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1. YaevOopion evvor@v mBavottOv Kol 6TOTIGTIKTG

IIOavotnTa

Boowod cuvoro, £2:
c-aAyefpa 1 o-meodio, 2

[TOavotta, P(0):

[TiBavoTiKOC Y®dPOC:

2UVOAO TOV TO GTOLYELC TOV 0 AVTIGTOLYOVV GTIC OVVATEG
exPaoelg evog mepduortoc N pog oepyaciog. Eivar yvooto ko
®G OELYLATIKOC Ypos M PEPato yeyovac.

20VOAO VTTOGVVOA®V 0 TOL L2 e TIG €ENC 1010TNTEG: (a) Q2 € 2,
DeX (B)avo e X1ote Q-0 €2 (y) N évoon (apBunoiua)
ToAL@V oTotyeimv Tov X gival 6ToryElo Tov .

Amekovion tov 2 oto ddotnua [0, 1] mov tAnpoi ta e€N¢
aSLOUOTOL:

(I, un apynrikotra) P(6) > 0.

(II, xavovikomoinon) P(Q) = 1.

(I1I, tpocBetikOTTA) AV 010, = @, P(d1 + J5) = P(01) + P(0,)
H tpuada (Q, 2, P).

Ynuetoon: Av 1o X gtvan anelpocHvoro, TOTE 0 OPIGUOC TG TOAVOTNTOG YPpELALETOL KO
Eval TETAPTO aSimpa, auTd TNG GLVEYELNG 6TO UNoEv: AvVA; DA, D ... DA D ... givon pw
pOivovca akorlovbia yeyovotmv pue AjA;.. A,... = 9, tote lim,_,,P(A,) = 0.
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Toyoata petafinty, Xovaptnon kotavouns, Hokvotnta
mlbavotntog, Ileplodog emava@opag

Toyaio petapint, x(w): Amecovion Tov delyuatikon yopov 6to R.
2VVAPTNOT KOTOVOUNG: F(X) .= P{x<x}
[MOavotnTo vEépPaonc: F(x) =P{x>x}=1-F(x)

, , , dF(x)
2uvapTnon TukvoTnTag mlavoTNTIC: f(x) := Nia
Henios o , 4 4 __ 4

gpl0d0¢ EMAVAPOPAC LEYIOTMV TIUDV = = =
p S Gopac pey K P{x > x} F() 1 - F(x)

, s : 4 4 4

[Tepiodog emavapopds ELAYIGTOV TILOV T

CPX=xk R 1 F ()

omov A ypovikn povaoa, covnbmc 1 €toc.

Ynuewnoses: (1) Xoupova pe t coupacn mwov akolovBolue e0®, o1 TuyoieG LETOPANTES
cupPorilovtal e VTOYPOUUIGUEVA YPALUOTO, EVO Ol TILES TOVG OEV EXOVV LITOYPAULGT). (2)
2NV TEPITTOON OV EEETALOVUE TOAAEC TUYOUEG LETOPANTEC TT.Y. X, Y KTA. Ol GUVOPTNGELS
KOTOvOUNG, TOavoTNnTag LITEPPAONS KOl TUKVOTNTAGS TOAVOTITOS TTOV OVOPEPOVTOL GE AVTEC

pépovv avtiotoryovug deikteg m.y. Fy(X), Fy(y) ktA. [0 andomoinon umopet vo mapaieimovpe v
vroypdppion tov deiktn, dnA. Fy(X), Fy(y) xTh.
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XOopOKTNPIGTIKES TOPAUETPOL TUYALOC NETUPANTIC NE OLOKPLTES
TINES

Mis06g Atopo  Tlocootd

(xi) (vi) (i) Pi X pi(Xi—ﬂ)2 pi(xi_ﬂ)3
150 5 41.7% 63 353306 -325335799 ,
300 3 25.0% 75 148546 -114504214 To mapdoerypa tov
600 2 16.7% 100 36947  -17396038 oboroyiov puag
3000 1 8.3% 250 310140 598312398 UIKPOUEGOLAG ETTLYELPTONG
7 000 1 8.3% 583 2929585 17369996425
T 12 100.0% 1071 3778524 17511072772

i i i

Méon iy  Awcmopd Tpim

(u) (c9) KEVIPIKN
, —~ 0,
pom (1) g 0%
Méon T (1) 1071 = 40% i
[TOavoTepn T (X p): 150 ) h
Atdipeon Tipm (X o 5): 300 § 30%
Tomun amokiion (o) 1944 =
Yvvtereothc dtoomopdc (Cy = o /u) 1.82 20%
Yvvredeotc acvupetpiog (Cs=u @3 2.38
10% H
0% -
o

5000 -
6000 -
7000
8000

1000+
2000 -
3000

4000 -

Mnviaiog petoc, X (€)
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Pomég ovveyovg petafintic

Eoto n cuveyng toyaio petafAnt X pue cuvaptnon mokvotnroc tilavotntog f(X) kot cuvaptnon
katovounc F(x). Opilovton ta akolovho peyEdn:

0

Pomn mwepi v apyf taéngr (r=1,2,...):  m,=E[x] = fx" f(x) dx

E1dwn mepintmon — Méon Tipq (r = 1): m = E[x]

Kevrpua poriy tééng r (r=1,2, ...): e =E[(x—m)T7:= [ (x—m) f(x) dx

Ed01kéc mepintooeis:

Awacmopa (r = 2): o° = up = E[(x — m)*] = Var[x] o’ =m,—m?
Tpity kevrpukn porq (r =3): 3 = E[(x— m)°] z3=mg—3mym+2m’
Tétaptn kevrpikn porn (r = 4): wq = E[(x — m)*] a=my—4mym+6m,m° —3m

Ad100TATOL CUVTEAECTEG
Yvvredeotic perapintotnros. C,:=o/m
YUVTEAEGTNG UGVUUETPLOC: Coi=pgl o

YUVTELEGTIIC KUPTMOTG: Cei= /o
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Poméc ko oyNUo KOTOVOUNG

Enidpaon ¢
HEOMG TING Enidpoon ¢ tumikng
QTTOKAIONG
QO] fo ©
e 087 — RN
o 1 1 ) (0) ~ 1 4 4
C, 1 1 i
04+ 0.4 0 o 1 2
C. | 45 45| © ; @ ® i
0.2 + 0.2 + (1) Ck 45 45
Enidpaon tov ovvre- 0 ’ ’ \“’“““f w 0 — ] [
heaTh AGVHpETPinG 0 2 4 6 . 8 0 2 4 6 . Enidpaon Tov cuvieleoT
KOPTOONS
aroral @\ i@ CEECNNG
I .
o 1111 7 @ @ : v . R
G 10 o | 1|11
Cy 3 (Y) o ® [c, 0 0 | o
Ck 3 5 2
0
() 0
0 2 4 6 8 0 2 4 6 8
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Extiyuosic pon@v

Extiunon pomng mepi tnv apyrn and octyuo (apuepoAnmtn): M, =

Eww nepintmon — Aetypatikny péomn tun: X =M=

Extiunon kevipiknc pomng and otypo. (LEPOANTTIKY):

ATO TN 6YEoN KEVTIPIKNG POTNG TPOC POTN TEPL TNV OPYN 1 0
N

1, 1608VVOLo 0O TN YEVIKT] 6YEon =" 2, (X~ X)"
=1
2. A _ 1 2
Ewwm nepintoon — Astypotikn péon tun: "=y = FZ X" —X
i=1 |
* n
AUEPOANTTT OELYUATIKY] OLOLGTTOPAL: 5% = n_1 5°
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IIOBavopavela

Eoto 1 toyaia petafint X ue cvvaptnon mibavottog f(X) kot cuvaptnon Katovoung
F(x).

O ocvvaptioeig f(X) ko F(X) e€aptodvion amd M mapapétpovg 0y, 0y, ..., Oy Y1’ avtd Kot
uropet va copforilovron f(X| Oy, ..., Om) ko F(X| 64, ..., On), avticTorya.

Eoto akdun detypo N Tindv g LETAPANTAS X, Tov cupfoAiletor g (Xq, ..., Xn).

H ocvvaptnon mOavo@averog opiCetal amod 1 oyéon

n
10, .oy Ol X s X0) = TT 10610 ... )
i=

H LoyaprOuikn) ovvaptnon mbavo@averog opileton amd 11 oyeom

n
L(ell sesy 9m| X1, -"7XI’1) = _lenf(xi| 811 ceey em)
i=
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II0BavoTika otaBpuicpéves pomés ko L pomég — Opropot

IIBavotTikd ctadmicpuévny pomny (probability-weighted moment) taéncr (r=0, 1, 2, ...):

o= EIx (F)'T = J x (FO9)" 1) dx = ix(u) o dl
L pomn tééncr (r=0, 1, ...): A, = E[x P:_l(F(x))] = ix(u) P:_l(u) du

* * r *
6mov P (U) to petatomiouévo molvdvouo Legendre Babuod r, Ator P () := > p . u"
r r k = 0 r!

r—k
owses, =04 e

r-1 .,
Yxéon L pordv ko mbavotikd otadpcuévov potdv: A, = D, p . i
k=0 T

Xnueioon: Ot mbavotikd otabuicuéveg poméc Exovv elcaydei amd tovg Greenwood et al. (1979) kot o1 L
poméc amd tov Hosking (1990).
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Eiowég nepuntoosic L pontov — [paktiko vonua

Ewdwég meputtooels:

r:].:il:ﬂo j,l:E[X]:m
1
r=2:2=2p-p A2 =5 E[Xap) — X@pl
1
r=3:13=6/,-6p1+/f A3 =3 E[Xap) — 2X@p) * X))
1
r=4: A,=20p—30p,+ 12 f1 — fio As =2 EXap) — 3X4) + 3X@p — Xewl

OOV X(ijn) CVUPOALLEL TV TuYaia peTafAnT pe TV i-00TH peyoddTepn TN avapesa amd N.
Ad106TOTOL CUVTEAEGTEC

L ovvredeoic petofintomros:. =1/ A4

L ocvvreleotTic acvppeTpiog: 3= A3/ A

L cvvteleoic KOPTOGTG: T4 =Aal A5
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Extiyuosic tov mlavotikd ctodpiopévav porwyv

—0.35
Mepoinmtikéc exktiunoelg — I'evikog Tomoc: ﬂr = —Z [1 — j X(j)

Apeponmreg extipnoels — 'evikog tomog:  fy = —Z

omov N to péyeog Tov detlypatog kar Xy (J =1,

Ewikég mepintmoels:

=1 I

Nx 1n s r
r

., N) 1 J-oot peyaildTepn TUn 610 dElyLO.

MepoAMTTIKESG EKTIUNGELS

ANEPOMTITEC EKTIUNGELG

A A 10D
Po = o= X= W_le(j)
J:

A 10 ]—0.35 S e
,31:?];11— ) ﬂl-—Zn 1X(J)

2
A _ 1, 12035 ’\*_i“ "n-jn-j-1
IBZ_HZ]'_ n X() Zn 1 n=-2 X()

"*_i” n—jn—j—1ln—j-2
Zn 1 n-2 n-3 %0
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M£000601 EKTIUNGNC TUPUUETPOV KATOVOUNS

1. MéBoooc péyiotng mbavopdavelac:

n
max L(Xy, ..., %n; 01, ..., 0n) = D Inf(x;, 04, ..., On)
i=1

[coobvapa
i 1 af(X“el, ...,em) _ O
= f(x;, 01, ..., Om) 06,
2. MéBodog pomdv:
N
Mr(01, ..., On) = Mi(Xq, ..., Xn)
[codbvapa
N\
te (01 .5 Om) = Xy, - .-, Xn) O\ec o1 néBodot kataifyovv g m
3. MéBodog L pontav: eCiomoeig (r=1, ..., m) pe oyvdGTOVG
_ s TIC M TAPAPETPOVS O1, ..., O E1dukd
= e X
/lr(gl’ ’ <9m) /lr(xl’ ’ n) apyIKn Lopen e ueboddov péyotg
Evoilaxtuca mbavopavelag prnopet vo emtAvdet
N\ ’ , I
de (01, -, O) = Ae(Xe, s %) apt@prmruca YOPIC Kav va ypapovV ot
e€1l0MOELC.
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ATO0 KOOV 1010TNTES 0V0 TLYULMV HETUPANTOV

A0 Kooy cuvaptnon Katavoprg tov Levyovg petaintav (X, Y): Fy(X, y) = Pix <X,Y<V}

0" Fyy(X,
A6 Kowvob cuvapTNon TVKVOTNTAS MBaVOTNTAS TRV pETABANTOV: Ty (X, Y) 1= 5; gy 2

IleprOdpres ovvaptiosig Katavopng tov X ko Y: Fy(X) := P{x <x}, Fy(y) :== P{y <y}

Amé kowod porf Taéng p + g tov X kar Y: Myg = E[X° vy = f [ xPy? fiy(x, y) dx dy

—00 —00

IeprOm@prec mp@TES pomég (LESES TIHES) TOV X KoL Y: My := Myg, My := My
ATO0 KOwvov KEVTPIKT] portn) TaEnc P + 4 tov X kou Y:

oo o0

Hpq = ELX —my)*(y = my)T] = f f (x = my)"(y — my)” fiy(x, y) dx dy

—00 —00

Zovoluemopad ToV X Ko Y: gy := u11 = Cov[x, y] = E[(x — my)(y — my)] = E[xy] — E[x] E[V]

, , Covix.y] g
LOVTELEGTNG CUGYETIONG: Py -= \Var[X] Var[Y] - Gxxéy

Avelapnres perapintéic: Fy (X, y) = F(X) Fy(y)
Acvoyétietes petapntic: oy = 0, E[x y] = E[X] E[y], pxy =0

(-1 SPxy S 1)
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2. 2T0Y0OTIKES OVEMCEELS
Yroyaotiky] avéMEN: owoyévela petafAntav X [ X(t)] omov t elvarl mapdueTpog mov maipvet
TIWEG oo €va KatdAAnAo cbvoro T (6€1kTo6UVOL0), TO 0TTO10 GLVNOMG TAPIGTAVEL YPOVO.

AVEMEN o€ OLOKPLTO YPOVO: OTOV TO OEIKTOCVVOLO OVTIOTOLYEL GE LOKPITES LOVAOES YPOVOU,
T=4{0,1,2,...}.

AVEMEN o€ cuve] YPOVO: OTOV TO SEIKTOGVVOLO aVTIOTOLKEL o€ cuveyn xpovo, T.y. T = [0, ).

Xpovooeipa 1 OEIYHATOGVVAPTNGT: LI DAOTOINGT TNG GTOYUOTIKNG avEMENC, dnAadn Eva
ovvoro mapatnpnoewv X(t) mg X(t), yio petafairopevo ypovo t.

YovapTnon KatTovoung TpoTNs Taéng g avéléng: F(x; t) := P{x(t) <x}

Yuvaptnon katavopng osvtepns Taéng: F(Xy, Xo; ty, 1) := P{X(t1) < Xy, X(t2) < %}
Yuvaptnon katovopuns N taéne: F(Xyq, ..., Xo; ty, ..., 1) 1= P{X(t) <Xq, ..., X(t,) <X}

Méon Tin g avéldng: u(t) := E[x(1)]

Avtoovvoraomopa tc ovéMEng C(t; 7) := Cov[x(t), x(t + 7)] = E[(x(t) — u(t)) (x(t + 7) — u(t + 7))]
Awoemopd g avéléng: C(t; 0) = Var[x(t)] = Cov[x(t), x(1)]

: : ey COVIX(®), x(t+7)] C(t; 7
YvvredeoTis avTocveyitiong: p(t; 7) = WVarx®)] Varx(t + 9] _ JC(E 0) C(t + 7, 0)

Etgpocvviracmopd 6vo averiCemv X(t) ko Y(t): Cyy(t; 7) := Cov[x(t), y(t + 7)]
C t), y(t +
XovteleoT)G £TEPOGUGYETIONG OVO averiEemv X(T) kot Y(T): ry(t; 7) := \/Vaf[\)/( [(f)(])V}:l(r[y (2_] ]
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Y TAGIUES KUL EPYOOIKES OTOYUOTIKES UVEMEELS

Y TOoNOTNTO,

['evikd 01 GTATIOTIKEC TOUPALETPOL UG GTOYUCTIKNG OVEAMENG, .. 1 LECT) TIUT Kol 1] O10GTOPd,
™G, umopet va petafdiiovtol 6to ¥povo. o100, 1010UTEPO EVILAPEPOV TOPOVGLALOVV Ol
OTAGUUES OVEAIEELS OTIC OTTOIEG OEV VIAPYEL LETAPOAT] TOV CTATICTIKDOV YOPOKTNPIOTIKOV LUE TNV
TAPOSO TOL YPOVOV.

Mo oToyaoTIK avEMEN AéyeTon oTdoIUN HE TNV aVeTN P £VVOLd, 1] OTAMG 6TAGLUT), OTOV T
CLUVAPTNON KOTAVOUNG TNG 0V ennpedlietan amd To ¥poOvo, dNANOT av, Yo TUYOVCO YPOVIKN
LLETATOTION 7, 1] GLVAPTNOT KOTAVOUNG omotoconmote TaéEng g X(t + 7) TawtileTon pe
cLvapTnomn Katavoung g idwag Taéng g X(t).

Mo 6TOY0OTIKT AVEAIEN AEYETAL GTAGIUN UE TNV EVPELD (1] EAAGTIKI]) Evvola oV 1) LECT) TIUN TNG
elvar otabepn Katl 1 ovTocLVOLCTOPA TNG EEAPTATOL LOVO OTTO T SLLPOPA TOL YPOVOV, dINANOT OV

E[x(D] = u = otabepa, E[(X(t) — ) (x(t + 7) —p)] = C(7)

Epyodwkotnra
Mo otdoun 6ToyaoTIKn avEMEN eival EPYOOLKT v KAOE TOPAUETPOS TN KATOVOUNG UTOoPEL va
TPOGOIOPIOTEL A0 La ATAN OELYLATOGLVAPTNGT TNG AVEMENG. AESOUEVOD OTL O1 TTOPALETPOL
VTOAOYILOVTOL G YPOVIKEG LEGES TULES, O TOPATAV® OPLGHOG EKPPALETOL Ko LE TOV €ENG TPOTO:
Mia avéMEN elvan epyodikn av ol ypovikoi pecot eivar oot pe tovg Bempntikovs pésovg. Ia
mopddetyuo, po avEMEN elvar epyodtkn ¢ TPOG TN UECGT T oV

T

N AL 1
E[x(t)]= J,'LQOWZX@) (Y10, Srakpird xpovo), Eb((t)]:TITJO?J XAt (y10 cuvexn ypovo)
t=0

0
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3. I'pa@iki) eneEynon TOV 0VGLMOMV GTUATIGTIKOV YUPUKTIPLOTIKOV
(o) HeprO@pra yopoKTNPLOTIKG

~

18 , , /H

16 - — Xpovooeipd oTn 8éon 1 VILAPEN APKETOV TOAD YNADOV TIUOV, TAVEO
14 —— Xpovooeipd oTn Béon 2 amd TO EMIMESO NG LEOTC TIUNG GLV TNV
TUTIKT] OTTOKALGT], KO 1] AITOVGi0 TTOAD
12 YOUNADV TILOV, KATO o0 TO ETIMEIO TNG
10 péong T TNy ™Y TomiKy andkhion, efvor
8 EVOEIKTIKT TNG OETIKNG acvppeTpiog
6 \_
4 -
2 |
18
O [ I [ I T T T T T T T T T T T T T | M£Y|0Tn Tlpr]
12345 ¢7 9 91011121314151617181920 16 7ot m o
14 -
O1 8V0 YPOVOGELPEC 125
TPOEPYOVTOL OO 10 | Méon Tiyr ouv TUTTIKA aTTOKAION
OTAGIUEC avEMEELC 8 -
(o€ dv0 Béoerg) 6 - ~ Méon miun
Eneénynon tov 4 - / M
TEPOOPLOV GTATIGTIKDOV A Sy e SR
, MEan Ty TTANV TUTTIKY aTTOKAION
XapaKTnplGTlKO)V GTT] 0 — T T T T T T T T T T T T T T T T T
eéﬁn 1 1234567 891011121314151617181920
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(B) XvvtereoTéEG AVTOGVGYETIONG

18

16 ||~ Xpovooeipd ot Béon 1 Avto @aiverol kaldTepa oV
—— Xpovooelpa otn B€on 1, . .

14 UE PETAKIVON 1 XPOVIKOU OTTEIKOVIGTOVV OL TIHES TNG

12 BruaTog POg Ta JEGIA LETAKIVILEVNC YPOVOCELPOS

10 - GUVOPTIGEL QLTMOV TNG APYLKTNG

O N b OO ®©
I

123456789 10/112131 5161718192021

(T

0 YEYOVOC OTL, OV 1 (POVOGELPA
uetakvnOel 1 ypoviko Pripa Tpog to
0e1d, To YPAPNUA TNG TAPAUEVEL KOVTA
OTO OPYIKO, Elval EVOEIKTIKO L1aG
ONUOVTIKNG TIUNG TOL GUVTEAEGTN

\ JVTOGLGYETIONG Yo voTEpnon | ) 0 [ B
0O 2 4 6 8 10 12 14 16 18

Ty o1o XpoVOo t

Tiuqotoxpoévo t +1 ~  —
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(7) ZUvVTELEOTEC ETEPOGVGYETIONG

35 Avto Qaivetor kaAdTEPQ OV
3 | —— TumoToinuévn Xpovooeipd OTTEIKOVIGTOVV Ol TUUEG TNG MoC
2.5 1 i) ) 1 YPOVOGELPAG GUVOPTHGEL CVTAV TNG
2 4+ —— Tutrotmoinuévn Xpovooeipd d)m)»n C
15 - oTn 6éon 2
N 20
ey
.C,% 18 -
0 BC 16 B
o 14 -
-1. 9_ 12 _
-2 w
| H 8 10 -
>
/ /4 /4 4 4 o 8 |
To yeyovog 0Tt TaL Ypopnpota Tov 600 S
YPOVOGELPOV Eival KOVTIVA (EQOGOV % 6
TVTOTOMOOVV LLE APAIPEST) TNG LECTC TIUNG - 4 -
KOl LETAL LE OLOUPEST) LLE TNV TLTTIKN E— 2
amOKAoT) elvot EVOEIKTIKO £VOG 0 —
ONUAVTIKOD GUVIEAEGTI] ETEPOCLOYETIONG 0 2 4 6 8 10 12 14 16 18

Kyla UNOEVIKT VOTEPNON /

TiuA NG xpovooelpds otn Béon 1
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Egappoyn

1. Amo 10 16T0pIKd dstypata Bpoync otnv AMapto Kol amoppong otn 0€on
Awwpoya Kapditoac tov Boiwtikov Kneioov (95 ypovia) oe unviaio kKApoko
Vo, GYNUATIOTOVV () 1 €T 610, YpovoceLpq, (B) N GLVOAIKN Unviaio YpovocELPQ
Kot (y) Ol EMUEPOVS UNVOALLES YPOVOCELPES YL KAOE punva.

2. Na ektiun0ovv 1o TEPODPLO. GTATIGTIKA YOUPUKTNPIOTIKA Y10l TIG TPELS
YPOVOCELPES KaBeULAS atd TG 000 peTaPANTEC.

3. No KOTOGKEVOGTOVV TO VTOGVGYETOYPALLOTO Y10 TIC TPELS YPOVOGELPES
KoOedc and T1c 000 UETOPANTEG.

4. No KOTAOKEVLAOTOVV ETEPOCVGYETOYPALLATA Yo TIG ¥POVOSELPES (o) Kat (B)
AVALECQ OTIC OVO UETOPANTEG.

5. Na ypagel pa EK0eom GYETIKA LLE TN GTOYAGTIKY] CUUTEPLPOPA TV OVO
LETAPANTOV, OTMC TPOKVTTEL OO TOVC TOPATAVED VITOAOYIGLOVE KOl TO,
YPOUPNUATO (TTOLOTIKEC TTAPATPNOELS).
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