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OL toAAEC popdEC TNC aeBatotntoc

e H Bewpia niBavotATwy dev pmnopel va meplypaP el OAeC TLG
HopdEc apfefatotntac.

e Otav 4 sival eva cUvoAo kal x elval Eva oTolxeio, n mpotaon
“1o x avnkel oto A” bev elval anapaitnta eite cwoth eite AaBog
(ko epeic «armAd» to ayvoouue). Mmopel va eival owotr og eva
BaBuo.

e [lapadelypa: o Kopoc onuepa

e  'ExeLnAodavela: my ov oplooupe wg HEpA HE NAlodAVELA Lo LEPOL OTNV OTtola N
vedokaAun ival KAtw tou 25%.

e Kol av unapyouv cuvveda tavw armo tn mepLloxn evoladEpovtocg yia to 26% tne NUEPAC;
Aev €xoupe nAlodavela;

e  “Anpoodloplotia” (A acddela) wc pia AGAAN popdn afefatotntac (vagueness).



Aocadnc Aoykn — MNibBavotntec
(Caplra...)
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H acadnc Aoyikn Baoiletal (n otnv ovola
eTeKTELVEL TN Bewpla cuvoAwv)

Awakputa (crisp) ouvoAa kat ta acadn (fuzzy) ocvvoAa:

— KaBe Stakpito/crisp ouvolo xwpllel Ta otoLxela evog xwpou o SU0o HEpN:
TOL OTOLYELO TTOU OLVAKOUV 0TO OUVOAO KOlL TOL OTOLXELO TTOU SEV AVAKOULV
oto cUvoAo.

— Avotuxwc moAa tpoBAnpata katnyoplonoinong dev akoAouBouv
LKOLVOTTOLNTLKA AUTO TOV Kavova (to oUvoAo Twv PnAwv avBpwrnwy, To
oUvoAo Twv SlaBacpEvwy pottnTwv!)

Eva acadEc oUVOAO UTTOPEL VA OPLOTEL LAONLATLKA OVTLOTOLXWVTOC OF
KQBe oTOLXELO TOU YWPOU HLa TIMA N omola avTlpoowrneveL To Babuo
ouppetoxns (degree of membership) tou otolxeiov oto acadeg cuvolo.
Napddetypa: yia va SnNULOUPYNOOUE TO aoadEC OUVOAO KEPDL LIE
nAtodavela» avtiotolyoUpe Babuo cuppetoxng 1 oe vedokaAuvupn 0%, 0.8
oe vepokaAuvn mavw amno 20%, 0.4 oe vedpokalvPn mavw amno 30%, and
0 og vedokaAuvn mavw amno 75%.



Mwc¢ ptiayxvoupe cuvola

Tpeic Baokec pebodot:

Opilovpe ta otoeia (pe pa Alota) €va tpocg €va.

A={a,,a,,..,a,}
Opiloupe €va Kavova ToV Omoio TNPOUV Ta LEAN TOU GUVOAOU.
A={x|P(x)}

P(x): kavovac tnc popdnc “to x £XeL TO XaPOAKTNPLOTIKO/SLotnTa P ”
ANULOUPYOUE LD XOPOKTNPLOTLKA CUVAPTNON
1 forxe 4

x) = 7 X =101}
218 {O forx ¢ A4 :



|Glotntec (OLaKpLTWY) CUVOAWV

TABLE 1.1 FUNDAMENTAL PROPERTIES

OF CRISP SET OPERATIONS

Involution A=A

Commutativity AUB=BUA

ANB=BNA

Associativity AUB)UC=AUBUQO)
(ANB)NC=AN(BNC)

Distributivity ANBUO) =ANBIUANC)

Idempotence
Absorption
Absorption by X and &

Identity

Law of contradiction
Law of excluded middle
De Morgan's laws

AU(BNC)=(AUB)N(AUC)
AUA=A
ANA=A

AU(ANB) =4
AN(AUB)=4A

AUX =X
AN =2
AU =A
ANX=A
AﬂK:g
AUA=X
ANB=AUB
AUB=ANB
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Kupta (convex) cuvola

are convex (Ai1—As) or nonconvex (Ag—As).

To A=[0,2]U[3,5] €lval pn-kupto.



Xapaktnplotkat AcadwVv ZUVOAWV

Mo cuvaptnon cURUETOXNC (membership function)
*MeyaAUTEPEC TILEC TNG OCUVAPTNONG ONUOLVOUV LEYOAUTEPN CUMUETOXN
0TO CUVOAO.
*KaBe cUvoAo ou opileTal PLEOW HLAC cUVAPTNONG CUMMETOXNAC lval Eva
acadEc ouvolo (fuzzy set).
*To T1L0 CUVNOLOPEVO EVUPOC VLA TLC TLUEC HLOL OUVAPTNONG CUMMETOXNCG Elval
[0,1].
*To eupuTtepPO duvato cuvolo (universal set X) péoa oto omoio opilovtal ta
UTtOAOLUTL CUVOAQ €lvoll TTAvTa SLaKPLo.
*[pAdoupe:
—H ouvaptnon CUUUETOXAC EVOC CUVOAOU A:

i, X >[0,]]
—H aAAwwc ouvaptnon kot cUVoAo ypadovtat kot ta SUo we A:

A: X —[0,1]

11



Eotw X urtepouvoAo avadopag
Kot A uTtooUVOAO Tou X TOTE:

To A kaAettal acadEg
UTtOCUVOAO Tou X A

4

OTOV KOlL LOVO OTOV

A={(XHa(X) | XEX, pa (X): X
[0,1] }

aoacrég UTTOCUVOAO A

X

KAOQCCIKO UTTOCUVOAO

A



Baoikol tuntot Acadwv ZUVOAWV
(LopdEC ouVOPTNOEWYV CUMUETOXNC)

GUUUETOYNG 1 |
A(x) Aa(X)
5 St
| ] )| fr—
% 1 2 3 s % % 1 2 4 x

4 MetafAntt

As(x) Ay(x)
5 S

oL I | 1
0 1 2 3 4

0

=Y

i S
0] 1 2 3 -

Figure 1.2 Examples of membership functions that may be used in different comexts for
characterizing fuzzy sets of real numbers close to 2.



Baoikol tumot Acadpwv ZUVOAwWV

*Ta 4 acadr cuvola tou opilouv oL CUVOPTHOELC 0TN PONYOULLEVN
SladAaveLa £XoUV KATIOLOL KOLVA XOLPOLKTNPLOTLKAL:
(1) A;(2)=1and A;(x) <1 forall x #2;

(ii) A; is symmetric with respect to x = 2, thatis A; (2 +x) = A; (2 = x) for all x e R;
(iii) A;(x) decreases monotonically from 1 to O with the increasing diiference |2 — x|.

*KdBe cuvaptnon Tou PONYOULEVOU OXNUOTOC £ival LEAOC HLOG
OLKOYEVELOG OUVAPTNOEWV:

prx—r)+1 wheaxe[r—1/py,r]
Ajx) =4{ p1(r—x)+1 whenxe(r,r+1/p,]
0 otherwise

1
1+ p(x —r)?
A3(JC) =D e—lm(l-r)l

A (A +cos(pym(x —r)))/2 whenx e[r —1/ps, 7 +1/p4]
e kD otherwise

Ax(x) =

2TO GYNULO TO0L EWVOL TA Py, Py, P3s Pas 14



Acadelc petaPAnTEC

*[ToAU ouyva ta acadri cuvola
XpnoLuomotlouvtal yla va
neplypalouv padnuatika
AEKTLKOUC TtpoodLlopLlopolq
fuzzy sets representing (Alyo,
HETPLA, TIOAU, KTA)

*[ToANEC POpEC
XpNoLomnolouvTal yLa va
KOTNYOPLOTIOLOOUV LETABANTEC
(acadeic petaBAnTEC):

Very low Low Medium High Very high
by : ' : ;
Y
1
L
2
S
Y
=
3
=
0 P
T, Temperature, °C T,
(2)
Very low Low Medium High Very high
r Y N N p W, 1 O
B B A A W 5 /
T, Temperature, °C 1y

2
(b)

Figure 1.4 Temperature in the range [T}, 72] conceived as: (a) a fuzzy variable; (b) a traditional
(crisp) variable.
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MNapadelypa

*Tpia oUvoAa: [Alyo popdpwpévol], [Mopdwpévol], [MoAL popdwpuévol]

— Mapapetpol etcodou, 7 Babuot eknaibevonc:

[

0 - no education

1 — elementary school

2 — high school

3 - two-year college degree

N

RN

4 — bachelor’s degree
5 — master’s degree
6 — doctoral degree

Menbership

0

N/

X | / B

AN

0

7 e S

L 7 A ~
5

2 3 4
Educational level

Figure 13 Examples of fuzzy sets expressing the corcepls of people that are little educated
(o), highly educated (s), and very highly educated (OJ). 16



YUVOPTNOELC CUMMETOXNC

A Short Medium Tall
1

07 "~/

30 170 250

02 /S )
0 >
Axoua Height (cm)
KoL oV
Arov  —Aev umapyeL pokaBopLolevog TPOTog 0PLOHOU TOUG.
ot —EXOUV UTTOKELUEVLKO OTOLXELD

Kiva; —Avanapactacn afeBatotntag— oxt mbavotntag!!!



Aocadn cuvola

A = {(x, 1, (x))|x € X}

Aca@ig 6Hhvoro vadprnc,n X®pog opropo?
GUUUETOYNG (Universe of discourse)

EvollokTIKA:

|:> 4= Z'uA(xi)/xi

x;eX

X ovveyic — > A:JﬂA(x)/x
X

X OwOKPITO



Eldn acadwv cuvolwv
*AUTO eival to €va eiboc acadwyv cUVOAWV.

A: X —[01]

(ouvnBn aocadn ovvoAa - ordinary fuzzy sets — TuTtou 1).
Interval kot TUTtOU 2:
—H ouvaptnon cuUPPETOXAC oTa TUTIOU 1 glval ouvrOwc TTOAU CUYKEKPLUEVN.
—Mrmopel OHWC KATL TETOLO VAL [NV €ivol mavta PLKTO..

—2ta acadni ovvola TUTOU 2 n cUVAPTNON CUMKUETOXNG OV aVTLOTOLXEL O KAOE
netapAnti éva BaBpo cupETOXAC AAAA VAl EUPOC TLUWV HETAEY EVOC AVW KOl
gVOC KATw oplou (interval) 1 opiletal Kot AUTOC LE LOL CUVAPTNON CUUMETOXAC
(type 2).

A: X = &([0,1]),

19



Eldn acadwv cuvoAwv

Figure 1.5 An example of an interval-valued fuzzy set

(A(a) = [, @z)).

20



Eldn acadwv cuvoAwv

1

-
)

P
.

Figure 1.6 Illustration of the concept of a fuzzy set of type 2.



Baoikec Evvolec

*Ac urtoBeoou e OtL €xoupe 3 cuvola young, middle-aged, old person.
Opiloupe 1y TLIc ouvaptnoslg cuppetoxne (membership functions) oto
Staotnua [0,80] wc g€nc:

i when x < 20
Ai(x) = ¢ (35—x)/15 when20<x <35
; 0 when x > 35
[0 when either x < 20 or > 60
Al s (x —20)/15 when20 <x <35
2*) = 1(60-x)/15 when4d5<x < 60
). when 35 <x <45
(0 when x < 45

Az(x) = { (x —45)/15 whend5<x <60
1 when x > 60

.



0

| —20)/15

A200) =1 (60 — x)/15
1

Baowkec Evvolec

when eitherx < 20 or > 60
when 20 < x < 35
when 45 < x < 60
when35 <x <45

TABLE 1.2 DISCRETE APPROXIMATION
OF MEMBERSHIP FUNCTION A, (FIG. 1.7)

BY FUNCTION D, OF THE FORM:
D;:(0,2,4,...,80} = [0,1]

X

x (22,24, ...,58)
x € {22, 58}
x € {24, 56}
x € (26, 54}
x & (28, 52)
x € {30, 50}
x € (32, 48)
x € {34, 46}
x € (36,38, ..., 44)

A A Young: A) Middle age: A, Oldl: A,
: ; :
1
D;(x)
0.00
0.13
0.27
0.40
0.53 | |
0.67. =
0 10 20 30 40 70 80
0.80 -3
0.93 Age: X
1.00
Figure 1.7 Membership functions representing the concepts of a young, middle-aged, and old

person. Shown discrete approximation D3 of A is defined numerically in Table 1.2.
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Baowec Evvolec: a-cut

e a-cut kalL avotnpo (strong) a-cut

—la 6edopevo aoadec ouvoro 4 oto X
kat éva apdpo « €[0,1],
TO a-cut Kol To auotnPo a-cut ival
SlakpLtd cuvola:

A= {x|[Ax) = «}
oA = IxlA (x) > a):

—To a-cut evog acadouc cuvolou A4 eival
gva OLOKPLTO CUVOAO TIOU TIEPLEXEL OAQL TOL
otoeia Twv onoiwv o Baduadc
OUMMETOXNG oTo A €ival peyaAutepoc i
Lloo¢ (N avotnpd peyaAUTEPOC) ATto TOoV
aplouo a.

M

A

Ao,




Baowkec Evvolec

, A A Young: A Middle age: A, Old: A4
° . A
Napadelypa: | } | }
\¥
A ! | I
 E [ {111l (|} |
0 10 20 30 40 50 60 70 80
——i
Age: X

Figure 1.7 Membership functions representing the concepts of a young, middle-aged, and old
person. Shown discrete approximation D3 of A3 is defined numerically in Table 1.2,

OA] = OAZ = 0A3 = [0, 80] — X;
Ay = [0,35 — 15¢],%4; = [15¢ + 20,60 — 15¢], %43 = [15a + 45, 80] for all
e e 01];
Ay = (0,35 — 15a),%4; = (152 + 20, 60 — 15a), **A3 = (15« + 45, 80) for all
a € [0, 1);

1+A1 — 1+A2 - H-AS - .
25



Baowkec Evvolec

|5LOTNTEC TWV a-cut
—la kaBe acadeg ouvolo A4 kat duo Tueg o, a, €[0,1]
—lLa TIC omoleg LoyLeL @, < &,

“"4Ao5"4 and “TAD"A4
CANA="4, TAU"A=""A

a1+Ama2+A:a2+A 051+AU052+A:a1+A
9

—Ta a-cuts ortoloudnmote a.ocadouUc CUVOAOU ELVaL OLKOYEVELEC ATIO
nested dlakpltd cUuvoAa.

26



Baowkec Evvolec

*[Mapadeypa: deite to dtakpttd cuvolo D, mou npooeyyileL To acadEg
ouvolo 4,

1.000 : 1 TABLE 1.2 DISCRETE APPROXIMATION
0.875 ! OF MEMBERSHIP FUNCTION A, (FIG. 1.7)
BY FUNCTION D3 OF THE FORM:
0.750 ¥ y F S B D;:(0,2,4,...,80} = [0,1]
2 -

i 0.625 x D (x)

| 0.500 .

« ) x &(22,24,...,58) 0.00
0.375 + x € (22,58} 0.13
6250 x € (24, 56} 027

* ! x € (26, 54} 0.40
0.125 . x € (28,52} 0.53
i j x € (30, 50} 0.67.
0 - — x € (32, 48} 0.80
0 20 30 40 50 ) 60 & x € {34, 46} 0.93
o5 s - x € (36,38,...,44) 1.00
1.000 -
0.875
0.750 .
0.625 4
T 0.500
o
0.375
0.250 .
0.125 . |
0.000 b— ... :
0 20 30 40 50 60 80
s 27

(b) Strong & - cuts **D,



Baowkec Evvolec

*H urtootnpLén (support)
(S(4) A supp(A4)) evog
aoadoulc ouvolou A Tov
opiletal o€ Eval
VTEPGLVOAD X:

—H vmootnpLén eivat to
SLaKPLTO UTTOCUVOAOD TWV
OTOLXELWV TOU X UE UNn-
undevikouc Babuouc
OUUMETOXNC OTO A.

—apa elval To Lo e Eva
strong a-cut tou 4 ywa a=0

M

A

supp(A)

28



Baowkec Evvolec

*To U oC eVvOC cuvolou A:
—Eiva n peyaAutepn tun tTou Babpol cUUMETOXNC TTOU EXEL
avtlotolxnBel o omoLodNMoTE OTOLXELO TOU GUVOAOU

h(A) = sup A(x)

xeX

—Eva ocuvoAo ovopdaletal kavoviko (normal) av A(A4) = 1.
—Kat subnormal av A(A4) <1.

29



>ubnormal convex fuzzy set

Figure 1.9 Subnormal fuzzy set that is convex.
30



Normal non convex fuzzy set

RRNE -

..__E_ _ A

A

o ki ]

Fig. 1.10 Normal fuzzy set that is not convex.
31



Normal fuzzy set optlopevo oto (x,y)
LEOW O-Cuts

YA

Figure 1.11 Normal and convex fuzzy set A defined by its a-cuts 4, A, <4, %4, 4.
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[Mpoocoxn

eAev AELE OTL N OUVAPTNON CUMUUETOXNC EVOC KUPTOU
acadoUc cUVOAOU £lvoll KUPTA — CUYKEKPLUEVD Elval
KolAn!

33



BaoLlKEC EVVOLEC: CUUTTANPWHUOLTIKO

A(x)=1-A(x)

Ta otowyeio Tou X yla ta onoia4(x) = 4(x) ovopdlovtal CnUEia
LooppoTiaG Tou A. N To 4, oto Fig. 1.7 eivat ta 27.5 kat 52.5.

Y A Middle A, Old: A
Ao A °""f y M TRl [ o
Y
1
! !
0 10 70 80

- A
Ay(x)

Figure 1.7 Membership functions representing the concspts of a young, middle-aged, and old
person. Shown discrete approximation D3 of Az is defined numerically in Table 1.2.
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BaolkeC evvolec

*Toun kot Evwon (AN B)(x) =min[ A(x), B(x)],
(A B)(x) = max[A(x), B(x)],

4
N Anin |

l—u
o ! : L ! L]

0 10 20 30 40 50 50 70 30

X
- A
Aq(x) >

0 | | | |

0 10 20 30 40 50
X —

0 10 20 30 40 50 60 70 30



Baowkec Evvolec

A
B(x)

*[Tapadelypa: L Be A A
k| 2
—-A4,, A,, Ay normal. H xavovikdtta
—B and C subnormal. /\ (normality) ko m
—B and C kuptd e w e e ww  KupTotnTa (convexity)
, T unopel va yabobv otov
— BUC and BUC MN-KupTa 5

Kévovue Tpacelg petaln
l C=4,N4, 0CAPDOV GUVOADV
YPNOCLUOTOIDOVTAC TOUN N

4
A eont  COUTATPOUOL.
0 L] 1 | - L { k=
0 10 20 30 40 50 60
X —p
Y : A Middl T A Old: A
Adx) A ““"f 1 : TS" 2 3 /\ A
1 0 L 1 - 1 [ I}
0 10 20 30 49 50 60 70 80
X ==
Pa—
(BUC)(x)
1 —v_vi
0 10 20 30 40 50 50 70 80
—
Ageix 0 | | | ! 1 1 | ]
0 10 20 30 40 0 60 70 80
X—

Figure 1.7 Membership functions representing the concepts of a young, middle-aged, and old
person. Shown discrete approximation D3 of Az is defined numerically in Table 1.2.

Figure 1.13 [Mlustration of standard operation on furzy sets A = A1 M A3 and C = 45 N A,
(Ay, Az, A3 are given in Fig. 1.7).



Baowkec Evvolec

eKatL tou AEN woxUeL ota acadr cUvoAa

ANnA=¢

Apkei va Seifoupe ottto min[A(x),l— A(x)]=0
*AEN LOYUEL yLA TOUAQXLOTOV €Vl x e X

3TNV ouoia AEN toyUeL yia kaveva 4(x) € (0.1)
Kat L.oyVeL povo yla A(x) €{0,1}.

37



[Mpatelc
Eotw X umepouvolo avadopadc kat A,B acadn ultooUvoAa Tou
X , Tote opiloupe ta akoAovba :
1. AAyeBplko aBpolopa:
A+B = { (X, Hars (X) | XEX, Basp (X) =Hal0)+Ha(X)-Ha(X) *Hp(X)}

2. AA\yeBpPLKO YLVOUEVO :
AB ={ (X,Hag (X) | XEX, Hag (X) =Ha(X) * Hg(x) }

3.Toun : C=ANB = { (x,uc(X) | xeX, pc(x) =min(ua(x),ua(x)) }
4 Evwon:D=AUB= { (x,15(X) | XX, Kp(X) =max(pa(x),1a(X) }
5.2uprAnpwpo: A= { (X, 1,5(X) | XeX, La“(X) = 1-p, (X) }



A Dilation
M

Concentration
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Opototnta/Anootacn Hetav dvo
aocodwWV CUVOAWV

Similarity

(a)

A Distance

40



Napadeyua

Eotw X={omitwwapeln2n3...nio dwpata }
A ={ omitia «kat@AAnAo» yia 4-peAn OLKOYEVELD. }
B ={ omnitia «peyalo» o€ emipavela }
Ta A, B antoteAovv acadn unoocuvola tou X.
Av A=0,2/1+0,5/2+0,8/3+1/4+0,7/5+0,3/6
B=0,2/3+0,4/4+0,6/5+0,8/6+1/7 +1/8

Tote C= ANB = {onitia «kataAAnAa» yla 4-LLEAN OLKOYEVELD KoLl
‘ueyoda’ os emudpavewa }=0.2/3+0.4/4+0.6/5+0.3/6

D = AuB = {ormtitia «kataAAnAa» yio 4-peAn OLKOYEVELD 1 LEYAAQ OF
erudpavewa } =0.2/1+0.5/2+0.8/3+1/4+0.7/5 +0.8/6+1/7 +1/8

A= {omitia akatadAAnAa yia 4-pein ok.}=0.8/1 + 0.5/2 + 0.2/3 + 0.3/5 +
0.7/6

B¢= {omitia pkpa os studavela}=1/1+ % +0,8/3 + 0.6/4 + 0.4/5 + 0.2/6



ALaKPLTOC XWPOC

Acadec ouvolo C = “emBuuntn OAN yua
StaBiwon”
X = {Athens, Boston, Paris} (Stokpttoc Kat pn
SLATETAYUEVOC XWPOG)
C = {(Athens, 0.9), (Boston, 0.8), (Paris, 0.6)}
Acadec ouvolo A = “emlBupuntoc aplBuoc natdtwv”
X={0,1,2,3,4,5, 6} (dakpLtoc xywpoc)
A ={(0, .1), (1, .3), (2, .7), (3, 1), (4, .6), (5, .2), (6, .1)}

Membership Grades

O o o o

1
.8
6
4
.2
0

o

P 4 6
X = Number of Children



2UVEXNC XWPOC

eAcadec ouvolo B = “mepinov 50 etwv”
X = 20voAo Betikwv aplBuwv (ouvexec)
B = {(x, us(x)) | xin X}

p(x)=

o o =

n

w
[
o
©
| —
O
o
=
w
| .
@
e
e
[
==

© o o o
o N

o




2UVNOELC oCUVAPTNOELG GULLETOXNG

TPIYWVOEIBAC: A (xia.b.c) = max (mm (222,22 joj

9
—a c—-b

1 (ITCSQOSLS' . My (X5a,b,¢,d) = max min(x_aalad_x)ao
p ng' p P —
(2]
Gaussian: Ko (x5¢,0) =€ " 7
4 b o) = 1 ,
Generalized bell: g (X3a,D,¢) = L b 0
1+
a




YUVOPTNOELC CUUMETOXNG

(a) Trianguler MF (b) Trapezoidal MF

—

=
)

w
@
T
®
—
O
=
N
e
D
o
=
@
2

0 0
0 20 40 60 80 100 0 20 40 60 80 100

Membership Grades

(c) Gaussian MF (d) Generalized Bell MF

Membership Grades
Membership Grades

0 0
0 20 40 60 80 100 0 20 40 60 80 100



Avcdlaotatn cuvaptnon CUUUETOXNG

(a) A Two-dimensional MF b) Projection onto X (c) Projectiononto Y

e
f_,_p- e -“"*-\.\_-_
..\\\‘
S il - v 0

(X, ) Hy(x) = pp(y) =
max £4,(x, y) max £ ,(x, )



Avodlaotatn ocuvaptnon CUMUETOXNC

(a) z = min(trap(x), trap(y)) (b) z = max(trap(x), trap(y))




Mpaéelc cuvoAwv
elooTNTAL
A=B << u,(x)=ux(x), VxelX

*YTTIOOUVOAO:
AcBe pu,(x)fu,(x), VxelX

eJUUMANPWLAL:
A =X-A<pu ()=1-p,(x), VxeX

*‘Evwon:
C=A4AUB < pu (x)=max(u,(x), 1z (x)) = p,(X)V tp(x), VxelX

Toun:
C=ANB < u (x)=min(u,(x), u(x)) = p,(X) A ptp(x), VxeX



[eVIKEUEVOL TEAEOTEC: ACAdEC
CUMTTANpWHOL

Sugeno Yager

N (a)= 2 N (a)=(1-a")"

1+ sa

(a) Sugeno's Complements (b) Yager's Complements




[eviKEUEVOL TEAEOTEC: AcadNG

toun: T-norm
*ATTQUTNOELC : Oph O

—OpLakec ouvOnkec: T(0,0) =0, T(a, 1) =T(1, a) = a
—Movotovia: T(a, b) < T(c,d) av a<c kat b<d
—AvtipetaBetikotnta: T(a, b) = T(b, a)
—Mpooetatplotikotnta: T(a, T(b, c)) = T(T(a, b), c)
[lapadeiyuata :
—Minimum: Tw(a, b) =min(a,b)=aAb
—Algebraic product: Ta(a, b) = ab
—Bounded product: Ts(a, b) = max(0, a+b-1)

[ a, av b=1
—Drastic product: Ta(a, b) = \ b, av a=1

{ 0, av a,b<1



T-norm

o Algebraic Bounded Drastic
Minimum: product: product: product:
Tm(a, b)

Ta(a, b) Tw(a, b) Ta(a, b)

1,

T

<<<<<<



[eviKeUpEVOL TEAEOTEC: AcadnC

evwon: T-conorm (S-norm)
*ATTQUTNOELC :
—OpLakec ouvOnkec: S(1, 1) =1, S(a, 0) =S5(0, a) = a
—Movotovia: S(a, b) < S(c,d) av a<c kat b<d
—AvtipetaBetikotnta: S(a, b) = S(b, a)
—Mpooetatlplotikotnta: S(a, S(b, c)) = S(S(a, b), c)
[lapadeiyuata :
—Maximum: Sw(a, b) =max(a, b)=avb
—Algebraic sum: S:(a, b)=a+b—ab
—Bounded sum: Sy(a, b) = min(1, a + b)
a, av b=0
—Drastic sum: Sq(a, b) = {b, av a=0
L1, av a,b>0




T-conorm (S-norm)

. Algebraic Bounded Drastic
Maximum: .

Sm(a, b) S.(a. b




H apyn ¢ enéktaonc
(extension principle)

Aca@ES 6VVOA0 A
A= p,(x)/ x + p,(x,) )/ X+ ,(x,)/ x,
Amgkovion Tov A 610 B péco ™G f(x) ¢

B=pu,(x) yy+u,(x;)/ y,+-+u,(x,)y,

omov yi = f(xi), i = 1,...,n.

f(x) povoonuavtn

He(y)= max H,(x)
x=f"(y)



H apyn ¢ emexktoomnc
(extension principle)

f(x)
AmO TV acapn A
mopdueTpo "X 1s f(x) = (x-1)°
about 2" otv "fis -
about f(2)" ywo f(x)= < |
(x-1)"2. g
Llopdoetyuo.: .
Tprywviko ue » x
f(x)=x"2 ‘
U
A
L e | "about 2"
05 - RS AN |
1 1 | > x
0 1 2 3 4
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Yuotnuata aoodouC EMAYWYNS

Fuzzy Inference Systems (FIS)

|

Defuzzification
interface

Nonfuzzy
output

Fuzzy rule
l base
Nonfuzzy Fuzzification
. —
input interface
v
l Fuzzy mf_erence
e machine

Fuzzy input

L

Fuzzy output



uotnuato oloadouC EOYwWYNC
Fuzzy Inference Systems (FIS)

—Aocadormnoinon (vrtoAoylopoc BaBuwv cuppetoxnc)
—Amotipnon acadpwv Kvovwv
—Anoaocadornoinon (VLTOAOYLOMOC aPLOUNTIKWY TLUWV)

AGOQPELS KOVOVES
If xisAthenyis B

IHopodetypoto.:

* Eav n mrigon gival upnAR, TOTE 0 OYKOG ival HIKPOG.

* EAv n TopdTa gival KOKKIVN, TOTE gival WPIHN.

 Edv n TaxuTnTa gival uwnAR, TOTE TTiECE TO PPEVO EAAPPA.




Alodikaota evoc FIS: ZuvoAlka

Dinner for Two

a 2 input, 1 output, 3 rule system

Rule 1 If service = poor or food is rancd,
then Sp is cheap.

If service & good, then tip = average.

Input 2
Foed (0-10)

Rule 3 If service = excellert or food =
deficious, then tp is generous.

The inputs are crisp All rules are
(non-fuzzy) evaluated in parallel
numbers limited to a using fuzzy

specific range. reasoning.

The resuits of the
rules are combined
and distilfed
(defuzzified).

Output
Tip (5-25%)

The resultis a
cnsp (non-fuzzy)
number.
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AloOlkaoia evoc FIS: antecedents

1. Fuzzify 2. Apply
inputs. OR operator (max).
excellent 0.7
0.7
0.0 delicious 0.0 result of
fuzzy operator
service is excellent or food is delicious

service =3 food =8

input 1 input 2
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Aladikaotlo evoc FIS: consequent

Antecedent Consequent
1.F 2. Apply 3. Apply
mpuug‘y OR operator (max). Implication
operator (min).
If  service s excallent result of
implication

service = 3 food = 8

input 1 input 2
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Aladikaotlo evoc FIS: 2uvbuaouoc

3. Apply
1. Fuzzify inputs. wﬁf inggcanon
operation method (min).
(OR = max).
1 L] poor rancid cheap
25% 0 25%
I If service is poor or food is rancid then tip = cheap I
average
2 ® rule 2 has ] m
no dependency
gooed on inpul 2
| Il service is good then tlp mrago
excellent
3 = delicious generous , \
| Il service is excellent  or food is delicious then up generous :?,9!"’9‘, ' ?r::xl
service =3 food =8
input 1 input 2

° Result of ="
aggregation
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Aladikaola evoc FIS: TeAwka

10 :
1. Fuzzify inputs. ope!aﬁon unﬁ;bcawy
(OR = max). method {mm)
|
1 . poor rancid cheap |
o 0 0 10 0% 25% oy 25%

[ service is poor or food is rancid

| |
2- rule 2 has |

0 10
If service is good

:"‘“/ﬂ/]J\_/\

0% 25%

If service Is excellent or food is delicious tip = generous

service = 3 food =8

4.
merhod (max).

input 1 input 2 l_/;y-\
5. Defuzzify

tip = 16.7%

output

0% 25% (o)
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"Heavy smoker"

M
A A "High risk"
, , 1.0 7 R — 1
Av gloat ’Ba!mg ol }
0.7+ ;
Kan}’wrn’g EYELS Fo A A A |
HEYAAO KIVOUVO L
, A "Moderate smoker"
KOPKIVOL / A |
04T LN i
= 1 f —F= T 1 >
0 2 4 6 8 10
Cigarettes/day Risk of Cancer
(a)
Ti cuvendyeton
Risk

avto to FIS v
KATO10V TTOV
KanviCetl 6 Totydpa 2 100 0101 01 04

TV Nuepa, 4 10002 06 06 06

0.0, 00 00|00 0.0

Cigarettes
o

10 00| 02|07 09|10
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YuotApoto acadouc EMAYwyNng
(Mamdani)

*Evac kavovag Le pio utoBeon

B'=AoR
Kavovag: if x is Athenyis B
leyovog: xis A Hy )=V (4 (DAL, ) W 4()
JUpNEpaopa: y is B’ = WA L1())
A B

s W
Lo

s
P
=

I\
XisA’ X Y

y is B’



YuotApoto acadouc EmMaywyng

*Evac Kavovag pe TTOAAATTAEG

UTIOBEOELC C'=(A"xB")oR
Kavovac: if xis Aandyis Bthenzis C
Feyovdc: xis A’ and vy is B’ e (Z) = (W AW )N 1 (2)

Yuunépaopa: z is C’

T-norm C,

f_ix B’B
2 A [\ .
X Y
9 B?

A ’
{f_& /_\ ) z

is A’ X yisB Y zis C



Matlab

FIS Editor:

—Age of pipes [0-100, 4 categories, gauss] — leakage vulnerability [h, m, [],
triangular

—Set “enough” rules

—View rules and surface

—Change defuzzification rules (e.g. mom)
—Save FIS, look at structure

—a = readfis(testfis');

—evalfis(][...], a]

—Fuzzy(testfis)

—Add another antecedent (e.g. pressure)
—Create more complex rules: what if pressure is low and age is old?
Demo toolbox fuzzy

—control of water level in tank

—traffic patterns with clustering
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BifAloypadio/Avadopec

*H napouciacn XpnNOLULOTOLNOE UALKO,
oxnuato Kat tapodelypata oo
QVTLOTOLXEC TTAPOUCLACELC TWV:

—Klir and Yuan (pe oxnuata amno to BLBAio
touc: Fuzzy sets and fuzzy logic: theory and
applications)

—MNapoucioon tou Epyaotnpiov Eudpuwv
YroAoyLoTIKWVY Zuotnpatwy tov EMM (ZxoAn
HM)

—N. Kasabov Foundations of Neural Networks,
Fuzzy Systems, and Knowledge Engineering,
MIT Press, 1996

eKaBwc kat oo to MATLAB Fuzzy

Logic Toolbox Manual

FUZZY SETS AND
FUZZY LOGIC

Thoory and Apphcations
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