Reply to Fahim Ashkar’s comments

We thank Fahim Ashkar for his interesting comments, which help us clarify the purpose of our
work. To improve readability, we quoted the original Reviewer’s comments as Italic text.

1. In the text following Eq. (16) of the paper, relative to the Weibull distribution, the authors
State that: “the case with (compressed exponential function, i.e. a tail lighter than the
exponential one) has less practical importance”. In my view, this assertion is not true
because light-tailed distributions are also very common in hydrology, especially for
modeling low stream flows, for example, as well as for modeling other types of hydrological
variables. The emphasis on the problem of thick-tailed distributions in hydrology should by
no means minimize the importance of thin-tailed distributions that are also widely
encountered.

We agree that light-tailed distributions are widely encountered in hydrological modelling
(indeed we also accounted for the Gaussian distribution in our analysis), but sometimes a
mixture of light-tailed distributions can result in heavy-tailed distributions anyhow (see e.g.
Koutsoyiannis, 2004). Nevertheless, we clarified in the paper title, abstract and text that our
work refers to hydrological processes exhibiting scaling behaviour or more generally
subexponential distribution tails, which are ubiquitous in natural and social sciences (see e.g.
Newman, 2005). In this context, light-tailed distributions have actually less practical
importance, as we clearly explain in the Introduction section of our manuscript.

2. However, the fact that a statistic (e.g., a sample moment) is highly variable and skewed,
does not by itself mean that the statistic should be avoided in the modeling. If, for example
(as is often the case), the aim is to estimate the quantiles of a hypothesized distribution, then
the primary focus should be on the quantile estimates and not on the sample moments that
are used to estimate these quantiles. Therefore, questions such as the following should be
asked: Are the quantiles of interest situated in the right tail, in the left tail, or in the central
part of the distribution? How far in the tail are these quantiles? Does the high variability
and skewness of the moment estimators lead to similar characteristics in the quantile
estimators? (The answer to this last question may be Yes or No). What is the degree of
correlation between the moments’ estimators being used, and how does this correlation
affect the quantile estimates? One should keep in mind that sample moments of low order
which exhibit low variability and skewness but which are highly correlated, are not
necessarily better for the modeling than higher order moments that are more variable, but
less correlated.

Using the words by Papoulis (1991, p. 245): “A point estimate is a function 0= g(x) of the

observation vector X = [xy, ..., X,]. The corresponding RV é = g(g) is the point estimator of

6. Any function of the sample vector X = [x), ..., x,] is called a statistic. Thus a point
estimator is a statistic”. Sample moments are indeed point estimators. We have found that
high-order sample moments are likely to give an estimate of the corresponding population
parameter 6 very different from the true value, even if they are unbiased estimators (see e.g.
in the paper Fig. 4, the large difference between the mode and the expected value of the 5th-
order moment estimator, which is a result of high variance and skewness). It is unanimously



agreed that efficiency is a desirable property of point estimators, hence we should find other
unbiased estimators that are also comparatively low in variance. The point estimators called
L-moments, for example, are linear combinations of the ranked observations; therefore, L-
moments are much less variable than their conventional counterparts and are nearly normal
in distribution (Kottegoda and Rosso, 2008, p. 107). Furthermore, maximum likelihood
estimators are also appealing because they have pleasing asymptotic properties (consistency,
normality and efficiency). The asymptotic normality can, in turn, be used to construct
confidence regions that attain the specified coverage as the sample becomes large (Von
Storch and Zwiers, 1999, p. 89).

In terms of the Reviewer’s assertion that “the aim is to estimate the quantiles of a
hypothesized distribution”, we fully agree that this is the ultimate aim of a statistical
approach and this applies to the original variable for which the study refers to (e.g. rainfall,
river flow, etc.). Of course, it is important to estimate the quantiles of this variable as
faithfully and reliably as possible. However, our paper is not about this: we refer to
statistics, i.e. functions of samples of the original variable, and not the original variable per
se. Actually, to estimate correctly the quantiles of the original variable, we need to use as
estimators statistics with good properties. The latter constitute the scope of the paper in
which we demonstrate that high order moments do not have the required good properties.

Finally, concerning the Reviewer’s question about the correlation between the moments’
estimators, we performed Monte Carlo simulations and we noticed that the estimators of raw
moments are highly correlated even in case of Gaussian distribution. Specifically, we saw
that the correlation of moments with consecutive orders actually increases with the order of
the moments. Then, this is another argument against the use of high-order moments, but we
do not include it in our paper.

1t is true that the tail type significantly influences the variability and skewness of moment
estimates, but questions such as those raised in the previous paragraph (questions that are
by no means exhaustive) need to be considered and analyzed attentively before arriving at a
decision on what moment orders to use or to avoid, or on whether the method of moments or
some other fitting method is best for the modeling at hand. The tail thickness of distributions
is a factor to keep in mind, but other important factors also need to be taken into
consideration. Consequently, one needs to be careful about the limitations of the following
two statements put forward in the Conclusions section of the study: "Estimators of high
moments whose distribution ranges over several orders of magnitude cannot support
inference about a natural behaviour nor fitting of models". "In parameter estimation of
three-parameter distributions, it is better to avoid the method of moments and use other
fitting methods such as maximum likelihood, L-moments, etc."

We trust that we addressed all of the Reviewer’s questions in the previous point, and
explained the importance of the two quotations reported here.

Given the wide variety of data that are encountered in hydrology, problems of choice of
frequency distributions and/or fitting methods should be handled with great care, as they
are highly complex, especially if the aim is to estimate events in the distribution tails.
Numerous studies have dealt with fitting thick and thin tailed frequency distributions to
hydrological data. In fact, a number of fitting methods either originated or were broadly



advocated by researchers working in hydrology (e.g., methods of L-moments, generalized
moments, generalized probability weighted moments, etc.). The complexity of fitting
distributions to data for the purpose of estimating events in the distribution tails has led to
confusion not only among practitioners, but among experienced researchers as well. One
observes in fitting frequency distributions to data that some users tend to be overly confident
about the use of L-moments, for example, others are not very confident, or overly confident
about maximum likelihood estimation, others are confused as to what sample moments to
use or not to use in estimations. Recommendations put forward in hydrological studies tend
sometimes to be followed blindly by practitioners if the limitations of these
recommendations are not studied well enough or if they are not clearly drafted. Therefore,
the recommendations and conclusions of the present study need to be as clear as possible to
avoid any misuse by practitioners. 1 recommend that the authors express their
recommendations in as precise a manner as possible, and specify the limitations of these
recommendations as clearly as possible. More specifically, if these recommendations are
restricted to heavy-tailed distributions, then this should be well reflected in the title, in the
abstract and in the conclusions section of the paper.

Indeed, we fully agree that fitting methods should be handled with great care. To this aim,
our paper provides, via several Monte Carlo experiments, quantitative results supporting our
claims against use of high-order moments when analysing processes exhibiting
subexponential distribution tails.

References

Koutsoyiannis, D.: Statistics of extremes and estimation of extreme rainfall, 1, Theoretical
investigation, Hydrolog. Sci. J., 49(4), 575-590, 2004.

Kottegoda, N. T. and Rosso, R.: Applied Statistics for Civil and Environmental Engineers, 2nd
Edn., Blackwell Publishing, 718 pp., 2008.

Newman, M. E. J.: Power laws, Pareto distributions and Zipf’s law, Contemp. Phys., 46, 323— 351,
2005.

Papoulis, A.: Probability, Random Variables and Stochastic Processes, 3rd Edn., McGraw Hill, 666
pp-, 1991.

Von Storch, H. and Zwiers, F. W.: Statistical Analysis in Climate Research, Cambridge Univ.
Press, New York, 484 pp., 1999.




<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice





