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Abstract

Hydrometeorological processes are typically characterized by temporal dependence, short- or
long-range (e.g., Hurst behavior), as well as by non-Gaussian distributions (especially at fine
time scales). The generation of long synthetic time series that resemble the marginal and joint
properties of the observed ones is a prerequisite in many uncertainty-related hydrological
studies, since they can be used as inputs and hence allow the propagation of natural variability
and uncertainty to the typically deterministic water-system models. For this reason, it has been
for years one of the main research topics in the field of stochastic hydrology. This work presents
a novel model for synthetic time series generation, termed Symmetric Moving Average
(neaRly) To Anything (SMARTA), that holds out the promise of simulating stationary
univariate and multivariate processes with any-range dependence and arbitrary marginal
distributions, provided that the former is feasible and the latter have finite variance. This is
accomplished by utilizing a mapping procedure in combination with the relationship that exists
between the correlation coefficients of an auxiliary Gaussian process and a non-Gaussian one,
formalized through the Nataf’s joint distribution model. The generality of SMARTA is stressed
through two hypothetical simulation studies (univariate and multivariate), characterized by
different dependencies and distributions. Furthermore, we demonstrate the practical aspects of
the proposed model through two real-world cases, one that concerns the generation of annual
non-Gaussian streamflow time series at four stations, and another that involves the synthesis
of intermittent, non-Gaussian, daily rainfall series at a single location.

1 Introduction

Hydrometeorological time series (i.e., sequences of observations ordered in time) can be
considered the cornerstone of any water-related engineering study, although, such data are in
scarcity and often the available records don’t have sufficient length for the task at hand (e.g.,
reliability and risk-related studies). A historical record of such observations will rarely if ever
repeat in the future, which is the simplest manifestation of the high variability and uncertainty
that is naturally inherited therein. In this vein, it can be argued that embracing stochasticity in
hydrometeorological processes is a first step towards the development of uncertainty-aware
methodologies for water systems. Stochastic simulation, and the synthesis of long
hydrometeorological time series, which are used in place of historical ones, can provide a
potential remedy to this situation. Synthetic time series are not predictions of future states, but
rather constitute plausible realizations of the simulated process, that are, loosely speaking,
statistically equivalent with the parent information (i.e., historical data). Driving the typically
deterministic water-system simulation models with such realizations provides the means to
assess their response in a probabilistic manner, under multiple, plausible scenarios. Nowadays,
synthetic data are used in a variety of studies, among them, the optimal planning and
management of reservoir systems (e.g., Celeste & Billib, 2009; Feng et al., 2017; Giuliani
etal., 2014; Koutsoyiannis & Economou, 2003; Tsoukalas & Makropoulos, 2015a,2015b),
risk assessment of flood (e.g., Haberlandt et al., 2011; Paschalis et al., 2014; Qin & Lu,
2014; Wheater et al., 2005) and drought events (e.g., Herman et al., 2016), as well as water
resources simulation under future climate conditions (e.g., Fatichi et al., 2011; Fowler et al.,
2000; Kilsby et al., 2007; Nazemi et al., 2013). Thereby, the wide applicability of synthetic
time series and stochastic simulation highlight the need for simulation schemes that can
resemble the, intriguing and challenging to simulate, characteristics of hydrometeorological
processes.

A typical characteristic encountered in such processes is auto-dependence (persistence), either
short or long-range. The former, short-range dependence (SRD), has been extensively
discussed in literature (e.g., Box et al., 2015) and implies an exponential autocorrelation
structure that diminishes after few time lags. On the contrary, the second, long-range



80
81
82
83
84
85
86
87
88
&9
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130

dependence (LRD), also known as long-term persistence (sometimes referred to as long-
memory), implies an auto-dependence structure that strongly extends for large lags (see, Beran,
1992). The latter behavior is also related to the so-called Hurst phenomenon, also known as
Joseph effect, fractional Gaussian noise (fGn), scaling in time or Hurst-Kolmogorov dynamics
(HK; Koutsoyiannis, 2011; Koutsoyiannis & Montanari, 2007); see also the review work of
Molz et al. (1997). Its discovery is usually credited to Hurst (1951), who while studying long
records of streamflow and other data noticed that extreme events tend to exhibit a clustering
behavior in terms of temporal occurrence. However, as pointed out by Koutsoyiannis (2011),
it was Kolmogorov (1940) who first proposed its mathematical description. Eventually, after
the seminal work of Hurst and the extensive documentation of Mandelbrot and Wallis (1969a,
1969b, 1969c¢) it is now acknowledged that LRD (and HK) processes are omnipresent in
geophysics, hydrology, climate and other scientific disciplines (Beran, 1994; Koutsoyiannis,
2002; O’Connell et al., 2016). The latter publications provide further examples and details
regarding the interpretation and identification of such behavior.

Regarding modelling and application of SRD or LRD in hydrological studies, the former type
(SRD) has been systematically studied and employed in numerous cases for the simulation of
a variety of hydrometeorological processes (Breinl et al., 2013; Brissette et al., 2007; Khalili
et al., 2009; Matalas, 1967; Mehrotra et al., 2015; Mhanna & Bauwens, 2012; Srikanthan
& McMahon, 2001; Srikanthan & Pegram, 2009; Thompson et al., 2007). On the other
hand, it is well recognized that proper representation of LRD is of high importance, especially
in reservoir-related studies, since their operation and regulation is performed in over-annual
scale, where LRD is mostly encountered (Bras & Rodriguez-Iturbe, 1985; Iliopoulou et al.,
2016; Koutsoyiannis, 2002). Other notable hydrology-related applications of LRD include
the stochastic simulation of precipitation or streamflow at finer time-scales, from monthly and
daily (e.g., Detzel & Mine, 2017; Maftei et al., 2016; Montanari et al., 1997, 2000) to 10-
second interval (e.g., Lombardo et al., 2012; Papalexiou et al., 2011), as well as the
generation of synthetic storm hyetographs (e.g., Koutsoyiannis & Foufoula-Georgiou, 1993).
In general, SRD can be easily captured with the so-called AutoRegressive Moving Average
(ARMA) family of models, while we note that, even though such models have a long history
and are still popular, today the literature offers other powerful and flexible options (cf.
Koutsoyiannis, 2016). On the other hand, LRD, hence HK behavior, requires the use of
alternative generation schemes (sece, Bras & Rodriguez-Iturbe, 1985; O’Connell et al.,
2016), such as fractional Gaussian noise models (Mandelbrot & Wallis, 1969a, 1969b,
1969c¢), fast fractional Gaussian noise (ffGn) models (Mandelbrot, 1971), broken line models
(Ditlevsen, 1971; Mejia et al., 1972) and Fractional AutoRegressive Integrated Moving-
Average (FARIMA) models (Granger & Joyeux, 1980; Hosking, 1984). In contrast to the
abovementioned specialized simulation schemes, a notable exception, that can simulate any
type of autocorrelation function of a process, is the Symmetric Moving Average (SMA) model
of Koutsoyiannis (2000, 2002, 2016), coupled with theoretical autocorrelation (or
autocovariance) structures. This flexibility is achieved by decoupling the parameter
identification of the autocorrelation structure and the generation mechanism (i.e., the model).
In addition to temporal dependence, hydrometeorological variables are often characterized by
non-Gaussian and skewed distribution functions (partially attributed to the often non-negative
nature of such processes), especially in fine time scales (e.g., daily or finer), where
intermittency is omnipresent. The need to account for non-Gaussian distributions was early
recognized by many researchers (e.g., Klemes & Boruvka, 1974; Matalas & Wallis, 1976;
Matalas, 1967) and is currently remarked by the numerous large-scale statistical studies
conducted at various time scales (e.g., Blum et al., 2017; Cavanaugh et al., 2015; Kroll &
Vogel, 2002; McMahon et al., 2007; Papalexiou & Koutsoyiannis, 2013, 2016). Regarding
stochastic hydrology and simulation through linear stochastic models, many efforts have been
made towards that direction (i.e., simulating non-Gaussian processes) which can be broadly
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classified in three main categories (Tsoukalas et al., 2018a): a) Explicit methods that are able
to generate data from specific marginal distributions (e.g., Klemes & Boruvka, 1974;
Lawrance & Lewis, 1981; Lombardo et al., 2012, 2017; Matalas, 1967) b) Implicit
approaches, pioneered by Thomas and Fiering (1963), that treat skewness via employing non-
Gaussian white noise (typically from Pearson type-III distribution) for the innovation term
(Detzel & Mine, 2017; Efstratiadis et al., 2014; Koutsoyiannis, 1999, 2000; Lettenmaier
& Burges, 1977; Matalas & Wallis, 1976, 1971; Matalas, 1967; Todini, 1980). c)
Transformation-based approaches that employ appropriate functions (e.g., Box-Cox) in order
to “normalize” the observed data; next simulate realizations using typical Gaussian stochastic
models and finally “de-normalize” the generated data in order to attain the process of interest
(e.g., Salas et al., 1980). However, as discussed in Tsoukalas et al. (2018a), most of these
schemes exhibit a number of limitations that still remain unresolved. Particularly, approaches
of category (a) are limited to a narrow type of autocorrelation functions and non-Gaussian
distributions (e.g., Gamma or Log-Normal), while they are typically able to simulate only
univariate processes. On the other hand, approaches of category (b) are prone to the generation
of negative values, provide an approximation of the marginal distributions, while encounter
difficulties when modelling highly skewed (univariate or multivariate) processes
(Koutsoyiannis, 1999; Todini, 1980). It is noted thought, that some recent schemes are able
to capture moments higher than skewness (e.g., kurtosis), by the inclusion of additional model
parameters (Koutsoyiannis et al., 2018 and references therein). On top of these issues, only
few schemes (e.g., SMA) are able to model a variety of temporal correlation structures, while
it is also possible to establish bounded dependence patterns which are far from natural ones
(Tsoukalas et al., 2018a, 2018b). Finally, regarding the schemes of category (c), they require
the specification of a non-trivial normalization function (due to the inadequacy of simple
transformations; such as, Box-Cox) that often entail several parameters (usually determined
through optimization techniques). Further to this, even if the latter function is properly
identified, it is acknowledged that they introduce bias in the simulated marginal and joint
characteristics (Bras & Rodriguez-Iturbe, 1985; Salas et al., 1980 p. 73).

In this work, in an effort to simultaneously address these challenges and provide a flexible
method for synthetic time series generation, we introduce a generic, yet simple and
theoretically justified, explicit approach based on the simulation of univariate and multivariate
stationary processes exhibiting any-range dependence and arbitrary marginal distributions.
More specifically, the proposed method can explicitly model the autocorrelation structure and
distribution of each individual process, provided that the former is feasible and the latter have
finite variance, while simultaneously it can preserve the lag-0 cross-correlation structure. The
main components of the method are, the SMA model of Koutsoyiannis (2000), a theoretical
autocorrelation structure and the pivotal concept of Nataf’s joint distribution model (NDM,
Nataf, 1962). The key idea of our approach lies in employing an auxiliary Gaussian stochastic
process, modelled using the SMA scheme, with such parameters that reproduce the target auto-
(i.e., temporal; SRD or LRD) and lag-0 cross-correlation (i.e., spatial) coefficients of the
process after its subsequent mapping to the actual domain via the target inverse cumulative
density functions (ICDFs). It is remarked that instead of SMA, any other linear stochastic
model (e.g., ARMA-type) could be employed in order to mathematically describe the auxiliary
Gaussian process, yet, it is anticipated that the resulting simulation scheme will inherit its
properties regarding the simulation of univariate and multivariate processes, e.g., if the
auxiliary model is capable of simulating SRD structures, the established simulation scheme
will also be SRD.

The latter rationale has also been employed within the scientific field of operations research
and particularly by Cario and Nelson (1996), as well as, Biller and Nelson (2003) who
proposed the AutoRegressive To Anything (ARTA) and the Vector AutoRegressive To
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Anything (VARTA) methods respectively for the explicit simulation of stationary
autoregressive (AR) processes with arbitrary marginal distributions.

It is remarked that (to the extent of our knowledge) despite their wide acceptance, the
aforementioned approaches (and their variants) have been unknown to the hydrological
community and have never been used for the simulation of hydrometeorological processes until
very recently. Nonetheless, it seems that presently, Nataf-based approaches are gaining
momentum. Particularly, using a similar rationale, Serinaldi and Lombardo (2017) introduced
an approach for the synthesis of autocorrelated univariate binary processes, while, Papalexiou
(2018) provided a comprehensive treatment on the topic using autoregressive models and used,
for first time, mixed-type marginals enabling the modeling of intermittent processes like
precipitation. Finally, Tsoukalas et al. (2017, 2018a), employed the notion of NDM and
provided a generalization of the latter models (ARTA, VARTA), termed SPARTA (Stochastic
Periodic AutoRegressive To Anything), for the simulation of univariate and multivariate
cyclostationary (i.e., periodic) processes with arbitrary marginal distributions. Following the
same naming convention with the initial publications, and since our approach uses as an
auxiliary model the SMA scheme, the proposed method is termed Symmetric Moving Average
(neaRly) To Anything (SMARTA). Alternatively, given that the latter schemes make use of
the ICDF, which is generally a non-linear function, they can be viewed as a non-linear variation
of underlying linear stochastic models (e.g., AR or SMA). The use of the ICDF in the
abovementioned, Nataf-based, schemes ensures that the generated data will have the target
distribution but on the other hand it is recognized that the Pearson correlation coefficient
(which is used to express the dependencies in all linear stochastic models) is not invariant under
such non-linear monotonic transformations (Embrechts et al., 1999). Therefore, the main
challenge of such approaches, lies in identifying the “equivalent” correlations coefficients that
should be used within the generation procedure (Gaussian domain) in order to attain the target
correlation structure in the actual (i.e., real) domain. The latter relationship (i.e., that of
equivalent and target correlations) can be expressed theoretically through a double infinite
integral, which can be approximated with the use of numerical techniques such as the one
employed herein.

Further details about the proposed approach can be found in sections 2 and 3, where the latter
is further divided in four subsections. Particularly, section 2 presents some key concepts
regarding modeling of auto-dependence structure in general; while subsections 3.1 and 3.2
develop the theoretical background of the proposed approach; next, subsection 3.3 describes
the auxiliary SMA model and lastly, subsection 3.4 summarizes the overall approach and
provides the generation mechanism of SMARTA in step-by-step manner. The generality of
SMARTA is illustrated through a series of numerical examples, hypothetical (section 4) and
real-world (section 5), including the simulation of both univariate and multivariate time series.
Finally, in section 6 we synopsize and discuss the proposed modelling approach.

2 Modelling the auto-dependence structure

Before describing SMARTA, it is considered useful to provide a brief introduction to the tools
that allow the mathematical description of the auto-dependence structure of a stochastic
process. For a more thorough treatment, the interested reader is referred to the works of
Papoulis (1991) and Lindgren et al. (2013). To elaborate, let x;,t € Z be a discrete-time
stationary process, indexed using t, with finite variance o2: = Var[&] and autocorrelation
function p;:= Corr[&, &H] = Pjg, Where 7=0,11,£2,.. denotes the time lag. The
autocovariance function (ACVF) of the process can be obtained by, ¢;: = Cov[gt,&ﬂ] =

o2p,. It is reminded that a valid autocorrelation structure has to be positive definite (e.g.,
Lindgren, 2013; Papoulis, 1991), which can be readily checked by formulating, and testing
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for positive definiteness, the so-called (n X n) autocorrelation matrix R, whose it?,jth

elements are being determined by, Ry; j; = pji—j)-

Besides the ACF and ACVF, another particularly useful stochastic tool, is the climacogram
(CG, Koutsoyiannis, 2010, 2016), which is typically depicted using a log-log plot, and
expresses the variance of the aggregated (&(k)) or time averaged (&(k)) process at scale k €

Z*. We point out that the notation employed herein slightly differs from the typical one, since
we restrict our attention to discrete-time processes. Assuming that x;, denotes a discrete-time
stationary process at the basic time scale k= 1, the discrete-time aggregated process at scale

k > 1 can be obtained by,
Kl

k
xP= > (M)
t=(1-1)k+1
while the averaged discrete-time process is obtained by, X, () — &(k) /k. Hence, the
corresponding climacograms of the discrete-time aggregated and averaged process can be
defined as '™ == Var[&(k)] and y® = Var[gl(k)] respectively. Moreover, as shown by
Beran (1994 p. 3), as well as by Koutsoyiannis (2010, 2016), the variance over scales (i.e.,
the CG) and the ACVF (and therefore ACF) are interrelated. Specifically, if the theoretical
ACVF (or ACF), c; at the basic time scale (k= 1) is known, the corresponding theoretical

discrete-time climacogram of the aggregated process can be calculated using the following

equation,
k-1

re = cok + 2 Z(k — e, 2)
=1
while the averaged one can be obtained by, y®) = I'®) /k2_ The recursive application of the
following equation facilitates the calculation of the climacogram I"K),

r® =2r&=1 _r&=2 4 2¢,_, (3)

It is noted that, 'D =y = ¢, = g2, while I'(®) = 0. The inverse relationship that calculates
the ACVF of the aggregated discrete-time process (&(k)), denoted CT(k ) = Cov[X 2 )_(l(fz

time scale k£ given the theoretical climacogram is given by (Koutsoyiannis, 2017),
rdz+ilk) o pdz=1lk)
c = . —rl@o, >0 €y
Furthermore, the ACVF, Cr(k) at scale k is linked with the ACVF, c,, of the basic time scale

k=1, through the following relationship,

k @@+Dk k @@+7)k
C(k) Z Z Cov xt,xr Z Z Cle—r|» T=0 (5)
=1r=tk+1 =1r=tk+1

Analogously, the ACVF of the time averaged discrete-time process (gl(k)) at scale k, denoted
c(k) = Cov[ &) xl(ﬁ] is obtained by c(k) C; 2 /k?. Hence, the ACF of the aggregated

discrete-time process at time scale k can be obtained by p(k) = Cr(k) /T while the ACF of

the time averaged discrete-time process by p( ) = cgk) /y®). Note that the ACF of the
aggregated and time averaged process are identical, due to standardization of the corresponding

ACVF with the variance. It is also noted that Cék) r'® and C; W _ ¢, while similarly, ¢, (k)
y® and ¢V = c,.
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Undoubtedly, the most commonly-employed tool to characterize the auto-dependence structure
is the autocorrelation function (ACF). The literature offers a plethora of theoretical models in
both continuous and discrete time (Dimitriadis & Koutsoyiannis, 2015; Gneiting, 2000;
Gneiting & Schlather, 2004; Koutsoyiannis, 2000, 2016; Papalexiou, 2018; Papalexiou et
al., 2011), that can be easily combined with the proposed approach (see next section). In this
work we use the discrete-time Cauchy-type autocorrelation structure (CAS) of Koutsoyiannis
(2000) due to its simple and parsimonious form (a desired property in stochastic modelling),
which however does not hinder its ability to model a wide range of short (ARMA-type) and
long-range dependence structures (including HK behavior). CAS is a two-parameter power-
type autocorrelation structure which, in its simplest form, if the ACF has constant and positive
sign (as in the case of geophysical and hydrometeorological processes), is given by,

pAS = (1+ kBr)"YE, >0 (6)

where f > 0 and k > 0 are parameters that control the degree of dependence (or persistence)
of the process. It is remarked that the autocorrelation function of an HK (i.e., fGn) process
consists a special case (or a very good approximation) of the latter model (i.e., Eq. (6)) whose
theoretical ACF is given by,

1
p%“(=§(IT—1I2”—ZITI2H+IT+1I2H) (7)

where H is the Hurst coefficient (0 < H < 1), which, loosely speaking, controls the degree of
long-term dependence (or persistence) of the process. It has been shown that for large time lags
and H > 0.5, the parameter £ of CAS is related to the H coefficient of an HK ACF through the
relationship f = 1/(2 — 2H) > 1, thus asymptotically resembling the right tail of latter
theoretical model. More specifically, for > 1 and when « is set equal to kg, see Eq. (8), CAS
closely approximates the theoretical ACF of an HK process, even for small time lags.

1

K= Kn :=
° 1 1\]° ®)
BIl1— B 1- 28
In addition, the ACF of an SRD process (ARMA-type) can be obtained through CAS, by setting

B = 0 and applying the L’ Hopital’s rule. The resulting SRD ACF is given by,

pzRP = exp(—k1) 9)
Furthermore, when k = —In(p,), and 0 < p; < 1, Eq. (8) reduces to the classic Markovian
ACF of an AR(1) process, given by, pf RO = prl. For other parameter values, CAS resembles

a plethora of alternative autocorrelation structures, that differ from the aforementioned classic
models (for further details see, Koutsoyiannis, 2000). The flexibility of CAS is illustrated in
Figure 1a where we depict (in a log-log scale) the theoretical ACF of various HK processes,
characterized by different values of Hurst coefficient, H, as well as, their approximation with
CAS. The close agreement of the two theoretical models is further validated in Figure 1b where
we plot (also in log-log scale) their climacograms (assuming o? = ¢, = 1), which are
practically indistinguishable. It is noted that for an HK process, which exhibits simple and
constant scaling laws, the slope s of the climacogram y®, i.e., the log-log derivative s :=
d(ln( y(k))) /d(In(k)), is related with H parameter by s = 2H — 2. The resemblance of the
HK and CAS is confirmed by estimating the average mean square error (MSE) of the depicted
processes by means of both ACF and climacogram. In terms of ACF, the average MSE value
is 0.01 and the corresponding value in terms of climacogram is 0.66.
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Figure 1. a) Autocorrelation functions and b) climacograms of HK processes exhibiting different Hurst
coefficients (dashed lines) and their approximation with the CAS (continuous line).

Considering the practical aspects of the auto-dependence structure identification procedure
(e.g., estimation of the parameters of CAS or any other theoretical structure, given a sample
time series), it is remarked that it is a challenging task, due to the fact that the sample estimates
of variance and autocorrelation coefficients (i.e., empirical variance and ACF - calculated from
the historical time series) are negatively biased (e.g., Beran, 1994; Koutsoyiannis, 2003,
2016, 2017), especially in the presence of LRD (e.g., HK behavior). A thorough treatment on
the subject lies beyond the scope of this study, as it has been extensively documented by the
aforementioned authors, as well as by Dimitriadis and Koutsoyiannis (2015) who highlighted
the advantages of using the climacogram, in comparison with the ACF and power spectrum,
for the identification of the auto-dependence structure. The latter authors, via an extended
analysis of a wide range of SRD and LRD processes, showed that the climacogram exhibits
less uncertainty and bias in its estimation, which can be easily estimated a priori, thus providing
an attractive alternative to the latter classic approaches. Further to this, the latter stochastic tool
can be used as a basis for LRD identification algorithms (e.g., Tyralis & Koutsoyiannis,
2011), as well as for the development additional tools (e.g., the climacospectrum) that provide
further insights regarding the asymptotic behavior of the process (Koutsoyiannis, 2016,
2017). It is noted that in this work, the above-mentioned stochastic tools (i.e., ACF and CQG)
are mainly employed for “diagnostic”, and not for identification purposes, i.e., to verify that
the simulated processes exhibit the desired dependence properties.

3  Methodology

3.1 Theoretical background of the SMARTA model

The central idea of the proposed approach is based on the Nataf’s joint distribution model
(NDM, Nataf, 1962) which has been originally implemented for the generation of cross-
correlated, yet serially independent, random vectors with arbitrary distributions. One of its key
assumptions, which consequently holds for SMARTA or any other Nataf-based method, is that
the employed distributions owe to have finite variance. This assumption is implied throughout
this work.

NDM gained popularity after the works of Liu and Der Kiureghian (1986) and Cario and
Nelson (1997), who also coined the term NORmal To Anything (NORTA) procedure and also
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accounted for combinations of continuous and discrete marginal distributions. Its main concept
lies in establishing joint relationships with the use of an auxiliary multivariate standard normal
(i.e., Gaussian) distribution (using an appropriately adjusted correlation matrix); generating
correlated standard normal variates and then mapping them to the actual domain using their
ICDF. As noted by Cario and Nelson (1997) and further investigated by Lebrun and Dutfoy
(2009), NDM is related to the Gaussian copula since the variables’ joint distribution is
established through the multivariate Gaussian distribution.

An interesting point concerning NDM (see, Tsoukalas et al., 2018a) is that it can be
retrospectively associated with several well-known hydrological approaches (e.g., Kelly &
Krzysztofowicz, 1997; Klemes & Boruvka, 1974; Matalas, 1967). Among them, we
distinguish the so-called Wilks’ type weather generators (Wilks, 1998), which have motivated
a significant amount of research during the last decades. The latter author, in an effort to
simulate cross-correlated random variates, representing either the precipitation occurrence or
amount process (neglecting temporal dependence), proposed the simulation of cross-correlated
Gaussian variables and their subsequent mapping via their ICDF. Wilks empirically observed
that a monotonic relationship exists which links the correlation coefficients of the Gaussian
and “real” domain. Hence, the use of inflated correlation coefficients was proposed within the
multivariate Gaussian distribution, in order to attain random variates with the required cross-
correlation and distribution. The latter class of models is reviewed in the works of Wilks and
Wilby (1999) and Ailliot et al., (2015).

In this study, we employ the concept of NDM, but in a different context, i.e., for the simulation
of stationary any-range-dependent stochastic processes. Particularly, the rationale of NDM is
combined with an auxiliary Gaussian process in order to capture the stochastic structure (in
terms of autocorrelation and cross-correlation coefficients) of the target process and
simultaneously preserve the desired marginal distributions after the use of the ICDF.

Suppose that the goal is to generate a m-dimensional discrete-time stationary process X; =

[ﬁ, ey Xy ee) 1}"] , Where t is the time index and the indices i, j = 1, ..., m are used to refer to
individual process x! and x] respectively. Also let, x, = [xtl, ey Xy e xZ”] denote a
realization of it. Furthermore, let us assign a target cumulative distribution function (CDF),
denoted by, F,i == P(x' < x) to each individual process x{, and let p/{,, = Corr[xf, x/, ]
denote the target Pearson’s correlation coefficient between x} and gg for time lag 7.

Likewise, and using the same notation as above, let z, = [gtl, s Zy e g{”] be an auxiliary
m-dimensional stationary standard Gaussian process with zero mean and unit variance. Also,
let ﬁ;{: +r = Corr[z}, z], ] denote the Pearson’s correlation coefficient of the auxiliary process
between z} and gg for time lag 7, hereafter, referred to as equivalent correlation coefficient. It
is noted that throughout the paper the superscripts or subscripts of p,7,, or i1 may be
omitted when possible. For brevity, the target autocorrelation of the process x; will be denoted

pL and its lag- cross-correlation with gtj as pTi‘j .

As mentioned earlier, the idea behind SMARTA lies in simulating an auxiliary standard
Gaussian process z; using the SMA model with such parameters that after applying the inverse
of their distribution function, results in a process x; with the desired correlation structure and
marginal distributions. The latter operation can be written as follows,

xi = F' (o(z))) (10)
where @(+) denotes the standard normal CDF and Fx_l-l(-) stands for the ICDF of process ﬁ

An advantage of the above scheme is that since the ICDFs of the target distributions are
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employed (given that they can be analytically or numerically evaluated), the process x} will
inevitably have the desired marginal properties. On the other hand, the Pearson’s correlation

coefficient is not invariant under such non-linear monotonic transformations, hence p,7, . will

differ from ﬁ;{ +r- However, as discussed in the literature, they are related (e.g., Biller &

Nelson, 2003; Cario & Nelson, 1997; Der Kiureghian & Liu, 1986). Since Eq. (10) holds,
we can write,

Pitse = Corr[xd, x| = Corr|Fg (0(2)), Fi* (#(lsr)] (11)

Using the definition of Pearson’s correlation coefficient, we can also write (for the sake of
simplicity the time index t is omitted when possible due to stationarity),

- o Elxi x/. 11— E[x{] E[x/
Piiiw — COI‘I‘[&%, £Z+T] — [Kt £t+‘r] [E ] [E ]
\/Var[gi] Var[x/]

where E[x!],E[x/] and Var[x!],Var[x/] denote the mean and variance of x'andx’
respectively; which are known from the corresponding distributions F,.i and F,; and have to

(12)

be finite. Subsequently, using Eq. (10) and the first cross-product moment of x} and gg +7 WE
obtain,
E[xi xf,.]=E[r (o(2) Fpt (o(2s))]

= | [ Fat (o) Pt ((ae)) 02k et )drks,

—00 —O00

(13)

where ¢, (Zé Z,{ o [)H +T) is the bivariate standard normal probability density function. Hence,
by substituting Eq. (13) to Eq. (11) we obtain,

pé:é+‘c -
f_oooo f_oooo Fﬁ_il (CD(Zé)) Fﬁ_fl ((D(thﬂ:)) P2 (Ztg'zl{—r' ﬁ;ir)dzédzt]#r - E[Ei] E[Kj] (14)
\/Var[gi] Var[x/]

Inspection of Eq. (14) indicates that pé{: +7 18 a function of ﬁ;{ +7» since all other quantities are
already known from the target (i.e., given) distributions F,: and F ;. Therefore, it is compactly

written as,

Pitse = F (Bllse|Fu Fur) (15)
where F (*) is an abbreviation of the function defined by Eq. (14).

This relationship implies that prior to the estimation of the auxiliary model’s parameters it is
essential to identify, and next use within parameter estimation, the equivalent correlations,

ﬁ;{: +7» that result to the target correlations, pé{ +p» after the subsequent mapping of the auxiliary

process to the actual domain. This can be achieved through inversion of Eq. (15), i.e., ﬁ;é =
F-1 (,0;:{+r in, ij).

3.2 Identification of equivalent correlation coefficients
Provided that the identification of equivalent correlation coefficients can be accomplished on

a pairwise basis, and for the sake of simplicity, let us define x; := x! and Xy = x], ., hence
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Pey and pg ., stand for the equivalent and the target correlation coefficients respectively.
Furthermore, let F . and Fy v denote the corresponding target distributions. It is reminded that

our ultimate objective is to establish a relationship between pg o, and pg , and eventually find
the appropriate value of pg, that results in the target correlation pgy, after the mapping
operation of Eq. (10). It is acknowledged that Eq. (15) does not have a general closed-form
solution, with the exception of few special cases, hence it is typically identified via numerical
techniques such as crude search, quadrature methods as well as Monte-Carlo procedures (Cario
& Nelson, 1996, 1997; Chen, 2001; Li & Hammond, 1975; Liu & Der Kiureghian, 1986;
Xiao, 2014). The abovementioned authors provided a series of Lemmas that can be used in
order to establish the relationship of Eq. (15). Among them,

Lemma 1. p; , is a strictly increasing function of fg .

Lemma 2. p;,, = 0 for pgy, = 0aswellas, pgy = () 0if pgy = () 0.

Lemma 3. | pg,lp | < | ﬁfﬂl’l'

It is remarked that the equality sign in Lemma 3 is valid when pgy, = 0 or when both
marginals are Gaussian. Furthermore, the minimum and maximum attainable values of pg y,
are in accordance with the Fréchet-Hoeffding bounds (Fréchet, 1957; Hoeffding, 1994) and
are given for pgy = —1 and pgy = 1, respectively. Particularly the following relationship
holds true, —1 <F (—1|F&, F&p) Spey<F (1|F§§,, F&p) < 1. See also the work of Whitt
(1976) for a comprehensive discussion on the topic. In this paper, unless stated otherwise, in
order to establish the relationship of Eq. (15) we employ the simple, yet efficient method
proposed by Tsoukalas et al., (2018a), which in a nutshell, is based on the evaluation of few
pairs of pg,, and pgy, using Monte-Carlo simulation and subsequently, the establishment of
the relationship of Eq. (15) through polynomial interpolation (see also, Appendix A).

3.2.1 Anillustrative example

To shed some light on the functional form of F () let us consider the case where both variables
Xg and x,, are described by the two-parameter Gamma distribution (G). The probability density
function (PDF) of the latter distribution is given by,

a-1

fe(x;a,b) = W(g) exp (— %), x>0 (16)

where I'(-) denotes the gamma function and a > 0 and b # 0 are shape and scale parameters,
respectively. Figure 2a depicts the relationship among p¢ y, and pg y, (i.€., F(*); computed via
numerical integration) for various values of distribution parameters. Specifically, we assumed
a:=ag = ay and constant b:= b = by, = 1. We remind that the theoretical skewness
coefficient of a Gamma distributed variable is given by Cs = 2 /\/a. From the latter figure we
observe that the non-linearity of F(+) increases with low values of « (i.e., high skewness), and
that the maximum attainable value of pg,, is equal to 1, due to the fact that F, =F, In
addition, one may observe that the shape parameter a is also related to the minimum attainable
value of pg .. For example, when a = 0.01 the latter value is practically restricted to zero,
something that may be considered a reasonable behavior, attributed to the very high value of
positive skewness which does not allow for negative correlations. In a similar vein, in Figure
2b we set az; = 5 and vary parameter ay, from 5 to 0.01 (assuming again that b: = by = by, =
1). In this case, both the minimum and maximum attainable values of pg ,, are affected. It is
observed that, when ag and ay, exhibit significant differences, the range of feasible values
Psy 1s getting narrower. This implies that two variables with considerable different shape

(expressed through parameter @) cannot be highly correlated. From an engineering point of
view, and similar to the previous case (i.., when a := az = ay,), this is barely considered a
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limitation of the proposed approach, since such behavior is rarely encountered in
hydrometeorological processes. For instance, it is not expected, or rational, two processes, one
with skewness ~0.9 and one with 20 to be highly correlated (positively or negatively). In any
case, we stress the importance of checking the range of attainable correlation coefficients when
employing the concept of NDM, (see, Demirtas & Hedeker, 2011; Leonov & Qagish, 2017),
especially within the context of stochastic process simulation. For instance, given the non-
linear and asymmetric nature of F (), for some combinations of marginal distributions, a target
correlation coefficient may be inadmissible. This constraint, and the fact that the target
marginal distributions ought to have finite variance, drove us to add the designation “nearly”
when naming the method. However, in the examples employed in this work, such problems did
not occur (for a simulation example also involving negative cross-correlations see section 4.2),
a fact which by no means overrules the aforementioned need for compatibility verification.

' G =6 =G =0 b az=5 (Ce=0.89)

a

p=p p=p
—az=a,=5 (C,=0.89) —a,=5 (C,,=089)
—ag=a,=2 (C,=141) —a,=2 (C;,=141)
ae=ay=1 (C,=2) ag=1 (C;,=2)
05- —ag=a, =05 (C,=2.83) 0.5- —ay=05 (C, =2.83)
az=a,=0.1 (C;=6.32) a,=0.1 (C; =632)

az=ay =005 (C,=8.95) a,=0.05 (C,,=895)
— az=a, =001 (C,=20) — a, =001 (C,,=20)
0.0- S 0.0-

Pew

Py

-1.0- -1.0-
-Wi,EJ —(l‘,i (J‘(] (}“’\ i‘{l -II,(l —(JI,,‘\ ()I(] (lli ]I()
Pry Pey

Figure 2. Graphical illustration of function F(+) (see, Eq. (15)) that expresses the relationship between
the equivalent, pg, and target pgy, correlation coefficients assuming that both x¢ and xy, are described
by the two-parameter Gamma distribution (assuming that b: = bg = by, = 1) with a) equal shape
parameters (i.e.,a = ag = ay) and b) different shape parameters by setting az = 5 and varying ay,
from 5 to 0.01.

Evidently, the proper and accurate identification of the relationship F(-) has a crucial role in
NDM-based schemes, since its misspecification may lead to simulation errors. Hence, to assess
the suitability of the algorithm of Appendix A, which is extensively used in this work, we
employed the latter and recreated the cases depicted in Figure 2; which concerned the
identification of equivalent correlation coefficients of two Gamma-distributed variables for
various values of shape parameters. After the specification of the relationship F (-) by the latter
algorithm, the target correlations where evaluated for values of pgy € [—1,1] sampled by
0.01. To provide a quantitative comparison, we estimated the MSE and maximum square error
(Max(SE)) between the estimates of the numerical integration method (i.e., Figure 2) and those
of the aforementioned algorithm. A synopsis of the results is given on Table 1, where the
panels (a) and (b) corresponds to those of Figure 2. The latter analysis illustrates the potential
of the employed method to resemble the asymmetric and non-linear nature of F () with high
accuracy.
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Table 1. Comparison between numerical integration and the algorithm of Appendix A for the numerical
example illustrate in Figure 2. Panels a) and b) correspond to those of Figure 2.

a) a:=ag=ay|bi=bs=by =1 b) ag =5|b:=bg =by =1
Shape (a) MSE Max(SE) Shape (ay,) MSE Max(SE)
0.01 8.03x107 7.75%10* 0.01 2.12x10°7° 3.79x10*
0.05 5.81x107 3.08x10* 0.05 6.46x10° 2.70x10°
0.1 2.44x10°¢ 9.89x107° 0.1 6.26x10°  4.15x107
0.5 4.33x10° 1.59%107 0.5 1.51x107 9.37x10°
1 3.31x10° 1.88x107 1 2.54x10° 1.13x10°
2 1.22x10°¢ 8.47x10¢ 2 7.19x107 3.20x10°
5 3.70x10° 1.80x107 5 5.24x107 1.77x10°¢

3.2.2 The Log-Normal case

As mentioned earlier, there are some exceptions that have a closed-form solution. Among them
the Log-Normal case, which is of particular interest from a hydrological perspective. The PDF
of the 3-parameter Log-Normal distribution (L) is given by,

1 1 log(x—c)—b2
. - __ _Z 17
fear(x; b, ) (x — c)ax/z_neXp< 2( a ) )' x> {17

where a > 0, b € R, and ¢ € R denote the shape, scale and location parameters respectively;
while, when ¢ = 0, the distribution reduces to the 2-parameter Log-Normal distribution. As
shown in Mostafa and Mahmoud (1964), yet without direct reference to NDM, for two
random variables x¢ and x,, that are Log-Normally distributed, Eq. (14) simplifies to,
__ ep(Peyaay) 1
Psy = 3 B (18)
J(exp(a?) — 1) exp(a3) - 1)

Which can be easily inverted in order to directly provide the equivalent correlation
coefficient pg ., given the target value of pg ., i.e.,

Ln (1 + pey \/ (exp(af) — 1)(exp(aj) - 1)> (19)

asQy
It is worth remarking that Eq. (18) is identical with the one employed in the celebrated
multivariate lag-1 Log-Normal model of Matalas (1967), in order to adjust the correlation
coefficients, which interestingly can be identified as a Nataf-based approach.

Pey =

3.2.3 A cautionary note

A delicate point worth standing concerns the use of alternative, rank-based dependence
measures, such as Spearman’s 7 and Kendall’s £, for the parameter identification of NDM (or
Gaussian copula). Under the assumption that both marginal distributions and copula are
Gaussian (or more generally elliptical distributions), there is a one-to-one relationship between
the aforementioned dependence measures and Pearson’s correlation coefficient (p), which can
be expressed as (e.g., Embrechts et al., 1999; Esscher, 1924; Kruskal, 1958; Lebrun &
Dutfoy, 2009) (notice that the indices have been omitted for the sake of simplicity),

p = 2sin (HZS) o = (g) arcsin (g) (20)

p = sin (112_4') ot = (%) arcsin(p) 21
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Both 7 and £ are measures of concordance and are invariant to non-linear monotonic
transformations (such as those imposed by Eq. (10)). Thus, specifying NDM with estimates of
Pearson’s correlation based on the conversion of empirical estimates of 7 or £ will inevitably
preserve the target values of 75 or £ after the application of the mapping procedure (due to the
property of invariance) but it will lead to misspecification of the underlying model (i.e., NDM)
due to Eq. (14), and of course the target values of p won’t be preserved.

3.3 The auxiliary SMA model

Having described the theoretical background of the proposed approach, this section provides a
brief introduction to the univariate and multivariate Symmetric Moving Average (SMA) model
of Koutsoyiannis (2000), which is used within SMARTA as an auxiliary standard Gaussian
process. SMA model consists as a special case of the Backward-Forward Moving Average
(BFMA) model, whose key idea is that a stochastic process z; can be described as a weighted
sum of infinite backward and forward random variables. Note that the notation slightly differs
from the original one, in order to highlight the fact that the model is employed in the Gaussian
domain using the equivalent correlation coefficients p, instead of the target correlation
coefficients, p.

3.3.1 Univariate model
In practice, the SMA model slightly relaxes the assumptions of BFMA model and assumes that
a stochastic process z; can be described as a weighted sum of a finite number of backward and
forward random variables. Particularly, the generating mechanism of the SMA model is given
by the following equation,

q

Zy = Z Ag\Verg = AQqVp_q + o+ Q V1 + AoV + A1Vqq + -+ AqVt4q (22)
{=-q

where v, are standard normal i.i.d. variables and d, are internal model parameters (i.e., weight
coefficients) that are assumed to be symmetric, i.e., d; = d_¢ (for { = 1,2, ...) and approach
zero after some value || > g, where g denotes a large positive integer value. The selection of
q depends on the degree of auto-dependence imposed by the target process (see Eq. (23)) and
the desired level of accuracy. Furthermore, g cannot be greater than the length of the time series
to simulate. Particularly, the parameters d are related to the autocorrelation coefficients p_ via
a2q + 1 equation system of the following form,

q-T
ﬁ.[ = Z d|<|6~l|r+§|, t=012.., q (23)
{=-q
~ q ~ ~
pPr = Z Ael;_g, tT=q+1,..,2¢q (24)
{=1—q

Evidently, if Eq. (23) is honored, the model resembles the theoretical ACF up to ﬁq, while it

decays to zero after 2¢ (see Eq. (24)). In order to estimate the parameters d;, Koutsoyiannis

(2000) proposed two solutions, one closed-form and one based on a formulation of an
optimization problem. The interested reader is referred to the latter publication for a thorough
and in-depth description of the two methods. In this work we restrict our attention in briefly
describing only the first one, since it is a fast and direct method. The aforementioned author
showed that the discrete Fourier transformation (DFT) of dg, i.e., Sz (w), is related to the power

spectrum of the autocorrelation function, i.e., S5(w), by, S5(w) = /255 (w) .
If the autocorrelation structure p_ is known (or specified), its power spectrum can be calculated
using the DFT, hence estimate S;(w). Then, by applying the inverse Fourier transformation
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one can obtain the parameters d;. It is remarked that algorithms that facilitate the latter
calculations are nowadays built-in in many high-level programming languages (e.g., R or
MATLAB), which in turn allow the straightforward implementation of SMA and SMARTA
models in most computational environments. At this point we note that Koutsoyiannis (2002,
2016) proposed an even simpler and straightforward procedure for the estimation of d,
coefficients, which however is applicable only for HK (i.e., fGn) type autocorrelation
structures.

3.3.2 Multivariate model

Furthermore, the SMA model can be extended for the multivariate simulation of
contemporaneously cross-correlated processes, via the explicit preservation of the lag-0 cross-
correlation coefficients. This assumption, which significantly simplifies the parameter
estimation procedure, is often regarded adequate within hydrological domain, and can be found
in several other stochastic simulation schemes (e.g., Camacho et al., 1985; Efstratiadis et al.,
2014; Koutsoyiannis & Manetas, 1996; Pegram & James, 1972; Tsoukalas et al., 2018a).
With this in mind, for simulation of hydrometeorological processes characterized by strongly
lagged cross-correlations (e.g., rainfall-runoff at fine time scales), it may be advantageous to
employ the same modelling strategy as the one proposed herein, using alternative auxiliary
Gaussian models that, apart from the lag-0 cross-correlations, are able to directly model
(preferably, for parsimony and stability, in combination with suitable theoretical auto- and
cross-correlation structures; e.g., similar to CAS) the lagged cross-correlation coefficients.

i T . .
Regarding the multivariate SMA model let z, = [Zt, s Zt ,g{”] be a m-dimensional
vector, as defined in section 2, and pT = Corr[gt,gt +T] denote the equivalent lag-t cross-

correlation between processes z{ and z] for time lag 7. Similar to the univariate case, each

process z; is represented by a weighted sum of random variables v, i.e.,
q

zi= ) iy (25)
{=-q

In this case, the random variables v! are considered serially independent but
contemporaneously cross-correlated. Therefore, the problem lies in generating such variables
in a way that they reproduce the equivalent lag-0 cross-correlation coefficients (ﬁé’j ). It has
been shown that it suffices to generate random variables v} with correlation §*/ :=
Corr[vt, _t] equal to,

y fd

TS aa, 0

¢=—q "ISI"1g

Hence, the (m x m) correlation matrix G is formulated, with ones in the diagonal and its i*"
j™ elements determined by, G[l 1=g" L. Furthermore, the theoretical lag-t cross-correlation
structure (for 7 = 0,1,2, ...) of the model is glven by,

q—
~i,j <l Z( —q a|T+<|a|(|
pT pO Z "‘l ~]

¢=—q H¢1%¢] {=q

]
Gjr4q1Gir, 27)

; T
Regarding simulation, a vector of correlated random variables v, = [vt s e Ufy v%"] can be

generated by, v, = Bw,, where w; = [ Wi oo, Wi o, W m] is a vector of standard normal i.i.d.

variables, and B is a m x m matrix obtamed by ﬁndmg the so-called square root of matrix G,
i.e., Eq. (28). A solution to the latter problem can be obtained by standard decomposition
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techniques (e.g., Cholesky or singular value decomposition) or via optimization-based methods
(Higham, 2002; Koutsoyiannis, 1999).

BBT=G (28)

In more detail, it is reminded that if G is positive definite (which indicates that the multivariate
process is admissible), then Eq. (28) has infinite solutions, hence, both decomposition and
optimization-based methods can be employed. On the other hand, when G is non-positive
definite (implying that the multivariate process is inadmissible), the decomposition methods
cannot offer a solution. In this case, optimization-based techniques can provide a potential
remedy, by formulating an optimization problem, where the objective is to identify a matrix

B* which results to a feasible and near-to-optimum matrix G* :== B* B which is as closest
(typically quantified in terms of some distance measure; e.g., Euclidean norm) as possible to
the original matrix G. Of course, in such cases, the target process will not be exactly resembled,
while, the difference between G and G* can be regarded as a proxy for the magnitude of
approximation introduced to the simulation. Bras and Rodriguez-Iturbe (1985 p. 98), as well
as Koutsoyiannis (1999) discuss several situations which may lead to a non-positive definite
matrix G. Almost all of these situations are related with the estimates of correlation coefficients
from the empirical data. In the case of SMARTA, and provided that a feasible autocorrelation
structure has been identified for each individual process, a non-positive definite matrix G may
arise due to data-based estimates of lag-0 cross-correlation coefficients, imprecise
approximation of equivalent correlation coefficients or incompatible combinations of marginal
distributions, autocorrelation structures and target cross-correlations (see section 3.2.1). For
instance, since the proposed scheme (in multivariate mode) treats each individual process
separately of the cross-correlations, the simulation of highly cross-correlated processes with
particularly different distributions and autocorrelation structures (e.g., very fast-decaying and
very slow-decaying) may be infeasible (see section 4.2 for a simulation example involving both
positively and negative cross-correlated LRD and SRD processes), even if the latter are
individually valid.

At this point it is noted that an incidental contribution of SMARTA is the alleviation of a burden
related to preservation of the skewness coefficient. As mentioned in the introduction, a broad
class of linear stochastic models, in an attempt to preserve the coefficients of skewness of the
target process, x;, employ non-Gaussian white noise for the innovation term, v, typically from
Pearson type-III distribution. However, the latter practice may lead to very high coefficients of
skewness for the innovation term which are hardly attainable (Koutsoyiannis, 1999; Todini,
1980). This practice was also adopted by Koutsoyiannis (2000) in the original SMA scheme,
where the Pearson type-III distribution has been employed for the generation of skewed white
noise. More specifically, regarding the univariate formulation of the latter model (assuming
g =2'%), in Figure 3a-b we depict (from two distinct points of view) the relationship between

the skewness coefficient (C Sv) of innovation term, v;, that is required to attain the target

coefficient of skewness (Csx) of the variable, x; for several hypothetical HK process

characterized by different values of H coefficient. See also Eq. (29) in Koutsoyiannis (2000).
It is apparent from in Figure 3a-b that the higher the value of H, the higher the required
skewness of the innovation term, v,. For example, in an HK process with A = 0.8, the skewness
coefficient of innovation term v, has to be set twice as high as than the one of x,. We remark
that this issue is further amplified (not shown herein) when the underlying model is used in
multivariate mode (Koutsoyiannis, 1999). On the other hand, SMARTA completely alleviates
the latter difficulties since the SMA scheme is used as an auxiliary model in the standard
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Normal (i.e., Gaussian) domain and the generated data are subsequently mapped to the actual
domain using the target ICDFs. Therefore, the target marginal statistics are attained without
making any attempts to generate skewed innovation terms, neither in univariate nor in
multivariate mode. Moreover, an additional contribution of SMARTA regards the optimization
problem that arises when the matrix G is non-positive. Particularly, the latter is simplified in a
nearest correlation matrix problem, since the 3™ term of Eq. (28) in Koutsoyiannis (1999),
that accounts for skewness, is no longer needed.
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Figure 3. Graphical illustration of the relationship between the required skewness coefficient (C Sv) of

innovation term v, and a) the skewness (C sx) of an fGn process x; for various values of A and b) the
value of H of an fGn process x, for various values of skewness of Cs (using the SMA model with
g =2").

3.4 Generation procedure of SMARTA

Having described in detail all the key components of SMARTA approach in the previous
sections, it is useful to provide the complete generation procedure, decomposed into the
following six steps:

Step 1. Define a target distribution F i for each process xk; i = 1,..,m. SMARTA, as well

as all Nataf-based methods, is flexible in terms of distribution fitting method; hence one can
select a fitting method of their preference.

Step 2. Define a target auto-correlation structure (pt) for each process x}; i = 1,...,m using
a theoretical ACF model. For instance, for each process x| identify the parameters of CAS that
better fit the observed data. Furthermore, in the multivariate case, identify the target lag-0
cross-correlation coefficients (pé‘j ) between processes, x} and gg ;i j=1,..,m

Step 3. Identify the equivalent correlation coefficients (5%) of each theoretical ACF, up to the
maximum specified lag (which depends on the type of the process; LRD or SRD), for each
process gé ; 1 = 1,...,m. Furthermore, in the multivariate case, estimate the equivalent lag-0
cross-correlation coefficient ﬁ(l)’]. Assuming that the algorithm of Appendix A is employed for
the identification of equivalent correlations, and given the fact that it allows the direct
estimation of the equivalent ACF up to any lag, the latter has to be employed m times, one for
each process x; i = 1,...,m. Furthermore, in order to estimate the lag-0 equivalent cross-

correlation coefficient ﬁé’j , the same procedure should be employed m(m — 1) /2 additional
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times. For instance, in a 4-dimensional problem (m = 4), the algorithm of Appendix A is
executed in total, m(m + 1)/2 times (=10).

Step 4. Calculate the parameters of the auxiliary SMA model (section 3.3), i.e., the weight
coefficients (dé) of each auxiliary process zf; i = 1, ..., m. Additionally, in the multivariate

case, calculate the elements of matrices G and B (see also, Eq. (26) and (28)).

Step 5. Employ the auxiliary Gaussian SMA model and generate a realization of the auxiliary
univariate (z,) or multivariate process (zZ;).

Step 6. Attain the actual process x; (or X;), by mapping the auxiliary Gaussian process z; (or
Z,) to the actual domain using the ICDF, Fx_il, of each process x}; i = 1,...,m, via Eq. (10).

By now, it should be clear that the basis of the proposed methodology consists an explicit
simulation method, in terms of reproducing the distribution function (relieved from the
limitations and constraints of such schemes; see section 1), that fundamentally differs from the
other two typical schemes (implicit and transformation-based; see section 1) used in hydrology,
which also employ linear stochastic models. Compared to the implicit approaches, that employ
non-Gaussian white noise, Nataf-based schemes (e.g., SMARTA) alleviate several notable
limitations. Among them, the approximation of the distribution function, the generation of
negative values, the bounded dependence patterns and the (often) narrow type of possible
correlation structures, which can be attributed to the limited number of schemes for which
analytical equations can be derived to link the moments of the process with those of the white
noise. Additionally, in contrast to transformation-based approaches, that aim to normalize the
data, Nataf-based schemes explicitly model them using target marginal distributions. Though,
it has to be noted, that in principle, the rationale of transformation-based approaches can be
easily aligned with the theoretical background of Nataf’s distribution model, by using the
concept of equivalent (i.e., adjusted) correlation coetficients. This modification would mitigate
their major weakness (i.e., the introduction of bias) but still will not be equivalent with the
reproduction of certain, pre-specified, distribution functions. On top of this, since the ICDF is
employed, a unique advantage of SMARTA (and other Nataf-based approaches) over the
aforementioned schemes is that it can be used for the simulation of both univariate and
multivariate stationary processes with discrete, continuous and mixed-type distributions.
Regarding parameterization, the proposed Nataf-based approach exhibit a parsimonious
character, as it is evident by the small number of required parameters, which are equal or lower
than those required by the aforementioned schemes (for a comparison see section 4.1). Finally,
it is noted that, due to the definition and use of Pearson’s correlation coefficient (see Eq. (12)),
none of the latter methods (including SMARTA), can be used for the simulation of processes
characterized by distributions functions exhibiting infinite variance. In such situations the use
of alternative simulation methods is required (e.g., Samoradnitsky, 2017). Random variables
with infinite moments typically arise when heavy-tailed distribution functions with power-type
tails are employed. For instance, a Pareto type-I distribution with CDF, F(x) =1 — (x/b)™%,
where b > 0 (scale), a > 0 (shape) and x > b, has finite variance only for a > 2. The literature
offers a plethora of studies indicating the suitability of heavy-tailed distributions for both
precipitation (e.g., Cavanaugh et al., 2015; Koutsoyiannis & Papalexiou, 2016; Papalexiou
et al., 2013; Papalexiou & Koutsoyiannis, 2013, 2016) and streamflow (e.g., Anderson &
Meerschaert, 1998; Basso et al., 2015; Blum et al., 2017; Bowers et al., 2012) processes,
especially regarding the description of their extreme behavior. After reviewing the outcomes
of these studies, which involve the analysis of numerous worldwide historical records, we
found that the majority of them, agree that the hydrological variables are characterized by
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distribution functions (with either exponential or power-type tails) with finite variance. On top
of the empirical evidence provided by the aforementioned works, theoretical reasoning (related
with entropy and energy production) further supports the finite variance hypothesis for
hydrometeorological processes (Koutsoyiannis, 2016, 2017). In this vein, it is regarded that
the finite variance assumption poses a practical barrier of limited impact, if any, on the
application of latter methods for the simulation of hydrometeorological processes.

4 Hypothetical simulation studies

Prior to employing real-world datasets to demonstrate the proposed approach, we decided to
setup two hypothetical simulation studies. One univariate and one multivariate. The motivation
behind this choice was based on conducting experiments where all the assumptions are a priori
known, hence allowing the comprehensive evaluation and assessment of the model without the
effect of exogenous factors, such as, erroneous or short length historical data. However, it is
remarked that the proposed method is generic, and can be directly applied for the simulation of
univariate and multivariate stationary processes (e.g., geophysical, hydrometeorological and
beyond). In that respect, in section 5 the applicability of SMARTA is demonstrated using two
real-world datasets, one that concerns the simulation of annual non-Gaussian streamflow at
four stations and another that involves the simulation of intermittent, non-Gaussian, daily
rainfall at a single location.

4.1 Simulation of univariate processes
The first simulation study constitutes a comparison between the original SMA and the proposed
SMARTA models (with g =2'? for both) for the simulation of long (i.e., 2?° time steps)
univariate HK processes (i.e., fGn), exhibiting different Hurst coefficients, i.e., H € {0.6, 0.7,
0.8, 0.9} and Pearson type-III marginal distribution (PIII). With this in mind, we identified a
total of 4 scenarios, each one characterized by PIII and different H coefficients. It is reminded
that the original SMA model, in order to approximate the marginal statistics, uses PIII variates
for the innovation term (hence hereafter referred to as SMA-PIII), while SMARTA uses the
ICDF of the target distribution—in this case PIII. The rationale regarding the selection of this
distribution was the intention to conduct a fair and meaningful comparison among the two
models, which, in this formulation, have exactly the same number of parameters, i.e., three for
the marginal distribution (see, Eq. (29)) and one (i.e., H) for the autocorrelation structure. We
point out that, the comparison is not intended to infer which model is the best, but rather used
as a benchmark to highlight the merits of the proposed approach. PIII is essentially a Gamma
distribution (see, Eq. (16))) with an additional location (else known as threshold or shift)
parameter, whose PDF is given by,
1 x—c ¢! X—C\ (ifhb>0 c<x<oo

fom(xia, b e) =15 F(a)( b ) exn(- b Jicr 20 o zs <c
where I'(-) denotes the gamma function, while, a > 0, b # 0 and c € R are shape, scale and
location parameters, respectively; and they are interconnected with the mean (u,), variance

(29)

(O'EZ), skewness (Cs, ) and kurtosis (Cy ) coefficients of random variable x by,
_2b
IblvVa’
More specifically, in all scenarios, we employed a PIII distribution with parameters a =
0.75614,b = 11.5 and ¢ = 1.30434, whose theoretical moments are presented in Table 2.

6
Uy = C + ab, 02 = ab?, Cs, Cr, = - +3 (30)
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Table 2. Summary of theoretical and simulated statistics as reproduced by SMA and SMARTA models.

Theoretical Simulated (SMA-PIII) Simulated (SMARTA)
Scenario All H=0.6 H=0.7 H=0.8 H=09|H=0.6 H=0.7 H=0.8 H=0.9
Mean (u) 10 9.99 10.08 9.85 10.23 | 10.00 9.99 999 10.00
Variance (¢°) 100 100.61 100.78 100.04 99.79 | 100.03 99.86 100.07 101.65

Skewness coeff. (Cs) 2.30 235 234 2.32 2.35 230 229 230 235
Kurtosis coeff. (Cx) 10.93 11.43 11.80 12.62 1597 | 10.94 10.85 11.00 11.53

Hurst coeff. (H)

0.60, 0.70,

0.80, 0.90 0.61 0.70 0.80 0.89 | 0.60 0.71 0.80  0.90

*The theoretical moments correspond to PIII distribution (¢ = 0.75614, b = 11.5 and c = 1.30434).

Regarding SMARTA and the given marginal distribution, Figure 4a illustrates the relationship
between the equivalent correlation coefficients p and the target ones p (the superscripts are
omitted for simplicity), while Figure 4b depicts the equivalent autocorrelation coefficients p,
employed by SMARTA, in order to capture the target autocorrelation structure p, of the target
HK processes.

a b 1.000-

1.00 - Approx. fun. 0.500- T

! 23 —
* Eval. points = e T
0.75 - a
[
g
a 0.50- = 0.010-
s
(o] E
0.25 = —H=09 —Equiv.ACF ™%
2 0.001 - =
= H=0.8 -+ Target ACF
= H=07
0.00- —H=06
1 1 1 1 I 1 ] 1 1
0.00 0.25 0.50 0.75 1.00 1 10 1000 4000
P Lag, t

Figure 4. a) The established relationship between equivalent, p and target p correlation coefficients. b)
Comparison between the target and equivalent autocorrelation coefficients employed within the
SMARTA model for HK processes with the various values of H.

Table 2 presents the simulated (by the two approaches) first four moments; which are
apparently well-captured by both models. It is noted that, while SMA does not explicitly
accounts for the kurtosis coefficient, it is able to reproduce it in a satisfactory degree; especially
when one considers the high uncertainty associated with its estimation (cf., Lombardo et al.,
2014). Nevertheless, it is reminded that the resemblance of the moments does not imply the
reproduction of the marginal distribution (Matalas & Wallis, 1976). This is clearly depicted
in Figure 5a-d, where we compare the target theoretical cumulative distribution (CDF) with
the empirically derived cumulative density functions (ECDFs) of the two models. In this case,
only SMARTA was able to reproduce the target distribution, regardless of the value of H
coefficient (its ECDF is almost indistinguishable from the theoretical one). On the other hand,
the ECDF of SMA-PIII departs from the theoretical one for high values of H (e.g., see Figure
5d). Furthermore, SMARTA explicitly avoids the generation of negative values; since the
target distribution (PIII) is positively bounded at ¢ = 1.30434. A property of high importance
in hydrology due to the (often) non-negative nature of such variables (e.g., streamflow and
precipitation).

Regarding the resemblance of the auto-dependence structure of the processes, it is apparent
from Figure Se-h and Figure 5i-1 that, both models were able to reproduce the theoretical HK
ACFs as well as the corresponding climacograms, even for high values of H. The latter graphs
also provide an empirical evidence of the theoretical consistency of both approaches. In
addition, the Hurst coefficient of the synthetic realizations (see Table 2) was estimated using
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the climacogram-based, least squares variance (LSV) method (Tyralis & Koutsoyiannis,
2011) and are in agreement with the theoretical values.

Finally, in order to visually assess the form of the established dependencies, for both models
and each HK process (i.e., scenario), we employ scatter plots of the lagged synthetic data for
7=1 (Figure Sm-p) and 7= 10 (Figure 5g-t). It is observed that, despite the fact that both
models reproduced the same autocorrelation coefficient for =1 and 7= 10, they establish
particularly different dependence patterns. This is attributed to the underlying assumption of
SMARTA regarding the joint behavior of the process which is related to the Gaussian copula
(expressed through the auxiliary Gaussian model).
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Figure 5. Comparison between theoretical and simulated CDFs (using the Weibull’s plotting position)
of SMA-PIIl and SMARTA models for HK processes with a) H=0.6, b) H=0.7, ¢) H=0.8, d)
H=0.9. Comparison between theoretical (HK) and empirical ACF of SMA-PIII and SMARTA models
for HK processes with ) H=0.6, f) H=0.7, g) H=0.8, h) H=0.9. Comparison between theoretical
(HK) and empirical climacograms of SMA-PIIl and SMARTA models models for HK processes with
1)H=0.6,j)) H=0.7,k) H=0.8,1) H=0.9. Scatter plots of SMA-PIII and SMARTA models for time
lag =1 for simulated HK processes with m) H= 0.6, n) H=0.7, 0) H= 0.8, p) H=0.9. Scatter plots
of SMA-PIII and SMARTA models for time lag 7= 10 for simulated HK processes with q) H = 0.6, 1)
H=0.7,8) H=0.8,t) H=0.9.
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4.2 Simulation of multivariate processes

To further elaborate on the SMARTA approach, we setup a multivariate problem that concerns
the simultaneous generation of four contemporaneously cross-correlated SRD and LRD
processes. The latter may be seen as four (4) different processes at the same site, or processes
of the same variable at 4 different sites. Hereinafter, we consider the latter for convenience and
refer to them as sites A-D, as well as model them in that order, i.e., as 4-dimensional stationary

process x; = [x}, x2, x3, g{*]T, where for instance, i = 3 refers to site C. In this demonstration,
the target auto-dependence structure of each process is described by the two-parameter CAS
(i.e., Eq. (6)). More specifically, sites A and B are characterized by LRD behavior (particularly
HK, since we set f>1 and x = ky) and slowly-decaying ACF, while sites C and D by SRD
(since we set f=0) and fast-decaying ACF. In addition, we assigned different target
distributions to the sites A-D, i.e., Burr type-XII (Eq. (31)), Pearson Type-III (Eq. (29)), Log-
Normal (Eq. (17)) and Weibull (Eq. (32)). The PDF of the Burr type-XII distribution is given

by,
farxu(%; ay, az, b) = (albaz) (%)al_l (1 + (%)al)_az_l, x>0 31

where a;, a, > 0 are shape parameters and b > 0 is a scale parameter. It is noted that B7XII
is a power-type distribution and its ™ moment exist if and only if a;a, > r. Furthermore, the
PDF of the Weibull reads as follows,
X a
exp(— (E) ), x=0

fwer(x; a,b) = (%) (%)

where a > 0 and b > 0 are shape and scale parameters respectively. Table 3a provides a
synopsis of the latter assumptions, as well as the parameters of CAS and the theoretical
moments of the corresponding distributions. Note that, the Kurtosis coefficient of site A is
infinite, since a;a, < 4. Further to this, the target and equivalent lag-0 cross-correlation
coefficients (involving both positive and negative ones) are given in Table 3b. It is apparent
that this is a peculiar simulation scenario, which was devised in order stress-test the SMARTA
method.

a—1

(32)

Table 3. a) Synopsis of theoretical distribution models and their moments, as well as, of CAS
parameters for each variable of the multivariate simulation study. b) The upper triangle (grey cells)

contains the target lag-0 cross-correlation coefficients (pé’j ) between sites A-D, while the lower triangle

depicts the corresponding estimated equivalent correlation coefficients (ﬁé’j ).

a) Theoretical b) Lag-0 cross-correlation

Distribution/ Parameters | Site A Site B Site C Site D Site A Site B Site C Site D
BrXIll PIHI LN WET Site A 1 -0.700 0.750 0.600

a 2.5(a1) 3 0.5 1.5 Site B-0.940 1 -0.600 -0.700

b 1 1 2 10 Site C 0.862 -0.749 1  0.650

c 1.5 (az) 10 - - Site D 0.811 -0.923 0.707 1

Statistic Theoretical

Mean (1) 476 13 837 9.02

Variance (¢7) 1142 3 19.91 37.56

Skewness coeff. (Cs) 501 1.15 1.75 1.07

Kurtosis coeff. (Ci) - 8 8.89 4.39

CAS parameter, 1.25 1.66 0 0

CAS parameter, x 11.32 5 0.5 0.2

Hurst coeff. (H) 0.6 0.7 0.5 0.5

*Distribution abbreviations: B#XII: Burr type-XII (a; = shape, a> = shape, b = scale), PIII: Pearson type-III
(a = shape, b =scale, ¢ =location), LIV': Log-Normal (a = shape, b = scale), WEJ: Weibull (a = shape,
b = scale).
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In order to provide further insights regarding the theoretical consistency of the model, we
generated 100 independent realizations with length 2'! time steps and set the number of
SMARTA model’s internal weight coefficients equal to ¢ = 2'°. Figure 6 provides a synopsis
of some basic dependence-related statistics in terms of box-plots. Clearly, SMARTA resembled
with high precision the lag-1 autocorrelation and lag-0 cross-correlation coefficients (including
the negative ones), despite the fact that the target processes are characterized by very different
auto-dependence structures and distribution functions. Additionally, regarding the Hurst
coefficient of the simulated series, it was once again estimated with the LSV method. A small
discrepancy that concern site D, which is an SRD process (i.e., H = 0.5) is observed. This may
be attributed to the associated estimation method and the high lag-1 autocorrelation (~0.8) of
site D. Furthermore, in Figure 7a-d we compared the empirical distribution of each realization
of each site A-D, with the corresponding theoretical distribution, in terms of the survival

function (SF), also known as complementary CDF or tail function. The latter is denoted by F&

and expresses the probability of exceedance, i.c., Fg = P(g > x) = 1 — F;. The latter figure

highlights the ability of the model to preserve the target distribution functions, even in
multivariate mode, since the median SF of all 100 realizations for the 4 sites is virtually
identical to the associated theoretical model. Furthermore, in Figure 7e-h we depict the
relationship between the equivalent, p and target p correlation coefficients for each site A-D,
while the preservation of the theoretical auto-dependence structure can be verified by the
simulated ACFs (Figure 7i-1) and climacograms (Figure 7m-p) of the four variables, that
closely resemble the corresponding theoretical ones. To further explore the joint behavior of
the model and the established dependence patterns, we employ scatter plots. Figure S1 of
supplementary material (SM) depicts the established dependence patterns among the variables
for time lag 0 (SM, Figure Sle, i, j, m, n, 0), as well as for each variable for time lag 1 (SM,
Figure S1a, f, k, p). Finally, the relationship between equivalent, 5*/ and target p*/, correlation
coefficients is provided for every combination of sites A-D (SM, Figure S1b, c, d, g, h, I).

i 1.0-
Lag-1 autocorrelation Hurst coef.

=)
=] —_—
0.8- —_— E’-E’ =05 ¢
0.6 - —_— 0.7 1 =
0.6 E o0
0.4- 0.5 g 0
02- —— 0.4- : : 2
" ‘ . ‘ 0.3- ‘ ‘ ! g 035 —_
Site A Site B Site C Site D Site A Site B Site C Site D G
1.0-
A-B A-C A-D B-C B-D CD

Sites
Figure 6. Comparison between theoretical (red dots, *) and simulated lag-1 autocorrelation and Hurst
coefficient for sites A-D. Target (red dots, ¢) and simulated lag-0 cross-correlation coefficients for all
pairs of sites A-D.
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Figure 7. (a-d) Theoretical and simulated (SMARTA) distribution functions (using the Weibull’s
plotting position) for sites A-D. (e-h) The established relationships between equivalent, p and target p
correlation coefficients given the marginal distribution of sites A-D. (i-1) Theoretical and simulated
ACEFs for sites A-D. (m-p) Theoretical and simulated climacograms (CGs) for sites A-D. In all cases,
the simulation intervals have been established using all 100 realizations.
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5 Real-world simulation studies

5.1 Generation of multivariate annual streamflow time series

The first real-world simulation study concerns the application of SMARTA for the synthesis
of annual streamflow time series at 4 stations in New South Wales region, Australia (Australian
Government Bureau of Meteorology, 2015). Particularly, we employed historical data (Figure
8a-d) from the following stations: Maragle Creek at Maragle (ID1: 401009), Goobarragandra
River at Lacmalac (ID2: 410057), Adelong Creek at Batlow Road (ID3: 410061), Cotter River
at Gingera (ID4: 410730). Hereinafter, we refer to them using their station ID, as well as model

them in that order, as 4-dimensional stationary process x; =[x, xZ, x3, x} ]T; (i.e., i =3 refers
to station Adelong Creek at Batlow Road with ID3: 410061). The distribution of historical data
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does not exhibit the typical bell-type shape that is often encountered in annual data, hence we
use the Gamma and Weibull distributions to model them. Specifically, using the maximum
likelihood estimation method we identified the following distributions, x} ~G(a = 2.13,b =
16.95), x?~WEJ(a = 2.30,b = 302.11), x}~WEIT(a = 2.40,b = 15.75) and xF~G(a =
1.95,b = 48.48). In addition, they are characterized by moderate-to-high temporal
dependence and high lag-0 cross-correlation coefficients, that range from 0.83 (péA) to 0.93
(p(z)'3). Following Koutsoyiannis (2000), the parameters of CAS (i.e., Eq. (6) - given in vector
format), B = [0.99,0.75,1.13,0.72] and k = [2.57,4.41, 6.01, 5.07] were identified for each
process by minimizing the mean square error (MSE) among the sample and theoretical
autocorrelation coefficients. In this case study, we simulated one realization of 1 000 years
using the SMARTA model (with ¢ =2°). Figure 8e-h provides, for each station, a visual
comparison among the empirical, theoretical and simulated distribution. Furthermore, Figure
8i-1 depicts, for each process, the relationship between the equivalent and target autocorrelation
coefficients. The ability of the model to establish the target auto-dependence structures is
verified by comparing, the theoretical and simulated ACF (Figure 8m-p) and corresponding
climacogram (Figure 8q-t) of each process. Finally, the model reproduced the target lag-0
cross-coefficients with high accuracy (SM, Figure S2) and established dependence patterns
that are in agreement with the observed ones (SM, Figure S2).



879
880

881
882
883
884
885

886
887
888
889
890
891

2 1D1:401009 - Historical

b 1D2:410057 - Historical

500-

L 1D3:410061 - Historical

d 1D4:410730 - Historical

—_ —_ —_ —_
) I = = 90-
O 100~ &3] %] (&)
- 400 - S~ 100 - S
| | | |
Z £ 300- 3 3 60-
< < < <
=T =] = =
g - g o00- E so0- E
3 5 ] 4 30-
£ p=} = =
7] @100~ 1 @
0 ===y ! ] o o ! ] o O=v v 0 ] . ] . ] . .
1950 1960 1970 1980 1990 2000 2010 1950 1960 1970 1980 1990 2000 2010 1950 1960 1970 1980 1990 2000 2010 1950 1960 1970 1980 1990 2000 2010
Year Year Year Year
€ e g
107 - 10!
—_ —_
B #
A 107 Ae?
N Ko
a > : = s 7
107 = == Theor. Dist. 107 = == Theor. Dist. a 107 = = Theor. Dist. 107 = == Theor. Dist.
4 Simulated data i 4 Simulated data i 4 Simulated data i 4 Simulated data
107~ Empirical data 10%= » Empirical data 1%« Empirical data 107= « Empirical data
. . ) . ' ' . ' . ' ] . ' ' ' . ' . i
5 10 20 50 100 50 100 200 500 5 10 20 50 100 5 10 20 50100
J('I x2 13 14
' roo- s 1 1o0- &k 00- 1 100- »
— Approx. fun, — Approx. fun, /" — Approx. fun. — Approx. fun. /
075- ° Eval. points 075- ° Eval. points 075- ° Eval. points 075- ° Eval. points
S 0.50- Sy 0.50- R 0.50- 3y 050-
0.25- 0.25- 025 025
B
% -
0.00- 0.00- o 0.00 - 0.00- o
1 ! ' i ) i ' ' i i i ] ' \ i \ ) ' : i
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
~11 ~22 ~33 a4
P P P P
m 00- o o0- o 100- P oj00-
== Theoretical ACF == Theoretical ACF == Theoretical ACF == Theoretical ACF
075 - = Simulated ACF 0.75 - — Simulated ACF 0.75- = Simulated ACF 0.75 - = Simulated ACF
& Empirical ACF Empirical ACF Empirical ACF Empirical ACF
a a
~ 0.50- 2 0,50~
@] ]
< pas- < g2s-
0.00- 0.00-
| ! . | '
0 10 20 30 10 50
Lag, t
q gggf 15000 s ifi- t %ﬁﬁ
500 - 200 - 200 -
400 - 10000 - 100 - 300 -
— 300- — —_ 300- —_ o
5 g 200-
= 200- S5 200 = 200- X
| | | | 100-
@ 100~ o Q 100~ ]
2 2 2 2
g = Theorelical CG 5 = Theoretical CG g = Theoretical CG 3 = Theoretical CG
> - > >

— Simulated CG — Simulated CG — Simulated CG = Simulated CG
Empirical CG Empirical CG Empirical CG Empirical CG
' ' ' ' ' ' ! ! ' ! ! '
1 10 100 1 10 100 1 10 100 1 10 100
Scale, k Scale, & Scale, k Scale, k

Figure 8. Synopsis of annual streamflow simulation study at 4 stations in New South Wales region. (a-
d) Historical time series. (e-h) Empirical, simulated and theoretical distribution functions (using the
Weibull’s plotting position) for stations ID1-4 (i-1) The established relationships between equivalent, p
and target p correlation coefficients given the marginal distribution of stations ID1-4. (m-p) Empirical,
simulated and theoretical ACFs for stations ID1-4. (q-t) Empirical, simulated and theoretical
climacograms (CGs) for stations ID1-4.

5.2 Generation of univariate daily rainfall time series

In the final case study, we employ SMARTA for the stochastic simulation of a univariate daily
rainfall process characterized by intermittency. The available data concern an observation
period spanning from 1/1/1964 to 31/12/2006 (43 years) from Pavlos rain gauge located at
Boeticos Kephisos river basin, Greece (Figure 9a). See also Efstratiadis et al. (2014) for
further details regarding the dataset. In general, apart from ad-hoc techniques to handle
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intermittency (e.g., truncation to zero of values below a threshold), typical stochastic
simulation schemes (e.g., Papalexiou, 2018; Serinaldi, 2009; Serinaldi & Kilsby, 2014) rely
on the use of mixed-distributions or employ two-part models, which, in a nutshell, describe
precipitation processes as the product of two different processes, particularly, that of
occurrence (rain or no-rain) and that of intensity (e.g., Ailliot et al., 2015; Breinl et al., 2013;
Brissette et al., 2007; Khalili et al., 2009; Lee, 2016, 2017; Lombardo et al., 2017; Mhanna
& Bauwens, 2012; Thompson et al., 2007; Wilks, 1998; Wilks & Wilby, 1999). Herein, we
employ the former approach, that is, mixed-distributions, as it seems a convenient option
(Papalexiou, 2018) given the characteristics of SMARTA and particularly its flexibility
regarding the selection of the marginal distribution. An alternative option, also compatible with
the proposed method (and Nataf-based schemes in general), would be the use of single
distribution functions that exhibit an atom of probability mass at zero. A characteristic example,
which in the past has been used for this purpose (Dunn, 2004; Hasan & Dunn, 2011), is the
Tweedie distribution (Jorgensen, 1987; Tweedie, 1984). Nevertheless, in this simulation
study, in order to simultaneously account for the effect of seasonality and the stationarity
assumption of the model, we treat each month as separate stochastic process, by varying the
distribution function and autocorrelation structure on a monthly basis. Specifically, regarding
the marginal distribution, we employ a discrete—continuous (i.e., mixed or zero-inflated) model
whose CDF is given by,
Pp, x<0
B0 = (s 1= p)a, x>0
where, pp denotes the probability of a dry interval (abbreviated as probability dry), i.e., pp =
P(g < xD) and G, stands for the distribution of amounts greater than the threshold xp, i.e.,

(33)

Gy = Fyjxsxp = P(x|x > xp). Moreover, the corresponding ICDF is given by,
0, 0<uc< 1))

B = Gyt (—?Ciﬁ) pp <u<1

where u € [0, 1] denotes probability. In this formulation values less or equal to xp, (that arise
with probability pp) are assumed equal to zero. We remind the reader that the solely
requirement of the algorithm of Appendix A, that is used to approximate the relationship F(-)
of Eq. (15), hence the equivalent correlations pg;, is the ICDF (thus conveniently accounting
for mixed distributions; e.g., Eq. (33)). Nevertheless, after the specification of the threshold xp,
the empirical probability dry, pp, can be directly obtained from the available data by counting
the number of dry occurrences and dividing it with the total number of observed data.
Regarding, G,, it is obtained by selecting and fitting a theoretical distribution to the amount

(34)

data above threshold xp. In this demonstration, we set xp = 0, and for the description of the
positive daily precipitation amounts of all months, we employ the generalized gamma (GG)
distribution (Stacy, 1962), which has been proved particularly capable for the task at hand
(Chen et al., 2017; Papalexiou, 2018; Papalexiou & Koutsoyiannis, 2016). Of course,
depending on the case, the GG could be replaced with other distribution functions. Back in our
case, the parameters of the GG distribution were identified using a fitting approach based on L-
moments (Hosking, 1990); specifically the one proposed by Papalexiou and Koutsoyiannis

(2016). The PDF of GG distribution is given by,
X\ 42
exp (— (E) >, x>0 (35)

a, X\ a1-1

foo (s a2, b) = gt~ (7)
where I'(-) denotes the gamma function, while, a; > 0, a, > 0 are parameters that control the
shape of the distribution and b > 0 is a scale parameter. The interested reader is referred to the
latter works for further details regarding the GG distribution and the associated fitting method.
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For instance, concerning the marginal characteristics of October’s daily rainfall, we estimated
the probability dry, pp = 0.84, while the parameters of GG were found b =3.96, a; = 0.851
and a, = 0.588. Furthermore, regarding the description of the auto-dependence structure of the
process, we employed CAS and estimated its parameters on a monthly basis (e.g., for October
it we identified, f = 0 and x = 1.36) by minimizing the MSE among the sample and theoretical
autocorrelation coefficients. Finally, we generated 1 000 years (i.e., 365 000 days) of synthetic
data (Figure 9b depicts a random window of 60 years) and performed a similar analysis with
the previous cases studies; which is summarized in Figure 9, where we depict the results of
three characteristic months, i.e., February, June and October (the results are similar for the
other months — see SM, Figure S3-S6). Particularly, panels (c)-(e) illustrate the capability of
the model to reproduce the target distributions (in terms of the SF) of positive precipitation
amounts (pp is explicitly preserved since it is embedded in the employed mixed-distribution
model), while, panels (f)-(h) depicts the relationship of equivalent, p and target p correlation
coefficients for both GG and mixed-distribution models. It is observed that, the non-linearity of
this relationship increases from GG to mixed distribution due to the fact that the latter is zero-
inflated. Furthermore, panels (i)-(k) depict the accurate resemblance of the target
autocorrelation structure (i.e., CAS), while, panels (1)-(n) provide a comparison of empirical
and simulated scatter for time lag 1, which seems to be in agreement with the historical pattern.
Finally, preliminary analysis (not shown herein) indicated that the model has the potential to
approximate some of the empirical statistics (in terms of L-moments) across coarser time
scales, even though they are not explicitly modelled by it. This observation should not be
interpreted as a general conclusion, rather as a direction for further investigation. We remark
that the literature offers several well-established techniques with proven results, specifically
designed for this purpose, i.e., to address scaling and intermittency, such as disaggregation
(e.g., Kossieris et al., 2016; Lombardo et al., 2017) and multi-fractal methods, based on
cascade models (e.g., Deidda et al., 1999; Kantelhardt et al., 2006; Tessier et al., 1996).
The latter methods, by design, aim to simultaneously resemble the process at multiple
aggregation levels, employing scaling relationships for high order moments (often greater than
second). In our view, an interesting topic of future research would be a comparison among the
latter simulation techniques with Nataf-based methods for the reproduction of the multi-scale
behavior that characterizes hydrometeorological processes. Similar works, yet involving
alternative simulation schemes, are those of Lombardo et al. (2012) and Pui et al. (2012).
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Figure 9. Synopsis of daily rainfall simulation at Pavlos’ station. a) Historical time series. b) Synthetic
time series; randomly selected window of 60 years. Empirical, simulated and theoretical distribution
function of positive precipitation amounts for c¢) February, d) June and e) October (using the Weibull’s
plotting position); the title of each plot provides the parameters of the GG distribution, as well as the
historical (pp) and simulated (pp) values of probability dry. The established relationship between
equivalent, p and target p correlation coefficients for the mixed and GG distribution for f) February, g)
June and h) October. Empirical, simulated and theoretical ACF for i) February, j) June and k) October;
the title of each plot depicts the parameters of CAS. Empirical and simulated dependence pattern for
time lag 1 for I) February, m) June and n) October; the title of each plot depicts the lag-1, target (pchS ),
simulated (p;), and equivalent (5, ) autocorrelation coefficients.
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6 Conclusions

This paper introduces a novel and versatile stochastic model, termed SMARTA, with solid

theoretical background and proven capability of addressing important hydrometeorological

simulation problems. A prominent characteristic of the model is its ability to simulate
univariate and multivariate stationary processes with any autocorrelation structure and
marginal distribution, provided that the former is feasible and the latter have finite variance.

The central idea of the method relies on the use of an appropriately parameterized (expressed

through equivalent correlation coefficients) auxiliary Gaussian process which after its mapping

to the actual domain results in a process with the desired stochastic structure and marginal
distribution.

Briefly, the proposed approach is built upon three major elements: a) The SMA scheme of

Koutsoyiannis (2000), which is used as an auxiliary model in the Gaussian domain, b) a

generalized autocorrelation structure, that allows the parsimonious description of SRD and

LRD processes, and c) the rationale of NDM (Nataf, 1962), and the associated mapping

procedure, that provide the theoretical basis of the method and in turn allows the identification

of the equivalent correlation coefficients; hence determine the parameters of the auxiliary
model.

Overall, the proposed methodology maintains the flexible and parsimonious character of the

original SMA model and simultaneously exhibit a series of additional virtues, as demonstrated

through two hypothetical and two real-world simulation studies. Among them:

a) The unambiguous advantage of explicitly simulating any-range dependent (SRD or LRD)
stationary processes with arbitrary distributions (even from different families, see section
4.2), using a single simulation scheme.

b) Its ability to simulate univariate and multivariate processes that exhibit contemporaneous
cross-correlations. The generation of time series at multiple locations, or of individual
correlated processes, is often the case in hydrological studies, making SMARTA a useful
method for such tasks.

c) The possible incorporation of novel advances in statistical science in stochastic simulation;
such as new distributions and robust fitting methods (e.g., L-moments). In addition,
regarding distributions of hydrometeorological processes, SMARTA can take advantage of
years of research in statistical analysis of hydrometeorological variables, since it can
incorporate any distribution function whose variance exists.

d) The ability of the model to explicitly avoid the generation of negative values, which
simultaneously is a shortcoming of many linear stochastic models. This is due to the direct
use of the distribution function(s) within the generation mechanism of the model. If the
latter is defined in the positive real line, then all the generated values will be within those
bounds (i.e., positive).

Typical, but not limited, applications of SMARTA entail the simulation of stationary processes

at time scales not affected by cyclostationary correlation structures (e.g., monthly scale). For

instance, given the wide range of admissible correlation structures and distributions, it could
be applied for the generation of synthetic time series at annual and fine time scales (e.g., daily)
for various hydrometeorological processes, such as, precipitation, streamflow and temperature.

The latter time series can be used as input in a variety of water resources risk-related studies

and it is anticipated to improve the quality of their outcomes, due to more accurate

representation of the input processes. Ongoing research aims in an enhanced stochastic

simulation scheme that will combine (using disaggregation techniques) both stationary (e.g.,

SMARTA) and cyclostationary Nataf-based models (Tsoukalas et al., 2017, 2018a), thus

providing an even more flexible and versatile simulation method for synthetic time series

generation.
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Appendix A

Tsoukalas et al. (2018a) proposed a generic, yet simple and efficient method for the
establishment of the relationship of Eq. (15), that concerns the estimation of equivalent
correlation coefficients Py required by Nataf-based schemes. The method is essentially a
combination of Monte-Carlo simulation and polynomial approximation and is applicable for
discrete, mixed and continuous-type marginal distributions; since its only requirement is the
ICDF. The basic steps of the algorithm are synopsized below (the indices were omitted for
simplicity):

Let x¢ and xy, be two random variables while pg,, and pgy stand for the equivalent (in
Gaussian domain) and the target correlation coefficients respectively. Furthermore, let FEf

and F, v
Step 1. Create a Q-dimensional, equally spaced, vector #* = [7’1, o, T ...,f’”] in the interval
[7min, Ymax]. Lemma 2 (see section 3.2) can be employed in order to determine the values of 7ix

and rmaex since it provides insights regarding the sign of pg,,. For instance, if the target

denote the corresponding target distributions, whose variance is assumed finite.

correlation pg y, is positive we restrict our attention on the interval [0, 1].

Step 2. For each value of 7 generate N samples from the bivariate standard normal distribution
with correlation 7.

Step 3. Map the generated values to actual domain using their ICDF (i.e., F&, and Fy 1p) as in
Eq. (10).

Step 4. Calculate and store the resulting correlation rt in the vector r = [r Lot r? ]
Step 5. Since Eq. (15) is a continuous function, bounded in the interval [#min, max], according
to Weierstrass approximation theorem it can be approximated by a p-order polynomial of the
form of Eq. (A.1) between 7 and r.

p=F (,5|F§, Fg) ~ 1 =ayf? +a, FP7 + -+ a7 +ag (A.1)

Note that the constant term ay could be omitted as indicated by Lemma 2. Furthermore, in
order to avoid over-fitting and possible ill-conditions, which could lead to simulation errors,
the order of the polynomial can be determined with the use of cross-validation or Akaike
information criterion (AIC). Alternatively, the degrees of freedom of the polynomial can be
restricted (as in Xiao (2014)) by setting p = 2 — 1. The latter author, based on a systematic
analysis of a variety of distributions characterized by wide combinations of skewness and
kurtosis coefficients, argued that the relationship of Eq. (15) can be well approximated by a
polynomial of less than ninth degree (p < 9); hence proposed setting £ =9 and p = 8. Moreover,
it is noted that instead of a polynomial relationship, other type of functions can be used (e.g.,
Papalexiou, 2018; Serinaldi & Lombardo, 2017).

Step 6. Given a target correlation pg , evaluate the equivalent correlation g, by inverting the

fitted polynomial of Eq. (A.1).


http://www.bom.gov.au/water/hrs/
http://kyy.hydroscope.gr/timeseries/d/216/
http://www.itia.ntua.gr/en/docinfo/1863/

1070
1071
1072
1073
1074

It is remarked that the implementation of the latter algorithm in high-level programming
languages (e.g., R or MATLAB) is fairly easy and straightforward, while a single run requires
less than 0.5 second (with N =150 000 and £ = 9) on a typical 3.0 GHz Intel Dual-Core 15
processor with 4 GB RAM. Finally, it is noted that since it is a Monte-Carlo based method, the
three parameters &V, Q and p control its accuracy and computational efficiency.
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