A disaggregation model for storm
hyetographs

(Developed in the framework of the AFORISM project)

By D. Koutsoyiannis & G. Tsakalias

Division of Water Resources, Hydraulic & Maritime Engineering
National Technical University of Athens

Model requirements

General characteristics:

. Random shape of hyetograph intensity
. Reproduction of the hyetograph at
an incremental basis (4) Total depth = Z
. Compatibility with various rainfall
models
+ Simplicity
. Parsimony of parameters

Special characteristics

. Event based .: (-1 A . time
. Given duration, D < —
. Given total depth, Z Total duration =D

y

Disaggregation model
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General structure of total and incremental
depths

Marginal distribution Correlation structure
de (incremental depths)

approximately Gamma
with shape parameter< 1

Correlation

>

total or incremental depth
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Disaggregation models are not exact

General form

X1+ Xo++ X = Z
— ——
lower level variables i i
o? k su -peraods hlg%?rclﬁgegl)gr?g ble

General problems

. Skewed distributions
Additive property (if applied to nonlinearly transformed variables)
Correlations between variables located at different periods

Exceptions, where d.m. are exact

1. Xjare normal,independent of variables of other periods
2. Xj are independent gamma variables with common scale parameter
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Theoretical background

Let

« X;* Independent, Gamma(x; A) (/i =1,...,k)

. Z Independent of X;"* Gamma(k, A), where k= ijﬂ/( j

Then

X
2j-1%;

Xj: Independent, Gamma(k; A) (i = 1,...,K)

(same as X[

Note: Xj’s add up to Z
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Theoretical background (continued)

Summary of the proof
To proof that X;is independent of Xjand both are gamma distributed:

1.

Take the joint pdf of the variables (all are independent gamma distributed)
X, X/., Y =X 44X, 4 +X,.+1+--~+Xj_7+Xj+1+---+Xk and Z
Use the transformations

X X; X"
i= * I* *Z! Xj: %* * *Z’Y: * I* *Zand
XI.+X/.+Y XI.+Xj+Y X,.+X/.+Y

W=X+ X; +Y"
Determine the joint pdf of (X; X, Y, W)
Obtain that (X; X} Y, W) are independent and gamma distributed
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Practical considerations

Model course

1. Get the known Z

2. By using a sequential model determined by Xjs, generate X;*’s independently
of Z

3. By using the above transformations obtain Xjs.

Limitations

In strict sense:
« Xj: 2-parameter gamma distributed

. E[Xj]/Var[X;]= ct (independent of /)
« Xjindependent of X

In non-strict sense (approximations):
« Xj: 3-parameter gamma distributed

. E[X;)/Var[X;]~E[X;]/Var[ X/]

. Corr[Xj, X;]: not too large
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The sequential model

Overview
X1 wy © - 0N
){2 =| @2 @22 ? V:Z or X = QV (V;independent, appr. 3-par. gamma)

Xkl WK1 wk2 - wkk | Vk
Parameter estimation
Q07 = Cov[ X, X]= Q by decomposition(lower triangular)

wi E[Vi] =E[X;]- X]_jwiE[Vi]
Var[V;]=1
wdpa[Vi] = s Xi]- Y wdus[Vi]

Link to a rainfall model
Inputs to the sequential model: E[X], Cov[X,X], u3[X]
More inputs for disaggregation: E[Z], Var[Z] p3[Z]
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Application 1 - Scaling rainfall model

General structure
&tD)
d A
{e(t.0)}={r et AD)}
where  &(): instantaneous rainfall intensity
D: duration of the event
t: time (0 <t <D)
H: scaling exponent

Total depth = Z

@pa 4 Dt
E[&(t,D)] = ciD"

Cov[E(t,D)E(t +7,D)] = (o(r / D) - c2)D2H

@(y) =L(c2+c2)(1- B)(2-B) y P
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Application 1 - Scaling rainfall model (continued)

Statistics of incremental and total depths
E[X;]= c1oD!+1
Var[ X;] = [(02 +¢2)67PF - c2? }5202(H+1)

B) - C12]5202(/4+1)

Cov[ X7, X, ] = [(02 +c2)5 B f(|j-i
E[Z] = ciDH+1
Var[Z] = coD2(H+1)

where

-4

f(m,B) = %[(m 2P i (m+ 1)2_5] -m%B, m>0

Parameters

c1 (= 1.05): mean value parameter

c2 (= 0.44):variance parameter

B (= 0.32): correlation decay parameter
H (= -0.20): scaling exponent
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Application 2 - ARMA(1,1) model

General structure

Stationary model, Markovian in continuous time: Cov[£(¢),E(t + )] = koe=P2"

Statistics of incremental and total depths

E[X]= c14

Var[ Xi] = 2(k22 / ﬁzz)(ﬂ2A 1+ e F2A)
Cov[x;, X7 = 2{kZ 1 3)(1- e-fat | e~Pall -1
E[Z]=ciD

Var[Z] = 2(ké2 /,322)(ﬁ20 ~1+e7PD)

Parameters

¢7 (=0.65): mean value parameter
k2 (=1.25): variance parameter
B2 (=1.58): correlation decay parameter
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Application 3 - AR(1) model
General structure
Stationary model, Markovian in discrete time: Cov[X i X j] =C pli -l

Parameters = statistics of incremental depths

E[Xi]: (=0.577) mean of incremental depth (for D = 1 h)
C =Var[Xi] (=0.776) variance of incremental depth (for D = 1 h)
P (=0.53) first autocorrelation coefficient

Statistics of total depth

E[Z]= KE[X/]
Var[Z] = Zf=12§=1C°V[Xi’X/]
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Simulation results - Application 1 - Scaling

Mean values (Disaggregation and sequential model)
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Simulation results - Application 1 - Scaling

Standard deviations (Disaggregation and sequential model)
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Simulation results - Application 1 - Scaling

Skewness coefficients (Disaggregation and sequential model)

6.00 6.00
™ 5,25:_ ™ 5.0 |-
4.00 [~ L ]
- ¢ o . . ¢ o0 4.00 —
,.‘ ¢ ‘. 0‘0‘ * — L * * *
o soe | * O”’s.ma—" %0440 o9 0"‘0"4
2.00 | 208 |
roe | oo
0T T N O T A sos L L L UL L L L
¢ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 g 1 2 3 4 5 6 7 8 9 1@ 11 12 13 14 15 16 17 18 19 2@
time interval ., i hr | time interval , i hr
|
|
A disaggregation model for storm hyetographs 14

Simulation results - Application 1 - Scaling

First autocorrelation coefficients (Disaggregation and sequential model)
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Simulation results - Application 1 - Scaling

Autocorrelation coefficients (Disaggregation and sequential model)
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Simulation results - Application 1 - Scaling

Distribution function of Z (Disaggregation and sequential model)
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Simulation results - Application 1 - Scaling

Distribution function of X7p (Disaggregation and sequential model)
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Simulation results - Application 2 - ARMA(1,1)

Mean values (Consistent and inconsistent case)
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Simulation results - Application 2 - ARMA(1,1)

Standard deviations (Consistent and inconsistent case)

3.00 I 3.00
2.80 [ 2.80 [
E 2.60 [— E 2.60 [
2.40 [~ 2.40 [—
M 2.4 [ ™ 220 [
o 2.00 [~ “ R.00 [
1.80 [ 1.80 [~
" rem [ Poren o
d P = C
A 1.40 — 5 1.40 —
P 120 - 1.20 [
200 - N e[ .
sea 4 & A 4 " 4 A a A Af L Aa AT oep [ 4 % A A L 4aa A A X L ATAAE 4
.60 [ 2.60 [~
0.48 .40 [~
0.20 [ i 0.20 [
303 S N I N N S O O A Y Y01 11 S N A A T T Y A O
4 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 ¥ L 2 3 4 5 6 7 8 9 16 11 12 13 14 15 16 17 18 19 20
time interval , i hr time interval , i hr
A disaggregation model for storm hyetographs 20

Simulation results - Application 2 - ARMA(1,1)

Skewness coefficients (Consistent and inconsistent case)
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Simulation results - Application 2 - ARMA(1,1)

First autocorrelation coefficients (Consistent and inconsistent case)
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Simulation results - Application 2 - ARMA(1,1)

Autocorrelation coefficients (Consistent and inconsistent case)
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Simulation results - Application 3 - AR(1)

Mean values and Standard deviations
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Simulation results - Application 3 - AR(1)
Autocorrelation coefficients
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Simulation results - Application 1 - Scaling

Dimensionless mass curves

Cumulative Percent of Storm Depth

160

90

8¢

70

68

50

40

3¢

20

10

Lo b b b b

1@2
.90
% 5

—— dis.model/scaling (April)
—— historical (all year)
......... Huff curves (USA)

10

R0

38 48 50 60 70 86 90 16
Cumulative Percent of Storm Duratio

A disaggregation model for storm hyetographs

26



