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[θ̂ + 
θ̂ – υ(θ̂)

(dυ/dθ)|θ = θ
^
 ,  θ̂ + 

θ̂ – λ(θ̂)

(dλ/dθ)|θ = θ
^
] 5����� λ(θ) = F-1(α/2|θ) and υ(θ) = F-1(1 - α/2|θ) 
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 + 

(dυ/dθ)|θ = θ
^
 ,

 + 
(dλ/dθ)|θ = θ

^

dλ

dβ
 = 

q12 + q13

q22 + q23
 ,     

dυ

dβ
 = 

q31 + q32

q21 + q22
 q := 

dγ
dθ

 Var(T) 






dγ

dθ

T
 

dγ
dθ

 =  


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
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

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dλ

dθ

dβ

dθ

dυ

dθ

 = 
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
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

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∂λ

∂θ1
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∂θ2
L

∂λ

∂θk

∂β

∂θ1

∂β

∂θ2
L

∂β

∂θk

∂υ
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From this figure we have that 

υ(θ̂) – θ̂

θ̂ – l
 = 

CA
CD ≈ (

dυ
dθ)

|θ = θ
^  

Solving for l and u, we find l ≈ θ̂ + 
θ̂ – υ(θ̂)

(dυ/dθ)|θ = θ
^
 and u ≈ θ̂ + 

θ̂ – λ(θ̂)

(dλ/dθ)|θ = θ
^
. 

According to the following, [l,u] is an exact 1 − α confidence interval for θ. 

We construct a test H0: θ = θ̂ vs H1: θ ≠ θ̂ with acceptance region: 

 A(θ̂) = {x: F−1(α/2|θ̂) ≤ B(x) ≤ F−1(1 − α/2|θ̂)} (1)

where B(X) is an estimator of the parameter θ, which is a size α test because β(θ̂) = 

1 − P(F−1(α/2|θ̂) ≤ B(X) ≤ F−1(1 − α/2|θ̂)|θ = θ̂) = 1 − [F(F−1(1 − α/2|θ̂)|θ̂) − F(F−1(α/2|θ̂)|θ̂)] = 
1 − (1 − α/2 − α/2) = α. From this test we obtain the following 1 − α confidence interval for θ: 

 C(x) = {θ̂: F−1(α/2|θ̂) ≤ B(x) ≤ F−1(1 − α/2|θ̂)} (2)
In our case we assume that we have an observation y = (y1,…,yn). We obtain the following 1 − 
α confidence interval for θ: 
 C(y) = {θ: F−1(α/2|θ) ≤ B(y) ≤ F−1(1 − α/2|θ)} (3)
Now we define l and u as the solutions of the equations: 
 υ(l) = B(y) and λ(u) = B(y) (4)
From the above equation we obtain that: 
 F

−1(α/2|u) = B(y) and F−1(1 − α/2|l) = B(y) (5)
We assume that C(y) = [θ1,θ2] where θ1,θ2 are the solutions of the equations 
 F

−1(α/2|θ2) = B(y) and F−1(1 − α/2|θ1) = B(y) (6)
Now it is obvious that [l,u] is an approximate 1 − α confidence interval estimate for θ. 
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The 1 − α exact confidence interval is obtained by the following equations. 

 F(x
_

|n,l/n) = 1 − α/2, F(x
_
|n,u/n) = α/2  

where f(x|θ,k) = 
e−x/θ

x
k−1

Γ(k)θk , x ≥ 0 is the density of the gamma distribution, θ > 0 is the scale parameter and k > 0 is the shape parameter 

The 1 − α approximate confidence interval is obtained by the following equation (*). 

 [L(X),U(X)]= [
X
_

1 + Φ-1(1 − α/2)/ n
,

X
_

1 − Φ-1(1 − α/2)/ n
]  

MCCI in the following will denote the 1 − α confidence interval obtained by our method. 

Here we have a simulated sample with 50 elements from an exponential distribution with σ = 1. For this sample σ̂ = 1.002. 
(*) Papoulis A, Pillai U (2002) Probability, Random Variables and Stochastic Processes. McGraw-Hill 
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The 1 − α exact confidence interval is obtained by the following equation. 

 [l(x),u(x)] = [x‾ − tn−1(1 − α/2) 
s

n
,x‾ + tn−1(1 − α/2) 

s

n
] 

The 1 − α interval obtained by Ripley’s first method designated as Ripley location. 
Here we have a simulated sample with 10 elements from a normal distribution with µ = 0 and 

σ = 1. For this sample µ̂ = 0.026 and σ̂ = 1.023. 
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The 1 − α approximate confidence interval estimate is given by the following equation. 

 [l(x),u(x)] = [x‾ + zps − Φ-1(1 − α/2) 
s

n
1 + z

2

p/2,x‾ + zps + Φ-1(1 − α/2) 
s

n
1 + z

2

p/2] (*) 

The 1 − α Bayesian confidence interval (**), if we choose a prior P(µ,σ) ∝ 1/σ2, is obtained by 
a sampler based on the following mixture. 

 σ
2|x ∼ inv-χ2(n−1,s2) and µ|σ2,x ∼ Ν(x‾,σ2/n) 

Here we have a simulated sample with 50 elements from a normal distribution with µ = 0 and 

σ = 1. For this sample µ̂ = −0.027 and σ̂ = 0.998. 
(*) Koutsoyiannis, D., (1997) Statistical Hydrology, Edition 4, National Technical University of Athens, Athens. 
(**) Gelman A, Carlin J, Stern H, Rubin D (2004) Bayesian Data Analysis. Chapman & Hall/CRC. 
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The 0.99 approximate confidence interval estimate is given by the following equation. 

 [l(x),u(x)] = [x‾ + zps − Φ-1(1 − α/2) 
s

n
1 + z

2

p/2,x‾ + zps + Φ-1(1 − α/2) 
s

n
1 + z

2

p/2] 

The 0.99 Bayesian confidence interval, if we chose a prior P(µ,σ) ∝ 1/σ2, is obtained by a
sampler based on the following mixture. 

 σ
2|x ∼ inv-χ2(n−1,s2) and µ|σ2,x ∼ Ν(x‾,σ2/n) 

Here we have a simulated sample with 50 elements from a normal distribution with µ = 0 and 

σ = 1. For this sample µ̂ = −0.027 and σ̂ = 0.998. 
In the figure we calculate the confidence intervals for values of zp between −3 and 3. 
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The 1 − α approximate confidence interval is given by the following equation. 

 [L(X),U(X)] = [
2nX‾

 χ
2

ν+2nk
^(1 − α/2) − 2nk̂ Rn/c

,
2nX‾

 χ
2

ν+2nk
^(α/2) − 2nk̂ Rn/c

] (*)  

The 1 − α Bayesian confidence interval (**), if we chose a prior P(k,θ) ∝ 1/θ, is obtained by the following Gibbs sampler. 

 θ|k,x ∼ IG(nk,1/∑
i = 1

n

 xi)  

where IG(a,b) denotes the inverse gamma distribution with parameters a and b, with density function defined by f(x|a,b) = 
[Γ(a)ba]−1

x
−(a+1)exp(−1/bx), x, a, b > 0. And 

 P(k|θ,x) ∝ [Γ(k)]−n
θ

−nk∏
i = 1

n

 x
k-1

i   

Here we have a simulated sample with 50 elements from a gamma distribution with k = 2 and θ = 3. For this sample k̂ = 1.979 and θ̂ = 3.007. 
(*) Bhaumik D, Kapur K, Gibbons R (2009) Testing Parameters of a Gamma Distribution for Small Samples. Technometrics 51(3):326-334 
(**) Son YS, Oh M (2006) Bayesian Estimation of the Two-Parameter Gamma Distribution. Communications in Statistics: Simulation and Computation 35(2):285-293 
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The 1 − α approximate confidence interval is given by the following inequality where we solve for k. 

 
Var(Rn)
E(Rn)

 χ
2

ν(α/2) < 2Rn < 
Var(Rn)
E(Rn)

 χ
2

ν(1 − α/2) (*)  

The 1 − α Bayesian confidence interval (**), if we chose a prior P(k,θ) ∝ 1/θ, is obtained by the following Gibbs sampler. 

 θ|k,x ∼ IG(nk,1/∑
i = 1

n

 xi)  

where IG(a,b) denotes the inverse gamma distribution with parameters a and b, with density function defined by f(x|a,b) = 
[Γ(a)ba]−1

x
−(a+1)exp(−1/bx), x, a, b > 0. And 

 P(k|θ,x) ∝ [Γ(k)]−n
θ

−nk∏
i = 1

n

 x
k-1

i   

Here we have a simulated sample with 50 elements from a gamma distribution with k = 2 and θ = 3. For this sample k̂ = 1.979 and θ̂ = 3.007. 
(*) Bhaumik D, Kapur K, Gibbons R (2009) Testing Parameters of a Gamma Distribution for Small Samples. Technometrics 51(3):326-334 
(**) Son YS, Oh M (2006) Bayesian Estimation of the Two-Parameter Gamma Distribution. Communications in Statistics: Simulation and Computation 35(2):285-293 
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The 1 − α approximate confidence interval is given by the following equation (*). 

 [l(x),u(x)] = [(
2S(b̂)

c1χ
2

2n(1 − α/2) − 2n(c1 − 1)
)1/b

^

,(
2S(b̂)

c1χ
2

2n(α/2) − 2n(c1 − 1)
)1/b

^

]  

where S(b) := ∑
i = 1

n
 x

b

i and c1 := 1 + 0.607927·0.4226422. We denote b̂ the modified maximum likelihood estimate given by the minimization of 

the following function 

 L(b) := 
n − 2

b
 − (n∑

i = 1

n

 x
b

ilnxi)( ∑
i = 1

n

 x
b

i)
−1 + ∑

i = 1

n

 lnxi = 0  

and â the modified maximum likelihood estimate given by the following equation. 

 â = [(1/n)∑
i = 1

n

 x
b
^

i]
1/b

^

  

Here we have a simulated sample with 50 elements from a Weibull distribution with a = 2 and b = 3. For this sample â = 2.022 and b̂ = 3.097. 
(*) Yang Z, Xie M, Wong A (2007) A unified confidence interval for reliability-related quantities of two-parameter Weibull distribution. Journal of Statistical Computation 

and Simulation 77(5):365-378 
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