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1. Abstract

One of the major tools in hydrological design is the ombrian curves, more widely
known by the misnomer rainfall intensity-duration-frequency (IDF) curves. An
ombrian curve is a mathematical relationship estimating the average rainfall
intensity over a given timescale for a given return period. Several forms of
ombrian curves are found in the literature, most of which have been empirically
derived and validated by the long use in hydrological practice. Attempts to give
them a theoretical basis have often used inappropriate assumptions (e.g. simple
scaling) and resulted in oversimplified relationships that are not good for
engineering studies. In a previous study, we have derived theoretically consistent
ombrian curves based on a probability distribution suitable for describing the

average rainfall intensity over a wide range of timescales (from sub-hourly to

yearly). The mathematical form of those theoretically derived ombrian curves is

not as simple as other widely used forms in practice. In this study, we present
simplified ombrian relationships, which are approximations of the theoretically
consistent one for a typical range of timescales, suitable for use in hydrological

engineering.




2. Approximation 1 (more accurate)

In a previous study (Papalexiou and Koutsoyiannis, 2008), we suggested that the expression of
theoretically consistent ombrian curves should be of the form i(k, Yg) =Q(1-(k/T)(1/p,,(k)); O(k)),
where k is the timescale, T is the return period, Q is the quantile function of a 4-parameter
probability distribution (the JH distribution) capable of describing the rainfall intensity i in a wide
range of timescales, p,, (k) is the probability wet for timescale k, and 0(k) is a vector of the
distribution parameters (Note: the expression assumes consistent units).

In this study, in order to simplify the I}zll'ocedure and to construct a consistent approximation, we
use a three-parameter version ot the JH distribution, known in the literature as the Burr type VII

distribution. Its quantile function is Q(u)= a[(1 — u) Ve - 1]¥/*
* The proposed methodology for constructing approximations of ombrian curves includes:

. Estimation of the tail exponent. It can be proved mathematically, that the exponent of the power-
tylpe decay of the exceedence probability function of the average rainfall intensitgf 1 is the same for
al

timescales. For the Burr type VII distribution this implies that the product b(k
constant for all scales.

c(k)=:1/B is

. Estimation of probability wet p (k). A suitable function for the probabili’?/ wet in all timescales
0

may be found in the general family of functions p, (k) = (1- p,(0) ) f,(k) + p,,(0), where p_(0) is the
probability wet in continuous time, and f;(k) is any monotonically increasing function in [0,)
with range [0,1].

. Estimation of the first and second raw moments mll(k) and m,(k). The first raw moment m,(k), or

the mean, of the rainfall intensity of nonzero rainfall periods is explicitly related to the probability
wet, i.e., my(k) = m/p,(k), where m is the mean value ogthe rainfall intensity including zeros,
constant over all timescales. For the second raw moment, an appropriate function may be found
in the family m,(k) = {f,(k) + [m,(0) — m?]1} -1 + m?, where m,(0) is the second raw moment in
continuous time and f;(k) is any monotonically increasing function in [0,00) with range [0,0].

. Estimation of the distribution’s parameter functions a(k) and b(k). The parameters a and b at

timescale k can be estimated by solving the system that results by equating the first two raw
moments of the theoretical distribution with the respective numerical estimates resulting from the
fitted laws in step 3. If the parameters a and b are estimated in a sufficiently large number of
timescales, the interpolation function a(k) and b(k) may be constructed.



3. Approximation 2 (more parsimonious)

Substitution in the theoretically consistent ombrian relationship of the quantile
function of the Burr VII distribution results in

i(k, T) = a(k) {[(k/T)(1/p,, (k))]"OF — 110 = a(k) [g(k) TN F — 1]/0
where g(k) = [p,, (k)/k]?® B,

Numerical investigation shows that b(k) can be cancelled out in the term [g(k) T
bk B — 11120 and thus this term can be well approximated as ¢’ (k) (TF - (), so that

i(k, T)=a'(k) (T - C)
where a’(k) .= a(k) ¢'(k) and C is a constant.

Numerical investigation shows that the function a’(k) can be approximated as
a’(k) = (k + 6)¢/a, where &, 6 and € are constants.

This leads to the simple ombrian expression
i(k, T) = (o TP = p) [ (k + )¢
The above derivation would also be obtained by assuming a generalized Pareto

distribution for i and functional separability of return period T and timescale k
(see Koutsoyiannis et al., 1998, Koutsoyiannis and Baloutsos, 2000).

The final form resembles the expressions used in practice except for the constant
term y in the numerator.




4. Probability wet vs. timescale (NOA Greece
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5. Moments vs. timescale (NOA Greece)
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6. Distribution parameters vs. timescale (NOA Greece)
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/. Ombrian curves (NOA Greece)
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8. Probability wet vs. timescale (Ardeemore UK)
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9. Moments vs. timescale (Ardeemore UK)
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10. Distribution’s parame timescale (Ardeemore UK
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11. Ombrian curves (Ardeemore UK)
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12. Conclusions

Ombrian curves are expressions linking the probability distribution of average
rainfall intensity i with the timescale k on which the average is taken.

Thus a theoretically consistent expression of ombrian curves is non other than
the expression of the multi-scale probability distribution of average rainfall
intensity.

It has been demonstrated (Papalexiou and Koutsoyiannis, 2009) that a 4-
parameter distribution can accurately represent this multi-scale distribution for
scales ranging from sub-hourly to yearly.

Two approximations of this expression are developed that may facilitate a
consistent development of ombrian curves for engineering practice.

The first is i(k, T) = a(k) [g(k) T?® B — 1]1/°®) where the functions a(k), b(k) and g(k)
can be estimated by a simple but laborious methodology.

The second is a simplification of the first one and im}glies the functional
separability of return period T and timescale k in the form

i(k, T) = (TP - ) / (k + O)-.
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