~,

omov A 1o euPado g Aekdvng, Kot Ty ko Ty ot 4
OLAPKELEC TTANUUOPOS Y10 TO LOVOOLOIO KO TO GTLY L0 “«> !
LLOVOO10i0 VOPOYPAPT LA, OVTIGTOLYO. ¥—_ KaptoAn S

Yy€01 OTIYHLOIOV HOVAOLAIOV VOPOYPUPLATOS KL
KOPmTOANG S:

t

1
SAt) = a & U(7) dr
€01 HOVEOLUioOV VOPOYPUPT|LOTOS KOl KOUTOANG S:
Ud(t) = Su(t) — St — d)
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I upvpiko vopoypPaPNUO. RETA OTTO TVYOVGO BpoyonTMON

Evalhoxtikn Avon 1, pe fdon 1o otryuaio povadiaio vopoypdenuo,
(amd cLVEMKTIKN £EIGMOT — HELOVEKTNLOL: OITA{TNOT OAOKANPWOGCTC).
Evalloxtikn Aoon 2, e faon 1o povadtaio vdpoypaenua Stdpkelog d:

Alokp1Tomolovpe 1o ¥povo oe dwaotnpoto At = (4, ¢,), Omov £, — t,_, = d, xon Tpoceyyiovue 10
O@EALpO veToypaenua I(2) pe po olinlovyio otadepmv ava xpoviko Priua evtdoeny I; (Kot vyov H,
=d [), onote

q H; q H .
o) = kZpUd('fj+ -8 = k_Zp,Ud(tk) Hy

OOV
p=max(l,j+1-n), g=min (j, m),p ' =max(l,j+1-m), g ' =min (j,n), j=1,2,...,n+m—1
evon=T,/d- 1 eival o aplOudc TOV TETAYUEVOV TOL LOVAILOIOL VOPOYPUPTILOTOS OVE ¥ POVIKAL

daotnuota unkovs d, m = Ty, / d ival o aptOudg ypovik®dv daotnudtov unkouvs d oto kabapo
vetoypapnua, 7, etval n didpkeia Tov povadiaiov vopoypaPrLatos dtapkelag d Kot Ty 1 SLdpKELD TG

KaBapn¢ BpoyomTmoNG.

Baowki] avarioiotn TANRURYPOYPaERATOS — YPOVOS VETEPNONG:

O ypovoc votépnong opiletar & ®C 1 ¥POVIKT AndGTOCT) O TO KEVIPO PAPOLE TOL VETOYPAPT|LLOTOG
LEYPL TO KEVTPO PAPOVE TOL TATLLLLPOYPOPT)LOTOC.

Amodeucvoetat 0Tt 0 ¥pOVog VOTEPMONG £ Elval 6Talfepdg Yo kABe TANUpLpOYpaeNnua (LE TNV
TPoHTOOEST TNG YPUUUIKOTNTOS TOV GUGTILOTOC/AEKAVTG).
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IHopopeTpikn EKQEPAGN TOV HOVEOLELOV VOPOYPUEPNLOATOS

Ty
Tomomompévo otiypaio povadraio vopoypaenue: u(z) = U(¢) / Vo (EuPado: J; u(t) de=1)

t

Tomomompévn kapmodin S: s(2) = S/(¢) (d/ Vy) (Iddteg: s(2) = £ u(t) dt, s(0)=0,s(Ty)=1)

AVOMTIKEG— TOPUNETPIKES EKPPACELS TUTOTOLUEVOV GTIYULOIOD HOVAOLALOV VOPOYP AP A TOG:

[Tapopotleg pe avtéc TV cUVAPTHCE®Y TLKVOTNTOS THUAVOTNTAC KOIOVMEWOVE Lopen¢ (Nash, 1959,
Koutsoyiannis, 1989).

1 O~ O¢ d
[Tapddetyua 1 (cuovnBéotepn Ekppaon): u(t) = o T(B) SEB exp%%% s(t) = u(t) dt, t=ap
Oy #+1 Oy Oy
[Tapddetyua 2 (amhovotepn Ekppacn): u(t) =J§— 517% expgtﬁ—ﬂ Es(t) expétﬁt—D g tt=a I(1-1/p)

"Ex@pacn poveoraiov vopoypueiieTos GVVEPTI|GEL TOV TUTOTOUUEVOV GTLYULAIOV HOVAOLaioD
vdpoypapnpatog: U t) = Sut) — Sut — d), omov Su(t) = s(2) (Vo/ d)

Yvvdaptnon EXCEL yw tov vrodoyiopo g 7 (x): EXP(GAMMALN(x))
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Extipnon povooiaiov vopoypueuoTos Kot 6QIANe EKTiuNoNg

XPaAp0 eKTipNONG

H oyéon TANUULpOYpaQLATOC-DETOYPAPTLATOC UTOPEL VO YpOPEL VTTO LOPPT OLUVUGUATWOV-
UNTPO®V UE TOV akOA0VO0 TpOTTO

Ax=Db
omov X dtdvuopa peyebovug n pe x; = Uy(t) (Lovaodiaio vopoypagpnua), b didvoopa peyébovgn + m — 1
pe b; = O(&) (TAnppopoypdenpa), kot A pntpdo peyedovg (n +m — 1) X n pe

H; _;
— 1 — - . . — L
a; = —1(0 ywwi+tl-m<j<i, a; =0 OLOPOPETIKA

OOV 1 0 aPLOUOC TOV TETAYUEVOV TOL LOVAOLAIOV VOPOYPAPTLATOC, KAl 72 0 aplOudg ypovIKOV

OLOGTNUATOV 6TO KaBapd vETOYPAEN L.

E@dcov to mAinupvpoypaepnua b £xel petpndei, n oxéon A x = b dev umopel va 160l enakpiPoc
(vmdpyovv n + m — 1 eE1I6GOCELS PE 1 AYVADOGTOVS — OV TO X €ival AyvOoTO — 1] LE M OLYVAOGTOVS — OV TO
A givar ayvooto). Emouévac to péyebog ||A x — b||2 TOPIOTAVEL TO TETPAYMOVIKO GOAALO EKTIUNONC.

Extipnon povadiaiov vopoypa@potog (EKTiUNo™M TOL X Yo YvoOoTd A Kot b)

1. TTapapeTpikn Ekepacn povaolaiov vopoypaenuatos X = x(a, £, y, ...) 6mov a, S, 7, ..., TOPAUETPOL.
AVTIKEWWEVIKT] GLVAPTNON):

min fla, B, 7, ...) == |A x — b

2. Mn mopapeTpikn EKQPOoT LOVOOL0ioL VOPOYPUPTLATOS X = (X1, X2, ..., xn)T, Omov OAa TOL X1, X7, ...,
X, QMOTEAOVV OLYVAOGTOVG. AVTIKELEVIKT] CUVAPTNO:

min f{x) := ||A x — b’
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