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The	
  Beginning:	
  Hurst	
  [1951]	
  



Hurst’s	
  Major	
  ContribuNons	
  

•  Science	
  
–  Discovery	
  of	
  a	
  rich	
  correlaNon	
  structure	
  in	
  large-­‐scale	
  

hydrological	
  systems	
  
–  ApplicaNon	
  to	
  a	
  wide	
  range	
  of	
  geophysical	
  processes	
  

•  MathemaNcs/StaNsNcs	
  
–  CharacterizaNon	
  and	
  esNmaNon	
  of	
  long-­‐term	
  dependence	
  
–  Kolmogorov	
  dynamics	
  

•  ScienNfic	
  Process	
  
–  Centrality	
  of	
  data	
  (!!)	
  
–  Acknowledgment	
  of	
  importance	
  of	
  stochasNcs	
  
–  ConsideraNon	
  of	
  phenomena	
  in	
  seemingly	
  unrelated	
  areas	
  
–  PotenNal	
  of	
  seemingly	
  mundane	
  work	
  

•  Engineering	
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(2 n)1
2"C" = (n 1)2 ...•.....................• (3)

in which 2"C" is the number of combinations of 2 n different things taken nat
Ii. time. Among these orders there are 2"C..+A instances in which, at some
point in the process of tossing, losses exceed gains by h or more. 8

There are three cases:

the range would be increased by four. For the present this difference is
ignored, but it will be considered later.
;. ': In the case selected for analysis 2 m coins are tossed N times, heads and
tails or gains and losses are equal at the end of the trial, and n is written for N m.
. " The number of orders or arrangements' in which n gains and n losses can
occur is

..- "

II
'I· Cue

, , (a)

(b)

(c)

Condition

Losses never exceed gains

Gains never exceed 10BBes

Losses never exceed gains
and gains never exceed
losses

No. of ar....ngements

2"C"
n+l
2nCn

n+1

(n - 1) 2nC..
n+1

in which gains exceed losses by two or moro. That is, there are 2nCn+l - 2nCn+2

arrangements in which gains exceed losses by one.
Referring to Table 4,22" = 1 + 2nCl + 2nC2 + ... + 2"Cn - l + inC" + 2nC"+l

+ ... + 2..C2... Hence, the sum of the products is equal to t (22" - 2nCn).

The arrangements ill Table 4 include all except those in which gains never

exceed losses, whose number is (or 2nC.. - 2nC"+l), and in which the

maximum of gains minus losses is O. Hence, the mean maximum value of
., . 22n- 1 - ! .nCn • • •gams mmus losses IS C - and thiS IS also the mean maximum of losses

2n n

minus gains. Therefore, the mean range is

22nR=-C -1., (5)
2n n

Since n is large, Eq. 5 can be simplified by the approximation for nl of James
Stirling which is as follows:

n! (6)

Hence,
(2n)! 22n

2nCn = nl nl = (nje)"J2 = .J n 1r' .......••••. (7)

CTr = .J 2 m X t X ! = (9)

This is the standard deviation of the number of heads (r) or tails (2 m - r).
The standard deviation CTd of the number of heads minus the number of tails is
twice CTr , or...["2";i. Substituting for ...["2";i in Eq. 8,

since the product N m is large.
Thus the average range of the accumulated sums (number of heads minus

number of tails), when 2 m coins are tossed N times (N m being large), in-
creases as the square root of the number of tosses, exactly like the accumulated
error on a line of leveling.

The standard deviation of the binomial distribution produced by tossing
2 m coins is

\,
•,J
.,
J .,

:.
'0,

r
I
'j

·I,

In case (a) the range is the maximum value of gains minus losses; in case (b)
is the maximum value of losses minus gains; and in case (c) the

range is the sum of the maximum of gains minus losses, and the maximum of
10!'!les minus ll:ains.
,'.: all values of the range to obtain a mean value, and writing G for

of gains and L for number of losses, .

M .'· _m_a_Xl_'m_u_m----.:(,,;:G'--'_---=.L!...)ean range =
2..C"

= 2 maximum (G - L) ., (4)
2nC..

. To find the mean range see Table 4. There are 2..C..+l arrangements in
which, at some point, gains exceed losses by one or more; and there are 2nC..+!

TABLE 4.-COMPUTATIONS TO DETERMINE THE MEAN RANGE

and
R=...rn;.-l .J N m 1r (8)

• "Choice and Chence," by W. A. Whitworth, Cambridge, England, 4th Ed .• IBB6, Chepter on Priority.

1
2
3

n -.1
n

8um

No. of arrangements

",CIt+l - ",C" .. ,
hC".! - ,,,C,,.a
,,,C,,.I - ",e".,

he",
",et..

Products

(n - J) - "'C..)
n(..C..)

..Co., + ..Co., + ... + ..C..

R = CTd .J t N 1r = 1.25 CTd ..[N ' ;(10)

In Eq. 10, R is the range of the continued sum of 2 m N tosses of a single
coin, and is a little larger than the range obtained from N tosses of a set of
2 m coins. The average difference abetween the two computations for range
can be found as follows:

TOBB a coin a large number of times and plot the continued sums of heads
minus tails, marking a given number of them off in sets of 2 m. The set of

TheoreNcal	
  Development	
  



Hurst’s	
  Fundamental	
  Finding:	
  

R
!
= (N / 2)0.72 = 0.61N 0.72



N0.72	
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Fig. 5 shows that there is a slight skewness in the .of K, the
mode tending to be slightly greater than the mean. However,.lt will be seen
that, the normal curve which has been fitted is a close approximation to the
observed distribution. Referring to Table 7, a summary of K:-values can be
compiled as in Table 8.

2

1

0

J

0

J

0

J

0
'-.:..

J

0,
0,
0

I
2

K

690
0.729
0.092

0.46 to 0.96

I wgN I

NK log 2' (12)Rlog-fT

I No. of I N Icases years

(0) GROUP OF 90 CA8E8

(g) GROUP OF 25 CA8E8

(") GROUP OF 259 C.....m8

(f) GROUP or 114 CA8E8

TABLE 7.-(Continued)

Phenomena

Desoription

Number of values .
Mean value " .
Standard deviation .
Range of individual values .

• RaInfall 8tatiOns with one value of R; ino1udes temperature at one station. 6 Rainfall statio"" with
two of valU88 of R; inoludee temperature and one preeeure. 'N rangee from 81 to 120.

Weil&ht mean of oas88, .... · .. · .. · .. ·1 .... I 97 I 17.8 I .... I ... '. I ....

tion Of log N and can be expressed as

In each main group of observations a line drawn through the point log (RIfT) =0,
log N = 0.30 (N = 2), and the center of gravity of all the observations is a
good fit. The slopes of these lines (K) vary from 0.69 to 0.80.

Whether there is any theoretical significance in the fact that K is approxi-
mately i is not known. The value of K has been calculated for each of the
690 individual values of RIfT and the frequency curve shown in Fig. 5 has been
drawn. The data for this curve are as follows:

n 64 12.4 1.77 1.06 0.72
8UDl1j>ot numbers and wheat pri088 ....... 124 22.1 2.09 1.34 0.75

237 16.9 2.36 1.22 0.60
Mean of 25 ....................... .... . ... .... 2.01 1.17 0.69

40 ·50 9.7 1.70 0.98 0.70
Thiolm_ of annuai layers of mud, Lake 40 100 16.3 2.00 1.17 0.69
Ilaki in the Crimea .............. , .... 20 200 25.0 2.30 1.39 0.70

8 500 47.9 2.70 1.66 0.69
4 1,000 84.0 3.00 1.91 0.71
2 2,000 179.0 3.30 2.24 0.75

Mean of 114 0&88800 .................... .... .... .... 2.06 1.22 0.69

,
44 50 10.9 1.70 1.02 0.73

Tbickn_ of of mud: Tamis- 22 100 21.3 2.00 1.31 0.77
a, and Moen, in the 11 200 42.7 2.30 1.68 0.79

Bop.. triot, Norway............... 4 300 82.6 2.48 1.90 0,87
3 400 126 2.60 2.09 0.91
4 650 115 2.74 2.00 0.82
2 1,100 181 3.04 2.19 0.80

Mean of 90 0&888•...•.................. .... .... .... 1.98 1.30 0.77

"

,
I J

.' .

!

"'.
.,

,"

r"·

.,1 1.
'..\

.. ;

"I
'I , ",

Data	
  



Diverse	
  Processes	
  and	
  Data	
  
[Hurst,	
  1951]	
  

•  Runoff	
  StaNsNcs	
  
•  Rainfall	
  
•  Temperature	
  and	
  Pressure	
  

•  Tree	
  Rings	
  
•  Varves,	
  Lake	
  Saki	
  
•  Varves,	
  Canada	
  and	
  Norway	
  
•  Sunspot	
  Numbers	
  and	
  Wheat	
  Prices	
  



ScienNfic	
  Process:	
  

•  Why	
  Hurst	
  is	
  notable	
  in	
  Hydrology	
  
– Described	
  a	
  new,	
  universal	
  and	
  fundamental	
  
characterisNc	
  of	
  natural,	
  and	
  occasionally	
  human-­‐
dominated,	
  systems	
  



ScienNfic	
  Process:	
  

•  Why	
  Hurst	
  is	
  notable	
  in	
  Hydrology	
  
– Described	
  a	
  new,	
  universal	
  and	
  fundamental	
  
aspect	
  of	
  natural	
  systems	
  

•  Why	
  Hurst	
  is	
  notable	
  in	
  history	
  of	
  math/
science	
  
– Calculus	
  /	
  Classical	
  Physics	
  
– Riemannian	
  Geometry	
  /	
  General	
  RelaNvity	
  
– Hilbert	
  Spaces	
  /	
  Quantum	
  Mechanics	
  	
  
– Kolmogorov	
  Dynamics	
  /	
  Hurst	
  Phenomenon	
  



Role	
  of	
  B.	
  B.	
  Mandelbrot	
  

•  Promoted	
  Hurst’s	
  main	
  findings	
  
•  Introduced	
  catchy	
  terminology:	
  fractals,	
  
Joseph	
  effect,	
  Noah	
  effect	
  

•  Developed	
  spectacular	
  graphics	
  
•  Emphasized	
  staNc	
  versus	
  stochasNc	
  

•  Emphasized	
  micro	
  versus	
  macro	
  perspecNve	
  

•  Did	
  not	
  promote	
  Kolmogorov,	
  although	
  he	
  
acknowledged	
  Kolmogorov	
  in	
  his	
  papers	
  	
  



Where	
  Can	
  We	
  See	
  H-­‐K	
  Dynamics?	
  



At	
  A	
  Longer	
  Time	
  Scale	
  



Is	
  Hurst	
  Universally	
  Embraced?	
  

Flood	
  Guidelines?	
  

BulleNn	
  17B	
  [1981]	
  



	
  Does	
  IPCC	
  Acknowledge	
  Hurst?	
  
•  “No	
  ahempt	
  has	
  been	
  undertaken	
  to	
  	
  further	
  

describe	
  and	
  interpret	
  the	
  observed	
  changes	
  
in	
  terms	
  of	
  mulNdecadal	
  oscillatory	
  (or	
  low	
  
frequency)	
  variaNons,	
  (long-­‐term)	
  persistence	
  
and/or	
  secular	
  trends	
  (e.g.,	
  as	
  in	
  Cohn	
  and	
  
Lins,	
  2005;	
  Koutsoyiannis	
  and	
  Montanari,	
  
2007;	
  …)”	
  

•  “Trends	
  that	
  appear	
  significant	
  when	
  tested	
  
against	
  an	
  AR(1)	
  model	
  may	
  	
  not	
  be	
  
significant	
  when	
  tested	
  against	
  a	
  process	
  
which	
  supports	
  this	
  ‘long-­‐range	
  
dependence’	
  (Franzke,2010).”	
  

•  However	
  the	
  SPM	
  does	
  not	
  menNon	
  LTP,	
  
although	
  is	
  speaks	
  about	
  the	
  internal	
  climate	
  
variability,	
  e.g.:	
  
“Internal	
  variability	
  will	
  conNnue	
  to	
  be	
  a	
  
major	
  influence	
  on	
  climate,	
  parNcularly	
  in	
  the	
  
near-­‐term	
  and	
  at	
  the	
  regional	
  scale.”	
  



SNll,	
  Hurst-­‐Kolmogorov	
  Dynamics	
  
Permeates	
  Science	
  

•  Data:	
  Value	
  of	
  long	
  records	
  
•  Science:	
  RealisNc	
  view	
  of	
  inverse	
  problems	
  

•  Forecas3ng:	
  RecogniNon	
  that	
  predicNng	
  the	
  
long-­‐term	
  behavior	
  of	
  complex	
  systems	
  is	
  
fundamentally	
  challenging.	
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?	
  

PredicNng	
  the	
  Future	
  



Extending	
  the	
  Temperature	
  Record	
  	
  
to	
  2163	
  

•  StaNonary	
  FARIMA	
  Model	
  
– Short	
  and	
  Long-­‐term	
  persistence	
  [Farima(1,1,0)]	
  

– Fihed	
  to	
  1851-­‐2012	
  CRU	
  annual	
  global	
  
temperature	
  anomaly	
  data	
  

– Preserves	
  correlaNons	
  with	
  historical	
  record	
  
– Trend-­‐free	
  

•  InnovaNons	
  generated	
  using	
  random	
  number	
  
generator	
  with	
  seed=i	
  for	
  simulaNon	
  i	
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