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Heraclitus *
DK 22 B30

DK 22 B90

PC439d, 440c
PC401d

PC402a

DK 22 B12

DK 22 B52

DK22 B8

DK 22 B67

DK 22 B88

Original Greek English translation

[d At vu e jmeg|R g oz This world, which is the same for all, |
VZ R ZwY@Afur M2 A S tone of gods or men has made. But it
PLOSAR lalﬁrR%[ £ z 1 & always was, is, and will be: an ever
& z L kmTRAe B Y|m 2 Hit R & living Fire, with measures of it kindlin
t OZzmgmn Y41 R Y )t R and measuresuenching

AN Z20MTH Z | ["GRAIC # Z £ Allthings are an interchange for Fire,
A28 & C d Af] 5hA A R m k “and Fire for all things, just like goods
?MB{T | Z22msft4C Z O & “for gold and gold for goods.

L C Y ZR} Everything flows

Znte ZPd | 1 Z R AQuuRAIll things move and nothing remains
vy Qv still.

1YY M e A DN Jpo(rp-l-u You cannot step twice into the same
Fri1osy river.

AU Z A vd wiz o | ¢ On those who enter the same rivers,

5t 1 1 © ¢ dzzrAm e R | ever different waters flow.
1zl WwMR

o2 4 a4 z1 A | 98BS Timeisachild playing, throwing dice.
LJ110¥A11sos8 To a childthe ruling power belongs
Tew B V2 Y JM& @ ¢ %] 1 & Opposition unites, the finest harmony
11 4 serzwd o K[z Mt o esprings from difference, and all come
{ #nq4 Z | a1 24’ RA [ | 1 about by strife

%[ wyifdm s 3rms s h ' @ rR1God is day and night, winter and
[dmu ywh R p ovims SR UJY wysummer, war and peace, surfeit and
Fa | §zn | 8Z | Y8 hunger [all the opposites]

zZ o™ u R [ evs J{ | Anditisthe same thing in us that is

F Mms s M ) KIRL & o JOQ alive and dead, awake and asleep,

{ Br s my okgol gmrz | young and old; fothe former are

t RZ 1 ARH Ruch £ 1 Rf 1 shifted and become the latter, and the

ACl1 ¥ [ RZka R 8 J dlatterin turn are shifted and become
the former.

* DK 22:Sandard Diels-Kranz numbering of Presocratic philosophers, chapter 22 (on Heraclitus of
Ephesus) https://heraclitusfragments.com/

%3Atext%3A1999.01.0171%3Atext%3DCrat.%3A
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Notational conventions

The book follows the Guidelines for the use of units, symbols and equations in hydr5l.ogyturn, these
guidelines are based on (i) theSystéme International (SI) brochured; (i) the 1SO 800002 Standard,
Mathematical Signs and Symbols to Be Used in the Natural Sciences and Technaludyiii) Unicode
Technical Report #2§,qucode Support 1:or Mathematic$ We list some of the conventions here for the
OAAAAOBO AT 1 OAT EAT AAS

Physical dimensions and units

(@)
(b)
(©

(d)

(e)

(M
)

All quantities are dimensionally consistent. In particular, arguments of functions such as expénd
In() are dimensionless.

We use s, min, h, and d for second, minute, hour and day respectively. We do not abbreviate week,
month or year, which are nonSl units$

Multiplication of units is indicated by a space, e.g. M, and division either by negative exponents (e.qg.
m s2) or by use of the solidus (oblique line, e.g. m?#}; however repeated use of the solidus (e.g. m/s/s)
is not permitted.

Prefixes of units such as M (mega 108) andt (micro = p 11 ) have no space between (e.gs, MW).
According to the SI, the prefix for kilo is lower case k (e.gmke K is the symbol of the kelvin).

For areas and volumes, we use frand m3; the hectare (ha) and the litre (L) are also allowed in SI. A
million m2 is denoted as square kilometre (1 krh = 1086 m2). A million m3 is denoted as cubic
hectometre (1 hm? = 106 m3? not 1 Mm3 because 1 MrA= 1018 m3; note that in SI any power to a unit
applies also to the prefix); a billion njis denoted a cubic kilometre (1 krd= 109m3).

All units are typeset in upright (Roman) fonts, not italic or bold.

Numerals are also typeset in upright fonts. The symbol for the decimal marker is the dot. To facilitate
reading, numbers are divided in groups of three using a thin space (e.g.345.6). (Note that neither
dots nor commas are permitted as group separato)s A space is used to separate the unit from the
number (e.g. 10 m).

Symbols and equations

@)

(b)
(©)
(d)
(e)

()
)

(h)
@0

We prefer singleletter variables (if necessary, with subscripts, e.drmg over multi-letter ones. Single
letter variables or parameters and userdefined function symbols are italic (e.gx, Y, 1, f(X)). Multi-letter
variables, if cannot be avoided, are typeset in upright, not itali@.g. RMSE).

Common, explicitly defined, functions are not italic, whether their symbols are singletter (e.g.3(X)
for the gamma function,e (y, z) for the beta function) or multi-letter (e.g. Inx, expi& +y)).

Textual subscripts or superscripts arenot italic (e.g.® ,"Y where ® A@3 OAHTAS OOAT A Al
maximum and minimum, respectively).

Mathematical constants are upright (e.g. & 2.7188 m = 3.1418 h2 = Ml). Also, mathematical
operators are upright (e.g. &in integrals and derivatives,3f for the difference operator onr).
Vectors, matrices and vector functions are bold andor single-letter variables, italic. In particular,
vectors are usually denoted with lower case letters (e.¢t, 9 as vectors;f(x) as a vector function of a
vector variable) and matrices with upper case letters (e.gh as matrix; AB as the product of matricesA
and B, AT as the transpose ofA, A A=Gas the determinant of a square matrix).

We use nested parentheses for grouping (e.g. ba(b + c)) rather than In[a (b + C)]

To distinguish betweenstochasticvariables from common variables we use the Dutch conventiof,
i.e.,we underline the stochasticvariables.Further, we use the curly brackets for sets (e.§{x Sx} for a
scalarx or P{x Sx} for a vectorx; note that the argument of probability ) is a set, not a number).
We use square brackets for expectations, variances and other operators stochasticvariables (e.g.
%0, 0AM,AT @ ; note that%c is not a function ofx and thus it should not be denoted a% @ .)
Definitions by mathematical equations are denoted using the symbofd haid @l 8(e.g. to definec as

the sum ofaandbwe write A & ®or® wH )

* Prepared by D. Koutsoyiannis anéi.H.GSavenije, 2013, doi10.13140/RG.2.2.10775.21922

d Ninth edition, http://www.bipm.org/en/si/si_brochure/

d http://www.unicode.org/reports/tr25

8§87 A A (ubfdE year@ AAAOOAS EHO 3QEAD POAmMEGAIAGDOTEO | AG\T Giedeh OUI AT |
non-Slunit whose multiple hectare is accepted in Sii(a =100 n4; 1 ha = 100 a = 18m2= 1 hn?).

* Hemelrijk, J., 1966. Underlining random variablesStatistica Neerlandica 20(1), pp.%7.


http://www.bipm.org/en/si/si_brochure/
http://www.unicode.org/reports/tr25

XX

Main use of single -letter symbols

a

O mWoT >

-m ®Qgo (@]

s<<CccHTWLW”" D" OL TS OO =z

wW

coefficients of stochastic generators

as a standard, the beta function By()
autocovariance

as a standard, the differential operation d
time unit, discretization time step
asastandarde=¢ 8x p Wwcg Y8

as a standard: the expectation, EJ ]
probability density function

probability distribution function

time lag, dimensional
Hurst parameter (also,0 h B pFGnd

'O h B p¥Qare thepth harmonic numbers
of orders 1 anda, respectively).

identity matrix (in bold); as a standard the
indicator function )

time scale, dimensional
K-moment

Length of observation period(also life span)
moment

Mandelbrot parameter

size of sample or vector

size of sample or vector
little -Onotation
big-Onotation

moment order
probability

moment order

correlation coefficient
power spectrum

time, dimensional
OAOOOT DPAOEIT A 1BAHO0 OA

>
(S]]
NE VFTW—NFN+>Hz2 ">+ co

white noise process

frequency

as a standard, the Lambert W functiod@ @

—‘m—:q;.—\—

o~ Q—awm -

C DL .o ] e 5

W

oftfin  stochastic variables and processsor time series 5
@  cumulative stochastic processesor time series

m

time scale parameter in stochastic processes
as LatinA

background measuredensity

as LatinB

climacogram; as a standardthe %01 A 08 O
constant,r =TT8 LU X XCpPO®8

cumulative climacograni as a standard, the
gamma function3( ) and the incomplete gamma

AOT AQBIT 1T 3

dimensionless location parameter in
distributions

dimensionless shape parameter (lowettail
index) in distributions ; as a standard, the
Riemann zeta functiony( )

as Latinz

time lag, dimensionless

as LatinH

angle (phase); also ombrian parameter
bias correction factor

as Latinl

time scale, dimensionless (also cumulants)
as LatinK

state scale parameter in distributions
¥-coefficient (for K-moments)

mean, moment

as LatinM

similar to n (size of sample or vector)
as LatinN

dimensionless shape parameter in distributions
(upper-tail index)

f-coefficient (for K-moments)

as Latino

as LatinO
asastandardA=08pT1TpuL W8
set of partitions

standardized crossclimacogram

as LatinP

standard deviation

sum, A-algebra

time, dimensionless

as LatinT

structure function

as Latin®

entropy production

Entropy

as LatinX

climacospectrum; as a standard, thedigamma
function ¢ @ or the polygamma function

¢ o

odds function

frequency, dimensionless

Ground set









Chapter 1. A historical and philosophical introduction

1.1 From aclockwise universe to a stochastic* cosmos

In 1926, Albert Einstein, in a letter to Max Born, wrote what has beconane of his most
famous aphorisns:

Jedenfalls bin ich Uberzeugt, daf3 der nicht wirf@ltat any rate, am convinced that He
[God] does not throw dige

This reflects adherence to an earlier shapedbelief of a clockwork universe and a
philosophical view of determinism widely accepted inmodern sciencebefore and after
Einstein till the present day. This whole ideawas introduced in the 16% century, together
with the development of mathematical conceptsin natural philosophy (what today we
call science) and was further processedin the works of the giants of modern science
Johannes Kepler, Galileo Galilei and Rer#gescartes Figure 1.1). Determinism was
perfected by the French mathematician and astronomer PiereSimon Laplace and was
reflected in the famousLaplace's demona hypothetical entity that knowing the precise
location and momentum of every atom in the universe at present, can deduce the future
AT A OEA DPAOO OOETC .AxOiI1T80 1 Ax0O8

, AbDbI AAAGO AAIT1T EO A 1 AT EZAOOAOEIT 1T &£ OEA
which the roots of uncertainty about the future are subjective stemming from our
ignorance of the precise present state or from inadequate models and methods. In this
view, eliminating uncertainty is merely a matter of gathering better data and constructing
better models. Essentially, the concept of the demon impoverishes the universe by
dissolving the significance of time: it reduces foudimensional spacetime to something
effectively three-dimensional, since a single moment suffices to determineand thus
fully encode? everything that has happened or will ever happen across the entire
temporal expanse.

Figure 1.1 Founders of the deterministic worldview (from left to right): Johannes Kepler (1571
1630), Galileo Galilei (15641642), René Descartes (1596.650) and Pierre-Simon Laplace (1749
1827). (Images publicly available by Wikipedig)

* The meaning of the term stochastic is clarified iDigression1.C.



Amazingly, however, the father of these very laves Newton himself (Figure 1.2)?
was acutely aware of the universe's fragility and did not embrace a vision of blind, self
sufficient mechanism. In higOpticks(Query 31) he wrote (spelling modernized)

For while comets move in very eccentric orbs in all manner of positions, blind fate could
never make all the planets move one and the same way in orbs concentric, some
inconsiderable irregularities excepted which may have arisen from the mutual actions
of comets and planets on one another, and which will be apt to increase, till this system
wants a reformation

This passage clearly reveals Newton's recognition of the solar system's complexity and
instability over long timescales. He saw such fragility not as a flaw in divine design but as
positive evidence for God's existence and active governarrceejecting Leibniz's thesis
that a perfect Creator would necessarily fashion a flawless, sdfistaining world
requiring no further intervention. In other words, Newton argued for the necessity of
periodic divine reformation to preserve order in a fragile cosmos. This papective
essentially envisages an eveevolving four-dimensional universe, rejecting Laplace's
static, three-dimensional caricature in which time is redundant.

Figure 1.2 Isaac Newton (1648-1726). (Image publicly available by Wikipedia)

However, it took centuries (namely up to the end of the 19 century) before the
seemingly almighty determinism of the 17 century received strong blows in several
fields of science, including the following.

i Statistical physics(cf. Boltzmanr Figure 1.3) used the probabilistic concept of
entropy (which is nothing other than quantified uncertainty, defined within the
probability theory; see below) to explain fundamental physical laws (most notably
the Second Law ofthermodynamics). This led to a new understanding of natural
behaviours and to powerful predictions of macroscopic phenomena.



AHISTORICAL AND PHILOSOPHICAL INTRODUCT®N

1 Thedynamical systemgheory (cf. Poincare Figure 1.3) has shown that uncertainty
can emerge even from pure, simple and fully known deterministic (chaotic)
dynamics, and cannot be eliminated.

1 Cenetics(cf. Mendel Figure 1.3) and evolutionary biologyhave emphasized the
importance of stochasticity (e.g. in gametes fuson, selection and mutation
procedures, and environmental changes) as a driver of evolution.

1 Quantum theory(cf. HeisenbergFigure 1.3) has emphasized the intrinsic character
of uncertainty and the necessity of probability in the description oNature.

f Developments in mathematical logic and particulary ' EAAT 8O0 ET AT [ Bl /
theorem, challenged the almightiness of deduction (inference by mathematical
proof), which is the mathematical analogue of determinismironically, Gddel
(Figure 1.3) anticipated by one day (in 1930) David Hilbert who pronounced the
opposite with his famous aphorism &lso inscribed in his tombstone at Gottingen)
Vir miissen wissen, wir werden wissenWe @ust know, we will kno& J 8

Figure 1.3 Giants of science who gave blows to scientific determinisnfirOm top left, clockwise)
Ludwig Boltzmann (184471906), Henri Poincaré (18541912), Gregor Mendel (182Z84);
Werner Heisenberg (190%1976), Kurt Godel (1906:1978), Nicholas Metropolis (191571999).
(Images publicly available by Wikipedia)



91 Developments innumerical mathematics(cf. Metropolis; Figure 1.3) highlighted
the effectiveness of stochastic methods in solving even purely deterministic
problems, such asnumerical integration in high-dimensional spaces andylobal
optimization of non-convex functions Stochastic optimization techniques, e.g.
evolutionary algorithms or simulated annealing, are in effect the only feasible
solution in complex problems that involve many local optima.

However, roots in common sense and philosophy of a worldview that is not
deterministic go far back in the past. For example, the Greek mythology included a
goddess of chancer randomness, named'yche whom Romars later identified with their
goddess Fortuna. Archaeological evidence has tlmught to light lots of ancient dice
emblemsof randomnes® such aghe ancient Greek ones showm Figure 1.4.Much older
dice (up to 5000 years old) have been found in Asia (Iran, India).

Figure 1.4 Dice of the Greek antiquity (mostly of the early ® century BC) from Greek
archaeological sites namely. (left) Kerameikos Ancient Cemetery Museum, Athen@hoto by
author); (next two ) Archaeological Museum of Vravrongphotos by author); (rightmost two ),
Greek National Archaeological Museum, (www.namuseum.gr/object-month/2011/dec/
dies_b.png www.namuseum.gr/object-month/2011/apr/7515.png ,). The dice are from
terracotta andtheir size vary, reaching aboufLlO cm (middle die ), except for therightmost , which
is from bronze (1.6 cm).

In philosophy, Heraclitus Figure 1.5) was the first who highlighted randomnessand
could thus be regarded the father cindeterminism as well as otlialectics Indeterminism
is a philosophical belief contradictory to determinism,in which uncertainty is a structural
element of Nature and, thus, cannot be eliminated. Interestingly, 2500 years before
Einstein wrote what we quoted in the beginning of this section, Heraclitus made just the
opposite claim in a masterly and poetic aphorism, yet much less known in the scientific

community (FragmentDK 22B52, seealso the motto in the beginning of the book)
=~ nhd K KL 9 nR&K A R(Firheds a child playing, throwing dige

More than a centuryafter Heraclitus, Aristotle made scientific contributions that
expand to all aspects of knowledgécf. Koutsoyiannis and Mamassis, 2021)including
physics (e.g..the principle of mass conservation see sectior0), geophysical sciences (in
particular meteorology and hydrology), and epistemology. The Aristotelian logic offers a
powerful instrument to distinguish sense from nonsense as well as deduction from
induction, and the relative validity of the inference based on each of these two methods


http://www.namuseum.gr/object-month/2011/dec/dies_b.png
http://www.namuseum.gr/object-month/2011/dec/dies_b.png
http://www.namuseum.gr/object-month/2011/apr/7515.png

AHISTORICAL AND PHILOSOPHICAL INTRODUCTEDN

(see Digression 4.A). Most relevant to our themeand of greatimportance in modern
science, particularly in physics and stochastics, is the Aristotelian dipoleotentiality

(1 X # 4 fatinypotentia) vs.actuality (5r ¢ O m, Latin agtualitas), formulated in his books
PhysicsMetaphysicsNicomachean Ethiceind De Anima Practically, the ideabehind the
dipole is that several outcomes can be produced by a specified cause, while in
deterministic thinking only one outcome is possible (albeibften difficult to predict which
one).

Epicurus was another Greek philosopher who involved randomness in the
explanation ofNAOOOA8 7EEI A EA EADO ($AU)hgcanEti@én36 EAA /
of matter, he rejected determinism and assumed that the motion of atoms is random.

The first to utilize the Aristotelian dipole potentiality vs.actuality in modern science,
namely in quantum physics, was Heisenberg (1962):

The most important of thes¢features of the interpretation by Bohr, Kramers and

Slate] x AO OEA ET OO1 AOCAOETT 1 &£ OEA DOI AAAEI EO
OAAT EOUh OEA ODbi OAT OEA6 1T &£ OEA AT AEAT 6O O
OOAT O&I Of AGETT 1 £ OE Aadudlithtived®d qinAtitatveided. AT T AA

This idea of Heisenberg was quoted by Popper (1982)ho fully incorporated it into
his philosophical system, further extending it to claim, for example, that

Both classicaphysics and quantum physics are indeterministic.

Popper is the main modern philosopherwho, being fully aware of modern physics,
theorized modern indeterminism also connecting it withthe notion of probability, which
he regarded aghe extension (quantification) of the Aristotelian potentia(} 3 & ).t 1 Y

¥

Figure 1.5 Ancient and modern philosophers who founded or theorized the indeterministic
worldview : (from left to right) Heraclitus (535z475 BC), Aristotle (384z 322 BC) Epicurus (3417
270 BC) and Karl Popper 1902z71994). (The source for the imageof Heraclitus? a depiction in
the back facet of a coim is Visconti, 1817. All other images are publicly available by Wikipedia.)

More recently this Aristotelian dipole has been proposed by several scientists and
philosophers, independently of Popper, as a simpler, more comprehensible and more
effective interpretation of quantum physics (Jaeger, 2017, 2018; Kastner et al., 2018;
Driessen, 2019; Sanders, 2018). In particular, Kastner et al. (2018), building on
(AEOAT AAOCGE O | pdapantdogiEd dudlism oPaCtiiafities@es extenshand
potentialities (res potentig, with the latter not bounded by spacegtime constraints and
being transformed to the former by an acausal process potentia(} 3 & [).{f 1 Y



Apparently, the dilemma of determinism vs. indeterminism is not just an issue of
philosophical belief.It affects our perception and orientation in scientific inquiry, as well
as our decisions and actions. If the world were deterministic, decision making would be
trivial and, by now, would be undertaken by computers and robotBecause the world is
better viewed asindeterministic, decision making remains a humartask, linked with
responsibility.” This is vividly expressed by Julius Caesar's famous words when crossing
the Rubicon in 49 BC, reportedly uttered in Greek

...t R MmM9 3 [ (hettherdie bave been cgst

1.2 Logico-philosophical premises

Despite the blows given to scientific determinism since almost 150 years ago, it remains
the main line of thought in the scientific community in physics in particular. Its influence

IS so large that many think thaffirst principlesin physics are only deterministi@ mostly
mechanistic. To see that this is a wrong perception, it suffices to think of the Second Law
in thermodynamics, perhaps the most important physical law, which relies oantropy?
and, as we will see(section 2.3), entropy is a purely stochastic concept.

Other dominant canons that may misguide scietific inquiry are the reductionist
approachand theadherenceto equations. According to the formerapproach, the laws of
complex physical systems can be inferred by synthesizing detailed representations of
their elements. This cannot be true or useful: for example, while it is true that a book
consists of several types of molecules, we cannot infer its content by examining the
behaviour of the molecules. On the other hand, equations are useful if they correspiaio
reality, but they cannot handle all problems and they do not constitute the most powerful
tool that mathematics offersto the study of the physical world.

This book, as evidentfrom the considerations in sectionl1.1, does not follow a
deterministic approach. While it respects deterministic equations of simple systems, it
does not rely merely on them.Rather, it recognizes the fundamental character of
uncertainty in Nature and uses stochastic approachesWhile it makes use of important

* Acknowledging the expanding roleof artificial intelligence (Al) in decision support and automation, true
accountability? e.g.,for violations carrying imprisonment or equivalent moral weight? still requires a
responsible human actor, a0 bot can bear punishment or ethical culpability in the way persons do.

d This is known from B OOA OlAi& 80O Caesar 32, and the exact quotation (from
https://lwww.perseus.tufts.edu/hopper/text?doc=Plut.+Pomp.+60.2) is this: 31 1 sd1 Az ¢ AMSY
A MibzlyY FL{ruveA4yh) wrpuamme [ tDecfaring n BBk joutdse present in a

loud voice, 'Let the didave been cast,' he led the army acro3sLater, the phrase rendered in Latin by
Suetonius adacta alea es{The die has been cgsiThe phraser 4 R mm ¥ 3 [ is tragetl jack Yo the Greek
playwright - AT AT AAO j y Ou g 290 RO)of khe Att@niao Neyw Comedylt appears i his play
...mg® im L (Arrhephoros i.e. the bearer of ritual objects), o~ 11 s ZAMetris, i.e. the flutegirl), preserved

only in fragments (http://www.poesialatina.it/_ns/greek/testi/Menander/Fragmenta.html ) via Athenaeus
(Deipnosophistae 13.559e)From the surviving excerpt:

CharacterA:t 0 r J { RB&Y aﬁ:lﬁa zukbkRuow £)y Z BIRUrM'tes [ ¢4 mm@dgw&vv(lﬁw 11
AL M °7 t (You reyet mrarry if you're smart, for the rest of your life. I've married myself, so that's
why | advise you not t.

Character B3R U r t J”'=u v ¢ zred RAWgEr3([The maftdr las beerdecided; let the die have been
cast)


https://www.perseus.tufts.edu/hopper/text?doc=Plut.+Pomp.+60.2
http://www.poesialatina.it/_ns/greek/testi/Menander/Fragmenta.html
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physical laws expressed in the form of equations, it also highlights theanational

mathematicalprinciples and theimplied extremization approach, which is more powerful
and more natural than an equalization approachFinally, instead ofthe reductionism of
seeking detailed and inflationary representations of Nature, the book invokes the
principle of parsimony and emphasizesthe need of macroscopization(by removing

details), inevitably accompaniedoy stochastics.

Many scientists contrast physics with statistics as if the twavere incompatible. Such
perception is rather incompatible with the important developments in scienceover the
last 150 years, as summarized in sectiori.l. Here we use a scientific field that
encompassegrobability and statistics, while being wider than the two (see sectiorl.5):
the field of stochastics
Digression 1.Ad, 4 EA OEI bl EAEOU 1T £ | ECEO OOAEAAOQI
Light trajectory can be viewed is several ways but here we will examine the simplest, which is
relevant macroscopically. (A more detailed way in a microscopic setting is discussed in section
5.4). We use asimple examplethat can help us to see the ontological basis of the principlaf
parsimony. With reference to the left panel irFigure 1.6, we readily understand that ight follows
the simplest path froma candleAtoOEA 1T A OA 6,0AI &s@ strighfline(the red line)
and not other more complex ones (e.gthe black lines ACB, ADB)If it followed those complex
paths, the observer would not see the candle but would sense light coming from everywhere.

This observation leads us to formulate a law in this wayLight follows the shortest possible
path from A to B Let us call this formulation attempt 1. This is parsimonious law for a

parsimonious natural behaviour.However, turther investigation will show that this law is not
correct:ItisOEI 1 AO OEAT OAO OEIi PI A AO bPi OOEAI A6 s

D D _F
C

Figure 1.6 (leftq 4EA 1 ECEO £Oi i OEA AAT AT A ' O Al 1 AOAO
line path AB (the red line) and not other more complex ones (e.gthe black lines ACB, ADB)

(right ) After putting a mirror at D, parallel to AB, the light follows the brokerine path ADB in

addition to the straight-line path AB.

We can quantify and justify the law in a quictand-dirty manner assumingthat light can travel
from A to !BAanng a brokep Iinq Witfl a bfeakvpoin'g F\thh‘coovrdinatesrltrb‘. Thi§ is not rest[igtivp: o
xA AAT AAA A OAATT Ah OEEOAh 8 AOAAE PIETO jEII Ax
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Figure 1.7 (left) Notation for a brokentline light path with one break point F with coordinates
ahw . (right ) Iso-distant linesi ahw for values i betweenzl and 1 and for®d  T@.

We observe that the mirror has imposed an inequality constraint to possible paths (by
AEOAIT 1T xETC 1T ECEO O c¢ci OEOI 6¢CE EOQq AT A OEOO
problem? a local minimum. This allows us to reformulate the law in aattempt 3: The paths
followed by light have minimum lengtieither global or local minimum). This is a @rsimonious
law, known as the pinciple of Heron of Alexandria (@after the Greek physicist and engineer afst
cent. BGor 1stcent. AD).

With reference toFigure 1.7 (left), the travel distance is

ifd !'&&" @ d o w O o

Figure 1.7 (right) shows iso-distant lines, from which it becomes clear that any point F that lies in
the straight-light segment AB yields minimal distancé. In no other point ¢t does a maximum
or minimum of i appear. We can confirm this by calculating the partial derivativie i cito ' cand
equating it to zero; this readilyresultsin @ 1

Now, let us put a mirror parallel to AB as shown in the right panel iRigure 1.6. Now thelight
follows both red paths from A to B (AB, ADB) but not other (the black) ones (e.g. AEB, AFB)he
previous formulation of the law is nolonger valid. Based on highschool knowledge (recalling the
canon of equality of theangles of incidenceand reflection), we could replace ourattempt 1 with
the following attempt 2: Light follows the shortest path, but when there is a mirror, it also follows a
second path with a reflection by the mirror such that the angle of incidence equals the angle of
reflection. Apparently, this is awordy law, not parsimonious, and reflects arequalizer thinking.

But again, the law as formulated irattempt 3 is not good enough. To see this let ueplace
the flat mirror with a half-cylinder mirror, as in the right panel ofFigure 1.8. Now the light follows
several paths from A to B, including the red lines AB, ACEDB? but not the black ones, e.g. AEB,
AFB.(There should be other feasible paths with two or more break points, but we ignore them for
our illustration). Again, the mirror introduce d an inequality constraint in the optimization: the
point F should not be behind the mirror.Let us focus on the pathADB (Figure 1.8 right) and
compare it with the corresponding path in the case of a flat mirrorKigure 1.8 left). They look
identical, but there is a big difference: in the flat mirror, point D is a local minimum but in the half
cylindrical mirror it is a local maximum. This is clarified in the graphs ofigure 1.9. It is clearly
seen thatAB is the global minimum, ACB is a local minimum and ADB is a local maximum.

Hence, we should modify the law formulation inattempt 3 to attempt 4, which reads:The
paths followed by light have extremlength (either global or local minimum or maximum).Note
that the points of local optima emerge on the mirror surface the curve where the constraint is

CA
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binding. This shows thatNature is a skilful extremizer, as she finds all local minima and maxima
(put many mirrors to see lots of paths materializing) Failure to observe this makes things difficult
to explain, as indicated for instance in the debate by Gaertner (2003) and Schoemaker (2003).

i i

Ahalf-cylindermirror
Figure 1.84 OAEAAOI OEAO 1 £/ 1 ECEO A£OT 1 OEA ARft)Aflad ' Ol
mirror and (right ) a halfcylinder mirror.

Cylindricamirror with radiusr = 1

\ Local maximums= 2.24

Local maximums= 2.24

1.5
y 2.25 L
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Figure 1.9 (left) Iso-distant linesi afwo for the case of a haltylinder mirror. (right ) Variation
of the lengthi afw of path AFB, as a function of the angte shown in Figure 1.8.

But again, the formulation inattempt 4 doesnot make a perfect law. Specifically, efraction
(Figure 1.10) makes clear that light does not always follow the shortest (straight line) pathlhis
is related to the fact that the light speed in liquids is smaller than in ailthus, the broken line ACB,
rather than the straight-line AB, has the least travel timelet us determine te point C so as to
minimize the total travel time.



10

Figure 1.10 Sketch of refraction of a straightline object partly submerged in water.

Assuming anwaxis at the level of thewater (so thatw 1) and denoting the light speedo
and w in the water and air, respectively, the travel time is:

0 - ,
W W
To extremize0  we take its derivative with respect tow and equate it to zero. Thiyields:
p W W p W

w o 5 7 w o o .
w w w w w w

We notice that the rightmost fractions in the two sides are the sines of the angles of incidence and
refraction. Thus, extremization of the travel time results in the welknown standard result about
refraction, expressed in terms of sines of angles.

However, if we kept that standard expression, we would have a negrarsimonious law.
Instead, we will make ourattempt 5 to formulate the law as:Light follows paths that have extrem
travel time. This is our final law, known as the& A O1 A 08 O bin Befel Wk EoBdctédht by
substituting extreme for the standard expressionminimal8 7 EOE OAOBPAAO O (AOi 1l
have replaced length with travel time. This does not affect our previous results, in which the light
speed was constant.

In conclusion, our example shows thatNature is indeed parsimonious (ontological
parsimony). Our final law is also parsimonious (epistemological parsimony), reflecting the
parsimony of Nature.

1.3 The principle of parsimony

The principle of parsimonyalso known as principle of simplicity, principle of economyor
| AEEAI 8 &ivisedus b @refer the simplest theory among those thaescribe reality
(e.g.fit the data) equally well. An example of a parsimonious natural lawis: @logs barkd.
Examples of nomparsimonious? yet not untrue? laws are: (lack, white and spotted
dogs bark® or @logs bark on Mondays, Wednesdays and Fridays
Intuitively, the law O dgs barld does not exclude that a particular dog is mutéWe
OET O1T A 110 O1 AAOOOAT A EO AO I0d@edords, I&dofl T AT (
AT i Pl Ag OUOOAI O j Ascs OEA AET 1T CEAAI OUOOAI
@ cO AAOEG6 | AAT O OAT U WKadllug toFedogiizk béprobabiliséicl U O



AHISTORICAL AND PHILOSOPHICAL INTRODUCTIAN

character of parsimony in complex systems may create confusion (see e.g. Courtney and

#1 0001 AUh ¢mmyh AT A OEA OAIl AOI xO AOA Al AAE
Like many aspects of modern scientific method, the principle of parsimony was

introduced by Aristotle. Specifically, in his treatisePosterior Analyticyl, 25) he stated:

We may assume the superiority, other things being equal, of the demonstration which
derives from fewer postulates or hypothesaspropositions:

and in his treatiseOn the Heaven& 4% he stated:

Obviouslyit is muchbetter to assume a finite number of principles, as few as possible
yet sufficient to prove what has to be proved, likewhat mathematicians demand.

The principle was reworked by Medieval philosophers: Robert Grosseteste (c. 1168
1253), Thomas Aquinas (c. 1228274), and William of Ockham (c. 12851347) who
formulated it as

Plurality is not to be posited without necessity

Ockhand formulation has assigned the principle its most popular namé\ comprehensive
analysis ofthe history and philosophy of parsimony, and of the scientific methodhas been
offered by Gauch (2003).

Ockham put parsimony as an epistemological principle for choosing the best theory.
However, earlier philosophers, from Aristotle to Grossetestéad interpreted parsimony
also as an ontological principle, thus expectingatural lawsto be simple.In other words,
Nature should be naturally parsimonious.

It is then natural to try to build parsimonious models for natural processesSimple
systems can be parsimoniously modelled by deterministic approachesn complex
systems parsimony should necessarily be combined with stochastic approach&hile
recent mainstream research invested hopes in detailed approaches by building
complicated deterministic models (cf. climate models), comparisons of complicated
models with parsimonious ones indicate that the latter:

7 facilitate insight and comprehension;
1 improve accuracy, efficiency and predictive capacitygnd
1 require fewer data to achieve the same accura@sthe former.

In other words, parsimonious formulations and solutions to problems are more
reasonable rational, and easier to apply and monitor in practic€see more information in
Gauch 2003, and some examples in Koutsoyiannis, 2009

&OT i 1T TAAOT OAEAT OEOOOG OE Astudy tielfollo®idgOOET 1 1
formulation, attributed to Albert Einsteind:

"2 KAZzS rqm ttzs | TAJIRIULY [RIzoabw Z' o Li1rde z7w 4 az
z2AUV[ OAROSe | (ermizgAR e OAZRML N )h ¢qu

A5 4 4 RMAM [ MOV ZRNR M| M{UQ RApEM 2,5 ¥2% I & M} L ? oACZZNORY B 727 o
trRIViwmd e df] coramukbarg uisy [ B @ Ruing M| W4

d See:https://quoteinvestigator.com/2011/05/13/einstein  -simple/ .


https://quoteinvestigator.com/2011/05/13/einstein-simple/
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Everything should be made as simple as possible, but not simpler

It is relevant to ask: WVE A O /Za$ dniple @s possiblé | Aaddihow can it be
quantified in mathematical terms? The traditional mathematical approach to physics is
based on writing equations, whichmostly express conservation lawsHowever, these
governjust a fewquantities:

1 mass (scalar equation);
linear momentum (vector equation);
angular momentum (vector equation);
energy (scalar equation);
electric charge (scalar equation).
Onthe otherhandh OT A£FET A OOA OAS siingle aDpbBiE@Oh xEE AGA A0
more natural to formulate the problem in terms of using optimization rather than
eguations. Mathematically, extremizingis much more powerful thanequating. Indeed,a
system of equations

=4 =4 -4 -1

I~ (L1)

where Vvis a vector of variables and is a vector function,can work if the number of
equations equals the number of unknownsHowever, a single (scalar) extremizing
expressionsuch as

maximize Qv (1.2)

can work irrespective of the number of unknownsit is equivalent to as many equations
asneeded) T T OEAO x1 OAOh OEA 1 AOGEATI AGEAAT OADPOAC
Dl OOEAI A dsougHEih édrefizafioh terms.

)y O EO Al Ol OAI AGAT O Oi OEETE xEAO OEA 1|1AO
OE | bik.@&re maythink that this puts some constraintsepresented in terms of avector
function || v and some thresholds || and || for this function. Hence, a general line of
thought would follow the following motif :

maximize Qv

(13)
subjectto] v |

where the inequality constraints reduce to equalities in the case thal | (for some
of the vector function coordinates).

All that is about the epistemological part, i.e., the modelsthe mathematical
constructions? that we make. But as we discussed, parsimomgay also be viewed as an
ontological principle and hence the formalization in equation(1.3) represents the way
that Nature works. Were Nature not parsimoniousit would be difficult to understand her,
and life would be hard.In this respect, we may say that Ature per seis anextremizer
not an equalizer. This is illustrated by two examplesthe simplicity of light trajectory in
Digression1.A, and the simplicity of the trajectory of abody in Digression1.B. Despite the
apparentdiversity in the natural behaviours in the two cases, eventually they can be fully
described by a single variational principle, therinciple of extrenal action.
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Digression 1.B: The simplicity of trajectory of a body (principle of extremal
action)

Our previous example is the easiest possible as light has constant velogitya certain medium.
There is no acceleration. However, if we have a body with mass and there is gravity, then we also
have acceleration. Let us examine the motion of such a body, e.g., the tennis ball shBigare
1.11.
47 OI1 OA OEEO bpOi Al Al Oi1 OOETT xA pridcklaofOl CAT
extremal action (also known as the principle ofleastor stationary action), one of the most elegant
and universal laws of classical dynamics. It states thlature selects, among athe possible ways
a system can evolve from one configuration to another, the path that makes a certain quantity
called theaction stationary? usually, but not exclusively, a minimum.

z
Initial conditions (timd = 0)
Position:x=0,z=0
Velocity:u, =u,, u,= 0

~ X

Attimet:
Positionx, z \
Velocityu,, u, \

|

Figure 1.11 Sketch ofthe motion of a tennis ball hit at timed Tmwith a horizontal force so that
it have velocity6 o6 T

The conceptual roots of this idea trace back to Gottfried Wilhelm Leibniz (1648716), who
laid important philosophical groundwork. Leibniz's metaphysics emphasized that the actual
world, chosen by God from all possible worlds, achieves the maximum of pecfion, variety, and
order with the minimum “effort" or "resistance." His teleological "principle of the best" (or
principle of optimality) suggested that natural processes follow paths of greatest efficiency or
simplicity, minimizing unnecessary expenditue. Leibniz also introduced vis viva (& Uh a
precursor to kinetic energy, Hecht, 201§ and proposed that bodies follow optimal paths
minimizing integrals involving kinetic quantities (e.g., time integrals of vis viva in some contexts).
These ideas prefigured variational principles, though he did not publish a precise mathematical
formulati on for mechanics comparable to later versions. Some historical accounts credit him with
early suggestions that optimal motion minimizes certain actiodike quantities, and a 1751
controversy even claimed (disputedly) that Leibniz had anticipated the prin@le in a 1707 letter?

A more precise andgeometrically intuitive account appeared in the work of Pierre-Louis
Moreau de Maupertuis (in 1744) and Leonhard Euler (also in 1744), building on similar
foundations and on earlier optical ideas like Fermat's principle. Considerg a particle travelling
from point A to point B in space (fixed spatial endpoints)the action is the quantity

Y , aULA
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where Al is an infinitesimal distance element along the path) is the speed of the particle at that
point, and m is the (constant) massAmong all conceivable paths connecting these two points,
Nature chooses the one thaminimizesthe quantity

This integral can be thought of as aomentumweighted path lengthor a quantification of
"accumulated effort.", EEA 1 ECEO EI1 &edpartick Qéférs rau@E Wharg b dai h
move quickly over distance high 0 contributes more per unit length, but to minimize the total
integral, the path arranges itself to favar regions of high speed and minimize time spent in slow
regions.

Under the assumption ofenergy conservationthe constantenergyalong the true pathwill be

O Y w
with the two terms denoting kinetic and potential energy, respectively, where for the twe
dimensional setting we examine,

v Pas Pae o6 R o awq
C C
where & and "Qdenote the mass of the body and the gravitation acceleration, respectively, while

all other symbols are explained andrigure 1.11.
SinceAi 0 Ad, by definition of speed, we have

'Y GO0A a0 A Yo | Y YA
Substituting”Y 'O wfor the last term in the last integral we get
'Y .Y O oAb QA , Y wAd 030 , Y whAd

Considering paths that have equal total timed 0 0, we can drop the termO30and minimize
the quantity

Y  0Aoh Oh Y o

The difference of kinetic andpotential energy is known as theLagrangianand its integral is again
the action, where for clarity we call"YHamiltond O A A O & IMhupertidsiaction. The actual
physical path is the one thaextremizes theaction:

1Y T

for small virtual variations of the path that vanish at the fixed timesxs and ok The parsimonious
law in this case is theprinciple of extrenal action (or principle of stationary action or Hamiltond O
principle): From all possible motions between two points, the true motion has exalkeaction.

Applying the calculus of variationsthe solution yields the EulerLagrange equation(for its
derivation see e.g. Goldstein et al., 20023 vector equation which for our twedimensional system
is

Applying this solution to our example wefind a single (global) minimum (least action):
6 o AlT OBATIO Qo
from which we obtain:
w o0ch « —_— —
C co
The latter equation denotes garabola (going down). The solution gives not only the geometry

(parabola) and direction (down) of the trajectory but the full description of the movement of the
weight.

O
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We note that when the velocity is constant, the Lagrangian is also constant and hence the
action becomes proportional to the travel time. Thus, in the case of light, tipeinciple of extremal
action switches to& A O Priboiple.

The principle of extremal action unifies philosophical teleology (Leibniz's optimization of the
"best" world), geometric intuition (Maupertuisdleast action over paths), and temporal generality
(Hamilton's integral over time). The latter is more powerful because it does not require energy
conservation or fixed spatial endpointsinstead, inMaupertuiséformalization the conservation of
energy is a required condition. Under this condition, the tw@onverge on the same equations of
motion.2

In its Hamiltonian form, the principle of extremal action not only yields the equations of
motion but also, through Noether's theorem(see e.g. Goldstein et al., 2002xccounts for the
fundamental conservation laws of classical physics whenever the action possesses corresponding
continuous symmetries. Timetranslation invariance of the Lagrangian (no explicit time
dependence) implies conservation of energy. Spatititanslation invariance (no explicit position
dependence) leads to conservation of linear momentum. Rotational invariance (isotropy of space,
no preferred direction) produces conservation of angular momentum. These symmetries are not
imposed ad hoc; they emergeaturally from the structure of the action. Thus, the variational
principle elegantly unifies dynamics and conservation: the same global optimization that selects
physical paths also safeguards the great invariamsenergy, linear momentum, and angular
momentum? revealing a profound harmony in the laws oNature.

Thus, a single variational principledescribes diverse phenomena imphysics, including(but
not limited to) classical mechanics and opticsA single global optimization principle over paths
provides profound economyin classical and modern physicsBut this works well only in simple
systems.

1 Pierre-Louis Moreau de Maupertuis (16981759) z Biography. MacTutor History of Mathematics,
https://mathshistory.st -andrews.ac.uk/Biographies/Maupertuis/.

2 Principle of least actionz Scholarpedia http://www.scholarpedia.org/article/Principle_of least_action
#Relation_of Hamilton_and_Maupertuis_Principles

1.4 From simple to complex systems

The illustrations of trajectories of simple/single objects that are studied irDigression1.A
and Digression 1.B are actually not within the scope of this book. We do not need
stochastics to study them. Here we are interesteth more complex systemsWhen we
ET OAOOECAOA A 0OUQ6éd molecuEs df wdted irfluddAfdrm Biduid ar
gaseous phase; se&igure 1.12), we are not interestedin the properties (position,
momentum, angular momenturr) of each particular particle.

'h'
nfgl’.l

Figure 1.12 Many molecules of water in fluid form.

Even if we were interested, it would benfeasible (and extremely non-parsimonious)
to know them. To see this, let us examinéhe total mass of a gas contained in a room of


https://mathshistory.st-andrews.ac.uk/Biographies/Maupertuis/
http://www.scholarpedia.org/article/Principle_of_least_action#Relation_of_Hamilton_and_Maupertuis_Principles
http://www.scholarpedia.org/article/Principle_of_least_action#Relation_of_Hamilton_and_Maupertuis_Principles
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volume 60 m3. We assume standard conditions of temperature and pressure, so that the
room contains 60/0.0224 moles of air orN = 6.022x1023 x 60/0.0224 = 1.61x10%
molecules, where 6.022x1@8 is the Avogadro number. Assuming that we wish to just
register in a book the properties of each one of the molecules at a single time instance and
that we need one line per molecule (9 numbers, i.e., 3 coordinates for each tbé
properties position, momentum, angular momentum), 60 lines per page and 1000 pages
for one book, we can register 600 molecules in one book. Hence we will need 1.64
1027/ 6 x 104 = 2.69 x 10?2 books. A 1000page book weighs about 1.5 kg, and thus the
total weight of all books needed would be 2.6% 10?2 H4 x 1022 kg. This is of the same
order of magnitude of the Mon® mass(7.35 x 1022 kg). Assuming that we have a very
fast printer with a capacity of 2 pages per second, we will need 2.6910%5/2 s B4 x 10/
years to print all books, which is about 30 million times the age of the univerge o5ppp8rt U 1
years).

Therefore, sly macroscopid else known aghermodynamiq properties of the system
are of interestand are feasible to study Macroscopic properties are state variables such
as pressure, internal energy, entropy, temperature, and characteristic constants such as
specific heat and latent heatlnevitably? albeit often not stated explicitly» macroscopic
descriptions rely on probability and involve uncertainty. However, when the system
components are very many and identicalasin Figure 1.12), due to the applicability of the
probabilistic laws (e.g., law of large numberg, uncertainty at a microscopic level
macroscopicallybecomes near certainty.

In brief, when we move from sinple to complex systems, parsimony demands
replacement of microscopic with macroscopic properties and of deterministic with
probabilistic descriptions. Now the main question is:What does Nature extremize in
complex systems3ince we have omitted the system details, these will be replaced by some
degrees of freedomThis will imply uncertainty. The quantified metric of both freedom
and uncertainty iscalled entropy and will be formally defined in section2.3. The concept
of entropy is accompanied by theprinciple of maximum entropywhose formulation will
also be given in sectior2.3.

Hence, incomplex systemsthe quantity that gets extremized is theentropy? or it
could bethe entropy productionwhen time is involved (Koutsoyiannis, 2011b). As will be
clarified in section 2.3, entropy is a fully stochastic concept. Even its proper definition
relies onstochastics The general meaning of the latter term is discussed Digression1.C
and formally clarified in Chapter 3

)y £ xA AT 1 OEAAO A AEAGO 1 OOAT T Ah OEA DOET A
uncertainty, yields the simple result that all outcomes are equrobable i.& yields a
global maximum with equal probabilities of the different six outcomes:0 0 E
0  pfe (see derivation in Digression 2.L). Likewise, if we consider againthe above
example of the roomof volume 60 n® and assume a patrtition into six slices, 10 freach,
again the probability that a molecule is found in one of the six slicesay the front sixthjs
again 1/6. The case that allN = 1.6x10?” molecules are in the front sixth and all other
slices are empty is not impossibleit just has very low probability, which, assuming
independenceis (1/6) N = 10-1 255 000 000 000 000 000 000 000 000Here we note thateven though
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we have notformally defined independence yet this will be done in section2.2 and 3.5
and Digression 3.B), we intuitively know that the probability of independent events
occurring all together equals the product of the probabilities of the separate everitsand
we have used this simple rule to calculate the probability adl/6) N. Assuming that each
nanosecond p 1 s) the molecules are rearranged and that thage of theuniverse is
P® p Tyears= T P T NS, we must wait 2 101 254 999 999 999 999 999 999 999 ¥4 times
the age of the universe to see this unlikely event happen.

Furthermore, according to the principle of maximum entropy, tke number of air
moleculesy in each of the six slicesvill be uniformly distributed, so that eachslice has

an expected number of molecule§6i_ pl @ (¥ p m.The standard deviation

of the number of molecules iseasily found (seeChapter 2 to be 0 pj@ vj @
p® p 1, whichisonlyv® p 1 timesthe mean%0 .Such a small variationof the
order of p 1T ) can be neglected and s, the high uncertainty at the microscopic scale
becomes almost certainty at a macroscopic levellhis enables description of the
conditions in the entire room with a few state variables, such as density, pressure,
temperature. In other words,parsimony was re-establishedat the macroscopic level
Stochastic descriptions of phenomena do not neglect deterministic laws. Rather they
fully incorporate them into the stochastic dynamics,primarily as constraints. For
instance, in entropy extremizationthe energy conservation isimposed as an equality
constraint. And as discussed above, energy conservatiiself can be derived from the
principle of extremal action and symmetries of spacgime. The principle of maximum
entropy does notappearto be a generalization of the principle of extreral action. Rathe
these two powerful principles seem complementary to each other, enabling effective
descriptions of both simple and complex systems:

1 Simple systems are studied in deterministic termswith the basic principle being
the extremization of action.

1 Complex systems are studied in stochastic termwith the basic principle being
extremization of entropy. The principle of extremal action is nonetheless
accounted for, primarily through its consequential conservation laws,thus
providing the deterministic core of the entropy extremization.

Many believe that there are additional deterministic laws, simple or complex, which do
not fit the above categorieg for example the laws of thermodynamics or fluid dynamics
(Navier-Stokes equations). However, this reflects misconception of what constitutes a
deterministic law. As we shall see inChapter 6§ the laws of thermodynamics are
fundamentally stochastic, closely related to the principle of maximum entropy. The
Navier-Stokes in theiroriginal formulation are deterministic, but are applicable as such
only in laminar flow. Whenturbulence is present(i.e. in almost allreal cases except trivial
ones) the equationsbecomestochastic. For example, in the Reynoldgveraged Navier
Stokes equations, apparent stressearise from the fluctuating velocity field (generally
known as the Reynolds stresses)These areinherently stochastic terms. Hence, the



18

atmosphere, for instance? whether in its equilibrium state or in flowing motion? can
only be effectively studied in stochastic terms.

Digression 1.C. The meaning of stochastics

Literally, stochasticsis a term of Greek origin, stemming from the adjective@tochastico$
Kzv?1 AHA1Of AAOOAO E OOstoatfastiedAzivA | QA Ts Helbeddied i@m the

O A Ostochd@esthad (K z v ? ¢ ¥)Rwhich in turn comes from the nounGtocho$ (A z j P, v Y
meaning the target.

Aristotle, in his treatise Nicomachean Ethicgwritten ~350 BC) uses the termstochasticein
its original meaning, related to the target, which, according to him, is theean Qirtue, therefore,
is a balancer O A O/liniideGén¥e that it is able to hjas a targetz O O O JAHe Iméadio.
Furthermore, in his treatise Rhetoriche usesthe term with a metaphorical meaning which could
be translated into English aguessingor guesswork], med have a sufficient natural instinct for what
is true, and usually do arrive at the truth. Hence the man who makes a good guess at truth is likely
to make a good guess at probabiliti¢stochastically]826

However, it was Plato who used the term with a meaning closer to the modern oneeg.,
related to uncertainty. In his dialoguePhilebus(written ~360 BC) EA AT | aitbrAeGc the
sciences of measuremadtb stochasticsand parallels the latter with music, which@ttains harmony
by guessworks 8 s6 that the amount of uncertainty mixed up in it is great, and the amount of
AAOOAET dU Oi Al 1860

The contrast between stochasticity and precision is made clear later galenususing the
AgAil p1 A 1T £ Avheh B Gtyis 62ingMolilk, tEhg foldwing problem be set before those
who will inhabit it: they want toexpertlyknow, not stochastically but preciselyn an everyday basis,
how much time has passed, and how much is left before suset

The connection of stochastics with prediction or forecast becomes evident in an excerpt from
Basilius Caesariensisvho contrastsa prophetO 1 stdchae§(A z v ? | ,/& nairvusuallytrans-
lated incorrectly into English as divined, OrQhe one hand, a prophet is he who foretells the future
by revelation of the Spirit; on the other hand, a stochastes is he who infers the future kyjepie,
comparing similar states, and by the experience of forefath@ri. seems that this comment has
influenced later scholars (e.gProcopius) and perhaps determined the meaning aftochasticin
modern Greek, which igmaginative, insightful, thoughtful, cogitative, contemplative, meditative.

The transplantation of stochastics as an international scientific term, to the modern
vocabularyis due toJacob Bernoulli, evidently aware of the Greek language and literature, and in
particular of OEA DAOOACA PHiEbilisimentiohed @bodedn his famous bookArs
Conjectand(written in Latin in 1684-89 but published after his death Bernoulli, 1713) he writes:

o conjecture about something is to measure its probability. Therefore we define the art of
conjecture, or stochastics, as the art of measuring the probabilities of things as exactly as possible,
to the end that, in our judgments and actions, we may alwafpsose or follow that which has been
found to be better, more satisfactory, safer, or more carefully considered. On this alone turns all the
wisdom of the philosopher and all the practical judgment of the states@&m

The term was revived by Bortkiewicz (1917; Russian economist and statistician of Polish
ancestry) and also by Slutsky (1925, 1928a,b, 1929; Ukrainian/Russian/Soviet mathematical
statistician and economist). It appears that the prevalence in USSR of the meophisticatedterm
stochastic(over the term random) must have been related to political and ideological reasons
(incongruence d randomness with thedialectical materialism: models beyond strict determinisn
were considered with a priori suspicion; see Mazliak 2018).

But it was Kolmogorov (1931) who made the term popular and widespread, as he introduced
the term stochastic processalso clarifying that processmeans change of a certain system
Additionally, he used the term stationary to describe a probability density function that is
unchanged in time (while at the same time the system state changes). Soon after, Kolmogorov
(1933) introduced the modern and consistent definition of probability in an axiomatic manneg
based on themeasure theorysee section2.1).
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g RA JZ\SWHA 2i-MR Az v ? | AzRef & K1 O AxAgistot. Nic. Eth. 1106htranslation into

English adapted from that by H. Rackham. Cambridge, MA, Harvard University Press; London, William
(AETAI ATT , OA8 pwotqs 4EA 171 OEIT i & Oi AOT OAOE jtRAJZ
AROxAAT A OAOPAAOGEIOROOIOAGh I BAEA BAW A0 AAPO ET ! OEOOI
to hit it as a target is important for him.

2ol [ mOA e SMARZY [ £ wh rzan) R D C avR AU RPN WYZH ) U U Y

AZuo?2 1Az RE et VoPwudwrmzud B[ RIK g% (Aristot. Rh. 1.1 translation into

English by W. Rhys Robert$ttp://classics.mit.edu/Aristotle/rhetoric.1.i.html ).

3The complete passage is: my I o t«gfb th | AdA U Z Rz 1M1 [ [ "2 D fei 41 R Z MZ |
L BAZ 1 2 wis urm a3 K} L[ | 2 4 } R AlJctArapsOve @ b0 82K 0kt Ryz kz/RY C B R
} Ro Ae] BZnvio [ B AR ZYL (785 RRE[ME My Z &2oYAZ0 2 L A A2 MYt Ou
128CIRAVBZO? gAlUvd Ul CB R DTN Juz2622 1 STA R M | /{800 kvt RK 2

t OMUEEL 2ANMZ LERA N T 35 Mg Z Z0E OB M Hit RI OGZSUY? £ A AN T A L &Y

13 5 724t BOZ Ak 20Wvpz A Z 07 ¢ B8 BRMPL JOR MR b £ ZRUKE Rt R ] Ol w U
Zo1= AL 3.07 1onMze1 O 1 L &

i 3/ # 2! Bopelajnpl®)if arithmetic and the sciences of measurement and weighing were taken away from
all arts, what was left of any of them would be, so to speak, pretty worthiesS$Afl that would be left for us
would be to conjecture and to drill the perceptions by practice and experience, with the additional use of the
powers of guessing, which are commonly called arts and acquire their efficacy by practice and toifake
music first; it is full of this; it attains harmony by guesswork based on practice, not by measurement; and flute
music throughout tries to find the pitch of each note as it is produced by guess, so that the amount of
uncertainty mixed up in it is grat, and the amount of certainty smal j 01 A O 8,tran&lafidn ByAarold) v A
N. Fowler, Cambridge, MA, Harvard University Press; 1925.)

PN I ROIN BUNBE g REMUPBAVZAA O AZ LAY YA RESAQU? L AR D
o mivrB6Y c A zs@mavi Aom g mR) B 0w g kg (GgmBen j Adn j1 U AJw
Fz1eMm NARIVOB I surRMm) L2 fRIRMIARM ¥Z [CAZWZ?

t 1 MzZst c2zouDe Dignotione et Curatione cujusque Animi  Peccatorum 80,
http://www.poesialatina.it/_ns/greek/testi/Galenus/De_animi_cuiuslibet peccatorum_dignotione_et_cur
atione.html).

S gl gyt mUTE SOMTA Z 108 drarh VAl 2 €2 ke uhR L 20m0 | o b 1 et 2 4 vh R
P14 Ahe R Asduzey Z 0 of W 2A ) MIKIROYY 28 ARM & 8 AMU W ZYEs [ ) vu
A 2z & Z R ¥t tR{tpLABasIlius, 8 m{ s urRR @YP 8 ML 3 B d § ¢ H? Enarratio in prophetam Isaiam
3.102.26).

6 QConjicere rem aliquam est metiri illius probabilitatem: ideoque Ars Conjectandi $techastice nobis
definitur ars metiendi quam fieri potest exactissimé probabilitates rerum, eo fine, ut in judiciis & actionibus
nostris semper eligere vel sequi possimus id, quod melius, satius, tutius aut consultius fuerit deprehensum; in
quo solo omnis Philosoplsiapientia & Politici prudential versatub  j " AOT 1T O1 1 Eh pxpo Q8

V2Y

1.5 Stochastics as a merger and generalization of probability and statistics

A consistent theory for complex systems should necessarily be based on probabitityput
in an enhanced setting.The mathematical tool to reconcile the complexity of natural
systems with parsimonyis stochastics. The meaning of the latter term is the following

Stochastics= Probability theory+ Stochastic processesStatistics

These three pillars of stochastics are detallin Chapters 2, 3 and 4, respectively.
The probability theory provides the theoretical basis for:

1 moving from a microscopic to a macroscopic view of phenomena by mapping sets
of diverse elements and events of complex systems to single numbers (a
probability or an expected value);

1 making deduction when there is uncertainty;

1 making induction.


http://classics.mit.edu/Aristotle/rhetoric.1.i.html
http://www.poesialatina.it/_ns/greek/testi/Galenus/De_animi_cuiuslibet_peccatorum_dignotione_et_curatione.html
http://www.poesialatina.it/_ns/greek/testi/Galenus/De_animi_cuiuslibet_peccatorum_dignotione_et_curatione.html
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Stochastic processes and Monte Carlo simulations provide the means for:

1 probabilistic prediction;
1 uncertainty estimation;
1 design and management of complex systems.

Statistics provides the empirical basis for:

1 summarizing data;
1 making inference from data;
1 supporting decision making.

It is worth highlighting that, while stochastics provides the way to make reasonable
induction from data (observations), it also enablepowerful deduction (without data) in
particular cases dominated by uncertainty, as will be shown i€hapter 5and Chapter 6

Classicalprobability and statistics are based on the prototype of independence and
repeatability (the die-throw prototype). This prototype works well for systems with many
identical particles for which independencecan be assumed (this is the case e.g. for ideal
gases).However, more complex natural (realworld) systems evolving in time may
behave differently from the classical prototype (e.g. turbulent flows, hydrometeorological
and climatic processes).In such cases, stochastic models admitting dependesnadn
time/space/state are necessaryTypical stochastic models (particularly the multivariate
ones) are often not parsimonious themselvesTherefore, amore advanced stochastic
approach is necessary to make models more consistent wiffa) the observed natural
behaviours, and(b) the principle of parsimony. Such approach will be discussed in
Chapter 3

Digression 1.D Practical difference between dependence and independence

Using observational data of river discharge, we have concluded that the probability of the event
that the mean daily discharge at a certain location of a riveaxceeds 500m3/s is small, equal to

p Tt . Practically, this means that this event happens on average once every 1000 days or once
every 2.74 yearsWhat is the probability that this event occurs for five consecutivelays?

Even though we have not yet defined what independence formally is (this will be done in
section2.2and 3.5, and inDigression3.B), we intuitively know that the probability of independent
eventsoccurring all together equals the product of the probabilities of the separate events. Thus,
under independence the probability soughtis simply p 1 p T . Thisis an extremely low
probability: it means that we have to waiton the average 1 daysor 2.74trillion years, or about
200 times the age of the universeto see this event happen. However, such events (successive
occurrences of extreme events for multiay periods) have been observed in several historical
samples. This indicates that the independence assumption is not a justified assumption and yields
erroneous results. Thus we should avoid such an assumption if our target is to estimate
probabilities for periods longer than the reference period Methodologies admitting dependence,
i.e.,based on the theory of stochastic processes, are more appropriate for such problems and will
result in probabilities much greater thanp 1 ; thesewill be described in subsequent chapters

Now let us assume that for four successive days our extreme event has already occurred, i.e.,
that the mean daily river discharge was higher tharb00 m3/s in all four days. Whatis the
probability that this event will also occur in the fifth day?

Many people, based on an unrefined intuition, may answer that the occurrence of the event
already for four days will decrease the probability of another consecutive occurrence, and would
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be inclined to give an answer in betweep 1 andp 1 . This is totally incorrect.If we assumel
independence then the correct answer would be exactlyp 1 ; the past does not influence the
future. If we assume positive dependence, whiclis a more correct assumption for natural
processes, then the probabilitysought becomes higher, not lower, tharp Tt ; it becomes more
likely that a flood daywill be followed by anotherflood day.

Smilar things happen if we move from the daily scale of the above example to the annual
scale, orto even largerscales For example, if severalvarm winters have occurred in a series, then
the probability that the next winter would also be warm is increased not decreased. Ignorance
of this simple truth may have severe consequences for those whspire to predictthe future and
those who believe their predictions. A didactic historical example is the failed prediction of
(EOI AOG O 1 A O Bhubdbduiithe BI2D42 Ridek in RBussia, which marked the Battle
of Moscow. Quoting a fascinating paper dyeumann and Flohn (1987):

Baur was requested by the headquarters of the German Air Force to distribute hisriamge
forecasts to about 25 military offices. A forecast for winter 1942 was issued by him, probably
at the end of October 1941, based on regional climatology and fesed) surspot-climate
relationships. The prediction called for a normal or a mild winter. B&imain justification for
this rested with the assertion that never in climatic history did more than two severe winters
occur in a row. Since both of the preceding two winters, 198Dand 194041, were severe in
Europe, he did not expect that the forthcang winter would also be severe.

However, that winter, in which the first major Soviet counteroffensive of the wamwas launched,
turned out to be one of thecoldest in record:

The old outbreak of early December, coming after a coolcmld October and November 8 Y
gravely hit the German armies that were not appropriately clothed (Hitler expected to break

the resistance of the USSR before the coming of winter) and which were not equipped with

armaments, tanks, and motorized vehicles that could properly function eirerma ormalo
winter in the northern parts of the USSR, let alone in a winter as rigorous as that of 4241

On or about 8 December, K. Diesing, chief of the CWG and scientific adviser to the chief of the
Weather Service of the Air Force (General Spang), asked Flohn to listen in on a second earphone

to a telephone call to Baur. In the call, Diesing cited to B&he reports of very low temperatures

in the East and asked him if he maintains his seasonal forecast in face of the reportssBaur

responsew® OOEA 1T AOAOOAOQGEIT O 1 00O AA x0Ol1Cos
Those who interact with deterministic modellers of today may recognize inthe last phrase in
guotation marks a pretty modern attitude.

11 {1 OA AAOGAEI AA AAAI 610 AAI 60 "AOGO60 ET AAIWIGO DOI CT |

(2023).

1.6 Change, randomness and predictability

It is trivial to say that physics and gesciencesdeal with change. Actuallychange has been
studied very early, at the birth time of science and philosophy. Most of the Greek
philosophers had something to say about. Heraclitus summarized the dominance of
change in a few famous aphorisms, in which he udsimple notions to describe change:
the flow and the river. Most famous isan aphorism no longerthan two words, magically
put together:

z A z .- ~ P

Everything flowsg AAOOAO ET T x1 ET EOOCLOPBPTERAI

“Quoted in0 I A Oriat@lu 439d, 440c
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Alternative expressions of the same idea arksted in the motto at the beginning of the
book.

Also, Aristotle (particular ly in his Meteorologicg not only understood the scale and
extent of change:

all changes in course of timie

but he also tried to find invariant properties within change, something that is quite
important in modern science. Namely, heunderstood and aptly expressed the
conservation of mass within the hydrological cyclecf. Koutsoyiannisand Mamassis
2021):

Thus [the sea]will never dry up; fofthe water] that has gone up beforehand will return
to it.d

Even if the same amount does not come back every year or in a given place, yet in a
certain period all quantity that has been abstracted is returnéd.

The hierarchical chart of Figure 1.13 tries to classify change with respect to its
predictability. In simple systems (left part of the graph) the change is regular. The regular
change can beaperiodic such as the motion of a weight examined iDigression 1.B, or
periodic, such as in the motion of Eartlith daily and annual period. Whatever it is, using
equations of dynamical systems, regular change is predictable.

But this type of change is rather trivial. More interesting are the more complex
systems at long time horizons (right part of the graph), where change is unpredictable in
deterministic terms, or random. Pure randomness, like in classical statistiq®e.g.,dice
throws), where different variables are identically distributed and independent, is
sometimes a useful model, but ither cases it is inadequate. A structured randomness
characterized by dependence in time and emergence of patternshould be assumed
instead. As will be seenn Chapter 3 the structured randomness typically characterized
by Hurst-Kolmogorov dynamics and maximization of entropy productionjs enhanced
randomness, expressing enhanced unpredictability of enhanced mubicale change.

It should be clarified that the concept of randomness is used here in a sense quite
different from the most common one. According to the prevailing dichotomous view,
natural processes consist of two distinct, usually additive, components: a deterministic
part (signal) and a random part (noise). Over large time scales, the randomness averages
out and does not produce net change. Thus, under this view, only an exceptional external
forcing can produce sustained longerm change.

In contrast, the perspective adopted here (better explained in Koutsoyiannis, 2010,
2013, and Dimitriadis et al., 2016) regards randomness as none other than
unpredictability. In macroscopic systems even those governed by fully deterministic

*tRz4rCcll Ry Z:Meteonglogital.14, B28Z1G.
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dynamics without any random excitatiore unpredictability (i.e., randomness) emerges
intrinsically. Depending on the time horizon andime scale of the prediction, there can be
either predictability or unpredictability , i.e.randomness, which is not mere noise but the
voice ofNature itself (cf. rain falling or water flowing). With the exception of very simple
systems mostly idealized or imaginary? all natural systems, from dice to planets,
behave in this way. The specific time length at which the transitiomdm predictability to
unpredictability occurs can vary widely: from about a tenth of a second for dice, to tens of
millions of years for the solar system. At long time horizong(longer than this
characteristic time length) all israndom? and far from static.

*

=
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Figure 1.13 Classification of changg(Source:Koutsoyiannis 20130.)







Chapter 2. Basic concepts of probability

2.1 Definition of probability

For the proper understanding and use of probability, it is very important to insist on the
definitions and clarification of its fundamental concepts. Such concepts may differ from
other, more familiar, arithmetic and mathematical concepts, and this may cae confusion
or even collapse of ourcognitive construction, if we do not base it on solid foundations.
For instance, in our everyday use of mathematics, we expect all quantities to be expressed
by numbers and the relationship between two quantities to bexpressed by a function,
which to a numerical input quantity associates (maps) another numerical quantity, a
unique output. Probability is also a mapping, but instead of a number, the input quantity
is an event, which can be represented mathematically by a sétrobability is then a
quantified likelihood that the specific event will occur. This type of representation was
proposed by Kolmogorov (1933). There are other probability systems different from
+T 11 17TCT OI 660 AGET I AOEA OUmMiGshbth sel Fhls| iDlaEdsC O
(2003)* the input of the mapping is a logical proposition and probability is a quantification
of the plausibility of the proposition. The two systems are conceptually different, but the
differences lie mainly on interpretation rather than on the mathematical reslis. Here we
Al 11T x +T11T7TCl ol 6680 OUOOATI h xEEAE xA AT i DI AI
axiomatic definition of entropy (section2.3).
Kolmogorov was an outstanding member of the Moscow School of Mathematics,
which gave importance to definitions and to clarity, following the Aristotelian tradition of
saphereia (Digression2.A). His approach to probability theory is based on th@otion of
measure which mapssetsonto numbers The theory of measure is a very important
development in mathematics and was founded bgmile Borel (/EE O &i6itivel measure)
and Henri Lebesgue (Lebesgue measure and integjain the turn of the 19h to 20t
century, with Giuseppe Vitali (normeasurable set$ following soon after. In the next two
decadesthe subject was advanced by thMoscow School of Mathematic€)mitry Egorov
i %CT OT 06 P NikolaiA lizio Arieasurable functions, analytic sets, descriptive set
theory) and- EEEAEIT 3001 ET | AT Al)Dvbike At thd Ba® period ® 01 ET 6
was explored by Constantin Carathéodory (outermeasure approach. Kolmogorov
understood that probability is simply a normalized measure.
The objects of probability theory, theevents to which probability is assigned, are
thought of assets. For instance, the outcome of a roulette spin, i.e. the pocket of the wheel
into which the ball falls is one of 37. (In a European roulette wheel, pockets are numbered
nm O oo AT A Ai11T OOAA Al AAE 1T O OAA AgAAPO mn >
are events (also called elementary events). But they are not the only es All possible
subsets ofmm including the empty set @, are events. Thetsgh a mh phsaBéveno oo E
too. Since any possible outcome is contained im, the eventmoccurs in any case and is
called thecertain event Thesety $$ h aph oh uvh 8h ocupbh %6 %. |

aph oh vh xh wh p¢h pth poeh pwh maREDZ@h ¢oh

** AUT A O3 & hérd wakpuldighéposthumously (he died in 1998).
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are also events &nd alsobettable). While events are represented as sets, in probability
theory there are certain differencesfrom set theory in terminology and interpretation,
which are shown inTable2.1.

Table 2.1 Terminology correspondence in set theory and probability theory (adapted from
Kolmogorov, 1933).

Set theory Events

0 z EventAis impossible

0 EventAis certain

00 z(oro, 6 z;disjointsets) EventsAandB are incompatible (mutually
exclusive)

OO6ED z EventsA,Bh Nsahe incompatible

wh 6 6E 0 Event Xis defined as the simultaneous
occurrence ofA,Bh N8 h

oho 6 E 0 Event Xis defined as the occurrence of at least

(ordh 6 6° E © 0) one of the eventsA, Bh N h

owh o o6 Event Xis defined as the occurrence ofand, at
the same time, the noroccurrence ofB

o h 0 (the complement ofA) The opposite even®d consisting of the non
occurrence ofA

6 P 0 (Bis a subset ofy) From the occurrence of evenB follows the
inevitable occurrence of eventA

AccordinC OT +T 111 ClI OI 060 jpwooq AGEI I AOEUAOQEI

three fundamental concepts and four axioms. The concedtsm the triplet (m+,P), called
probability spacewhere:

1. mis anon-empty set,which Kolmogorov callsthe basicset, whose elements) are
called elementary eventgalso known as outcomesor stateg. Sometimes mis also
called sample spacgground setor certain event Here we use the last two terms.

2. t is asetknown asA-algebra(or A-field) whose elementsE are subsets ofry known
aseventsmand @ are both members of, and, in addition,(a) if Eis int then the
complementmz Eis int; (b) the union of countably many sets it is also int.

3. Pis a function calledprobability that maps events (i.e., sets) to real numbers,
assigningto each eventE (member oft) a number between 0 and 1.

The four axioms, which define the properties oP, are the following:

I. Norrnegativity: For any eventA,P(AQ | 18
Il. Normalization: P(m) = 1.
ll. Additivity: For any incompatible eventsAandB(i.e.,06 6 z),0 6 6 0 0

06 .
IV. Continuity at zerof AEAES8EAES8 EO A AAAOAAOGET ¢ OANOAI
66 Ed E z,thenl EJ 0 0 T

We note that in the case thatt is finite, axiom IV follows from axioms #ll; however, for
infinite ground sets it should be put forward as an independent axim. We note that
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axioms. Modern texts merge axiom Il and IV forming an axiom of additivity of infinite

events, but here we prefer the original formulation as it is more intuitive and udal (see

an example later in sectior.3)

Digression 2.A: What is sapheneia?

It is stunning that before Kolmogorov, the concept of probability was in wide use for almost three

centuries, since its introduction byJacob Bernoullj without a proper definition. Earlier definitions

were problematic (e.g. affected by circular logic). For this reason, they are not referred to here,

but the interested reader can find them in any probability book.
One may notice thenodern world& recent disrespect for clarity in sciencewhich also affects

AARZET EOQEI 18 4EEO AEOOAODPAAO EO OOEAI OEUAAG ET OEF
Let me argue that this situatiojabsence ofa definition] ought not create concern and steal
time from useful work. Entire fields of mathematics thrive for centuries with a clear but evolving
selfimage, and nothing resembling a definition.

Perhaps the reason why modern science prefers a pace of fuzziness over that of clarity is its
strengthening links to politics and finance. Fuzziness indeed better serves contemporary politics.
On the other hand, fuzziness per se has been theorized by ttmodern fuzzy set theory, which
however is one of the several modern reinventions of probability.
Probability and stochastics try to replace fuzziness with rigour in fields where uncertainty
dominates. Therefore, it needs a rigorous definition per se, and this has been provided by
Kolmogorov. The Moscow School of Mathematics, and in particular its faders Dimitri Egorov
and Nikolai Luzinj OEA 1 AOOAO AAET C +1T1 i1 Ci Ol 680 1 AT O1 OQq E
- AT AAT AOT 08608 4EEO EO OEIDEN IOU iqlo@B®dréndd 20118 U OEA [/
Each definition is a piece of secret ripped from Nature by the human spirit. | insist on this: any
complicated thing, being illumined by definitions, being laid out in them, being broken up into
pieces, will be separated into pieces completely transpamrén to a child, excluding foggy and
dark parts that our intuition whispers to us while acting; only by separating into logical pieces
can we move further, towards new successes due to definition.
yt ZAAOh , OUET 860 APPOI AAE xAO & Oi AA I OAE AAO
science. Aristotle promotedsaphereia (A | 3 B #&)Rwhigh includes darity and is also related to
the accurate accounting of the phenomena and the attainment of accurate scientific knowledge
(Lesher, 2010). Aristotleclearly linked saphereia with truth:

We must always endeavor, from statements that are true but not clearlyA{ 3 Y] expressed,
to arrive at a result that is both true and clear £ 3 Y] (Aristotle, Eudemian Ethics 1220a}

The importanceAristotle gaveto saphereia can be seen in the way he equatathtrained soldiers
to those who do not practice it:

These thinkerss 8 &€em to have grasped 8 thie causeg 8 ahly vaguely and indefinitely

[ 1 27 W1 v [ #A] 3 Y].They are like untrained soldiers in a battle, who rush about and
often strike good blows, but without science; in the same way these thinkers do not seem to
understand their own statements, since it is clear that upon the whole they seldom or never
applythem (Aristotle, Metaphysics 985a)

The introduction of terminology, i.e., of sophisticated terms (which either do not exist in the
colloquial languageor exist with a loose meaning) and their definitions, is another reflection of
the sapheneia desideratum. Note that, in Greek, the namegm and definition have common
origin ( mUAY A ML At jyh OAODPAAOEOAI diGehtwoAntershamgeaBly) O1 O1 A
perhaps reflecting the fact that a term without a definition is not a proper term. He emphaside
the need to name scientific concepts:

Now most of thesgconcepts] have no names, and we must try 8t invent names ourselves
for the sake of claritfA | 3 B & andg ease to followAristotle, Nicomachean Ethics985a).4
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Furthermore, Aristotle gave credit to Socrates for the introduction of definitions and
emphasized that the need for them is linked to the use of abstract theoretical concepasher than
of sensible things:

Socrates, disregarding the physical universe and confining his study to moral questions, sought
in this sphere for the universal and was the first to concentrate upon definitipna1 A4].
[Plato] followed him and assumed that the problem of definition is concerned not with any
sensible thing but with entities of another kind; for the reason that there can be no general
definition [ m u] yof sensible things which are always changin@\ristotle, Metaphysics
1.987b)5

The importance of names.especially in mathematics,has been emphasizecby Graham
(2011), who asseridthat naming plays an essential role because mathematical objects that have
not yet been named are difficult to work with.For mathematicians naming is the path to gaining
control over the objects they conceive. In their boollaming Infinity, Grahamand Kantor (2009)
gave a detailed account of how the naming of abstract concepts contributed to the development
of the Moscow School of Mathematics and tHeunding of descriptive set theory which gave birth
to the modern definition of probability and the development of stochastics.

1 Greek words related to the nounf | 3 B H(saphereia) are the adjectiveA] 3 A | 3 Baphes), the

adverb A | "3y (saphos) and the vertA | 3 s ¢ Esaplrenizein).

2. RAZ o VMR vt 08 § MR WA TR Ze P SIYLAL 3. (ML AZuz0) sy
N[ 1 BZ) B [ 1220a).

SiRz ufivkur 8 t OgLA U LB B2 T MO zZWWAMAL 3 v Hov wpz vc? LW Y

T AT 8 AN ZKBD1dY faved RE UAR M1 3 R MBI IARRIIA U4 vynl s 1,6 Vusz R Rt Une

A1 A Z REZRR U 0 [ IRA QuaIOr v ZL O 1ke ramud oM 2 { R 3 UaLE L BRZI8N AL

datt I mim Az ulz @kZ B2 A1, 9852).

4Kt Muku [y ozuhz S BnA) B To- 4 2 DR ML G BIYZ By b U [ | Z wALUZ SR R R JU°

ZUKRM | My [ u w@M1 Az vz P v [ VPR 11108a).

stO [ me 2B Mizy o 1mi rt L ZR 28 MB2wek 53 AR OF Qe 1OU 220 Y Z BM ¥

{4 ] 4 1 zke Z J1ear mem) Adsp | A 2 B ANWR Z g1 C 8 VAL MZPD BRI UM VY RUCE REBUY
MN12$ 20 1KY VIR O | FYRRIME OMAUKZ U (& § ([RBAZBU A [ S&7) ) 4 | ZURG |20
JureemuZ 6 A [ S8 v RERIRZ | [ |} iz oz iz Okg Bz A1,1.887D).

Digression 2.B: An elementary i llustration of probability

For clarification of the basic conceptsof probability theory, we give the following example of
hydroclimatic interest. Specifically,we study: (a) the occurrence of rainfall at a particular site and
a specific time of the year, and (b) the rainfall depth at that site and time.

In (a) we are interestedin the mathematical description of the possibilities that a certain day
in the specified site and time is wet or dry. These are the outcomes or states of our problem, so
the ground setis:

m= {wet, dry}
The A-algebrat containsall possibleevents,i.e.:

nhx A DA Ol
To fully define probability on+ it sufficesto define the probability of one ofthe two states, say
P{wet}. In fact, this is not easy Wsually it is done by induction, and it needs a set of observations
to be available and concepts of thetatisticstheory (see Chapter 4 to be applied. For the time
being let us arbitrarily assume thatP{wet} = 0.2. The remaining probabilities are obtained by
applying the axioms. ClearlyP(m) = 1 andP(A) = 0. Sincewet and dry are incompatible, P{wet}
+ P{dry} = P{wet} +{dry}) = P(m) = 1,soP{dry} = 0.8.

In (b), the state is described by the rainfall depth which can be zero or positive. Therefore,

the ground set is the seta * 1. We will see how we can assign probabilities in this case in
Digression2.J
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2.2 Conditional probability, independent and dependent events

By definition (Kolmogorov, 1933),conditional probability of the event A given @&e. under
the condition that the eventB has occurred) is the quotient
066 .

5 HULOD (2.1)

Obviously, if P(B) = 0, this conditional probability cannot be defined(except in limiting
cases by applying thé & ( E Exiled. A foliowis that:

0066 06H0VSE V6DV O (2.2)

From this it follows that:

¥ x .o ~ , U OD
VoD 00—

(2.3)

Equation (2.3) is known as theBayes theorem

Ifit happens thatd 65 0 & ,i.e., the probability ofAdoes not depend on whether
or not B has occurred, thenthe events A and B are called(stochastically independent In
this case from equation(2.1) it follows that:

V66 VOO0 (2.4)
Otherwise,Aand B are called(stochastically dependent

The definition can be extended to many eventsThus, the eventsd M I8 are
independent(or mutually independeny if for any finite set of distinct indices Q8 HQ:

06 6 86 06 006 800 (2.5)
Thus, handling probabilities of independent events is easy. However, this is a special case
becauseoften macroscopicnatural events are dependent. In handlinglependent events
the notion of conditional probability is vital.

It is easy toshow that the generalization of (2.5) for dependent events takes the
forms:

06 86 06H 80 EDOD 06 (2.6)

06 86D VO BOOEVODOVOD (2.7)

which are known as thechain rules It canalsobe proved (homework) that if Aand B are
mutually exclusive, then

06 6 006H 06D (2.8)
o 0O6DVO VOEDOO
0O o] o T 29
P 06 06 (2:9)
andif6 6 ,sothatb 6 &  p,then

06 06DVO 06D OOG (2.10)
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Digression 2.C. An example of the dependence of probability on information

We assume thatat a certain place onEarth (say, in a city in the United Kingdom) and a certain
period of the year,a dry and a wet day are equiprobable and thain different days the states (wet
or dry) are independent. What is the probability that two consecutive days are weih the
following case® (a) Unconditionally. (b) If we know that the first day is wet. (c) If we know that
the second day is wet. (d) If we know that one of the two days is wet.

We assume that the probability spaces in the two days are identicille denote and the
ground sets for the first and second day,respectivelirhe ground set for the two consecutive days

is the Cartesian product .Further, we denoted h {first day wet},d h {first day dry},& h

{secondday wet}, & h {secondday dry}. Then, 6 AT A &M . The ground set
can be written as 6 B8O .

(a) Wewantto find 0 & 6.Obviously, given the independence assumptio®, 6 6 0 6 0 6

p¢ pj T. Because of equiprobability and independencegach of the four events has

probability 1/4.

(b) Now the probability sought isO & & 8Using the chain rule in equation(2.7) we find

DO LODOLOD p plg pic.

(c) Like in (b),we findD 6 &  pic.

(d) The condition that one of the two dayss wet corresponds tothe composite everd 6 66

66. Thus, the probability sought is

06606 686 06 — — — — — =
DOO 00 00 DOO 00 00 oft o
where we have used the definition of conditional probability and the fact thab dd8M6 are
mutually exclusive.

To connect the example to the real world, let us assume that a friend travelled to this city for
a specified couple of days. If we do not have any information except the specific dates, then to the
event that she used her umbrella on both days we will aggi probability 1/4. If we knew that she
went there without an umbrella and she was forced to buy one, then to the same event we might
assign a probability of 1/3. If, during the first day of her trip, we saw (e.g. in her social media
posts) a photo showingher in the city holding an umbrella, then we would change the probability
to 1/2. In other words, the information we have for a problem may introduce dependencies in
events that are initially assumed independent. More generally, the probability is not anvariant
guantity, characteristic of physical reality in absolute terms, but a quantity that depends on our
knowledge or information about the examined phenomenon. It may seem paradoxical that the
probability depends on information, but it is not. The rués according to which we are assigning
probabilities are objective and theoretically consistent. Yet it may not always be direct to assign
probabilities and also the assigned values may depend on the way the information was obtained
(see relevant discussia for the particular problem examined here in BatHillel and Falk,1982).
We may additionally recall that even in classical deterministic physics we are dealing with similar
situations. For instance, the location and velocity of a moving particle are not sddute objective
guantities. If we change the coordinate system, the numerical values of the coordinates and the
velocity will also change(see alsoDigression6.A).

Digression 2.D: An example of dependent events

The independence assumption in the problem iDigression2.Cis often a poor representation of

physical reality. Toconstruct aslightly more realistic model, let us assume that the probability of
today being wet B) or dry (8) dependson theD OA OE |1 Gstate (A brd ) Ois reasonable to

assume that the following inequalities hold:
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06 06 m™h 066 06 ™
Now, the problem becomes more complicated than before. Let us arbitrarily assume that
0 0D 1. Then the probability that both daysareweti®s 60 6 0 6D VL O T T
T® pft. For the sake of completeness we also calculate the probabilities of the other
combinations. From (2.10), wegeth 6 06D 06 0 60 0 0 ,from which we find:
09
060

&
&

h

h

v C1
| o

™
™

0
0

Ca C2
o7 o
Ca Ca
o7 o
Ca1 C=2

0H 066
555

Ca C2
Ce Ca
Oy Os
C1 Ca
O Os
C2 Ca
o7 o

5
6 60 60

(@]

where for convenience we have used matrix/vector representation. Thus,
06 06D 0 O ™ T T

0 6Df = — it

Hence 0 66 0606006 m 1@ T7® pfr.Because of symmetryd 66 1@ and
0 66 T1&. Thus, the dependence resulted in higher probabilities that the consecutive events

are similar and smaller probabilities that they are dissimilar. This corresponds to gypical natural
behaviour (see alsaChapter 3.

2.3 Completion of the probability system: Entropy and the principle of
maximum entropy

7TEEIA +1T117TCi Ol 660 OUOOAI OF AAEET A DPOI AAAE]
does not help to determine probability in reatlworld problems, as it is too general.
Typically, assignment of probabilities is done by induction, usage of data and stdical
tools (seeChapter 4. Yet deduction is possible in stochastics and the best tool for it is the
principle of maximum entropy This principle can assign probabilities to events, even if we
know nothing about them, and modify the initial assignments in cases where information
becomes available.

The definition of entropy requires reference to partitions of the ground set

1 h M1 , where & may be infinite. A partition is a set of nonempty mutually
exclusive sets (events) whose union equals. Symbolically,\ oM MM (or\
& ,withé o6 E 0 ,00 DnARAQ p8 FE. The sets (eventsp M B M

are the elements of the partition. Here are some basic properties of partitions:

1 The coarsest partition has one elemeny
1 The finest partition is composed of elementary events, \
1 hl Bh q.

1 A partition with two elements, \ 6 is called a bipartition.

{1 A refinement of a partition\l is a partition Y such that each element of \ is a
subset of some elemend of \l..

1 A common refinement of two partitions is a refinement of both.

 Given two ground sets h dmnd partitions thereof N 6 Mee 6 , their
product partition, denoted as\ § \l &is a partition of the cartesian product ®

~ e

consisting of all eventsd © I ~ N ~ \ador all '@QSince the occurrence of
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the eventd 0 is equivalent to the occurrence of botld ando , we can simplify
the notatond & AU T 1 EOGOBT & RAEOQET C

! Forafinite with € elements, the number of elements (cardinality) of , the set of
subsets of , is¢ and that of , the set of all partitions, is much greater (fo
T , known as Bell number§ , and given by the recursive formula

0 h o6 0 211
p o (2.11)
1 For equivalentto the set of natural numbers (i.e. for a discrete, or a continuous
one with interval partitions) the cardinality of either or is infinite, ¢* hwhere
2 (aleph-zero) is the cardinality of the set of the natural numbers. If all partitions

of an composed of real numbers are considered, then the cardinality ¢ :

While probability is a functiond & that maps an event (i.e. subset of the ground set
to a real number in the interval Tip , entropy, which we will denote by the Greek letter
;" maps a partition\l of the ground setto a real number. If the ground set has finite or

countably many elements, that number is nhonnegative and bounded from above. Hence,
entropy has a maximum value, whose determination can be used to assign probabilities.
This is the idea behind the principleof maximum entropy. For a norcountable ground
set, entropy can diverge to infinity, but again there are two formal ways to make it finite.
The firstis to adhere to a countable number of partition elements, so that entropy remains
nonnegative with a finte maximum value. The second is to use the notion oflative
entropy, which is described below. The latter concept can take on negative values but has
a finite upper bound, a maximum (relative) entropy.

"U ET AT OPT OAOET ¢ A1 601 PU ET O DBOIT AAAEI EOQOU

h A) tothe pentad h h Mh ,where the meanings of the five symbols are:

the ground set;

the A-algebra that contains subsets of ;

OEA OAO T &£ Al DPAOOEOEIT O 1 A&\ (wherexisAOA AA
an element of ) should be an element of ;

the probability function, 0d, © Tip :

the entropy function, ¢ ©a (1 O a A& O OAI AOEOA AT 6001 bU(Q

Ca

This pentad enables deductive probability assignments via maximum entropy, as
detailed in section2.11. Probability measures the degree of certainty about a single event
0, i.e. asubset of,, so that a value 0b 0 close to zero or one suggests a nearly impossible
or a nearly certain event, respectively. On the other hand, entropy refers to a collection of

*In classical thermodynamics, entropy is denoted byY (the original symbol used by Clausius see
Digression 2.E), while probability texts use the symbol'Q Here was preferred as a unifying symbol for
information and thermodynamic entropy, under the interpretation that the two are essentially the same
thing. One of the reasons for this preference is historical: for long time, entropy used to be denoted by
(Perry, 1903; Swinburne, 1904; Ewing, 1920), and this is still echoed in the term tephigram {3-gram)
used in meteorology.
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events covering the entire ground set , instead of a single event. If oM with 0 6
close to zero or one (equivalentlyp) © close to one or zero), then the entropy is close
to zero in both cases.

Below we will introduce and define entropy in a manner different from that common
in literature, even though the final formula does not differ from the commonly used. The
reasons for not following the literature are explained inDigression 2.E, along with the
historical context. Specifically, here we incorporate the principle of maximum entropy
into the definition. Put it differently, we first posit that principle and then we set the
required postulates for an entropy definition that materializes the principle. We interpret
entropy as quantification of uncertainty and express the principle of maximum entropy
as follows:

Principle of maximum entropy: Uncertainty will not be lower than its maximum
possible value without a reason.

Such a reason, if exists, would be expressed mathematically as a constraint, but the
definition of entropy should be independent of such constraints. Our definition will be
based on partitions\ of the ground set . It will also use the notion of independence and
the intuitive assumption that independence between two eventd fbaeesults in maximum
uncertainty as the occurrence 0b does not contain any information about the occurrence

of 6. Two elementsd O of a partition \' are mutually exclusive, so0 6 &6 18
Therefore, in order for independence to be meaningful, we need more than one partition.
As the most parsimonious case, here we consider two independent partitions. With these
ideas, we now form the following postulates which can define entropy as a funeti of the
probabilities 0 6 of the eventsd .

Postulate 1, continuity : Given a partition\l o B of the ground set , its

entropy \ is atwice continuously differentiable function of the probabilities

of the eventsd that form the partition. Namely, \ h 0o B ,ie.,
da ©a h ~§.

Postulate 2, zero at certainty : The entropy of the coarsest partition is

zero, T8

Postulate 3, non -interaction : There is no interaction between any two elements of

the partition: 1 NZ 001 00 kmhQ Q

Postulate 4, maximization at independence :If h aare two identical ground sets,

and \| FN aare partitions thereof, then the entropy of the product partition A \ ais

maximized when each pair of event® N \F5 N \laare independent, i.eD & 6

0O 06

In addition to these four postulates, we state the following useful property, which is a

direct consequence of the fact that a partition is a set and so the order of its members is
indifferent.

Property 5, symmetry : \ is permutation-invariant: if “ "Qis any permutation of
"Q plghB R, then \ 06 B 6 06 MO
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Based on the four postulates we specify the form of , completing the entropy
definition, as

\ h 06 100 (2.12)

We readily observe that, a®) 6 is a dimensionless quantity, so will also be entropy

\l . As the material presented in this section is new, not contained in literature, we
chose to present it formally, by means of theorems and corollaries. The result in equation
(2.12) is obtained by means of two theorems (1 and 2) and a corollary (2.1) listed below.
Additional theorems and corollaries, also listed below, give important properties of
entropy. The proofs of the theorems are given irAppendix 2-l, while those of the
corollaries are direct.

Theorem 1: There exists a univariate functior 0 such that

\ « 00 (2.13)

Theorem 2: The functione 0 in equation (2.13) is uniquely determined as

« 0 ™I D (2.14)

where Q Ttis a constant.

Corollary 2.1: The entropy is determined by equation(2.12) uniquely up to a
constant multiplier.

Corollary 2.2:+ ® T1(with e @ TmTwhenw T1Or®w p).

Corollary2.3: \ 06 MM & isaconcavefunctionob 6 M 6
Corollary 2.4 : For independent\ RN , the entropy of the product partition is
NS\ \ \ (2.15)

Corollary 2.5 : For any ground sets h sand partitions thereof \ N de
Vg N\ \ \ (2.16)

with equality holding when \'FN are independent.
Note: Corollary 2.4 is often calledadditivity (or additivity property or additivity
principleQ AT A OAOAAIT T U A@GDPOAOOGAA AO OOEA O1 OAI
OUOOAI 6 EO ANOAI O OEA OOi 1T &# OEAEO ET AEO
that sum is the maximum that a product partition can reach.
Theorem 3: If\ is a refinement of\, then

\ \ (2.17)

Corollary 3.1 : From all partitions of m the finest partiton,co 1 h] 8 h
has the largest entropy.
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Theorem 4 : Without any constraint on0 6 , the maximum entropy is obtained for

equal probabilities 0 6 pfeandis I\ 1t g ¢ jxEOE OEA OOAOAC
standing for equiprobability).

Note: Theorem 4 expresses what is known as thprinciple of insufficient reason

(attributed to Bernoulli and Laplacé. This principle is clearly a direct result of the

principle of maximum entropy, so there is no need to posit it as an independent logical

principle.

Corollary 4.1 : Unconstrained maximization of the entropy of the finest partitiony

results in entropy

v ¢ 1Tb 1% (2.18)

Note: If the ground set has infinite elements, then unconstrained maximization of the
entropy will result in zero probabilities and infinite entropy. This is meaningless and
hence in such cases constraints are necessary to derive meaningful results.
Corollary 4.2: A I & is a monotonic increasing function ofy .
Corollary 4.3 : If 8 , Where are identical, each containingi
equiprobable events and the events are independent among different, then

(a) the probability of each event in the finest partition isp¥a

(b) the entropy is 01 &,and

(c) the quantity Y 70 is constant.
Note: Case (c) of corollary 4.3 is known asxtensivity, more generally, extensivity is
defined viathel ET ¥ 70, which must be finite and nonzero in order for a system

to be characterized as extensive (Tsallis, 2022).

Extension to degenerate partitions : We consider the casé B »n , which does not

constitute a genuine bipartition but a degenerate one. Yet, when considering an infinite

the degenerate bipartition could be thought of as a limit of a sequence of genuine
bipartitons 6 I B ho M MB,withd pEp 6 p Eandd 86 8 n.Combining

OEA DPOI AAAEI EOQUGO bpPOiI PAOOU T &£ AT 1 OET OEOGU AO
1), we infer that the entropy of the degenerate partition will also exist and be given by the

same formula, \ *p +m o m.Sincee m | EIQnl b 1 we get

\ T. This can be extended to degenerate partitions of any dimension, so thai\
ntwheneveran elementis  (and all other elements are" . This can also be written as
o8B 1

Relative entropy : A useful concept, particularly for continuous variables, is theelative
entropy, which is defined in terms of a background measure, either normalized (so that
B 60 p) or not. If not, the most typical (but not exclusive) case for continuous
variables is the Lebesgue measure, which for an intervalfto (or ¢fd ) equals the length
@ @ For anybackground measured, the relative entropy is defined as:

8
5

1
Ca

\g' h 0o 11

(2.19)

Os
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It is noted that other names (e.g. Kullbac_eibler divergence) have also been in use for
the same concept, while Shore and Johnsoh980) used the termcrossentropy for the

same concept but with changed sign. Basic properties of relative entropy are given by the

following theorem and corollaries:

Theorem 5: The maximum possible relative entropy is s’ I B 6606
Corollary 5.1 : For constantd 0 0, the maximum possible relative entropy is
Vs 1 12 6.

Corollary 5.2 : If 6 is a normalized measure, sotha® 6 0 p, the maximum
possible relative entropy is zero, ' TL

Conditional entropy : The eventconditional entropy of a partiion N h 6 B h
conditional on the occurrence of an evend is by definition:

N h VOD ITDOD (2.20)

Given the partiions\N\h 6 B andV h 6 B  we define the partition -
conditional entropy of \l given\ as the weighted sum:

Nl h 08 D (2.21)

Theorem 6: If partitions \I and\ are independent, then

N9 \ h Y y (2.22)

Theorem 7: For any partitions \l and \
NE Y \ Y ! NSl (2.23)
Corollary 7.1 (resulting from inequality (2.16) and Theorem 7):
\El \ (2.24)

Theorem 8:If \l is a refinement of\ then
S T (2.25)

Corollary 8.1:1f \l is a refinement of\ then
\ \ \' 9 (2.26)

Corollary 8.2: If the partition \ h 6 8 © is a refinement of the bipartitionV h
6B Fthe following relationship holds true:

\ Y 06 N 06 \D (2.27)

Corollary 8.3: For any partition elementd of \l, the entropies o\ and\' h 6 f®
are related by
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\ \ 00 \D (2.28)
Note: Equation(228)EO OEA 3EAT 11180 cOi OPET ¢ OOl Anh
to define entropy (seeDigression2.E). In our framework this is just a corollary.

Mutual information : Themutual information of two partitions \ and\ is by definition:

OV \ \ R (2.29)

and has the properties
"ON i \l Nl \ YN h  OUH Tt (2.30)
Connection of the entropy definition with the principle of maximum entropy - As

already mentioned, it is intuitively understood that Postulate 4 reflects the principle of
maximum entropy: Independence between two eventsdfeeresults in maximum
uncertainty as the occurrence ob does not contain any information about the occurrence
of 0 . Postulate 3 is another manifestation of the same: If for some reason we get to know
the probability of one of the partition elements, say , then maximum uncertainty would

mean that the probabilities of any other evenb FQ "Quould remain unknown and this is
expressed by the condition N\ 06 1 006 k 1 Had this second derivative been
nonzero, the knowledge off & would provide some information on0 6 and therefore
would decrease uncertainty without a reason. As a final note, the fact that entropy is a
quantity that gets maximized implies concavity for its functional expression a fact
formally expressed in Corollary 2.3. In turn, this implies that thesecond derivative for
each variable would necessarily be negative, while the joint second derivatives cannot be
positive. The joint second derivatives being zero is the extreme and most intuitive case,
fully consistent with Postulate 3.

Digression 2.E: Historical overview of entropy definition and the need for a
new one

Entropy is etymologized from the ancient Greekvord 55 & z m (frana the verb s & Z m Qta trm o
into, to turn about) but was introduced as a scientific term by Rudolf Clausius only in 1865,
although the concept appears also in his earlier worksaé described inClausius, 1872). The
rationale for introducing the term is explained in his own words (Clausius, 1867, p. 358, which
indicate that he was not aware of the existence of the worg & z m in argignt Greek):

We might call S the transformational content of the body8. But as | hold it to be better to
borrow terms for important magnitudes from the ancient languages, so that they may be
adopted unchanged in all modern languages, | propose to call the magnitude S the entropy of
the body, from the Greek worg m v,Aransformation. | have intentionally formed the word
entropy so as to be as similar as possible to the word energy; for the two magnitudes to be
denoted by these words are so nearly alliadheir physical meanings, that a certain similarity

in designation appears to be desirable.

In addition to its semantic content, this quotation contains a very important insight: the
recognition that entropy is related to transformation and change and the contrast between
entropy and energy, where the latter is a quantity that is conserved inlathanges. This meaning

EAO AAAT 11 O0A Al AAOI U AgbOA@akids, 1865) #1 AOOEOOS AEAI
Die Enegie der Welt ist konstantDie Entropie der Welt strebt einem Maximum zu.
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(The energy of the world is constarithe entropy of the world strives to a maximum).

In other words, entropy and its ability to increase (as contrasted to energy and other
guantities that are conserved) is the driving force of change. This property of entropy has seldom
been acknowledgel (Hill and Holman, 1986; Akins, 2003, 2007) Instead, in common perception
Al 601 pU APEOI T EUAO All OAAA OEET ¢cO6h AO EE EO x
only have negative consequences, always leading to deterioratigidoutsoyiannis and Sargentis,
2021; see alsdigression2.G).
Mathematically, thermodynamic entropysh EO AAZET AA ET OEA OAIT A #1 A
equation 1Y 107Y where Q and T denote heat and temperature. The definition, however,
applies to a reversible process only. The fact that in an irreversible procesd’ 10 T Ymakes the
definition imperfect and affected by circular reasoning, as, in turn, a reversible process is one in
which the equation holds(see details in sectior6.11).
A decade later Ludwig Boltzmann (1872, 1877; see also Swendsen, 200@jave entropy a
statistical content as helinked it to probabilities of statistical mechanical system states, thus
explaining the Second Law of thermodynamics as the tendency of the system to run toward more
probable states, which have higher entropyin particular, Boltzmann (1872; English translation
Boltzmann, 2003)did not literally write the entropy formula in its expression(2.12) but reached
at a very similar one. DenotingQofvioh b~ B 0 AAOAXA 8 A0 the number of molecules
in a volume elementAwAnAd at afudtr at time 0 and at states described by the remaining
variables,in his equation (78) he used (without naming it) the quantity

0 8 "d IBwAOAGA 8 AD (2.31)

Then he showed that this quantity cannot increase. If we change sign (i.e. substitute iCfor I 1Q
we have the entropy in its modern definition, which cannot decrease.

The probabilistic concept of entropy was advanced later in thermodynamics by GibE902),
while Planck (1906, 1914)used a quantification of entropy identical to the modern oneThe next
important step was made by Shanno1948)x EI OOAA A AAAZET EOEI 1T AOOAT O
to describe the information contentx EEAE EA Al 01 AAI 1T AA AT 601 pUh AC
(Robertson, 1993; Brissaud, 2005; Koutsoyiannis, 2011b) According to the latter definition,
entropy is a probabilistic concept, a measuréas Shannoncalls it) of information or, equivalently,
of uncertainty. In the same year, in his famous bookyberneticg Wiener (1948a) used the same
definition for information, albeit with the oppositesign (p. 62) because he regarded information
as the negative of entropy (p. 11).

A few years later, von Neumant{1956) obtained virtually the same definition of entropy as
Shannon,though in a slightly different way. Notably, as von Neumann, in addition to being a
mathematician and computer scientist, was also a physicist, engineer and polymath, he clearly
understood the connection of the probabilistic definition of entropy with its preexisting physical
content. Speifically, he wrote:

An important observation about this definition is that it bears close resemblance to the
statistical definition of the entropy of a thermodynamical system. 8 Rursuing this, one can
construct a mathematical theory of the communication of information patterned after
statistical mechanics.

He also cited an earlier work in physics by Szilard (1929), whisadimplied the same definition of
entropy in a thermodynamic systemPerhaps he was not aware that mathematical expressions
OEi EI AO O 3SHIAWKIO 1 BOA AAIAOA A A GherAddpdnicdnfext BT A
Boltzmann (1872, 1896/1898), Gibbs (1902) and especiallyPlanck (1906, 1914)

The last fundamental contribution to the entropy concept was made a year later by Jaynes
(1957), who introduced theprinciple of maximum entropy which he formulated ina somewhat
different way from that in section2.3, namely:

in making inferences on the basis of partial information we must use that probability
distribution which has maximum entropy subject to whatever is known.
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Since then,this principle has beenused for logical inferenceas well as formodelling physical
systemsThe tendency of entropy to become maximal (Second Law of thermodynamicgfich is
the driving force of natural change, can result from this principlésee Chapter 6. Also, the same
principle equips the entropy concept with a powerful tool for logical inference.

Turning to the mathematical details in the history of the entropy definition, we first observe
that Shannon derived the entropy formula(2.12) by positing three postulates (or properties, as
he calls them). Here we quote relevant passage noting that he uses the syni@dor entropy:

If there is such a measure, s&y 1 M) B M , it is reasonable to require of it the following
properties:

=

"Oshould be continuous in thg .
2. Ifallthen are equaly pZe, then'Oshould be a monotonic increasing function ®f With
equally likely events there is more choice, or uncertainty, when there are more possible events.
3. If a choice be broken down into two successive choices, the original H should be the weighted
sum of the individual values of H. The meaning of this is illustrated in Fig. 6. At the left we have
three possibilities)  pfch)  pfof)  pXe. On the right we first choose between two
possibilities, each with probability 1/2, and if the second occurs make another choice with
probabilities 2/3,1/3. The final results have the same probabilities as before. We require, in this
special case, thatO pf¢ipolpTe O pXcipdc  pj ¢ 'O ¢TolpXo .The coefficient 1/2 is
because this second choice only occurs half the time.
7A T AGAOOGA ET OEEO DAOOGACA OEAO OEA OAOI O AA
also by all others except Khinchin, asletailed below). For, strictly speaking, entropy is not a
measure, because it does not satisfy the properties defining a measure. Specifically, a measure
should satisfy the axioms of probability, as stated in sectiok 1, except for the normalization one,
AO POT AAAEI EOU EO 1T1TTA 1TOEAO OEAT A 11 Of Al EUAA i
axiom Ill), this cannot be applied to entropy, simply because the union of two partitions is a set
that is not a partition per se. Even if we interpret it loosely, we will have difficulty in identifying
AEOCET ET O OAOGO EI A Oi E@OO0OAG 1T £ DAOOGEOGEIT O 01 AC
What is more, Shannon did not write down the mathematical form of his property 3
i OxAECEAA 0O0i 6 1T O cOi OPET € ndtefenidnd prdidf hi theofeinT OAA OO
2 (which he gives in his Appendix 2). This was done later, implicitly by Khingihand explicitly by
Jaynes as will be seen belovQuantification of his postulate 3 was alsogivenin Robertson (1993,
p. 3 and Uffink (1995; theorem 1), and is related to refinement of partitions to which the
probabilities 0 refer.
Khinchin (1957) initially introduced entropy by its mathematical form, equivalent to the
entropy formula (212)h AT A POT AAAAAA O AAIT1 OOOAOA A 051
EA OOAA A AEAZAOAT O OAOEAT O 1T &£ 3EATTTT160 PI OO0
1. For givent and forB 1|  pthe functionOn i) /B I} takes its largest value fon
pfe Q phhgt 8
2. 066 ™06 ©O©O6.
We add to these two properties a third, which obviously must be satisfied by any reasonable
definition of entropy. Since the schemes

E R
| A

0 0 8 0O O ,Qij 0 8 0 0
n n 8 n n n 8 n m
are obviously not substantively different, we must have
3. OnmMmMBMmht OnhMBhMh (Adding the impossible event or any number of
impossible events to a scheme does not change its entropy.)

He then went on to prove his theorem that gives the entropy expression as in equatihl2), also
AOOOI ETfq angitis@unddon is continuous with respect to all its argumedtss 7 A 117 OA OE
in his postulate 2 he used the notion of conditional entropy;O 6 . This does not seem
appropriate if the aim is to define entropy for the first time. (In our framework conditional
entropy has been defined after entropy.) What he calledschemdooks similar to a partition, but
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includes impossible events (empty sets), which deviates from our partitiofased approach by
allowing 0 Tt explicitly? potentially leading to inconsistencies. In his_definition of a (finite)
OAEAI Ah EA O Ododplete sydtemicdevéndd M BEOMD A 8énch that one and only

one of them must occur at each tridlh Al 11 C xEOQOE o BED. Tie@ImAybAET EOE A

imperfection here as the impossible event never occurs. Furthermore, in his proof he essentially

OOAA 3EATT1160 OxAEGCEOEI ¢ 0OO0i 6 OAAET ENOAh xEEAE
*AUT AOh j¢nmoh P8 otxq OAA O 01 AOGAA 3EATTT1860

(1) We assume that some numerical measti@e ry ) 8 v} exists; i.e., that it is possible to set

Op O1T i A EETA 1T &£ AOOI AEAGETT AAOxAAT OAI 1T 01O 14
(2) We assume a continuity propertyO is a continuous function of thg . Otherwise, an arbitrarily

small change in the probability distribution would lead to a big change in the amount of

uncertainty.

(3) We require that this measure should correspond qualitatively to common sense in that, when

there are many possibilities, we are more uncertain than when there are few. This condition

takes the form that in the case that thig are all equal, the quantityQé¢ O prefpTef8 px

¢ is a monotonic increasing functionéfd 4 EEO AOOAAI EOEAO OEA OOAT O/
(4) We require that the measuré be consistent in the same sense as before; i.e., if there is more

than one way of working out its value, we must get the same answer for every possible way.

, EEA 3EATTITTh *AUT AO OOAA OEA OAOI Oi AAOGOOAGS
iT EA NOAT OEEZEAOG EOh AOOAT GEAI T U i AGEAI AGEUET ¢
manner (equation (11.7) in his text, slightly modified here):

n F n

"O\V\V\ "O\V\ 3 3 ) - - . -
nmm nm n n n AN n

It can be seen that this equation is a special case of equati@i28) in our Corollary 8.3.Jaynes
(2003, p. 351) was fully aware that his last postulate and its mathematical expression are not
satisfactory. Specifically, he wrote:

(2.32)

Although the above demonstration appears satisfactory mathematically, it is not yet in
completely satisfactory form conceptually. The functional equation (11.7) does not seem quite
so intuitively compelling as our previous ones did. In this case, the tmigprobably that we
have not yet learned how to verbalize the argument leading to (11.7) in a fully convincing
manner. Perhaps this will inspire others to try their hand at improving the verbiage that we
used just before writing (11.7).

Perhaps a better idea would be to abandon the postulate altogether and replace it with a more
satisfactory one, as hopefully was done in sectich3 above.

&OOOEAOI T OAh *AUT AO AT 1 OET OAA DPOAOAT OET ¢ OEA
one? it is rather algorithmic that uses the Stirling approximation. He also cited a different
approach by Shore and Johnsord980), which is more interesting, but perhaps too complicated.

Another approach worth mentioning is that by Papoulis (1991, p. 533). Like others, Papoulis
OOAA OEA ET AT OOAAO OAOI Oi AAOOOAG8 ,EEA 100 ADPD(
COi 6T A OAOG8 (A Al AEi AA OEAO E Ateddadtd fephiagingihéni 1 6 0 DI
as follows:
1. O\ is a continuous function af 006 .
2. IfnR  EnR  pfb,thenO\ is anincreasing function ab .
3. If a new partition\ is formed by subdividing one of the sets\gfthenO \ O\ .

He continued stating:

It can be shown that the surfas in our equation (2.12)] satisfies these postulates and it is
unique within a constant factor. The proof of this assertion is not difficult but we choose not to
reproduce it. We propose, instead, to introdutlee entropic expression as in equatiorn(2.12)]

as the definition of entropy and to develop axiomatically all its properties within the framework
of probability.
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While it was correct to introduce the entropic expression from the outset as a definition of
entropy, his previous statement is clearly incorrect. There is not a unique function that satisfies
his, rather too loose, postulates. As a counterexample, we &iter the function:

U p j (2.33)

This is a continuous function, satisfying his postulate 1. At the case of equiprobability, we have
0 p pi U, whichis an increasing function ob with maximum value 1, thus satisfying his
postulate 2. Furthermore, its second derivatives aréh  \l | ) ¢h NjHH mm1Q
"Q, thus assuring concavity of \ , which in turn ensures that his postulate 3 is satisfied.
As a second counterexample, we consider another function which violates even our Ron

ET OAOAAOGET T Dl 0001 AOAnh UAO EO A&O0I 1 U OAOEOAEAO 04
N'op nn (2.34)

Again, this is a continuous function, satisfying his postulate 1. At the case of equiprobability, we
have 0 p pj 0 ¢, which is an increasing function of with maximum value 1/2, thus
satisfying his postulate 2. Furthermore, its second derivatives aréeh \ | F) q,
T\ jH) A p "Q Q thus assuring concavity of \ , which in turn ensures that his
postulate 3 is satisfied.
We will finally give two additional counterexamples, which are well known in literature as
CAT AOAT EUAA AT OOT PEAO AT A Al OE OAdlkedr&yiedrdpp i O EOG
(after Rényi, 1961):

v~ x ey P
onms — | (2.35)
n B m o 1 n
The second is the saalled Tsallis entropy(after Tsallis, 1988, who however was preceded by
Havrda and Charvat, 1967):

0 WiBH  —— p n (2.36)
n p

Both have been introduced heuristically and contain the standard entropy (equatiof2.12)) as a
special case whem) © p. Notice that equation(2.36) yields (2.33) whenr) ¢. Rényi and Tsallis
entropies have been used in several applications but here we avoid their use preferring standard
entropy, sometimes using a nofLebesgue background measure to produce effects similar to
those resulting from these generalized entropic fons but using the standard form.

The problems of the earlier approaches, as listed above, make room for a better introduction
of entropy, which was attempted here.

1Interestingly, Wiener formed the celebrated termCyberneticdrom the Greek word[ z 1 R m pnEangny
steersman, pilot, skipper, or governor, albeit incorrectly spelling it in his book (p. 11) 852z RM& B Z s Y

Digression 2.F: Entropy in stochastics vs. entropy in thermodynamics

More than one and a hal€entury after the introduction of entropy, its meaningis still debated
and a diversity of opinion among experts is encountere(Bwendsen, 2011) In particular, despite
having the same name, probabilistic (or information) entropy and thermodynamic entropy are
still regarded by many as two distinct notions having in common only the name. The classical
definition of thermodynamic entropy (as in Digression 2.E) gives no hint of similarity to
probabilistic entropy. The fact that thelatter is a dimensionless quantity and the former has units
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(J/K) has been regarded as an argument that the two are dissimilar. Even Jayi{g803), the
founder of the maximum entropy principle, states:

We must warn at the outset that the major occupational disease of this field is a persistent
failure to distinguish between the information entropy, which is a property of any probability
distribution, and the experimental entropy of thermodynamics, whishinstead a property of a
thermodynamic state as defined, for example by such observed quantities as pressure, volume,
temperature, magnetization, of some physical system. They should never have been called by the
same name; the experimental entropy makes reference to any probability distribution, and

the information entropy makes no reference to thermodynamics. Many textbooks and research

papers are flawed fatally by the authd failure to distinguish between these entirely different

things, and in consequence proving nonsense theorems.

(AOA TTA TAU 11 GEAA OEAO OEAOA EO 11 OA@GDAOEI £
others call it in the context of thermodynamics. There is no instrument to measure entropy.
Entropy is an abstract quantity, inferred by measurement of other varialels, such as temperature
and pressure. Furthermore the units of thermodynamic entropy are only an historical accident,
related to the arbitrary introduction of temperature scales(Atkins, 2007). In a recent book, Ben
Naim (2008) has attempted to replace the concept of entropgltogether with the concept of
information. Such a replacement is unnecessaryeven meaningless(and opposite to von
.AOT AT T80 ©®ra@nbr)iOWel accept that the two concepts are identical. As has
recently been shown (Koutsoyiannis 2013a, 2014a)and as will be discussed in detail ilChapter
6,the thermodynamic entropy caneasily beproduced by formal probability theory without using
strange notions (like the indistinguishability of particles). The logical basis of the latter study
includes the following points:

E The classical definition of thermodynamic entropy is not necessaryt can be abandoned and
replaced by the probabilistic definition.

E Definedin this way, entropy is the fundamental thermodynamic quantity which supports the
definition of all other derived ones. For example, the temperature is defined as the inverse of
the partial derivative of entropy with respect to the internal energy(seesection6.8).

E Entropy retains its dimensionless character even in thermodynamics, thus rendering the unit
of kelvin an energy unit.

E Entropy retains its probabilistic interpretation as quantified uncertainty, leaving aside the
OOAAEOQEITT Al AOO 1 AOA OseADigledsbr2iIGOAAOE ET OAODPOAOAC

E Entropy is intrinsically related to the principle of maximum entropy, which expresses its
tendency to reach its maximum permitted value given the available information about the
system.The latter is incorporated into maximization in the form of constraints.

E The tendency of entropy to reach a maximum is the driving force of natural change. This
tendency canbe regarded as both a physical (ontological) principle obeyed by natural
systems, and as a logical (epistemological) principle applicablevhen making inferences
about natural systems.

Examples ofdeductive reasoningused in deriving thermodynamic laws from the formal
probabilistic principle of maximum entropy have been provided inKoutsoyiannis (2014a) and
Koutsoyiannis and Tsakalias (2025)These are further discussed i€hapter § where, notably by
maximizing entropy, i.e. uncertainty at the microscopic leve] we obtain physical lawsthat are
virtually certain at the macroscopic level.

Digression 2.G: On different interpretations of entropy

In the public perception entropy is a negativenotion, typically identified with disorganization,
disorder, decadence, decaydeterioration etc. (Koutsoyiannis and Sargentis, 2021) This
misleading perception has its roots in the scientific community, albeit not with the founders of
the concept (except one, ase shallseebelow). Boltzmann did not identify entropy with disorder,
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even though he used A E O lirCa&dbtBdie appearing in two of hispapers (Boltzmann, 1897,
1901) speaking about the

agreement of the concept of entropy with the mathematical expression of the probability or
disorder of a motion.

Clearly, hereferred to the irregular motion of molecules in the kinetic theory of gases, for which
his expression makes perfect sense. Boltzmann also used the notion of disorder with the same
meaning, in his Lectures on Gas Theo(Boltzmann,1896/1898). On the other hand, Gibb§1902),
Shannon(1948) and von Neumann(1956) did not use the terms disorder or disorganization at
all.

One of the earliest uses of the term disorder is in a paper by Darrow (1944), in which he
stated:

The purpose of this article has been to establish a connection between the subtle and difficult
notion of entropy and the more familiar concept of disorder. Entropy is a measure of disorder,
or more succinctly yet, entropy is disorder: that is what a plrysi would like to say.

Epistemologically, it is interesting that a physicist preferedOE A O1 T OA £AT El1 EAOQO6
I £ AEOI OAAO 1T OAO OEA Giéiided axihidtima, icohcept & daEipys O1 06 h
However, it appears that Wienen(1948b) was the most influential scientist to support the

disorder interpretation. In his keynote speech at the New York Academy of Sciences he declared

that:
Information measures order and entropy measures disorder.
Additionally, in his influential book Cybernetic§Wiener, 1948a,p. 11), he stated that
the entropy of a system is a measure of its degree of disorganization
xEAOAET EA OADPI AAAA OEA OAOI OAEOI OAAO6 xEOE
used the former term for mental illness.

Even in the 21st century, the disorder interpretation is dominant. For example, Chaitin
(2002) stated:

Entropy measures the degree of disorder, chaos, randomness, in a physical system. A crystal has
low entropy, and a gas (say, at room temperature) has high entropy.

More recently, Bailey(2009) claimed:

As a preliminary definition, entropy can be described as the degree of disorder or uncertainty in
a system. If the degree of disorder is too great (entropy is high), then the system lacks
sustainability. If entropy is low, sustainability is easier. If eopy is increasing, future
sustainability is threatened.

Itis relevant to remark that in the latter quotations disorderwasused as equivalent to uncertainty
or randomness where the latter two terms are in essence identica(Koutsoyiannis, 2010.
Furthermore, the claim that a highentropy system lacks sustainability is puzzling, given that the
highest entropy occurs when a system is in the most probable and hente most stable state (cf.
Moore, 20@).

Interestingly, Atkins (2003) also explained entropy as disorder. Additionally, he noted:

That the world is getting worse, that it is sinking purposelessly into corruption, the corruption
of the quality of energy, is the single great idea embodied in the Second Law of thermodynamics.

Inevitably, the notion of entropy is hard to grasp the main reason being thabur education is
based onthe deterministic paradigm and produces a mindset reluctant to incorporate stochastic
concepts. The determinist mindset regards order as a friendly concept. Thus, whatever is defined
as the opposite appears in a negative light.

However, the notions of order and disorder are less appropriate and less rigorous as scientific
terms, and more appropriatefor AAOAOEAET ¢ | AT OAl OOAOAO j AO EI

O«
AC

A

7E
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personality disorder, stress disorder, bipolar disorder, mental disorder), and even more so in
describing socicepolitical states. The latter is manifest in the frequent use of expressiorssich as
Ox1 Ol A, GDIOAAOCE ORA®G x1 OI, OCI IODAAID detd., MApbldidal texts
(Koutsoyiannis and Sargentis, 2021).

In one of the earliest critiques of the disorder interpretation of entropy, Wrigh{1970) made
A PITAA EI O 11TAAROAGEIT ET OEA OOA 1T £ ORIeOOEOEOA
recently, with a more absolute tone, Leff2012) stated:

The too commonly used disorder metaphor for entropy is roundly rejected.

Furthermore, in an evenmore recent article, Styer(2019) stated:

xA AATT1 O 00 P PAIPIA AOIT OOCET ¢ OEA xI OA OAIl
Oi T OA1 AAAAUBs " OO0 xA AAT xAOT 100 OOOAAT 66 OE
in physics.

Styer attributed an excessive contribution to the misconception of entropy as disorder to the

ADOI AET COAPEEAAIT AT T E 04 @damsploiBiss BetassértedihaEbcpld T OU | A
proved to be enormously influential, as it won the 1919 Pulitzer Prizéor biography, and in April

pwww xAO T AI AA Au OEA -1 AAOT , EAOAOU OEA ¢mnOE
guoted by Styer, Adamglisliked chaos and anarchy, and statk

I

The kinetic theory of gas is an assertion of ultimate chaos. In plain words, Chaos was the law of
nature; Order was the dream of man.

This is a very strong statement contrastingNature with man and also implying that there is only
one type of order that dreamt up by mam a rather naive idea

Those viewing entropy as disorder have difficulty understanding the concept of lifén early
20t century, the Swiss physicist GE. Guye(1922) asked the question: How is it possible to
understand life, when the whole world is ruled by such a law as the second principle of
thermodynamics, which points toward death and annihilationHe wasfollowed by many other
scientistswho were puzzled by the existence of liféAs insightfully discussed by Brillouin (1919),
OAEAT OEOGOO 1T £/ OEA AOA x11 AAOAA EZLZ OEAOA xAO A O
would explain life as an entity countering the second law of thermodynamics. A yealater,
Brillouin (1950) coined the term negentropyas an abbreviation ofnegative entropy In this, he
used information theoretical concepts to express the idea that every observation in a laboratory
requires the degradation of energy, and is made at the expense of a certain amount of negentropy,
taken away from the surroundings.

The term negative entropyhad earlier been used by Schrédinger (1944) in his famous book
O7TEAO0 EO 1 EZRed8 3PAAEEZEAAI T UR EA AOCOAA OEAO
without providing AT I OEAO O1 EAZA DOET AEDPI A6 AAAEOEIT 1T Al Ol
evolution.

There is no general agreement about the meaning akgative entropyor negentropy Some
(e.g.LagoFernandez and Corbacho, 20Qse them as technical terms referring to the difference
between the entropy of any variable and that of a variable with normal distribution, with the same
mean and variance (distance to normality). However, others, in a rather metaphysical context and
asuming a nonstatistical definition of negentropy (e.g.,Larouche, 1993 saw a negentropic
principle governing life, the biosphere, the economy, etc., because these convert things that have
less order into things with more order.

Today it makes sense to ask: Has this question been answeyad? Or is itevenrelevant, one
hundred years after?Perhaps it is relevant to quotehere Atkins (2003), who, as we have seen,
explained entropy as disorder. Yet heneatly remarked:

e OI'

The ceaseless decline in the quality of energy expressed by the Second Law is a spring that has
driven the emergence of all the components of the current biospher8&The spring of change

is aimless, purposeless corruption, yet the consequences of interconnected change are the
amazingly delightful and intricate efflorescences of matter we call grass, slugs, and people.
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Apparently, if weabandonthe disorder interpretation of entropy, we could also stop seeking
A 1TACAT 601 PEA O1 EAA DPOEIT AEDPI Adh xEEAE xAO 1 AOGAO
entropy as uncertainty, we also understand that life is fully consistent with entropy maximization.
Human-invented steam engines (and othesimilar machines) increase entropy all the time, and
are fully compatible with the Second.aw, yet they produce useful work. Likewise, the biosphere
increases entropy, yet it produces interesting patterns, much more admirable than steam engines.
Life generates new options and increases uncertaintfSargentis et al., 2020; Koutsoyiannis and
Sargentis, 2021) Compare Earth with a lifeless planet: Where is uncertainty greater? On which of
the two planets would a newspaper have more events to report every day?
However, if entropy is not disorder, what is is consistent interpretation? This question is not
as difficult to answer as the above discussion seems to imply. According to its standard definition
(section 2.3), entropy is uncertainty quantified. Hence, maximum entropy means the maximum
uncertainty that is allowed in natural processes, given the constraints implied by natural laws (or
human interventions). It should be stressed that, with this general definition, entropy and its
maximization do not apply only to physics? in particular to thermodynamics? but also to any
natural (or even uncontrolled artificial) process in which there is uncertainty necessitahg a
i T AAOT OAT PEAQ DOl AAAEI EOOEA AAOAOEDOEI T8 4EEO A
physics. Rather, it is a formal application of the general definition of entropy, which relies on
stochastics.
Unsurprisingly, i’E OAE OT OA A dyomaly@ OOACAAAAA OEdklll ipsad foOEA OAI|

01 AAOOAET Ous 4EA AGPOAOGOEI T O OO1I AAOOGAET OU 111 OOA
250 scholarly articles registered in Google Scholar (samples aven der Sluijs, 2005, and Curry
and Webster, 2011017 | AT OET 1T A AT OPI A T &£# OEA 1100 AEOAA «x

their title). However, if uncertainty is a monster, it is thanks to this monster that life is liveable

and fascinating. Uncertainty is not an enemy of science or of lifRather, it is the mother of

AOAAOGEOEOU AT A AOI 1 OOEI 18 7EOEI 606 O1 AAOOAET Ouh |

phrase by Saridis 2004, and reverse its connotation), and concepts such as hope, will

(particularly, free will), freedom, expectation, optimism, etc., would hardly make sense. A

technocratic system wherein an eliteof super-experts who, using supeimaodels, could predict the

future without uncertainty , would alsotake full control of the society(Koutsoyiannis et al.2008).

Fortunately, this will never happen because entropy, i.e., uncertainty, is a structural property of

Nature andLE £ZA8 ( AT AAh ET 1 OO0 OEAxh O1 AAOOAET 6U EO TA

OEA 11060 Ei bi OOAT O 1 Ax 1T &£ PEUOEAO j OEA 3AAITTA |4
In a deterministic worldview there is no uncertainty, and therdore no point in speaking

about entropy. If there is no uncertainty, each outcome can be accurately predicted, and hence

there are no options. In contrast, in an indeterministic world, there is a plurality of options. This

corresponds to the Aristotelian idea off ¥ & | (ffatinypotentia? English:potencyor potentiality).

The existence of options entails there is freedonThus
entropyP uncertainty P plurality of optionsP freedom

To conclude this DigressionWhen discussingentropy, we shouldalways bearin mind that
entropy per se is a probabilistic concept based fundamentally on amacroscopic view of
phenomena, rather than focusg on individuals or small subsets and henceemporal or spatial
scale is importantto consider. Analysinga particular die-throw, we may say that it was irregular,
uncertain, unpredictable, chaotic, or random. However, macroscopization, by removing the
details, may also remove irregularity. For examplehe application of the principle of maximum
entropy to the outcomes of a dighrow results in equal probabilities (1/6) for each outcome(see
Digression 2.L), and the average outcome after many throws tends to be 3.5his isa regular
macroscopk result. In precisely the same mannerthe maximum uncertainty in a particular water
iT1 AAOI A6O OOAOA jEI OAOI O I &£ PI OEOET T h EET AOGEA
the ClausiugClapeyron law(see sections$.20and 6.21). Again, we have perfeategularity, as the
accuracy of this law is so high that most people believe thatitas a deterministic law.
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Evrpormia dvvapug / potentia

®[x| = E[-In P()]

entro py uncertainty plurality of options freedom

Figure 2.1 An attempt at an artistic representation of the notion of entropyfrom Koutsoyiannis and
Sargentis (2021) The entropic formula shown on the left is justified in sectior2.10; uncertainty is depicted
AU - AOA #EAGAI 1060 xtpst/AMuvavdnktmyselid degga@i/BoRectidB@éaich/493731 )
AT A EOAAAT T AU SelfPofirdit withESe@A Fihgér€phttps:/en.wikipedia.org/wiki/Self -
Portrait_with_Seven_Fingens 1 3 # | (Greek) or potentia (Latin) is the Aristotelian idea of potency or
potentiality.

2.4 The concept of a stochastic variable

A stochastic variableor random variabl€ is a function that maps outcomes to numbers, i.e.
enumerates the ground set ng -1 OA & Of AT 1 Uh AAAT OAET ¢ OIl
definition, a real singlevalued function w] , defined on theground setmn is called a
random variableif for each choice of a real numbed) the set w] ® for all 5 for which

the inequality o] ® holds true, belongs tot. With the concept of thestochastic
variable, we can conveniently express events using basic mathematics. In most cases
enumeration is done almost automatically. For instance stochasticvariable that takes
values 1 to 6 is intuitively assumed when we deal with a dithrow experiment. If the
phenomenon we study is related to the physical world and the quantity being studied is
represented as a real number, then this real number (e.g) has some dimension (e.g.
length) and hence a physical unit (e.g. m) associated with it. It is convenient to extend the
notion of the stochastic variable to also include the same unit, so thab] 0 become
meaningful.

We must be attentiveto the fact that a stochastic variable is not a number but a
function. Intuitively, we could think of astochasticvariable as an object that represents
simultaneouslyall possible outcomes and only them. The following analogy may help us
to develop intuition about stochasticvariables. Let us consider the equatiod @ p
18T his has five roots, three of them beingy mand two beingew p. What do we mean
xEAT xAOIOAQ ©F£ OEEO ANOAOEI w6 mandw I phddAlboy x A |
we have in mind that there is no symmetrybetween the two; rather we would give a
weight 3/5 on the former and 2/5 on the latter. Similar is the situationfor a stochastic
variable which takes on the values 0 and 1 with probabilities 3/5 and 2/5, respectively.

In other words, the function . 2w, which yields the relative multicity of roots of the
above fifth-order equation at the pointa can readily be compared tahe function 0 o,
which assignsvalues of probabilities in the probabilistic example.

* The two termsstochastic variableand random variablehave identical meaning. Here we prefer the former,
even though the latter is more common.


https://www.metmuseum.org/art/collection/search/493731
https://en.wikipedia.org/wiki/Self-Portrait_with_Seven_Fingers
https://en.wikipedia.org/wiki/Self-Portrait_with_Seven_Fingers
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While formally a stochasticvariable is a functionw] , we usuallyomit the reference
to its argumentd and keep the symboka However, in this case we need to distinguish it
symbolically from acommon variable. The best notation devisedor this, and used here,
is the socalled Dutch convention §ee Hemelrijk, 1966, who mentions that it was
introduced by D. Van DantzigE1 pwtxh E8A8h 1 AOAO OEAI
probability ). According to it, stochasticvariables are underlined, i.eq In this case the
inequality ] @ used for the formal definition of thestochasticvariable is written
as {® . Accordingly, fo @ denotesan event (a subset ofr), and therefore it has a
probability, 0 & & .For simplicity, in the latter notation we drop the parenthesis and
we write 0 @ (. Some texts drop the curlpracketsinstead of the parentheses, but this
practice misrepresents the important point that the argument of probability is a set. Th
notation is further explained in Digression2.H, along with its importance.

From a practical point of view, compared to a common variable, a stochastariable
is a more abstract mathematical entity which we use when a quantity of interest is
something uncertain, unpredictable, unknown this is the meaning ofstochastic and
random (cf. Koutsoyiannis, 2010; Dimitriadis et al., 2016)While acommon variabletakes
on one value at a time, atochasticvariable can be thought of asaking on all of its possible
values at once, but not necessarily in a uniform mannefTherefore, a probability
distribution function, to be defined in section2.5, should always be associated with a
stochasticvariable. A stochasticvariable becomes identical to a common variable only if
it can take on only one value.

When an observation of a quantity that is modelled as a stochastiariable is made,
then this observation is usually a common variable. For example, we model a die throw
with a stochasticvariable wwith possible values 1 to 6. After a specific throw of the die
and before we observe the outcome, we still have the same uncertainty as described by
stochasticvariable @ When we observe the outcome, it becomes a common variabi¢e.g.

@ V). The particular value is called arealization of w and is denoted by the non
underlined symbol w This happens when our observation is exact. Sometimes the
observation is contaminated by error our observations are not always exact
(particularly those of real valued variables). Then we can use another stochastiariable

to describe the uncertain outcome. For example, if an observer has presbyopia combined
with astigmatism (like the author) he may not be sure whether the outcome was 5 or 4
and he could model it as a stochastiariable g with possible outcomes 4 and 5.

Considering a certain (deterministic) function w "Q@, mapping the common
variable wto the common variabley (e.g.c0o "Qw ®), we can extend its meaning to
apply to stochastic variables, i.e.,00 "Qw (e.g.w "Qw ). As implied by the
ITTOAOGET T h xEAT OE Ais £A&tbchatievariatieOtheAesut Oik dldo @
stochastic variable (formally, it is the composite function w1 ‘Qw] . In other
words, functions of stochastiovariables are stochastiosariables.
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Digression 2.H: The importance of notation

The following simple example shows that the common practice of not distinguishing the notation
of commonand stochasticvariables is bad practice. Letoand &’)represent the outcomes of each of

two dice. What is the probability of the following cases?
@e @, Mo & ©@b 6 (o o

(a) First, we clarify that the event @ ® includes all elementary events ¢fw in which @ &
There areqp o different possible combinations of outcomes ofvand w In six of themw @
Due to symmetry, in half of the remaining 30p « Thus

pu U
oO¢ pg¢
(b) Now yis a number, not astochasticvariable. For convenience we assume thatis an integer,

even though it can also be assumed to be relly > 6 then obviouslythe event @  is certain.
If @ @then the probability of @ ® is 5/6. Continuing like this weconcludethat:

L , P Verv(bp

0 ®

(c) Thinking as in (b) and noting thatwis a number, an assumed integer,and _cbastochastic
variable we find that:

o @ iAzﬁETprp‘_;

(d) As bothwand ware numbers the expression @ « does not denote an event and therefore,
strictly there is no probability associated with this expression. Loosely we may say that
0® o pifeo wand 0 otherwise.

Obviously, if we did not distinguishy from « we would not even be aware of the fact that
0 @  isanumberwhiled & & is a function ofca

Many texts (research articles and probability theory books) make the notational distinction
betweenstochasticand common variables, but they use upper case letteifor stochasticvariables
and lower case ones focommon variables. This practice mayalso be inadequatelf in our context
we used another quantity denotedby the Greek letter? (and actually ? is quite common in
statistical texts? cf. the chi and chisquared distributions), how would we distinguish the

stochasticvariables corresponding towand ?? (In both cases the upper case letter s, while in
our conventionwand .. are distinguishable.)Furthermore, this would be too restrictive in our use

of mathematical symbols. For example, the symbbltypically used to denote the Hurst parameter
would be an incorrect notation if we adopted the upper vs. lower-case notation. Another
convention was used by Papoulis (1990, 1991), who denotestochasticvariables in bold letters.
However, the typical use of bold letters is to denote vectors. Therefore, the Dutch convention of
underlining the stochasticvariables is the most convenient, clearest and safest.

* More generally, here we interpret an event® @ as equivalent to the eventd 1, wheredh & «
For a more formal discourse on stochastimequalities andordering seeShaked and Shanthikumar (2007).
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2.5 Distribution function , tail function , odds function and quantile
I AAT OAET ¢ O1 +1 111 ci of ptdbabilityjtheanys tbeGunoidn ©fithe AOE T 1
real variable iy

Owh 0o o (2.37)
where wis a stochastic variable, is called thedistribution function. We notice thatthe
stochastic variable with which this function is associated is not an argument of the
function. Even though we use the same letter for bottband &y the two are fundamentally
different. For example, in a die throw, the stochastivariable wrepresents the whole
numbers 1 to 6 and the common variablavtakes on any real value fronge OT CH8 | 4 E
domain of Ow is not identical to the range of thestochasticvariable ¢y rather it is always
the set of real numberdl) If there is risk of confusion (e.g.jf we study a problem with

many stochasticvariables), the stochasticvariable should also appear in the notation of
the distribution function. Usually, it is denoted as a subscript'O .

Typically, "Ow has amathematicalexpression depending on some parameters is a
non-decreasing function ofwobeying the relationship:

m OH Ok O p (2.38)

As it is anon-decreasing function, in the English literature "Ow is also known as
cumulative distribution functioh AOO EAOA xA AAEAOA O +711 11
terminology, which did not contain the adjectivecumulative. In practical applications the
distribution function is also known as non-exceedanceprobability. Likewise the non-
increasing function:

Oohdw & p O (2.39)
i.e., the complement ofOw from 1, is called here thedistribution function complement It
is also known as tail function, survival function or survivor function and represents
exceedanc@robability.

The distribution function is always continuous on the right However, if the ground
setmis finite or countable,"Ow is discontinuous on the left at all pointsw that correspond
to outcomes] , and it is constant between them (staircaséike). Such a stochastic
variable is calleddiscrete If"Ow is a continuous function, then thestochasticvariable is
called continuous Amixedcase is alsccommon. Herethe distribution function has some
discontinuities on the left, but is not staircasdike. These are better explained in

Digression2.J
A useful derived function is the secalled odds function

*7A 11 0A OEAO +i1171c¢cioil6 OOAA Oré EI EEGZ). AAEET EOEI T A
d A generalization for a complex stochastic variabléth @ "@is possible and useful in some cases (see
section5.4). In this casegdoes not have a distribution function because the inequalito @ @& "Qdoes

not have a meaning. Instead, we use the joint distribution function ofand w(see section2.13). Nonetheless,
other types of statistical characterization ofx (e.g. expectation) are meaningful.
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w D 00 00 (2.40)

Ow P Ow '
Like Ow, o isanondecreasing function For continuous stochastic variables, the
inverse function™©O  of 'O exists. Consequently, the equatiod® "Ow has a unique

solution for w called u-quantile of the variablew that is:

@ O 6 (2.41)

Digression 2.I: The concept of return period

In several applicationsto geophysics and in engineering applications the concept of return period
is widely used. This is closely related to probability and it offers some advantages in terms of more
intuitive probability plots and engineering design procedures. Te return period T of an event,
which has probability Pto occur in a time intervalD, is related toP and D by the almost obvious
relationship:
., O
0 — 242
Ny (242)
Apparently, “Yhas dimensions of time. Ithe event of interest is the exceedance of a threshold
value w(e.g., a value whose exceedance results in some risk as in a heatwave or a flood), i.e. the
event w  occurring within a time interval D, then
“Ya o o (2.43)
W 5 o~ ’
Ow p Ow

Conversely, ifthe event of interest is the norexceedance of a threshold valu@(e.g., a value whose
non-exceedance results in some risk, as in a cold wave or a drought), i.e. the event ®
occurring within a time interval D, then

Ya 0 244
"Ow ( )
The concept offers an easy means of empirical estimation‘aprovided that there is a sample

of & observations taken at equidistant timesO. Even though we have not formally introduced yet

the concepts of sample and estimation (this will be made i€hapter 4 we provide here the
following equations for easy estimate ofT of the sample valuew 4 , which is theith smallest of
the £ values. For positively symmetric distributions:

Yo g ¢ A P & ™COQ

245
0 ¢ QA ¢ Qm op (243)
and for symmetric distributions
Yo g ¢ ¢cA p ¢ mMco (2.46)
0 ¢ QA E Qm oo

where r = 0.5772 is the Euler constantand the caret (*) denotes an estimate. This gives an
unbiased estimate of the logarithm of'Y as well as for the distribution quantiles of distributions
of exponential type and was developed in Koutsoyiannig2025). We will give more details in
section4.12.

2.6 Probability mass and density function

In discrete stochasticvariables, the probability of each event:
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OkOoOo h O @ ™Om® Om® h Q pB (2.47)
where Jis the number of possible outcomes (which can be infinitejs the probability mass
function. It is easy then to see that the step (discontinuity) of the distribution function
"O® at point @ equalsD .

In continuous variables there are no discontinuities and hence any particular value
haszero probability of occurring. However, we can still tell which of two outcomes is more
probable andby how much, by examining the ratio of the two probabilities. As this is a
0/0 expression, bearing in mind 1 & ( E DrEl§ Ave ®ié@d to examine the ratio of
derivatives of probabilities.

The derivative of the distribution function is called theprobability density function
(PDF) or simplydensity.

. AOw
Qo h ——— 248
o " (2.48)
and its basic properties are
Qo Th QAL p (2.49)

Obviously, the probability density function does not represent a probability and,
therefore, it can take on values higher than 1. Its relationship with probability is described
by the following equation:
Qw | E4 = (2.50)
° 3w

The distribution function can be calculated from the density functioni.e.:
"Ow "Qw A (251)

In discrete stochasticvariables, the density is a sequence of Dirag functions (see
definition of 7 in equation (3.52)), while in mixed distributions Dirac ) functions appear
at the points of discontinuity. This text mostly deals with continuous variables

Some of the most commordistributions of discrete and continuous variablesare
shown in Table2.2. Additional continuous distributions are shown inTable2.3, along with
their moments, while the derivation of these and other distributions in terms of the
principle of maximum entropy isdiscussed in sectior2.11 (see alsoTable 2.4 and Table
25).

As alrealy discussel (section 2.4), the one-to-one mathematical transformation of o
®w "Qw defines a newstochasticvariable « If the function "Qw is invertible, then the

event w  isidenticaltotheevent ® "Q w where"Q isthe inverse function of
"QConsequently, the distribution functions ofwand ware related by:

06 0o ® ded Q& 00 & (2.552)
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In the casethat the variables are continuous and the function g differentiable, it can
be shown that the density functions ofvand ware related by:

) N w
- QQ w
where g>is the derivative ofg.

Table 2.2 Some of the simplest and most common distributions.

Name (and Probability massfunction or Probability distribution function
parameters) probability density function

Discrete variablewwith values® k Q

Discrete uniform,

1
©

0 pfB fi) 0 ® 5 Ow | A@h E Qohp
Geometric - p ‘ e i © 00
- o 0 _— Ow | Aglp ——

Q B (¢ o " p ¢ p

Poi w0

oisson . . o — ‘ & 00
omisc m 0O TG 0 0 { “ag

Continuousvariable ®

pfth £ImO & U

Uniform in [0, "Qw o .
0.4 mh I OEAOXE

O® | Aa@h Eijorp

. A joos ﬁ (b T P w4
E‘xponentlal 06 J O p Alh AlGO T
( ) mh o T h Alcd 7
Normal Vb ——AGD—— 06 CAO&A—

( A h’ T[) MC/\,, Cu C I/IC,,

Note: &denotes the floor of the numbermy(the greatest integer less than or equal to).

Digression 2.J lllustration of distribution function by an example

Here we continue the example iigression2.B to illustrate the notion of the stochastic variable
and its distribution function. Againwe study: (a) the occurrence of rairall at a particular site and
a specific time of the year, and (b) the rainfall depth at that site and time.

(a) The ground set ism= {wet, dry} and we define astochasticvariable wbased on the rule
WAOU T @xAO p
We cannow easily determine the distribution function of e For anyw<0,
Ow 0w ® T
(becausewcannot take negative values Formm & ph
Ow 0 ® 0w T T

Finally, forw p,
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Ow 0w ® 0o m 0® p p
The graphical depiction of the distribution function isshown in Figure 2.2 (left). The staircase
like shape reflects the fact thathe stochasticvariable is discrete.

F(x) F(x)
1+ — 1 fmmmmmmmmmmmmooooooooos
0.6 1 ! 0.6 |
0.4 + ; 0.4 |
0.2 + ; 0.2 +
-1 0 1 2 - 0 1 2
X X

Figure 2.2 Distribution function of a stochasticvariable representingevents related to rainfall on
a given dayin a certain area andat a specifictime of the year. (left) the dry or wet state; (right)
the rainfall depth.

(b) The ground set is a ° 1 andthe stochasticvariable wis given by the rulew 1.
Again, the distribution function of owillbe 0% 0 & & Tfor w< 0 with a discontinuity at
0, so thatOTt 0 w T T&. Forw Tthe distribution function will be continuous and
increasing, approaching 1 aso© Hb. To construct a plausible distribution function, without
examining observations, we make an assumption that smaller values are more probable than
higher and specifically that for two valuesb and®  w, the ratio of densities éxpressingthe
ratio of probabilities according tol 0 ( E ©rie) depedds on the differencen o, i.e.,

Qo Qi G

—_— W W

"Qw
where it is easy to see that the functiom( ) should be given asQw "Qm F'Qw. In turn, it can
be shown (homework) that Qo 6 A @ D6 @ where A and B are constants. By integrating
(according to equation(2.51)) we find:

v O P
O® 3P Agbpéw 6
and, since o m@and Ol p,C= 0.8 andA/B= 0.2, thus:

Ow mp AP w T

where B can be any positive number. An example is depicted Figure 2.2 (right) for B= 1. The
result is a modified exponential distribution (seeTable 2.2), where the modification resulted from
the fact that the distribution is not continuous everywhere but mixedThe same result could be
derived by maximizing entropy (seeDigression2.L)

If this mathematical model is to represent a physical phenomenon, we mustepin mind that
all probabilities depend on a specific location and a specific time of the year. So, the model cannot
be a globalrepresentation of the wet and dry state of a day, nor of the rainfall depth. Theodel
asformulated here is extremely simplified. It does not make any reference to the succession of
dry or wet states on different days. This is not an error; it simply diminishes the predictive
capacity of the model. A better model would describe separately the probability of a wet day
following a wet day, a wet day following a dry day (we anticipate that the latter shodlbe smaller
than the former), etc.In addition, while the assumption made for the rainfall depth leading to a
mixed exponential distribution seems plausible at a first glance, it does not fully correspond to
the empirically observed behaviour. There are better models than the exponential.
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2.7 Random number generation for stochastic simulation

One of the important scientific advances offered by stochastics in the last several decades

is the Monte Carlo method, else known as stochastic simulation. It was originally
developed for the numerical solution of integredifferential equations in Los Alamosin
the framework of the Manhattan Project(Metropolis and Ulam, 1949). It can easily be
shown (e.g. Niederreiter, 1992) thatin high dimensional numerical integration (specift
cally for a number of dimensionsd > 4), a stochastic (Monte Carlo) integrabn method (in
which the function evaluation points are taken at random)s more accurate (for the same
total number of evaluation points) than classical numerical integration (based on a grid
representation of the integration space).

This gave importance to the much older concept of random numbers, whose first

appearance in a scientific publication wagt EPDAOOG6 O | p wgep@ranGomAl Ah x

digits taken from a 1925 census reportBefore that (and even after; seB®igression 3.G)
random sampling was performed by means of dice and cardsThus, Galton (1890)
invented a set of three modified dice to generate samples from a normal distribution.
O300AAT 66 | POABATTUI T &£ 7838 '1 O00AOQ EI
3000 cards (in 750 groups of size 4) to find the distribution of the-statistic and of the
correlation coefficient (see more informaton in Stigler, 2002).

A sequenceof random numberds a sequence of numbersy whose every statistical
property is consistent with that of realizations from a sequence of independent identically
distributed stochastic variables w with specified distribution function "Ow (definition
adapted from Papoulis, 1990). In turn, aandom number generatoiis a device (typically
computer algorithm) that generates a sequence of random number& with given
distribution "Ow . Random number generation is also known adonte Carlasampling

The basis of practically all random generators is the uniform distribution in [0,1] (see
Table2.2). A typical procedurefor that distribution is the following:

1 We generate a sequence of integer§ from the recursive algorithm

™ wi T A wherek, candmare appropriate integers(e.g.Q ¢ @t @,w

® pad TC w®Q§ wer alternatively Q  x pQETHO T
a ¢ P GpTXUYET;Ripley, 1987, p 39).

1 We calculate the sequence of random numbers with uniform distribution in

[0,1]as6 N 7a.

Obviously, this is a simple algorithm, purely deterministic. Why are the numbers it

generates regarded as random? The answer is simple: Because if we do not know the

algorithm and the initial condition (} orr} ) we cannot predict these numbersAsmost
algorithms, like this one, are purely deterministic, sometimes the numbers are called
pseudorandom. But this implies the idea that there exists another category of true or
genuine random numbers. Even though in the literature references to true rando
numbers abound, this may reflect a misunderstanding of the notion of randomness and a
dichotomic view of natural processes (cf. Koutsoyiannis, 201®imitriadis et al., 2019.

pwty

In any process of the macroscopic worldE £ x A xAOA AAT A O ETT1Tx O

system dynamics)and the initial conditions with full precision, the situation would be the
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same as with the simple algorithm described. That we anenable to know precisely the
algorithm of a physical process andhe initial conditions does not make the numbers of
different type.

A more recent algorithm for the generation of random numbers with uniform
distribution is the so-called Mersenne twister which isbetter due to its longer period (it
is based on the Mersenne prime 2937 z 1) and hasbetter equidistribution properties
compared to linear congruential generators. It isavailable in mostcomputer languages
and software packages

Once we have a random generator for the uniform distribution, we can make one for
any distribution "Ow . A direct (but sometimes time demanding) algorithm to produce
random numbers® from anydistribution "Ow is given by:

@ O o (2.54)

where ¢ is the sequence ofandom numbers with uniform distribution in [0,1]. This is
very easy to apply in any computational environment. However, for the most common
distributions, there are much faster algorithms than this, which the interested reader can
find in relevant probability books (e.g.Papoulis, 199Q.

2.8 Expectation

Expectation is a key concept of stochastics, enabling a macroscopic view of a phenomenon
or process in which the details are intentionally neglectedlt converts a stochastic
variable into a common one.

For a discretestochastic variable ¢ taking on the valuesc fo 8 Foo (where Jcould

AA wq xEOE DOl AAAEKR EOU ViwA @Q if EO lishad Brbitrary
function of w(so that "Qw is astochasticvariable per se),we define the expectationor
expected valuer meanof Qw as

%"Q® h Qo 0 ® (2.55)

Likewise, for a continuousstochastic variable wwith density "Qw, the expectation is
defined as:

%'Qw h Qo "Qw A® (2.56)
Expected values arecommon variables: for example, %w and % Qw are

constants? neither functions of wnor of a That justifies the notation%w instead 0f% w
or % w , which would imply functions of wor a

* For example, forExcel (hich by default includes the function rand) theMersenne twister algorithm, called
NtRand, can be found invww.ntrand.com/download/ .

d For example,in Excel the function normsinv(rand()) generates random numbers from the normal
distribution.


http://www.ntrand.com/download/
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2.9 Classical moments and cumulants

For certain types of functions’Qw we get very commonly used statistical parameters, as
specified below

1 Thenoncentralmomentof order q (or the gth momentabout the origin):
Qw wh * h %o (2.57)

1 Themean(or the first moment):

Qo o hY % (2.58)

1 The central momentof order g
Qv ® ‘' h * h%o (2.59)

Forg= 0and 1 the central moments are respectively 1 and 0.
1 Thevariance

Qw ® ‘' h thwoe © h, (2.60)

The variance isalso denoted a) AdY; its square rootA (also denoted asO Od) is
called the standard deviation.

To distinguish the above quantities from other types of moments to be introduced
below, we call themclassical momentsMost usedamongst the moments of order higher
than two, are the third and fourth. If we standardize them by appropriate powers of to
make them dimensionless, we get, respectively, tlmefficients of skewnesmd kurtosis:

6 h—h 6 h— (2.61)

Other dimensionless indices are the ratios

—F “H 6 (2.62)

where the latter iscalled coefficient of variation(meaningful for nonnegative variables)
Central and noncentral moments are related to each other by

‘ r’] ‘ I ‘ r’] c c
0 h 0 (2.63)
where ‘ ‘ pH TiH ‘. (For proof of these relationshipssee Koutsoyiannis,
2025). For small g they take the following forms:
‘ ) ‘ Fl . . O.” . ‘ ﬁ . . T I (p” . . (264)

and canbeinverted as follows:
» ‘ “h ¢ ‘ o ¢ h ‘ e o (2.65)
For ready reference,Table 2.3 provides the analytical expressions of the moments of
some common distribution functions.
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Table 2.3 Some common distributions of continuous variables and their moments (and
cumulants when their expressions are simple).

Name, parameters, Probability density or Momentsand cumulants
domain distribution function
Uniformin ¢fd, . p » Q. o O . & )
o Qw - ‘ —h ¢ h -
O 0 W W O C p n pw w
Betam & @ o @ ‘ 3- “3R -, &n A
S "y W W - ® .
- i mh m QW p—" 3-3R - ° e A
Exponential AT “‘h " “h * AA N
1 Y 1 Qw  —— I R opA
. . an - .
Gamma G A~ ‘ -h —h 3 _h
5 " Qv — ) -
. 1 T 3 - I 4 pA
Weibull Csp 2R sp 2 osp B
. - Ow p Agb - - B
- T T T _ . n
3 p -
) . Eoo mh niAA
Normal o ¢ 7 ., n poh nAOA
, - - Aob “ ‘hn p
Ngh, Th 06 G,
. W — ,
wN A VICA, I " n ¢
T n ¢
Lo‘gnAorvrlnaI(I is AGD L | 7@ ) )
hi L) Q6 ¢ - + KA AA p_h* A _
©om T T MeA “w
‘ = ﬁ ‘ =
Pareto! . w - : p . P G
, mh ot m 9w PP - _
= " - M op —
Pareto-Burr- L
Feller! (PBFY . © — - P07, =
- m T Ow p p —,— [ -
_ 1w T = ’
Dagumt G - v
- m} T[h “O(b p R - ‘ > ! p ’ h n - =
_ T T -
Extreme value A
type | (EV1) Ow A@GDAT “ rh ¢ —=h | p ¢ p_
_ Tion s - ¢ -
Extreme value o - ‘ 3p , _N 3p g 3p , _
type Il (EV2) o Agb - ‘ ,
.M T T - sp M.

1 The moments exist (have finite values) only for ordery  pj , ; for larger q they are infinite.
2 Also known asPareto Il and I\ Burr Xll and Feller, for justification of the name PBF se&outsoyianniset al.(2018).
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Another useful expectation is formed by choosinfRow  A-for anyt. The logarithm
of the resulting expectation is calledhe cumulant generating function

06 h il WA- (2.66)

The power series expansion of the cumulant generating functiare.:
- 0
v o I — (2.67)

defines thecumulantsll . These are related tononcentral moments of similar order by
(Smith, 1995):

‘ n p - ‘ n p ‘ 268
‘Q I h ol 0 I (2.68)

For small q they take the following forms:

~ ~

I ‘ | ‘ “h “h | “h | ‘ o) (2.69)

The importance of cumulantdies in their homogeneity and additivity properties. Namely,
for a stochasticvariable that is the weighted sum of independent variablesv , i.e.®
w0 E &V, theqgth cumulant of is given as

A E ol (2.70)

where |l is gth cumulant of 0 . This property is quite useful in stochastic simulation
(seeKoutsoyiannis and Dimitriadis, 2021, Koutsoyiannis, 2025).

Digression 2.K: lllustration of the first four classical moments and related
statistical characteristics

The geometrical meaning of the first four classical moments is visualized ligure 2.3. Essentially,

the first moment, i.e. the mean, describes the abscissa of the centre of gravity of the shape defined
by the probability density function and the horizontal axis Figure 2.3a). It is also equivalento

the static moment of this shape about the vertical axis (given that the area of the shape equals 1).
Often, the following quantities are alternatively used as location parameters:

E Themode or most probable value,  , is the value of wfor which the density Qo becomes
maximum, if the stochastic variable is continuous, or, for discrete variables, the probability
mass becomes maximum. If' Qo has one, two ormany local maxima, we say that the
distribution is unimodal, bimodal or multi-modal, respectively.

E Themedian®g,isthe valuefor whichd & @y pfcandd @ ®g  pj ¢. Thus,for a
continuous stochastic variableavertical line at the median separates thegraph of the density
function into two equivalent parts each having an area dff2.

Generally, the mean, the mode and the median are not identical unless the density has a
symmetrical and unimodal shape.

The variance of a stochastic variable and its square root, the standard deviation, which has
the same dimensions as the stochastic variableguantify the scatter or dispersion of the
probability density around the mean. Thusa small variance shows a concentrated distribution
(Figure 2.3b). The variance cannot be negative; its lowest possible value is zero. This corresponds
to a variable that takes one value only (the mean) with absolute certainty. Geometricallye



varianceis equivalentto the moment of inertia about the vertical axighat passesfrom the centre
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of gravity of the shape definedy the probability density function andthe horizontal axis.

Alternative measures of dispersion are provided by the soalled interquartile range, defined
wg hi.e., the differencebetweenthe 0.75 and 0.25 quantiles (or upper
and lower quartiles) of the stochastic variable hich define an area in the density function equal

as the differencew g

to 0.5).

The third central moment is used asn indicator of skewness. A zero value indicates that the
density is symmetric. This can be easily verified from the definition of the third central moment.
If the third central moment is positive or negative, we say that the distribution is positively or

negatively skewed respectively Figure 2.3c). In a positively skewed unimodal distribution
Wg ' ;the reverseinequality holds for a negatively skewed distribution.

The fourth central momen_t is usgd‘as an inpli_t_:atppf [<u'rtgsi§, a 'germ_.whiph ’dgsgripes the~ o
I £ OEA DPOI AAAEI EOU AAT OEOU £01 AOEI
o. Distributions with kurtosis greater than

OPAAEAAT AOO6
is provided by the normal distribution, which haso
the reference value are calledeptokurtic (acute, sharp) and typically havex heavyupper tail (see

below), so that most of the variance is due to infrequent extreme deviations as opposed to
frequent modestly-sized deviations. Distributions with kurtosis less than the reference value are

called platykurtic (flat; Figure 2.3d).

f)
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Figure 2.3 Graphical illustration of the geometricalinterpretation of moments of a stochasticvariable: (a)
Effect of the meanCurves(0) and (1) have means4 and 2, respectively, whereas they both have standard
deviation 1, coefficient of skewnessl and coefficient of kurtosis4.5. (b) Effect of the standard deviation
Curves(0) and (1) have standard deviationl and 2 respectively, whereas they both have mead, coefficient
of skewnessl and coefficient of kurtosis4.5.(c) Effect of the coefficient of skewne&urves(0), (1) and (2)
have coefficients of skewnes®, +1.33and z1.33, respectively, but they all have mead and standard
deviation 1; their coefficients of kurtosis are3, 5.67 and 5.67, respectively(d) Effect of the coefficient of
kurtosis. Curves(0), (1) and (2) have coefficients of kurtosis3, 5 and 2, respectively, whereas they all have
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2.10 Entropy as expectation

The enumeration of the ground set and hence the definition of a stochastic variable entails
arbitrary choices and one could think of different options. In turn, expectations and
moments depend on the option chosen. One may think of defining the functig() whose
expectation is sought, in terms of the probability per se, i.80® Q0 & for a discrete

variable or Qw "Q™Qw for a continuous variable, whereh() is any specified

function. Among the several choices 62 , most useful is the logarithmic function, which
may render entropy as an expectationNamely, the entropy of a stochastic variable is
defined to be the entropy ofthe finest partition .

Specifically, for a discrete stochastic variablec taking integer values owh p8 ho

(where Ocould be infinite) with 0 0 & @ the entropy is:

woh% 10w 0l D

E

Ep

(2.71)

E

For a continuous stochastic variableotaking real valueswE T HiHy) the definition
of the entropy of wis possible by means of the relative entropy. First, we take the finest
partition for intervals of size ] ¢y form the relative entropy for measureé @ _ 1 @ A®

and make the partition with elementso "Q pafigo,
\l 1 5 " \I /I\fj (“)
0O —
® 00

v . (2.72)
. O O piw
ORw 0O Qpjw |1

0w 06 M0 piw

where O is the distribution function. Then we take the limitof \Ns3' A ®° mand
setOP O Q p1® Qoiadd RO 6 Q pr1w | o

| EiNg H oh % H—(—b Ilr—(b/EbA(b (2.73)

—x

It is reminded that the background measue densityf @ can be any densityof a
measure such as goroper probability density (with integral equal to 1) or animproper
one (meaning that its integral dverges). Most commonly, it is assumed to bean
(improper) Lebesgue density, i.e. a constant with dimension$ Qw w ,So
that the argument of the logarithm function bedimensionless.It can easily be shown that
forf @ |  constant, equation(2.73) can be expressed in a simpler manner in terms
of the derivative of the quantile functionw "O as:

oh 17To0O A0 (2.74)
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This is useful for the numerical evaluation of ), particularly when the quantile function
is estimated empirically, provided that the estimatedy "O is smooth, so that its derivative
can be reliably estimated.

Entropy maximization is typically performed for the finest partition and for
constraints suitable for each case. The standard constraints for all cases are:

{ For discretestochasticvariables a

*

0 P (2.75)
Ep

{1 For continuous stochasticvariables ai

Qohd p (2.76)

Digression 2.L: lllustration of the principle of maximum entropy

Here weillustrate the maximum entropy (ME) principle in a few simple casesThe examples may
look trivial. However, we must have in mind that, as already mentioned iDigression2.F, with the

same reasoning we can infer more interesting things, such ake laws of thermodynamics
(Chapter 6. The logic is the same: we maximize the uncertainty with respect the state of a die
or a water molecule.

(a) We thusstart from the simple example of determining the probabilities of the outcomes of a
die throw. These probabilities can readily be inferred by Theorem 4 in sectioR.3, but here we
will derive them from scratch for illustration. For the die the entropy is:

% 10w 01D OI

~

D O

o~

0 01

> 4 3

D 01D 010D

Considering also e equality constraint:

0O 0 0 O 0 0 op
we form the objective function to maximize as:
Oh 010D f)"‘lj) 76176 76]}) 76]5 01D
wub 0 Lv U0 UV L p
where a is a Lagrange multiplier. We find the partial derivatives with respect to each of the
variables and equate them to zero, obtaining:
1o S o o 0 S
,lTplbwnhESh,'T p I b o m
Obviously, the solution of these equationgields the single maximum:
5 0 0 0 0 0 pro
The entropy islz = z6 (1/6) In (1/6) = In 6. In general, the entropy forJequiprobable outcomes
is:

1D (2.77)

It is noted that entropy and information are complementary to each other. When we know
(observe) that the outcome isGB0  pho  1ifor Q P the entropy is zero.
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In the abovecaseof a fair die throw, the application of the ME principle is equivalent to the
principle of insufficient reasonHowever, while the former is a variational law (equivalent to the
solution of an optimization problem), the latter is formulated in terms ofequations. As already
stated in sectionl.2, asingle variational law is much more powerful than very many equations.
Actually, from a variational law we derive as many equations as there are unknowns (even an
infinite number of equations). And as we showed, in this cagke variational ME principle entails
the principle of insufficient reason, and thus there is no need at all to postulate the latter as an
additional philosophical or scientific principle.

(b) To illustrate that the variational ME principle is more powerful thanthe principle of
insufficient reason, we consider the following variant of the problemin which uniformity is a
priori excluded. Specifically, weassume that the die is loaded and that we have prior information
thatd  ¢O . What is the probability that the outcome of a die throw will b&dn this case?

For the ME optimization we only need tatake into account the additional constraint, by
adding to the objective function the term 0 ¢0 where b is an additional Lagrange
multiplier . The solution of the optimization problem is a single maximugd 0 0 0
™ ¢ ofslightly >1/6),0 1@ T T& p okhe entropyis  p& X dsgnaller than in the
case of equiprobability,in which 1 I p& wcThe decrease of entropy in the loaded die
derives from the additional information incorporated in the constraints.

(c) In another example we consider a roulette wheel which is not divided into pockets, but its
outcome is a real number measured on a circular scale graded 0xdn this case ourstochastic
variable wis of continuous type. Assuming backgroundensityl @ p, the entropy is

%) I 1Q A Aw
Considering also the constraih(2.76) with a Lagrange multipliera, we should maximize:
0h 1 1Qo AvAd & "QuAn p

Finding the partial derivative with respect tof and equating it to zero we obtain:
1o S

e p 11Q w 1

Hence'Q A@DBp & constant and from the constraint wefind that the entropy maximizing

density is:

0n P
0]

(2.78)

and the entropy is:

A

1D (2.79)

This is the uniform distribution, given in Table 2.2. Notice that the expression of maximum
entropy for a discrete stochastic variable (equation(2.77)) is identical to that of a continuous
stochastic variable (equation(2.79)).

(d) If in the uniform distribution the upper bound JOA T A O (widié theHswer bound remains
0), it becomes improper (Qw ). Therefore, in this case we need an additional constraint to
find a proper distribution. The simplest one that we can think of is that the distribution has a
specified mean , i.e.:
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The expression of theentropy is the same as in the examplec), but the objective functon to
maximize becomes:

~

oh 100 AAd O QAL p O ODAD ¢
Thus,
[ iR o b
T P n
and

Qo 6ATBPO®
where from the two constraints we find, after the algebraic operations, thaB= b= 1/t{.This is
the exponential distribution given in Table 2.2. It is very common in physics, as the mean
constraint, from which it results, is omnipresent. For example, brepresents the kinetic energy
of one of many particles moving in a box, we do not know the exact energy of each particle (which
may change due to collisions, assumed to be elastic) but we may know the averagevhich is

preserved according to the related physical principle €nergy conservatior). Consequently, the
distribution of kinetic energy is exponential.

(e) If in the above example of moving particles we limit the motiorio a straight line, and we
choose not the kinetic energy but the velocitys our stochastic variable &y which canbe either
positive or negative, the kinetic energy constraihis written as

0 QOAD T

where r is twice the average kinetic energyper unit mass The objective function to maximize
becomes:

o h oo Qo Ad & QonAd p ©  0QOAL T
Thus,
T 6 ‘I ’TQ 4 oY
T ) P W W Tt
and

"Q® 6 A JDiw

where from the two constraints we find, after the algebraic operations, that cTr b= 1/2r.
This is the normaldistribution given in Table2.2, with { = 0 and standard deviation, |/ .

In fact, all distributions of Table 2.2, except the Poisson distributionturn out to be entropy
maximizing distributions, either without a constraint or under a simple constraint in each case.
The results are summarized infable2.4.
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Table 2.4 Entropy of the most common distributions ofTable 2.2, which turn out to be entropy
maximizing distributions for Lebesgue backgroundiensity T @ p) with simple constraints.

Name (and Probability mass,density and Corresponding entropyfor unit background
parameters) distribution function measuredensity

Discrete variablewwith valuesw

Discrete w 1D

uniform b d  pjoh (thE maximum among all distributions
o pR 00 T A@i EWHOD  ina o)

> p .

0 W _— . N
Geometric p ‘p @ I‘—p p 1T pIA
w TipB O
¢ Tji)p - ) ‘ 56 (the maximum among all distributions

I A @p 5 5 with 0  1ipH8,and meant)
Continuousvariable ®
P Eimo e o o 1D

Uniformin Qo 0

0, ] T 1 OEAOXEO (the maximum among all distributions with
' domain [0, 1])

O | Agfi E trup

A
Exponential ; = p- o )
(t >0) e W T (the maximum among all distributions with

o0 p AT Eiedm domain [0, ¥ ) and meant )
®
Tt FElaD m
o o o o .
( v ah e o (the maximum among all distributions with
, TD 06 EA OﬁEmﬁ _ domain Hitb ,meant and standard
q g, deviation £)

Note: &denotes the floor of the numbera

2.11 Maximum entropy distributions

In Digression2.L we illustrated several simple cases of entropy maximization, in which
we determined the entire probability mass or density function based on one or two
constraints. We can generalize the result for a number of constraints of the form:

%Qo 8 QOQ0AL [T (2.80)

and for any background measuredensity | . In this case, after incorporating the
constraints to the entropy with Lagrange multipliers, the expression whose maximization
is sought is
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0k | ek & 0wk p H  QeQnAn | (281)

Taking the partial derivative with respect tof and equating it to zero we find

~

. Qo . e
I%_(b P W 0w Qw T (2.82)
and, thus, the entropy maximizing density is
Mo 0 wAGD 0w (2.83)

whered h A is a constant.

As we have seen iigression2.L, some of the most typical distributiors which are
used in a variety of scientific fields can be deriveffom entropy maximization using a
simple constraint. Here we will try to get a plethora of distributions again using a single
constraint but both with a Lebesgue background measure and a generalized one.

The background measuredensity I @ shows how we measure the distancesd
between values ofa The Lebesgue measure corresponds to the Euclidean distance,
Qafv> s s However, most geophysical variables are nornegative physical
quantities unbounded from above (e.g., precipitation, streamflow, temperature
absolute, expressed in kelviny. With positive physical quantities often the Euclidean
distance is not a ideal metric and sosometimes we use a logarithmic distanc@ cfvs
d TaFo s as shown in the example beloweferring to precipitation depth :

Euclidean distance  Logarithmic distance

w= 0.1 mm,c»>= 0.2 mm 0.1 mm In2=0.693
®w= 100 mm, a»>= 100.1 mm 0.1 mm In 1.001=0.001
= 100 mm, c»>= 200 mm 100 mm In2=0.693

Which of the second and third pairs of points is equidistanfrom the first one?In an
attempt to merge (or unify) the Euclidean and logarithmic distance, we heuristically
introduce (see Koutsoyiannis, 2014a) the followingbackground measuredensity for
nonnegative variables:

S — (2.84)

where 1 is a characteristic scale parameter, which also serves as a physical unit tor
According to this, the distance of any poinfofrom 0 is:

w _T T A _lIlIp - (2.85)

We will refer to © @ as thelog-shift measure An example plot for’ @ is given in
Figure 2.4. Its limiting properties are:
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L:
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This means that for large_or small®™ @ behaves like the Lebesgue measure and for
small _or large wit behaves like a logarithmic transformation.

10000 ~
1000 - 7
100 7 y=dx 7
7

10 - P
. I\

:'y - aln(x/a)

0.1 -

0.01

0.001 -~

A Il gy prp—

0.0001 ' ' ‘ ‘ ‘ ‘
0.0001 0.001 0.01 0.1 1 10 100 1000 10000

X

Figure 2.4 lllustration of the log-shift measurew 6 ®w ~  ;the example plotis forl = 10
and shows that for smalko(<1/10) 6 wis indistinguishable from & while for largew(> 101),0 @

becomes a linear function of t

The distance between any two pointsoand o»is:

i~ .o oo N
Quw D w O0ws _I| |—— (2.87)
P w_
For small®values, i.eo @ L _ thedistanceiQatu> _I1Tp & @] _ ®
&> ® (Euclidean distance). For large values,_L & Qo> _I Tofo

(logarithmic distance). We notice that bothd @ and Q ¢fi> have the same units aso
(physical consistency).
We further generalize this measure to the following form:
C s I ) W

6 w _llp - h 6 o _I o w- Tp (2.88)

and we call this thelog-power-shift measureWe note thatthe dimensionsare 6 w
@ _andsd w O ®7_with the derivative & @ beingdimensionless.
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Now, in the general solution (2.83) we usethe background measured @ 06
with a single constraint thatis% * @] _ [ and from (2.83) we get:
0 W 0 W Loae

Adb o — -Adb o — I 16 o (2.89)

Qw 0

After the algebraic operatiors we find the generalized maximum entropy distributionas.

Qo — - p - Agbponlip - (2.90)

As a special cas@s_© Hithe log-power-shift background measure approaches the
power measure  ,andthe quantities in (2.88) become:

@ - h 6 ® w- (2.91)

This is justified by the fact thatl Ed @7 &  p. Hencethe density of(2.89) becomes

6 O®

06 Aopd 2 (2.92)

Furthermore, when® p we get theLebesgue measurand obtain:

0 . ®
Mo —Abw - (2.93)

The densities (2.92) and (2.90) contain as special caseghe most common
distributions used in stochastics. These special cases are listedTable 2.5 in terms of
their densities"Qw and distribution functions complements'Ow p Ow.

In particular, the density (2.92), which is derived from the power background
measure, corresponds to a generalized gamma distributigalso listed in Table 2.5, after
suitable transformation of its parameters.The density (2.90), which is derived from the
log-shift background measure, does not yield a closed expressifor "'Ow in its general
case, and therefoe is not listed in Table2.5.

The distributions and the special cases resulting from equation€.92) and (2.90)
correspond to nonnegativestochasticvariables,w 1. However, in some of the cases, in
which the variable wappears inTable 2.5 raised to power 2, the extension to the whole
OAAT TETA EO AEOAAO8 4EA AEOOOEAOOEIT O 1 &£ OF
OEAEO O&OI 16 OAOOGETT O jOATEA &£ O All OAAT 1 (
given in the table by 2; tleseinclude the normal distribution.

Some additional distributions, resulting from entropy maximization with two
constraints are given inAppendix 2-I1.

Onemay wonder if it would be possible to derive all distributions listed inTable 2.5
using the Lebesgue background measuralone, along with simple constraints based on
classical moments and some additional constraints on boundary conditions, such as
specifying the tail indices, Tt p. This question is examined iMAppendix 2-1Il and
the answer turns out to be negative: Thelensity functionsin question are not even local
(let alone global) maximizers of entropyif that is based ornL_ebesguebackground measure.
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However, as seen above, witha different background measure,we can derive all
distributions of Table2.5.

Table 2.5 Maximum entropy distributions derived by equations (2.92), (2.93) and (2.90).
(Expressions not to be used at face as different parameterizatiomse used throughout the book.)

Name Parameters "Qw Ow p Ow
Lebesgue background measufe p)
- ) W
Exponential @ Q p Pagp? Aob -
. B P )
Halftnormal 'Q chd pig \C_ Agp? ¢ A O AA-
_Mca C _ Ng_
Power background measure
Gamma Q pfdw ph P O Ao 2 3r ©
- W _3 - _ _ 3 —
Webul: & Q pi & - L App ¢ Agp =
Extended © phQ ¢Ich c o — - & 3 — ..
halftnormalt — & S - Agp = -~ h & .
Generalized @ ph dh - ® w7 3" .. or7
gammé " 60 REEEE Aop - ~ h & -
Log-shift background measuréo p)
Paretcs Q ph prd P o W - . o -
Lognormal - Agpliip @ < Pxs W
Q cho pic q G _ A o,qggl ip -
Vich PG Vic
Log-power-shift background measure
Pareto-Burr- Q ph- ch p o o &
Feller (PBFy , pfow - - p - p -
3 pr .
i @ h
Generalized »  p g o < Agd T1p = 3 pI°

I$EOOOEAQOETT O 1T AT AA OEAI £56 E Ablndeicdetadcé@yEieiobtainedd A OOET 1
AU AEOEAET ¢ OEI OA CEOAT EicorréspoAds ©d AthA xAWE 1 A8 OEFAA OOEOA 11 Ao
OO0DDPI OOAA 11T OEA xET1T A OAAl 1 ETA8 4EArdi Il O Al AEOOC
2 Special casesChisquaredand Erlang.

3 Special caseRayleigh Antisymmetric case (in whichlOw N "Ow : Fréchet

4 Also known asChi

5 Special cases:MaxwelkBoltzmann MaxwelkzJittner, Nakagami Antisymmetric: Inversechi-squared
Inversegamma, Lévy.

6 More precisely,Pareto Ilor Lomax

7 Also known asPareto IIl and 1\ Burr Xll and Feller. Antisymmetric: Dagum(often referred to in hydrology

as kappa (Mielke, 1973; Mielke and Johnson, 1973; Hosking, 1994) but it is totally different from the kappa

distribution used in other fields? seeAppendix 2-11.).

8 Ford = 1 it becomesPBFwith upper-tail index = 1/c. Ford>1,us= 0 (all moments exist). Ford<1,u=

b jT1 17T 1T1TTATO AGEOOOQS
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2.12 Tails: heavy-tailed and light -tailed distribution s

There is a substantial difference between the distributions corresponding tequation
(2.92) and (2.93) on the one hand and2.90) on the other. Specifically, the former are
light-tailed andthe latter heavy-tailed. In heavy-tailed distributions for any t > 0 (however
small) the following limit diverges to infinity:

| EA 00 b (2.94)

In turn, a heavytailed distribution is characterized by the sacalled upper-tail index
(or, if there is no risk of ambiguity, simplytail index), defined as that numbenrsfor which
the following asymptotic equation holds true:

3 Z 71\ \ \
| Ed7 O« (2.95)

where & is a nonzero and finite constantThe distributions listed in Table 2.5 under the
title s Log-shift background measureand Log-power-shift background measureare heavy
tailed. Thosedistributions in which a parameteruappears haveupper-tail index v (e.g.,
Pareto, PareteBurr-Feller). The remaining €.g., lognormal) haveupper-tail index zero
(except a specific case of the generalized lggamma, shown in the table footnotes, whose
upper-tail index is infinite). At the same timethe moments of heavytailed distributions
also diverge beyond a certain order, i.%w Hofor all g > 1/w. The distributions with
zero upper-tail index, such as the lognormal distribution, have all their moments finite.
For that reason, they are often regarded as ligktiled. However, the lognormal
distribution clearly satisfies (2.94) and therefore according to this definition is heavy
tailed.

In a similar manner, we can define dower-tail index. Whenever the domain of the
AEOOOEAOOETT EO OEA AT OEOA 1 ET AWl Al BDAA |
o 7 . However, usually we deal with nonnegative quantitieower bounded by 0)and,
in this case, we need a differenway to define the lower-tail index. Specifically, thdower -

tail index is that number sfor which the following asymptotic equation holds true:

IOE()b Ow o« (2.96)

where & is again a nonzero and finite constantThose distributions listedin Table2.5,in
which a parametersappears havelower-tail index i (e.g., Gamma, Weibull, ParetBurr-
Feller). Usingl & ( E brile)vd séeGhal Ecd "Oc 1 _Edh "Qo 7- Thus, if— p,
the density"Qw should necessarily be alecreasingfunction, at least close to the origin,
with | E'Q®  Hb In contrast, when—  p, the density "Qa is an increasing function

close to the origin, with"Qm 1, and is usually bellshaped. The particular case pis
characteristic of the exponential and Pareto distributions, wheréQr is finite and the
density "Qw is adecreasing function.

* 1t would be more natural to use 1isinstead ofsin (2.96) so that it be more consistent with(2.95). However,
we have used that conventionso thatthe parameterization of common distributions, such assamma and
Weibull, be similar to the one dominating in the statistical literature.
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Table 2.6 summarizes the above cases and extends them to all possible upper and
lower tails and their indices. Notice that a single function, namely thedds function, ®,
can be used to calculate and visualize (on a légg plot) both tails.

Table 2.6 Definitions of tail indices for the different cases of tail behaviour

Characteristic Definition of tail indext Determination of tail index2
Upper bounded by®, tail index— |, EB & ™Ow & - 0 n M
Upper unbounded, tail index, I E®) 06 & , oTO b of Mho
Lower bounded by, tail index— | Efo & Od a - On '
Lower unbounded, tail index, 1 Ei ol 00 a : pfd b of "m

o

1aHQ pfB ht are nonzero and finite constants.
2" @ is the log-log derivative (LLD; see section3.6) of the function "Oc at the point & Gand™O® h "0® .
Likewise for ™ &.

Digression 2.M: The geophysical importance of heavy -tailed distributions

In classical statistical mechanics the Lebesgue measure is used as backgrommehsure. As a
consequencea constrained mean results in exponential distributiorwhich notably has coefficient
of variation A/{ = 1. However, in severalgeophysicalprocesses, most notably rainfall, when the
time scale is small (e.g., daily or hourly), the empiricdl/ { is greater than 1, which means that the
exponential distribution is not suitable. One may think that adding one more constraint would fix
the problem. The natural choice seems to be to constrain entropy maximization by both the mean
‘ and the variance, . However, this does not work asfor nonnegative stochastic variables,
entropy maximization with Lebesgue background measure cawt yield ,,j *  p. In other words,
the exponential distribution is the upper limit.

The next solution to try is either to use a trickier (less natural) constraint, to change the
definition of entropy (using a generalized definition; seeDigression 2.E), or to change the
background measure. The first two cases have been studied in Koutsoyiannis (2005%a)d
Papalexiou and Koutsoyiannig2012) and the last one in Koutsoyiannis (2017). Whatever the
choice may be, the result is practically the same: a heatailed distribution. The easiest way to
derive that distribution is by the framework described above, using the loghift background
measure and a single constraintthe mean of the distance function.The resulting Pareto
distribution has,j‘* pj p cu p.

In other words, by changing the background measure from Lebesgue to ispift, the light-
tailed exponential distribution switches to the heavytailed Pareto one. The theoretical
framework otherwise remains unaffectec® the same probabilistic definition of entropy is used in
both cases. But the changm the derived distribution may have important consequences in the
design and management related to extreme events.

We illustrate this based on real world data. Specifically, we use the daily rainfall data of
Bologna Italy (44.50°N, 11.35°E, 53.0 m)The available dataset isne of the longest daily rainfall
records worldwide. The time series of observations is available online in the frame of the Global
Historical Climatology Networkz Daily (GHCNDaily; Menne et al., 2012) It is uninterrupted for
the period 1813-2007, 195 years in totalMore recent daily data for 2008-2018 are provided by
the online data repository Dext3r ofARPA Emilia Romagna, Rete di monitoraggio RIRER/ith
these additional data, the record length becomes 206 years.

Figure 2.5 depicts the daily time series as well the (rightaligned) moving averages and
moving maxima for a time window of 10 years, representing the gear climatic (time-averaged)
values The most spectacular behaviour shown in the figure is the changing climaigee definition
of climate inChapter §: The 10year climatic average daily rainfall has been changing between a
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minimum of 1.2 mm (having occurred in the 1820s) and a maximum of 2.5 mm (having occurred
at the decade ending in 1902) more than twice the minimum. At the same time the 1ear
climatic value of the maximum daily rainfall has varied between a minimum of$15 mm (having
occurred in the 1820s) and a maximum of 155.7 mm (having occurred in the 193@s)more than
three times the minimum. These changes do not follow a linear pattern but have the form of leng
term non-periodic fluctuations, up and down. In the mosrecent years, after 1950, there is a
roughly increasing trend in both climatic indices, but such increasing trends were also observed
before 1900, followed by drops thereafter.These trendylooking behaviour reflects the Hurst
Kolmogorov dynamics (see sectio.12), omnipresent in geophysics.
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Figure 2.5 Plot of the time series of daily rainfall in Bologna, along with moving averages and moving
maxima for a time window of 10 years (rightaligned, i.e., the value plotted at a specific year is the average
or the maximum of the previous 10 years). The linesiidarker colour represent the GHCN time series while
those in lighter colour represent the newer data which are not included in the GHCN time series.

During the 206 years of observations there were 1926 rain days, all of which are used in
the modelling. The nonzero rainfall depths of all 19426 days are plotted against their empirical
return periods in Figure 2.6. The return period of an observed valuevis related to the probability
of exceedance byYow 'OFOw (equation (2.42)) where D would be 1 d if all days were
considered, while, after neglecting the zero rain dayf should be adapted tdD = 365.25 x 206 /
19426 = 3.87 d. The empirical return period for the sample ofl9 426 daily rainfall values is
estimated from equation(2.45).

The 19426 values range between 0.1 and 155.7 mm, with a mean of 7.2 mm. In the
exponential distribution the single parameterl equals themean, which allows plotting of the
theoretical curve corresponding to it n Figure 2.6. Clearly the comparison with the empirical
points of the figure indicates a bad performance of the exponential model. In contrast, the Pareto
model, also plotted n Figure 2.6 looks suitable. It is admirable that a model with only two
parameters (the uppertail index sand the scale parameted) can make such a good fitting on so
many observationsmade over206 years. The parameter values, 1@ @nd_ Xx& ynm (with
parameterization as inTable2.3), have been estimated by a least squares methdal minimize the
error between the empirical and theoretical return period. The empirical return period has been
assigned by the method described irDigression 2.I. The good performance of the Pareto
distribution suggests that the hypothesis of dg-shift background measure along with the
principle of maximum entropy, leads to a good predictive capacity.
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Figure 2.6 Rainfall depth vs. return period for Bologna based on 1926 daily rainfall depths observed
throughout the observation period of 206 years.

Now, comparing the behaviour of the lightailed exponential distribution with the heavy-
tailed Pareto distribution, and both with the empirical distribution, we clearly see that the former
severely underestimates the magnitude of the extremes. Notably,rfa return period of 10000
years, which is typically used in the engineering design of major projects such as dafigure 2.6
shows tha the exponential distribution predicts a rainfall depth of ~100 mm, a value that was in
fact exceededseven times in the 206-year available record. On the other hand, the Pareto
distribution predicts a value of ~250 mm, 2.5 times higher(and it becomes even higher if we also
take into account the dependence structure of rainfgllKoutsoyiannis 2025). Thus, inappropriate
model selection based on inappropriate theoretical considerationscan have substantial
conseguencesvhen it comes topractical application. Sooner or laterNature will exposehow the
inappropriate they are (e.g. by frequentexceedancef designvalues). In such cases, one could
re-examine the theory (even though an alternative and more popular practice is to blame external
agentsand find good scapegoats).

Indeed, in the 20" century, the light-tailed distributions constituted the dominant theoretical
model in research and engineering practice. And given the substantial underestitien of
extremes by this model, itfailure (and its severe consequences) should n@iome asa surprise.
By now, both theoretical advances and accumulated empirical evidence have shaken this model
and pointed to heavytailed distributions.

In addition, Koutsoyiannis (2004a, 2005a, 2007) discussed several theoretical reasons that
favour the heavy tailed distributions over the exponential case, which are consistemtith the
above considerations related to the log-shift background measure.Furthermore, as already
discussed Chapter 1, theomnipresence of change and the neatatic climate are consistent with
heavy-tailed distributions, as will be further illustrated in Digression3.l.

1 GHCN Version 3; data retrieved on 20192-17 from https://climexp.knmi.nl/gdcnprcp.cgi?WMO=
ITE00100550.

2 Data retrieved on 201902-17 from http://www.smr.arpa.emr.it/dext3r/. In particular, the data from the
station Bologna Idrografico (coordinates 44.499883°N, 11.346156°E, 84.0 m, practically the same as those
given for the GHCN station (except a 31 m diffence in the elevation, perhaps indicating that this particular
station is located at the roof of a building), were used except for year 2008 for which no data are provided
for this station. For this year, as well as for very few days with missing values bther years, the daily
precipitation values of the station Bologna Urbana (44.500754°N, 11.328789°E, 78.0 m) were used instead.
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2.13 Two variables: joint distribution and joint moments

The above sections have been devoted to concepts of probability pertaining to the analysis
of a single variableaBOften, however, the simultaneous modelling of two (or more)

variables is necessary. Let the pair aftochasticvariables Gfw defined ontwo ground
sets( h ), respectively. The intersection (simultaneous oc::urrence) of the two events
® ®and w ,denoted as ® uﬁ_o ® is an event of the sample space

. Based on the latter event, we can define th@nt probability distribution function

of aftd as a function of the real variablescito :
O ¢hwh 0 dw (2.97)

The subscriptsg‘x_bcan be omitted if there is no risk of ambiguity.
If "O is differentiable, then the function:

10 G
0 o h —— (2.98)
— T hw

is the joint probability density functionof the two variables. Obviously the following
equation holds:

O o Qo AGAD (2.99)
The functions
Oowh 0o @& I ED doh "Owh o o 1 EO dw (2.100)

are called themarginal probability distribution functionsof wand « respectively. Also, the
marginal probability densityfunctionscan be déermined as

Qo Q WAoh  Qw Qo Aw (2.101)

Similar to the univariate case, we can define thexpectedvalue of any given function
"Q afo of the stochasticvariables wand wby

% "Q ¢fw Qo Qi AcAG) (2.102)

In this manner, we define the foncentral or about the origir) joint momentof orders fjim
as.
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h %o o ® 0 Q o AcAm (2.103)

as well as thgoint central momentof orders nhj:

“ hw o w w w ¢ Q oo AcAo  (2.104)

~

If ) mornR T we get themarginal moments(e.g.,means, h * H h * ;
variances, OAQ@h % @ ° k* kil k., ,OAE) “ k1 k., ,etc). The

lowest-order joint central moment is thecovariance

Al Ghoh % o * © * k' k., % W  %60% ® (2.105)

A dimensionless indexderived from covariance is thecorrelation coefficient
I h — (2.106)

which obeys the inequality:
p i p (2.107)

where the valueszl and 1 indicatefully anti-correlated (fully negatively correlated and
fully (positively) correlated variables. Here is the mathematical proof about why this

happens: We start fom the obvious relationship % ® ® %  Y%w

¢ % hobserving thatterms involving squaresare nonnegative quantities We assurre,
without loss of generality, %0 % w mhsothat%w , e , Modw

Thus,we get, , G, Tor,, j, . o) (RN I I pIg @
px& , wherewh , j TL It is easy to see that®d pZ has minimum value 2, so that

S p. Furthermore, % ® %w  %w ¢ %0 and, likewise,
” J ” ” pTc ” J ” ” J ” pTC (I‘) pT(I) p'
The particular case where
” i e %o %w%w (2.108)
defines uncorrelated variables Independentvariables are necessarily uncorrelated, but
independence is a stricter concept whose definition is
O oty OwOnh QW QaQo (2.109)
The joint entropy is defined in an analogous manner with that in the univariate case

(section 2.10) and corresponds to the product partition (section2.3). For discrete
stochasticvariables the entropy is:
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C
R

g h % 1D o O 1 (2.110)

h

whered h 0 & who ® .For continuous stochastic variables it is:

adoh % 1 —— [ m—y R TN (2.111)
- TG I o

2.14 Conditional densities and expectations

Of particular interest are the so-called conditional probability distribution function and
conditional probability densityfunction of wfor a specified value ofo 3 these are given

by:
QoA Qo

”n A} ’ oY —_ ”n A} v L —_ 2.112
O; Grw h = h "Q ah S5-— (2.112)

respectively. Switching wand wowe obtain the conditional functions ofw
The conditional expectedvalue of a function "Qw for a specified valueof w wis
defined by

%Qw ®h %Qe & © QoY a'd Aw (2.113)

Animportant quantity of this type is the conditional expected value ofa
%owh %Bow W GRo A (2.114)
Likewise, the conditional varianceis

OADD h % & %ow © © O %R0 Qo' A®D (2.115)

and can also be written as
OADW h %0 & %o (2.116)
It is obvious from the definition (2.113) that the conditional expectation%™Qw w is
a function ofthe real variabley, call it ' Qw , rather than aconstant. If we do not specify the
valuey of the stochasticvariable win the condition, then the quantity % Qw ® Q w

becomesa function of the stochasticvariable «a Hence, it is atochasticvariable itself. Its
own expected value is
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%% "Q0O %Q0O OQ wAD QO'Q ) AcAw (2.117)

where we have utilized(2.113) and (2.112). As a result,
%%Q® & %O (2.118)
This can be readily generalized for a function of twetochasticvariables, i.e.,
% % "Q gh_o o % "Q gz_o (2.119)

The entropy of the finest partition, asderived in section 2.10 and for the bivariate
case in equations(2.110) and (2.111), is an expectation and thus we can also define
conditional forms of entropy which are quite useful. Thus, for a specified value af ®

and for a discretestochasticvariable the entropy is:
aed h % 1 D cmd 051 Dy (2.120)

f
where 65 h 0O & wx . This corresponds to the eventonditional entropy
(section 2.3). For a continuous stochastiwariable it is:

cgo h % 1 JT——QE)’J | Jr—?ﬁﬁ@m (2.121)

These quantities depend on the specified conditioning valug of @ However, we can
define a global conditional entropyfor an unspecified value ofa

cao h %% 110 ceogo % 1 D caw 0,1 Ds 0 (2122

Here we have simplified the notation to  agw instead of the more accuratédo  ogw .

This corresponds topartition -conditional entropy (section 2.3). For continuous stochastic
variables it is:

. - Qo oxh: ¢
e h %% | ——wx % | ——
= o = [
(2.123)
| ar—‘*i*’ﬁﬁxgbﬁﬁbmm | Jr—“i*’mmm
From inequality (2.24) we have
(&:4) ® (2.124)

Another distinction we have to stress is that
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GRW GR (2.125)
because the quantityon the right-hand sideis generally a function ofy while that on the
left is not. An interesting exception is the case of a bivariate normal distribution in which

oRw turns out to be a constant rather than gunction ofy ( cgdo H w .
CGenerally, we should stress that:

{ conditional expectationslike E[agd are deterministic functions of the conditioning
valuey;
{ conditional expectationslike E[agy] are stochasticvariables, depending orwy

 expectations ofconditional expectations as in% % Q ¢fto & and  Gwo, are
constants

These remarks have to be added to the notes Digression 2.H about the importance of
notation.

Digression 2.N: Does information decrease entropy?

It is intuitive to think that, if astochasticvariable whas some relationship with anotherstochastic
variable wthen observation of the value ofwwould decreaseour uncertainty on a (The contrary
of this, referred to independent variables, has been used to define entropyAs entropy is a formal
quantification of uncertainty, this can be formally stated as follows: the conditional entropy @b
given information on wcannot be greaterthan the unconditional entropy of & However, this
simple truth is sometimes contradicted in scientific texts the reasonbeing the inattentive use of
concepts andnotation. We will illustrate them with the following example.

In Digression2.C and Digression 2.D we studied the probabilities of the dry and wet (rain)
state in an area. Continuing this study, we now introduce thetochastic variables wand w for

O AAUBO AT A UAOOAOAAU®ON 6nd A0 A freprésbnirg A drddadwlei U A
state of today, respectively, and likewise for yesterday. We assume for illustration the conditional
probabilities:

0w pgo p mh 0 o pgd m™ U

from which it directly follows that
0w mw p mh 0 o M T T

and after some simple calculationgseeDigression2.D) we also find the marginal probabilities to
be

bo m ™h 0w p T
Hence the unconditional entropy is:
o % 1 Dbow ™ T T ™ nmn
while the entropy conditional on yesterday being dry is
G T % 1D oo m U v MU THuv M ¢o
and that conditional on yesterday beingvet is:

ad p % 1D w0 p ™ W ™l m@xo

x E (
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These correspond to the eventonditional entropies (section2.3). It is true that the added
information that yesterday was a wet day increased the entropy from 0.5n¢hen there was no
information) to 0.673. This happened because the probabilities of the two states, which initially
were 0.8 vs. 0.2, far from the equiprobability (0.5) in which the entropy is maximized, have now
approached each other (0.6 vs. 0.4 hat is whythe event-conditional entropy hasincreased.

However,this happens for that particular value p.Whenwe consider all values (e have

two here), onthe average the conditional entropy(partition -conditional entropy) is

GEO TB QOT THXOT® T8 XOT® MM

In other words, the reply to the question in the above title isYes,information decreases entropy,
but we must be attentive about the correct use of the probabilistic concepts.

2.15 Many variables

All the above theoretical analysescan easily be extended to more than two stochastic
variables. For instance, the distribution function of the £ stochasticvariables o 8 hb is

Opp OB h 0o o © (2.126)

and is related to the € -dimensional probability density function by

Ogh o B fo 8 Qrr B, A EA (2.127)
Thevariables w8 hi are independent if:
Opp OB O ® EO o (2.128)

A useful rule to mention is the secalled chain rule whichallows for the expression of
joint densities as products of conditional densities:

Qo Qoo M E Qo Qo (2.129)
where for notational brevity we have omitted the subscripts of functionsQ , as these

resemblethe arguments of the functions. A direct consequendbat allows the evaluation
of entropy is

oM o oL B E W W (& (2.130)
The expected values and moments are defined in a similar manné&r the casewith
two variables, and all properties discussed in sectioR.13 are likewise generalized for
functions of many variables

If we integrate "Qc B hi  with respect to some of the variables, we obtain the joint
density of the remaining variables. For example

Q6 Qo oo hid o Ac Ak (2.131)

and since
Qoo "Qoho oo Qo hw (2.132)
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we obtain
Q6 Qo Qohd Ad A (2.133)

which can also be written as an expected value, i.e.,

Qo % QO whbd (2.134)
where the conditioning variables @ ho are taken as stochastic variables and the
conditioned ones are taken as values.

2.16 Linear combinations of stochastic variables
A consequence of the definition of the expected valuetise relationship

%0°Q oy ®Q »ho 0% Q ol O%Q whw (2.135)
where @ and @ are any constans, and "Q and "Q any functions. This property can be

extended to any number of functionsQ. Applying it to the weighted sum of two variables
we obtain

%BOw DO D% O%m (2.136)

Likewise, we can calculate the variance of the weighted sum. After some algebraic
operations we get

OADD Go OOAD HOAD cOHOAT O (2.137)
It is more difficult to calculate the probability distribution function of such

combinations. As an example, for the simplest cas¢éhe sum & @® w of two
independent variablesw and w has density.

Qa MMa Qo A (2.138)
The right-hand side is known as the convolution integral of "Q ® and "Q w. For
nonnegative variables it takes the form:

Q4 Nad ® Qo Ah a T (2.139)

2.17 Variance -based correlation and the climacogram

While covariance and its equivalent standardized form, i.e., correlation, have been the
most customary tools to characterize dependence, they are neither the only nor the most
effective ones. Assuming two stochastizvariables w and w (possibly representing
different physical quantities) with means* (Q plt), standard deviations, , covariance
. and correlation coefficienti , wemay form a different type of a correlation coefficient
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and covarianceby examining a weighted sum of the two variables. Namely, we examine
the average of the variablego after standardizing them with their standard deviations,, ,
which is necessary if they represent different physical quantities, in order to make them
compatible for addition. From (2.137) we obtain the variance of this average which is
0ABL L 2 Rz 8@ £y 0 L &

(2.140)

where we can recognize in the middle term theorrelation coefficienti . Defining

N N T . - oo
» hoABZ 2 R ¢ R, 0AD o o (2.141)

we find from (2.140) that

p i . .

C C
Obviously, the same information as in is contained in” , whichlies in the interval
[0, 1] with the values 0, 1/2, 1 representing fully anticorrelated, uncorrelated and fully
correlated variables, respectivelyConsequently] lies in the interval [0, , , ] with the
values0,, , 1¢,, , representing fully anti-correlated,uncorrelated and fully correlated
variables, respectively

The power of the notion of’ and/ is in the fact that, unlikel ,they canbe readily
expanded to many variabledo provide a macroscopic (or bulk) indicator of correlation
among all of them.Considering a number[ > 0 of stochasticvariables,in the customary
case where all have identical variances ,, , we write:

P [ R A\ . . e =
hOA?—”rh rhOA?r h owhow E o (2.143)
The quantity] as a function of the time scalg is termed the climacogram and” is
a dimensionless (standardized) climacogram. They range in the intervalsti  and (O,
1), respectively, with the highest value representing futorrelation (0 E ® llo
cwhere cis a constant)and the lowest representing deterministic linear dependence, i.e.

the condition that® E &  @). Inthe case of independence, h [ 7l and” h
pAll.

"R (2.142)

2.18 Limiting distributions and the central limit theorem

As we have seen in sectiof.16, it israther difficult to calculate the distribution function
of the sum of two stochastic variables from the distributions of the constituents. This
difficulty increases as the number of constituents increases. However, if this number
becomes quite large, paradoxically the problem becomes ees this is the ease of
macroscopization.A central role in resolving this paradoxis played by the central limit
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theorent, one of the most important in probability theory. It concerns the limiting
distribution function of a sum of stochastic variableszconstituents, which, under some
conditions (irrespective of the distribution functions of the constituentg is always the
same the celebratednormal distribution. This is the most commonly used distribution in
probability theory as well as in all scientific disciplines and, as we have seen in section
2.11, it is also derived from the principle of maximum entropy.

Letow ('Q piB [E) be stochasticvariableswhose sumd h @ E & has mean
and variance, .Thecentrallimit theorem statesthat, under some general conditions (see
below), as ¢ tends to infinity, the distribution of g will tend to the normal distribution
(also known as Gauss or Gaussian distribution and denoted as' h, ), i.e.,

| ED « ?_A‘— (2.144)
° ” I/ICA

\

andin addition, if @ are continuous variablesthe density function ofgd also has a limit

i ED & P_x-— (2.145)
° - ” I/ICA

Weobservein (2.144) and (2.145) that the limits of the functions™O a and™Q & do

not dependon the distribution functions of @, that is, the result is always the sameThus,
provided that the conditions for the applicability of the theorem hold, (a) we can know
the macroscopic behaviour (thedistribution function of the sum) without knowing details

of the canstituents, and (b) precisely the same distributiorwill describe any variable that

is a sum of a large number of components. Here lies the great importance of the normal
distribution in all sciences (mathematial, physical, social, economjcetc, as well as
stochastics per s¢ Additionally, we recall (Digression2.L and Table 2.4) that the normal
distribution also emerges from the principle of maximum entropy: for constant
(Lebesgué background density and for domain HiHb | it yields the maximum entropy
among all distributions with specified (constrained) mean and standard deviation.

Therefore, we can consider the central limit theorem to be another manifestation of
the principle of maximum entropy. As a system grows to involve many degrees of
freedom, uncertainty increases towards its maximum possible value, resulting in a normal
distribution.

In practice, the convergencefor € - © can be regarded as an approximation g is
sufficiently large. But how large does ¢ need tobe to ensure that the approximation is
satisfactory? Generally, the literature suggests thata value € = 30 is satisfactory.
However, thisvaries depending on the (joint) distribution of the constituents w. Figure
2.7 gives a gaphical illustration of the convergence to the normal distribution of the sum
of ¢ independent variables Clearly, ifthe distribution of w is symmetric (left panel, with

* The term wasmost likely introduced by Pélya in 1920.A first version of the theorem was formulated and
proved by Laplace in 1810 while at about the same time Gauss studied the normal distribution in
characterizing measurement or model errors. Earlier, in 1733de Moivre had introduced the normal
distribution as an approximation of the binomial distribution (Fischer, 2010).



82

uniform distribution of ), the convergence is rapid (even fog = 3) but if it is
asymmetric (right panel, with exponential distribution of ) a valuehigher than 32 (the
highesté shown in the plot) is needed for a satisfactory convergenctn case of dependent
w with positive correlation, the convergence is sloweand a much larget is needed
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Figure 2.7 Convergence of the sum of independent identically distributedtochasticvariables to
the normal distribution (thick line). The thin continuous lines represent the probability density of
the constituent variables w, which have mean 0 and standard deviation 1n the left panel the

density is uniform on the interval ~ Viofio with "Q —-andin theright panel exponential,

Qo A W p (the parameters are chosen so as to have mean 0 and standard deviation
1). The dotted lines represent the densities of thesums h & E & 7TVE for the values of

¢ indicated in the legend. (The division of the sum byl improves the presentation of the curves,
as allg have the same mean and variance, 0 and 1, respectively, and does not affect the essentials
of the central limit theorem.) Equations (2.53) and (2.138) were used to produce the graph.

The conditions for the validity of the central limit theorem are general enougland
are met in many practical situationsConditions with particular interest are the following
(e.g.Papoulis 1990, p. 215):

a. the variablesw are independent identically distributed with finite third moment;

b. the variables w are bounded from above and below witmonzero variance;

c. the variables @ are independent with finite third moment and the variance ofa
tends to infinity as¢ tends to infinity.

The theorem has been extended for variables that are interdependent, but each one
effectively dependent on a finite number of other variables. Gnedenko and Kolmogorov
(1949) proved an extended version of the theorem, according to which the sum éf
stochastic variables with heavy tailed distributions with upper-tail index v > 1/2,
therefore having infinite variance, will tend to the so-called Lévy alphastable
distribution, as € © Hb. Ifu< 1/2, the standard central limit theorem holds, i.e.the sum
converges to the Gaussian distribution, which is a special casetbé Lévy alphastable
distribution. In geophysics, the standard theorem suffices because we can justifiably
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assume that those processes have finite variance: an infinite variance would presuppose
aninfinite quantity of energy to materialize, which is absurd.

Most geophysicalprocesses €.g.rainfall and streamflow) have skewed distributions
at fine time scalesand therefore the normal distribution is not a suitable model at these
scales However, the normal distribution describes with satisfactory accuracy those
variables which refer to longer time scales such athe annual. Thus the annual rainfall
depth in anareawith wet climate is the sum of many (e.g., 50-100) rainfall events during
the year. However, this is not valid for rainfall in dry areas. Likewise, the annual runoff
volume passing through a river section can be regarded as the sum of 365 daily volumes.
These are not independent, but the central limit theorem can be applicable again.

Nonetheless, it should be stressed that the convergence to the normal distribution
concerns the body of the distribution. For examplgvhat is depicted in Figure 2.7 is about
the body of the distribution. What happensto the upper tail behaviour, i.e.,to the
extremes? Apparently, once the theoretical conditions of validity are satisfied, the
theoretical result should hold true. However, this may not be of any help in practice as the
convergence in the tail is mch slower.Figure 2.8 (left) shows that the convergence in the
tail is indeed slow for the exponential distribution, much slower than that of the body of
the samedistribution shown in Figure 2.7 (right). The coefficient ofskewness for the sum
of 32 w is rather small (0.35) indicating a rather satisfactory approximation by the normal
distribution. However, Figure 2.8 (left) shows that for 'O 1@t 1t {he distribution of the
sum of 32w is by an order of magnitude larger than that of the normal distribution.

0.1 ‘ : ‘ 0.1

‘ n=71 .- e n=2
1-R2) 1-R2) \ n=4 ——-n=8
\ —-—-n=16 n =37
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Figure 2.8 Convergence of the sum of independent identically distributedtochasticvariables to

the normal distribution (thick line) with focus on the upper tail. The thin continuous lines
represent the exceedanceprobability of the constituent variables w, which have mean 0 and
standard deviation 1.In the left panel the distribution is exponential with density "Qw

A p as in theright panel of Figure 2.7) and in the right panel Pareto with upper-tail

index 1/4 and exceedance probability’"Ow o L o pj V¢ (the parameters are

chosen so that the mean is 0 and standard deviation 1). The dotted lines represent the exceedance
probability of the sumsa h & E @& JWE for the values of¢ indicated in the legend.The

left graph was produced from guations (2.53) and (2.138), and the right graph by anumerical
(Monte Carlo) method(as analytical integration is impossible beyona = 2), and this is the reason

for the curly shapeof the curves.
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For heavy tailed distributions,there are differences of several orders of magnitudas
shown for the Pareto distribuion in Figure 2.8 (right). The upper-tail index of this Pareto
distribution is 1/4, which means that the moments below the fourth order exist and
therefore the necessary conditions for the central limit theorem are satisfied. Despite that,
the approximation of the distribution upper tail is unsatisfactory. Actually, it can be easily
O1 AAOOOI T A OEAORh AO Ok &e iifihite, A& e wikihal for theA A O |
sum of any finite number ofw, while all the moments of the limiting normal distribution
are finite. This conflict, along with the fact that the behaviour of extremes is closely
connected to the high order moments of a distribution (se&outsoyiannis,2025) suggests
that we must be very attentivein the application of the theoremto geophysicalprocesses,
particularly because these processes seem to exhibit heauails and longrange
dependence.

2.19 Limiting extreme value distributions

By analogy with the central limit theorem referring to the sum or the average of many
variables, limiting distributions may also arise, ast © Hy, for the maximum of these
variables, h I A @B hw , whose exact distribution function forindependent and

identically distributed w is:

O % 00 (2.146)

The relevant theorywas developed in the 20" century. Fréchet(1927) was thefirst

to identify one of the asymptotic distributions of maxima, which bears his name. Fisher
and Tippett (1928) showed that there are only three possible limiting distributions for
extremes, while von Mises (1936) identified sufficient conditions for convergence to the
three limiting laws. Gnedenko (1943)established solid foundations for the asymptotic
theory of extremes providing the precise conditions for the weak convergence to the
limiting laws. In this respect, it is worth noting thecelebrated bookby Gumbel (1958)
who was one of the pioneers promoting and applying the formal theory tgeophysical
and engineering practice The theoryis concisely presented in a review paper by Davison
and Huser (2015). Assuming thato are independent and identically distributed, there
exist areal number usand sequences of real numbers >0 and- such that the rescaled
maximumaS h T A@M o j_ - has limiting distribution, as¢ © Ho:

. g

06 h 0 & AGD p , 2 - oo, - P (2.147)
Herel >0 is a scale parameterris a dimensionless location parameter andis a shape
parameter, identical to the uppertail index.

The parameterushas a unique valugewhich is precisely the same with the uppetail
index of the parent distribution, but the parameters] and rare not unique. They can be
chosen as per convenience (different choices will lead to appropriate modification of the
sequences_ and- . A natural choice i®= 0,1 = 1. A more customary option is to choose
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a large¢ for which convergence has been achieve a satisfactory degree, for that set
_ =land- p(sothataf k @ [ A@FB Mo withoutany rescaling) and calculate
1 and rfrom equation (2.147). With this aim (and given that for finite ¢, (2.147) is an

approximation and not an exact relationship) ve choose two pointsv and @ and equate
"Ow with 'O at these points. Fomathematical convenience wecan choose the two

points so that Gw7_ - T1h wr_ - porw _ ko _- _ HenceO_ -
A Ro_ - _ A . Solving for} and rRwe find:
— ) 0 A-
_ 0 A o A~h - —— (2.148)
where fors® th , | © pj AThisis usually done unconsciously, for example when

we study annual maxima of daily values and fiD «w of equation (2.147) on the annual
maxima directly, without even deriving it from™O & .

Depending on the value ofs, the limiting distribution in equation (2.147), known as
the generalized extreme value (GEV) distribution, is a compact expression including three
cases with different behaviours:

1 For u= 0, GEV takes the following formknown as the Gumbel distribution or
extreme value type | (EV1) distribution

0w AGPAGDbW_ - (2.149)

This is a lighttailed distribution without an upper or lower bound.

{1 Foru> 0,the distribution is known asFréchetor extreme value type | (EV2) and
has a lower bound at_[ _7, . This is a heawtailed distribution with upper -tail
index u.

1 In casethat u< Othe distribution is known as thereverse Weibull or the extreme
value type Il (EV3) distribution. This has an upper boundor yat_ [ _7, .

The GEV has the property to be mastable, meaning that maxima from this
distribution, after linear transformation, have the same distribution. More formally,
Fréche®f O T AAAOOAOU AthbilitAiEtdiE Foif anykEl OamdyA @ s h OEAOA Acg
real numbers® mand® such that:
DOW®W © 0w (2.150)

In fact, GEV is the only distribution satisfying this condition.
A specific parent distribution "Ow belongs to the secalled (max)domain of
attraction of one of the three limiting laws, in the sense that thdistribution of rescaled
maxima from this parent distribution is this particular limiting law. Formal mathematical
AT TAEOET T O AAOAOIETETIC A PAOAT O AEOOOEAOQOEITI
von Mises (1936) and Gnedenko (1943). The practical result is thateavy-tailed
distributions with upper -tail index s> 0 (e.g., Pareto, ParetBurr-Feller, Student and its

extensions, generalized loggamma and generalized beta prime) belong to the doam of
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attraction of EV2. Lighttailed distributions (e.g. exponential, gamma, Weibull, normal and
their generalizations) as well as heawtailed distributions with upper-tail index s= 0 (e.g.
lognormal) belong to the domain of attraction of EV1. In the domain of attraction of EV3
belong distributions bounded from above (e.g. uniform).

Because of its upper bound, EV3 is not an appropriate model fgeophysical
extremes, forNature has no upper limits (unless dictated by a conservation law). The
values ofuwhich we expect to see irgeophysicalprocesses are in the range (0, 1/2) so
that the variance be finite, as already discussed isection 2.18. The exact value of the
upper-tail index is important to specifyin engineering design. The major question in this
regard is how thevalue of an extreme quantityy grows as the probability ofexceedance

"O w decreasestending to zero. To put the question the other wayat which rate doesy
tend to infinity as the probability of exceedanceends to zero?The Gumbel distribution
represents the mathematically proven lower limit to the rate of this growth. The
alternative is the Fréchetlaw which represents a higher rate of growth The two options
may lead to substantial differences in design quantities for high return period#s already
discussed, theFréchetlaw which has a positive uppertail index is the more realistic

option.

When we are interestedn minima, we can follow the same procedure observing that
d hi EwBh i AdwBh @ . Consequently, we haved & @G p
Vi AgoBh o & and hence the limiting distribution is

e & T p

o4 hO-w p AP p , = - h ,a , _— - (2151

Again, we havehree cases: (aJs= 0, corresponding to the Gumbel (EV1) distribution of
minima, i.e.,

04 p AoPAgoar_ - (2.152)
(b) , mhcorresponding to the reverseFréchet distribution, which has upper bound
_p¥, - and a heavy lower tail, and (c),, 1 corresponding to the Weibull
distribution, which has lower bound_ pZ, - and a light upper tail.

While most of the above mathematicablevelopments have assumed independent
stochasticvariables, the results can be approximately valid even ithe case of variables
dependent in time. Specifically, Leadbetter (1983) demonstrated thatunder mild
conditions, maxima of dependent series follow the samform of distributional limit laws
as those of independent serieddowever, the dependence changes the location and scale
parameters (Davison and Huser2015) in such a manner as ifO «w was replaced by

'Ow , where — tip is the socalled extremal index It can be seen that this
replacement is equivalentto a change of the parameters andRr, while sremains the same
Also, the rate of convergence to the limit becomes slower in the case of dependence.
Phenomenologically, dependence in time of a process causes clusteringgoouping of
extreme events. Unfortunately dependencein time is quite often misinterpreted as
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nonstationarity. This may explainthe recent increase in the number of publications
detecting nonstationarity in extremes (cf. Koutsoyiannis and Montanari, 2015).

Here it should be stressed that, if compared to the central limit theorem, which is
characterized by a fast convergence to the limit (except in the extremes, as seefrigure
2.8), the convergence to the mastable distribution may be much slowerin certain cases.
Therate of convergence to the limit of distributions belonging to the domain of attraction
of EV2 is generally satisfactory. However, for those belonging to the domain of attraction
of EV1, such as the normal and lognormal distributios) the rate is desperately slow. The
meaning of a slow convergence in reakorld applications, where ¢ is finite and often
small, is that the approximation of EV1 to the actual distribution of maxima is not
satisfactory. Thus, it may be preferable to approximate thactual distribution of maxima
of variableswith distributions belonging to the domain of attraction of EV1 bythe EV2
distribution , asillustrated in Digression2.0.

Digression 2.0: How well do limiting distributions approximate exact
distributions?

For independent identically distributed variables, the exact distribution of maxima iSO®
(equation (2.146)). To approximatethe exact distribution by the GEV we use equatio(2.148). As
an example, for the maxima fronthe standard normal distribution, "O, approximated by the EV1
we get

o A= 0 Ak - Po a-
As a second example, for the Pareto distributioi®w p p @ 7, approximated by the
EV2 we get:

p A ! o A= R - 2 p A" P

We have applied this approximation fo€ = 10, 100 and 1000 for the normal and the Pareto
distributions which belong to the domain of attraction of EV1 and EV2, respectively. The results
are shown graphically inFigure 2.9, along with the cas& = 1, i.e., the parent distribution per se
for the sake of comparison.

The results are very good for the Pareto distribution and very bad for the normal distribution.
Even fore = 1000, the EV1 severelpverestimatesthe actual probability of exceedance. One may
think of using the EV3 instead of EV1 for the approximation of the normal distribution. However,
this is not advisable because the EV3, despite giving a better approximation, entails an upper
bound to extremeswhich distorts a fundamental characteristic of the modelled phenomenon.

Likewise, Figure 2.10 provides similar information for the lognormal distribution with mean
and standard deviation ofl thequal to 0 and 1, respectively (denoted LN(0,1)). Like the normal,
it belongs to the domain of attraction of EV1. Here the approximation is even worse than in the
normal case but now the EV1 underestimates the exact probability of exceedance. For thatsas
we could use EV2 as a better approximation (without having the problem of artificially inducing
an upper bound). As seen in the right panel dfigure 2.10 this latter approximation is quite
satisfactory.
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Figure 2.9 Approximation of the true distribution of the maximum of¢ independent identically distributed
variables (continuous lines) by the limiting extreme value distribution (dashed lines).éft) The parent
distribution is the standard normal, N(0,1), and the approximating distribution is the EV1(right) The
parent distribution is the Pareto,'O® p p & 7, withwu= 0.25 and theapproximating distribution
is the EV2 with the sames.
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Figure 2.10 Approximation of the true distribution of the maximum of &€ independent variables with
lognormal distribution LN(0,1) (continuous lines) by the limiting extreme value distribution (dashed lines),
which is (left) EV1 and(right) EV2 with, 1@7¢ © , which was found aftera numerical investigationand
fitting a power function of &€ by minimizing the fitting error .

2.20 Relationship of parent and extreme value distribution

Because of problems originating from the slow rate of convergence of the actual
distribution to GEV (particularly EV1), it may be a good idea not to use the limiting
distributions in practical applications but, instead, to model the tas of the parent
distribution or even the entire parent distribution. Yet the theory of maxstable
distributions retains its usefulness for inferring the tail behaviour of the parent
distribution.

Specifically, theupper tail behaviour of the parent distribution is described by the
conditional distribution function:
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- Ow 00
N 2153
Omv®d 6 0w aw 0 > 06 ( )
for a value of the thresholdu that is sufficiently large. Now, assuming that the
parameterization of 'O @ with regard to } andrhas been made with reference to a specific
large €, as described for the derivation 0{2.148), we chooseu so that the exceedance
probability 1 z F(u) equals pf€. (This is a very common choice as will be discussed in

Digression2.P). Thus,Oww 6 & Ow p por
p 0w 6 £p 0w (2.154)

On the other hand, we can write fofOw approaching 1,
I Ow I TOw ¢l oo ¢ p Ow (2.155)
becausel TOw 1 1p p Ow p Ok p O E and for "O®

approaching 1 we can keep the first term onlyHence, combining(2.154) and (2.155) we
find:

Oowvw _- p 1O p p , - - h o _- (2.156)

where we equatedu with _ -for consistency (i.e. to makéO6 @ 06 ). This is the
Pareto distribution for > 0 while foru= 0 we get the exponential form:

I s ® o
Oow _- p 11O p AGB - h o - (2.157)

Furthermore, for values ofwlarge enough to makéO w approach 1, we can use the
same logictoget Ow ™O® pandhence

Owe _- 0 (2.158)

This approximation error does not exceed ~1% fofO w  1®o cand ~5% for O w T

We can generalize the above analysis for different values of the threshald In this
case the resulting functional form remains the same, with the sameper-tail index, but
the location and scale parameters differ, i.eD@vison and Huser2015):

"Ocgd 6 o p W (2.159)
where
. , . . 0
_h_p ,07 - h - h— (2.160)
It is readily confirmed that if we set6 _ -in (2.159) and (2.160) we recover (2.156).

However, this equation is valid only for large values ad (unless the unconditional"Ow
is Pareto,in which caseit is valid for any 6).
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A final note that may be relevant in some analyses is this. If the valuefofn ¢ h

i A@B ho ,is not constant but a stochastiwariable with Poisson distribution with
meand, while ® are independent,then the conditional distribution of w on specified¢

remains 'O g "Ow  but for unspecified ¢ the unconditional distribution
becomes Todorovic and Zelenhasi¢c1970):

Ow AgZD' p Ow (2.161)

This resembles(2.155) with the difference that it is now exact rather than approximate.
As already discussed above and in sectidh19, due to the problems of the limiting
extreme value distributions, it is preferable to focus the studies of extremes on the parent
distributions and primarily their upper tails. From the above theoretical discussion, we

have reasons to expect a parent distributionupper tail of Pareto type, or at least
exponential, but each timehis should be verifiedby observations.Nowadays,there isan
abundance ofgeophysicaldata on daily and subdaily scales and there is no need to extract
annual or seasonal maxima. Instead, we should use the entire observational record or at
least the values over some thresholdf the available observations are originally given in
terms of time-block (e.g., annual) maxima, imnay seempertinent to refer to extreme value
distribution. However, again it is possible to model the parent process, estimating its
parameter from time-block maxima (see Koutsoyiannis, 2025; section 6.22Advantages

of studying the distribution of the parent variable rather than the distribution of maxima
are discussed irDigression2.P

Digression 2.P: Block maxima vs. values over threshold vs. complete record

Traditionally, geophysicalrecords have beenanalysed ineither of two ways. The most frequent
is to choose the highest of all recordegaluesfor a given tmeD A OET A | (§pic@lAdné A E 6
yeal AT A £ Of A OOAOEOOEAAI OAIiBPIA jATTITTTU OAEAO
the number ofblocks (typically years)of the record. The other is to form a samplef values over
a threshold (here abbreviated as VOT bub6i | AOET AO OA £A ®@@®AGE CDA GEA G AGD A /
POT) with all recordedvalues over a certain threshold irrespective of thetime they occurred.
Usually, the threshold is chosen high enough, so that the sample size is again equal to the number
of years of the record. This however is not necessary: it can well be set equal to zero, so that all
recorded values be included in the sample(the complete sample) However,a high threshold
simplifies the study and helps focus attention on the distributionupper tail. In addition, this
choice simplifies the mathematical expression (compare equation®.156) and (2.159)), leading
to the identity of the parameters of the distributions of blockmaxima and values over threshold.
Furthermore, studying the complete series of observations has the advantageutifizing the
entire information that is available (Volpi et al., 2019). Indeed, extracting maxima over some
period results in waste of information because other extreme observatits should also be
informative about extremes. Such information (e.g., the secordrgest value of a period, which
AAT AA EECEAO OEAT AT1 OEAO DPAOEI A6O 1 AOGCAOO OAI
threshold instead of the entire series of observaons.
Furthermore, design quantities should naturally correspond to the parent distribution,
rather than the artificially induced maxima over an arbitrarily defined time period. This favours
the use of the parent distribution. As we have seen (equatiai2.158)) the two are almost equal
for large design values, but for lower ones there are differences. Thus, eviéur analyses are
basedon time-block extremes (O w), the results should eventually be converted to the parent



BASIC CONCEPTS OF PROBABILEY

distribution ("Ow) before they are used for design. The aboveonsiderations provide the
necessary mathematical support for such conversion.

The most important reason favouring the study of the complete recordver that of block
maximaand VOT is that only the former provides faithful information about time dependence of
the underlying process.Such dependence may be marked and possibly of longnge type.
Neglecting dependence results in underestimation of extremes. On the other hand, the procedure
of extracting block maxima leads to severe distortion of the dependence structure (lliopoulou and
Koutsoyiannis, 2019 Koutsoyiannis, 2025, whereas the concept of taking values over threshold
relies on a tacit assumption of time independence, which may be inappropriate, particularly for
the streamflow process (Lombardo et al., 2019).

Appendix 2-I: Proof of theorems for the entropy definition
Proof of Theorem 1

Step 1.1 For didactic purposes, in this step we examine the simplest case of a bipartitidret Y
Osa containing the line® @ p, and a function N & Y with properties of symmetry and
non-interaction:

. L h
oo ( )
Non-interaction implies that i ¢ depends only onaa i ofto "Q @ for some function
"Qw . We integrate iny with an arbitrary function of &3 'O w, as constant of integration, to get
oo Qe O w. By virtue of symmetry, setting® @ we may write Qo  "O®
"V  O® whichyields™Ow Q& ¢ wheredh 0w "Q® . Hence

ado c @ W (2.163)
wheres & Qo oIC.
Step 1.2 We will prove the general case, &8 ho e ®,where "6 “YRYOs
containing the hyperplane® E @ p.ForeachQ &¢ h'OFw T 1 and soh "Odoes
not depend on anyw. Therefore, we can writth & 8 fo "Q w . Integrating in® , with

an arbitrary function of the remaining variables;O & h , as constant of integration, we
get

o Qo 0O B (2.164)
Taking joint partial derivatives in the above foranyp Q Q ¢ p, we find

F'0 L

1S (2.165)

Thus 'O  satisfies the same vanishing mixegbartial postulate in dimension¢ p and, in a
similar manner, we can write

0 B NORNNN 0 B (2.166)
Proceeding inductively, we find
oBh Qo M o E Qw (2.167)

where"Q & 'O ® . Enrolling symmetry, we concludethatQ & Q@ ® E Qo
« &.Setting® 0 & we conclude in Theorem 1.

Proof of Theorem 2
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Step 2.1 We start with the observation that, sincePostulate 4 holds for any pair of partitions\ i g
it also holds in the simplest nontrivial case of bipartitions. LeN o be a bipartition of |

with probabilites 0 & H wand0 6 p @ The entropy is
\ cwW *p W (2.168)
We considertwo identical ground sets h aeand two identical partitions thereof,\ om M

bddeewith 6 6. The product partition is\ § \ 66 o MO MO  and constitutes a

partition of the set @letw 000 . Sinced 66 0 60 0O G 6o
0066 O06e w we have 0 60 0 066 @ « Furthermore, since 0 60
066 00 p awehavel 60 p ® ® @ p O Hence the entropy of
the product partition is

\'§ \ c W (W W *p CW W (2.169)

Step 2.2 The probability cowhich extremizes N § \ has derivative zero, i.e.
T N8\

s e W ¢ W W *pP COWL W T (2.170)

Step 2.3 By Postulate 4, for independenbf ,® 0 66 0606  .Hence:
* W ¢ W W e p W T (2.171)

We note here thatindependence ofohd implies independence of all other pairs. Specifically, we
have

56 086 o @ op o

6006 006006 h

Ca
Cx

_ (2.172)
5

C-

00 p CO ® ) 00

Ca

Step 2.4 The functional equation (2.171) should be valid for anywin [0,1]. Consequently, a
solution to this equation will also be a solution to equation

W Cc W * p T (2.173)

The latter is obtained by taking a very smalbin (2.171), so that we can omit all but the least order
polynomial terms, and is easier to handle (for an analogy, cf. Apostol, 1967, chapter 6). By setting
o A Qi "QQ * p, we get the linearly homogeneous functional equation

"Qci ¢ Qi (2.174)
whose solution is

So e (2.175)

where Qs any real. Pathological discontinuous solutions of the equation are excluded by virtue of
Postulate 1. By inverting the transformation, we get

s ® * p A oh L) . I’]Aﬂ we p T b (2.176)

From Postulate 2, we have *p PP Q msothate p "Qand finally:
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c ® T A h e w ol B (2.177)

Step 2.5We verify that the thus determineds  satisfies the original functional equation in step
2.3. We have

W C* W W e p W
Q ‘Q to CQ ¢cd lov w Q A lp (2.178)
e 2 @ N
; QA p 1
Wwp w
which validates the solution.
Step 2.6 By virtue of Theorem 1, the entropy ofl is
N e *p ® ™l b Qp wilp ® (2.179)

Since (by Postulate 1) \ T, we must sefQ 1 We check whether the extremum \ is
maximum or minimum. The second derivative i3 ® T op w 1, which means that
we have a maximum.

Step 2.7 We consider two arbitrary partitons \FN T Ah awith &€ eelements, respectively, and
we will show that that the uniquely defined functions @ "ol tofor bipartitions satisfies
Postulate 4 for any\ RN . Specifically, we will show that entropy maximization with thise @
results in independent partitions. Ifo 06 o 06 ko 0 66 then

@ wh @ (2.180)
The total entropy is
NS\ o] ol b (2.181)

The functional that maximizes N § \ with constrained probabilities as above and Lagrange
multipliers _h_ is

0 0 @l @ ® @ o) (2.182)

— Qp I . — ® w Tt — ® w 1 (2.183)

&) AQJDT—QAQJD?—QAQJDp Aop (2.184)

Setting
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(2.185)

N O

we find that
() Ww (2.186)

which means that the partitions\'fN are independent. It is easy to see that the constraints are
satisfied with these values of_h_ and hence the values set for h_ are the correct ones.

Step 2.8 The constantQcan be any positive real, but by convention (and for convenience) we set
"Q p. This completes the proof of Theorem 2.

Proof of Theorem 3
We take the first elementd of \ 6 M B and partition it into two, 6 6, so that
\ 6 6/ MM . The two entropies are

\ he 00 e 0O h
(2.187)
\ he 06 e 0O O e 0O
and hence
\ N <06 00 6 « 00 (2.188)

The right-hand side is nonnegative, because is a concave function (corollary 2.3).

Proof of Theorem 4
If all 0 are unknown and no constraint is imposed on them, except that their sum is 1, the
Lagrangian to be extremized is

0 06 106 0 00 (2.189)

thent & 00 mresultsin p 1 D 6 mor 0 O A@ZD p.Henceald 6 are
equal to each otherp 6 prE.

Proof of Theorem 5

For any positive numbers o, such that®d E & pho E & p, the following
inequality holds true (Papoulis, 1991, p. 548):
i Wl (2.190)
with equality corresponding to the identity ¢  @.HencejifB 8 6 p, then
" 5 o N ""3 6 5 © 3 -~ © 5 © 3 4 ©
\s' h 06 1 Tz 06 1 D6 06 1 bBod m (2191)

with equality if 6 © 0 & .Inother words, ifB & & p the maximum possible relative
entropy ' mtand if for some’ Q) 0 06 , \s L
However, ifB 6 0 p(sol B 66 ), then
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(2.192)

Proof of Theorem 6
See proof of Theorem 2 in Papoulis (1991, p. 550).

Proof of Theorem 7
See proof of Theorem 4 in Papoulis (1991, p. 551).

Proof of Theorem 8
See proof of Theorem 1 in Papoulis (1991, p. 550).

Appendix 2-II: Entropy maximizing distributions with two constraints

To get a different family of distributions from those inTable 2.5 we add a second constraint,
namely %1 16 w [, while in order not to increase the number of parameters we sé®
p. Then equation(2.89) switches to

”n ) 6 ’7“ ('b 3 S \ 53 S \
Qw —-A@Pbo— 116 ® wl 6 » (2.193)

which can bewritten as

a0 WL
Qv -AgPbo— 116 w (2.194)

where’Qh p @& .After the algebraic operatiors we find the maximum entropy distribution as:

0k & @
e 0% @ o ¢ (2.195)

This is listed in Table 2.7, after reparameterization,as the generalized (power transformed) beta
prime distribution (where the standard beta prime corresponds tow p). Two special cases of it
are also listed there.The generalized gamma andhe generalized beta prime distributions were
also studied in Koutsoyiannis (2005a,c, where additional information for some of their
characteristics are provided) and Papalexiou and Koutsoyiannis (2012).

Appendix 2-lII : Irreconcilability of heavy tails and Lebesgue measure

We will prove that maximizing entropy with the Lebesgue measure and constrained mean cannot
result in heavy tails. First we develop a method to check if a specified density is a local maximum
of entropy under constrained mean. Then we check it with the exmential distribution (light
tailed) to see that it works. Subsequently, we apply it to the Pareto distribution to prove that this
is not a local entropy maximizer for d_ebesguebackground measure

Step 1: We considera probability density "Qw and a perturbation "Qw of it close to its mean,
namely inthe interval (* 1 H 1 with a small] so that it does not affect theasymptotic
behaviour at the tails (because it is local at the neighbourhood of the meanfrurthermore, we
choose™Qw so asnot to affect theintegral constraints, i.e:
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Table 2.7 Special cases of maximum entropy distributions given by equatiqi2.195). (Expressions
not to be used at face as different parameterizations may be used throughout the book.)

Name Parameters Qw Ow p Ow
. R " PRrP
ralf ® ¢ m C @ — o
Studentt o & Q p T pep p - Thw -
| - T B
Half . G T o - y —rP ‘
w ¢ Q ph ¢ - p - - Chc_, ., w
extended o & 9 p = = 5 hoy —
! n —rP v TR =
Student _ Ehc_, Chc_,
Generalized * & SO, 0 T " ThE o
beta prime- & p'Q ph _ _ — “hey =
(GBPY . PO Qop _" 7R " TRE

1 Also known asTsallisor 1-particle kappa distribution(Olbert, 1968; Livadiotis and McComas 2013). Special

case: Cauchy.
2 Special case: Beta prime (for  p).

Qo Ao mh WQm A T (2.196)
Note that these alsamply that for any constantc
0 0O A T (2.197)
The entropy of the perturbed distribution will be
w I TQo Qo Qo Qo Ad
(2.198)
e 11p =2 on 0o Ab
P o6
Since Qwj Qw L p (more precisely, for Qwj ™ Qw © 1, we havel Ip "Qwj Qw
"Qwj "Qw . Hence
= Qw
(2.199)

The first of the latter two terms equals
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W I 10w Qo Ak (2.200)
and the second term equals
; Qw Qo
"0 Ad . 20 2201
® A® on A on A ( )

Finally, the perturbation in entropy is

5 O o | Q6 Qe Ad Al (2.202)

Step 2. As we have seen, the exponential distribution maximizes entropy for constrained mean
and therefore no perturbation"Q exists that could lead tc 1. We check if the above method
confirms this. The probability density and its logarithm are

o0 Po R itee 11 2 (2.203)

The first integral in the rightmost expression in(2.202) is

= Q6 A (2.204)

_,
=

and because 0{2.196) it evaluates to zero. Hence:

Qw

YA 2205
00 Tt ( )

becauseQw mand Qw T

Step 3: A single counterexample suffices to show thatistributions other than exponential are not
local extremes. To this aim we consider a Pareto distribution specified as follows:

MM ¢p w h 1w ollp @ TEHh * »p (2.206)
Substituting these in(2.202) we get

3 ol Ip o Qw Aw — AW
Cp W
(2.207)
o 1o Qb ks g o ® Q6 Ao
We consider the power expansion of the functioQw :
Mo © oo 0o o (2.208)

We neglect the high order terms, calculate the integrals {{2.196), equate them to zero and obtain
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Qo H o p  — (2.209)

where both @ and| are chosen to be small.
The first integral in the rightmost term of (2.207), is

oo ; T VI
o I Ip @ Qw An Ed) 11 @ O] T OAI IQE (2.210)
and the second integral is
P p oo i o1 cwopp (2.211)
C opuv

The latter is of higher order than the former for both® and] , which are small, and thus it can be
neglected. Hence the sign af will depend on the signs ofd and of the quantity

Oh 1 @ O] 1T OAIT éE (2.212)

The Taylor series expansion ob is

a1y (2213)
CMUETMPOTT
It is then evident that the sign o, and hence o8- canbe either positive or negative, depending

on1, and hence the inequality 1tdoes not hold true for any .



Chapter 3. Sochastic processes and quantification of change

3.1 Definitions

A deterministic worldview is founded on the idea of sharp exactness. A deterministic
mathematical description of a system uses common variables (e.g) which are
represented as numbers. The change of the system state is represented dasagectory
woh xEEAE EO OEA OAN GQfas thhdocihadgesAChanged i Anhedi®
studied using the concept ofa dynamical system with certain dynamics. The term
dynamicsdenotesa transformation Y which maps its initial statew 1 in the trajectory of
a dynamical system (at time 0) to its current stateo 0 (attimet),thatis,w 0 Y ot
(Lasota and Mackg 1994).

In an indeterministic worldview there is uncertainty or randomness, where the latter
term simply means unpredictability or intrinsic uncertainty. Thus, to study change
according to this approach we use the notion of stochastic procesd his is definedasan
arbitrarily (usually infinitely) large family of stochastic variables @ 0 (Papoulis, 1991).
To each one of them there corresponds an indéxwhich takes values from arindex set T
most often referring to time. The timet can be eitherdiscrete(when Tis the set of integers
) or continuous (when T is the set of real numberf ).Thus, we have respectively a
discretetime or a continuoustime stochastic processAs naural time runs continuously,
the faithful representation of a natural process needs model formulated for continuous
time in order to avoid the risk of making artificial constructs.Even so, he discretetime
representation is necessary in simulationTypically, the discrete time representationw
is derived from the continuous timerepresentation w 0 as the temporal average:

o h @O Ad (3.1)

Olo

where TN ¥ representsthe continuoustime interval t p Oht ‘OandDis the time step.
Notice that we use different notation in the continuous and discrete time representation,
in the latter case denoting time as a subscripEach of the stochastic variable& 0 or @
can be either discrete (e.g. the wet or dry state of a day) or continuous (e.g. the rainfall
depth). Thus, we have respectively adiscretestate or a continuousstate stochastic
process.

The index set can also be a vector space rather than the real line or the set of integers
This is the case for instance when we assign a stochastic variable (e.g. rainfall depth) to
each geographical location (a two dimensional vector space) or to each location and time
instance (a threedimensional vector space). Stochastic processes with mudtmensional
index sets are also known asstochastic (orrandom) fields.

A realization w0 of a stochastic processw 0, which is acommon (numerical)
function of time t, is known as asample function Typically, a realizationcan beknown
(simulated) at countable time instancesi.e. in discrete timgnot in continuous time, even
in a continuoustime process).Likewise, observation of a natural process is also made in

(@}
>\
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discrete time. Asequenceof simulated or observed valuess called atime series Clearly
then, a time series is &inite sequence ohumbers whereas a stochastic process is a family
of stochastic variables infinitely many for discrete time processes and uncountably
infinitely many for continuous time processesA large body of literature does not make
this distinction and confuses stochastic processes with time serig¢seeDigression3.F).

3.2 Distribution function and moments
The distribution function of the stochastic variablew 0 i.e.,

OaP h 0 WO (3.2)
is called first-order distribution function of the process. Likewise, thesecondorder
distribution function is:

Ol h 0 wo o o W (3.3)
and the (multivariate) nth order distribution functionis:
OwfoMB M h b oo owo oMmo o (34)
A stochastic process is completely determined if we know thath order distribution
function for any €. Thenth order probability density function of the process is derived by
taking the derivatives of the distribution function with respect to allw8

The moments(and quantities related to them)are defined in the same manner as in
sections2.13and 2.15. Of particular interest are the following:

1. The processmean i.e. the expected value of the variable 0 :
“0h %wo o "Ap Ad (3.5)
2. The processvariance, i.e. thevariance of the variable® 0 :
0 h OA®O ® ‘0 "QapAwn (3.6)
3. The processautocovariance i.e. the covariance of the stochastic variableso and
wo Q:
ool h AT ®ohwo Q % wo 6 ®O Q ‘0o Q (3.7)
xEAO&ET k1 o.

4. The process autocorrelation, i.e.,the correlation coefficient of the stochastic
variablesw 0 andw o "Q):
L . QaQ
ioQh AT @0wo Q ‘(ﬂ‘ (3.8)
[ orf o Q

Additional characteristics will be given in section3.5.
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3.3 Stationarity

The term processhas been introducedinto the scientific vocabularyas synonymouswith
chanCAh AO AOEAAT O E ipioneérihgl pap€rjinvhich diedntrgdpceddhe q
term stochastic processThis paperstarts by stating G\ physical procesfs] a change of a
certain physical systeim

It is common in science to try to identify invariant properties within change
(Koutsoyiannis 2011a). For examplein the absence of an external force, the position af
body in motonAEAT CAO ET OEIi A AOO OEA OAIT AEOQU
constant force is present, then the velocity changes but the acceleration is constant
i . AxO1 18680 OAATTA 1AxQs )& OEA aiatikdghithiteA i
changing distanceof the orbiting planets, then the acceleration is no longe constant, but
other invariant properties emerge such asOEA AT ¢cO1 AO 111 A1 O0I
gravitation; see alsoKoutsoyiannis 20119.

Evidently, the notion of a stochastic process was invented to describe the irregular
changes in natural systemswhich are more complex than the aboveand which are
impossible to model deterministically or predict their future evolution in full detail and
with precision. Here, the great scientific achievementhas been the invention of
macroscopic descriptions which replacethe modelling of the details. This is essentially
done using stochastics. Heiia lies the essence and usefulness of the stationarity concept,
which seeks invariant properties in complex systems (Koutsoyiannis, 2011a2014a;
Koutsoyiannis and Montanari, 2015). Following Kolmogorov (1931, 1938) and
Khintchine (1934), a process isstationary if its statistical properties are invariant to a
shift of time origin, i.,e.w 0 andw 0 "Q have the samdmultivariate) distribution for any
t and a specifiedh. Furthermore, following Kolmogorov (1947), aprocess is calledwvide-
sense stationanyif its mean is constant and its autocovariance depends only on time
differences, i.e.

%o * AT T OOAAIBDOMO Q0 ©0Q (3.9)
A strict-sense stationary process is also wideense stationary, but the inverse is not true.
A process that is not stationary is called nonstationary. In a nonstationary process
one or more statistical propertiesare deterministic functiors of time. A typical case of a
nonstationary process is a cumulative process whose mean is proportional to time. For
instance, let us assme that the rainfall intensity at a geographical location and time of
year ismodelled asa stationary processw 0 , with meang . Let us further denote® 0 the
rainfall depth collected in a large container (a cumulative raingauge) at timeand assume

that at the time origin,t = 0, the container is empty so that® 6 . i Al. It is easy

then to understand that%® 0 * 0. This is a deterministic (linear) function of timet
and thus® 0 is a nonstationary process.

We should stress that stationarity and nonstationarity are properties of a process, not
of a sample function or time series. There is some confusion in the literature about this,
as a lot of studies assume that a time series &ther stationary or not, or can reveal
whether the process is stationary or not. As a general rule, to charactee a processas

EO
CAOh

P A
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nonstationary, it suffices to show thata specific statistical property is a deterministic
function of time (as in the above example of the raingauge), but this cannot be inferred
from a time seriesalone. A time series formed from observations of a natural process
cannot be stationaryor nonstationary.

Stochastic processes describing periodic phenomena, such as those affected by the
annual cycle of Earth, are nonstationary. For instance, the daily temperature at a mid
latitude location could not be regarded as a stationary process.dbuld be modelled asa
special kind of a nonstationary processwith characteristics dependng on time in a
periodical manner (as periodic functions of time). Such processes are called
cyclostationaryprocesses.

3.4 Ergodicity

Sationarity is also related to another important stochastic concept,ergodicity.” Its
importance derives from the fact that ergodicityis a prerequisite to makng inference
from data, that is, induction? the Aristotelian sp | r 5 (eagogg. This is a type of
inference weaker thandeductiore the Aristotelian +A j 1 R@paodeixg 2 albeit very
useful when deduction is not possibl€seeDigression4.A).

In dynamical systems, by definition (e.g. Mackey2003, p. 48), ergodicity is the
property of a system whose invariant sets under the dynamic transformation are all trivial
(have zero probability). In other words, in an ergodic transformation starting from any
point, the trajectory of the system state will vsit all other points, without being trapped
to a certain subset.The ergodic theorem (Birkhoff, 1931; Khinichine, 1933; see also
Mackey,2003, p. 54),allows for the redefining of ergodicity within the stochastics domain
(Papoulis, 1991, p. 427; Koutsoyiannis 2010) in the following manner A stochastic

processw O is ergodic if the time average of any (integrable) functioiQ w6 , as time
tends to infinity, equals the true (ensemble) expectationi.e.:

[N E,SV Qwo A % Qoo h 1 E,QV QO % Qwo (3.10)

for a process in continuous or irdiscrete time, respectively.

Theright-hand side in the above equations represents thigue average also known
asthe ensemble averagavhereas theleft-hand side represents the time average, for the
limiting case of infinite time. The left-hand sidein each of the two equationg3.10) is a
stochastic variable (as a sum or integral of stochastic variableghd is not a function of
the timet. Hence, the righthand side should not be a function of the timg i.e. the process
should be stationary. Furthermore, the right-hand side is anumber, not a stochastic
variable. Equating anumber with a stochastic variable implies that the stochastic variable

* The concept of ergodicity was first conceived by Boltzmann (1884/85), who coinetthe terms ergodeand
isodic both of which are etymologized from Greek words but which ones exactly is uncertain. Most
probably, ergodic comes from the Greek: m r (ergon = work) and ¢ | jhedos = pathway). According to
another interpretation, the second nounis R « 7 (®idos = form, kind, nature), or the whole word is a
transliteration of the Greek adjectivesr m r 2 (ergodes= laborious, troublesome see Mathieu 1988)
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has zero variance. This is precisely the condition that makes a process ergodind this
allows the estimation (i.e. approximate calculation) of the true but unknown property

%" Qwo from the time average ofQ w0 , that is, from the available data. Without

ergodicity inference from data would not be possible.
A stochastic process for which it can be shown that the proper{ys.10) holds true for

the particular case that'Q w 0 w 0, whose expectation is the mean%w 0 ‘s

called meanergodic The property could be extendedto multivariate functions, e.g.
Qwohoo , and thus we can speak aboutovarianceergodic processes. Further

information, including conditions that should hold for ergodicity can be found in Papoulis
(1991).

Now, if the system that is modelled in a stochastic framework has deterministic
dynamics (meaning that a system input will give a single system responsdjhen a
theorem applies (Mackey2003, theorem 4.5 p. 52), according to which a dynamical
system with dynamics™Y @ has a stationary probability densityif and only ifit is ergodic.
Therefore, a stationary system is also ergodic and vice versa, and a nonstationary system
is also nonrergodic and vice versa. Here we note that even if a system has deterministic
dynamics, again it is legitimate to use a stochastic descriph, replacing the study of the
evolution of system states™Y w with the evolution of probability densities of states
"QaIp . One reason to prefer the stochastic description over the putg deterministic
description is that the former indudes quantification of uncertainty, whereas
deterministic dynamics does not eliminate uncertainty (Koutsoyiannis 2010).
Furthermore, we clarify that the deterministic description through the transformation
“Y w is fully compatible with a stochastic description that is stationary and ergodic,
according to the theorem stated above:While the system state is changing in time
according to the transformation "Y w, its statistical properties (and the probability
density "QadP ) can be constant in timgi.e. Qw).

If the system dynamics is stochastic (a single input could result in multiple outputs),
then ergodicity and stationarity do not necessarily coincide. However, recalling that a
stochastic process is a model and not part of the real world, we can always conveniently
devise a stochastic process that is ergodic, provided we exclude nonstationarityr |
conclusion, from a practical point of view ergodicity can generally be assumed when there
is stationarity and the variance of the time averaged process tends rero as the time of
averaging tends to infinity, while this assumption is fullyjustified by the theory if the
system dynamics is deterministic. Conversely, if nonstationarity is assumed, then
ergodicity cannot hold, thus disallowing inference from data. This contradicts the basic
premise in geosciences, where data are the only relilbinformation for building models
and making inference and prediction.

Digression 3.A: Misuses of stationarity and ergodicity

Despite having a central role in stochasticshe conceps of stationarity and ergodicity have been
widely misunderstood and broadly misused (Montanari and Koutsoyiannis, 2014; Koutsoyiannis
and Montanari, 2015).In an attempt to find trends everywhere, according to the popular motto
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OOOAOGET T AOEOU E,2008),Ardnd @nalysis Bfihydtdclinfatt prAdesdes is more
fashionable today than ever befordlliopoulou and Koutsoyiannis, 2020) The notion of a trend,
as a fundamental constituent of time series, is very old, but it is fundamentally problematic
(Koutsoyiannis, 2020, despite itspopularity.

Ironically, most of thesestudies use time series data to estimate statistical properties, as if
the process were ergodic, whe at the same time their cursoryestimates falsify the ergodicity
hypothesis. The correct tactic, even when dealing with provably nonstationary and nonergodic
processes and our study is based on data, is to convert the process to a stationary and ergodic one
before trying to make any inference from the data.

As an example, assuming that we deal with the cumulative rainfall procegso , used as an
example of a nonstationary process in sectioB.3, we convert the process into a stationary one in
discrete time by h @ T O ® T p O, whereD is a time step, and perform the same
transformation to the time series data. Then we can use thie data to make inferences.

10 A OAATT A AgAi bl A OAI AGAA O1 O6Wdnaydrigthe AO OO
time series w (where z denotes discrete time), we concluded that it is nonstationary, andwe
identified an increasing trend with slopeb6 4 EEO EO Al ET Al OOAAO OOAOAI
ET OEA A& 111 xdbdly§ed fhéitimé skr@s)) ba3ddAn themodelling assumptionthat
the stochastic process® @ Ts stationary and ergodic, which enabled the estimation of the
slopebo 4EA 1 AOOAO OOAOAI AT O OAOPAAOO OEA MEAAO OEA(
i AEA ET ZAOAT AA EOI I AAOA8 )OO Al 61 AOI EAO OOEI ¢ O
has no scientific definition. Finally, it reveals the fact thathe entire setting is just a modelling
assumption? not anything objective, related to physical reality.

3.5 Second-order characteristics of stochastic processes

Along with the definition of a stochastic process (sectioB3.1), we have also provided that
of the autocovariance function (sectior3.2), an important characteristic of the second
order distribution function of a stochastic process. However, there are other secormtder
characteristics that are useful to study, as they have certain properties that help the
understanding and the simulationof stochastic processes.

Before defining them, starting with the process of interesto 0 , we will better explain
the concepts of the cumulative proces® 0 and the discretetime processw, which have
already been introduced. As graphically shown ifrigure 3.1, the cumdative process is
defined as:

Woh oA (3.11)

where obviously @ 1t k 1t If @ 0 aims to represent a natural processthen @ 0 should
necessarily benonstationary. However, by time averaging dividing the cumulative
processhy time) and differencing, we may construct a stationary process over any time
scale’O, provided that w 0 is stationary. With the help of the cumulative process, the
discrete-time representation of the process (equatior(3.1)) can be written as:

AOTO ® 1t poO

w O h 5

00 A (3.12)

Olo
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Theargument (D) in @ 'O denotes the time step of discretization. In cases where we use
a single discretization step and there is no ambiguity we will omit it, writingw . We can
also define discretetime processes in multiples ofO, sayl'O, wherell is an integer:

p ., wthlOoOw t pl©O

w h o 0 h 0 wo Ao i) (3.13)

Obviously, the discretetime processw is the time average (at scaléQ Il ‘Q of the
discrete-time processw (at scale equal to the time stef®):

P

® =
= I

[ (3.14)

x(t) (instantaneous, X(© = [ x(w)du
. . - 0=
4 continuous-time process) (cumulative, nonstationary)

1 D
AN N\ § x:(D) ==_f x(u)du
o D Je—1yp

_ X(D) - X((t — 1)D)
- D

I
0 D 2D 8  (zz1)D Dt (averagedat time scaleD)

=
e
\

¥
<
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'<.
q

Figure 3.1 Explanatory sketch for a stochastic process in continuous time ant$ representation
in discrete time. Note that the graphs display a realization of the process (it is impossible to
display the processper s€) while the notation is for the process per se.

The variance ofw 0 at timet, as a function of, i.e.:
w0 h OADO (3.15)
is known as thecumulative climacogram The variance of the time averaged process

® QT Cat a time scalek, as a function of the time scalk, is the continuoustime variant of
the climacogram already discussed in sectio.17:

e s . OQ (J‘})TQ
[ Qh OA% T (316)

The squareroot [ 'Q d, "Q (standard deviation) is referred to as theA-climacogram.
The autocovariance functionc(h) of the continuoustime processw 0 for time lag h,
already defined in equation(3.7), is related to the climacogram by (Koutsoyiannis 2016):
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PA®Q
¢ AQ
If we deal with two processesn 0 andw 0 we can define the crossovariance:

oQh Al @ddfwo Q (3.17)
® Qh AT @ohwo Q (3.18)

This is a continuoustime metric. To also involve the time scal& of the averaged process,
we can define thecrossclimacogram(Koutsoyiannis, 2019b).

®-p0 &-70

5 (3.19)

- L .00
r m_ h [T O A QQ
where®Qh = &0 Adandsis lag.

The structure function (also known assemivariogramor variogram), ¥ "Q, is another
secondorder tool, defined as:

+Q R go/&_@o w0 Q  on &0 (3.20)
The power spectrum (also known as spectral density, sS(w), where w denotes
frequency is defined as the Fourier transform of the autocovariance function, i.e.:

0 ht OQAT OV QAQ (3.21)

The power spectrum should necessarily be nonnegative at all (i 0 1, and this
entails that the autocovariancew’Q should be a positive definite function. Also, the
climacogram/ "Q should be a positive definite function (Koutsoyiannis, 2017).

The power spectrum has some analogies with another stochastic tool, the-called
climacospectrum (Koutsoyiannis, 2017),which is directly given as a transformation of the
climacogram. Specifically, it isproportional to the difference of the variances of the
averaged process at time scaldsand 2k:

P O] S o B A 0]
Qh —
[ T
The climacospectrumcan also be written in an alternative manner in terms of frequency
w= 1/k:

(3.22)

p 1 pIO T GXO
I to

r o hr (3.23)
It is useful to note thatthe entire area under the power spectrumi 0 , as well as that
under the curvel 0 ,are precisely equal toeach other and tathe variance] .

All definitions of secondorder characteristics in continuous time are gathered
together in Table 3.1. Once any one of these characteristics is known in the continucus
time representation, we can calculate alihe others in continuous time as well as those in
discrete time, as shown inTable 3.2.
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Table 3.1 Summary of notation and seconebrder characteristics of a stationary stochastic
process in continuous time.

Name Symbol and definition Remarks Egn. no.
Stochastic process of interest @ 0 Assumed stationary
Time, continuous t Dimensional
Cumulative process ®oh o, A Nonstationary (3.11)
Variance, instantaneous r h OADO Constant (not a function ot)  (3.6)
Cumulative climacogram o h OADO Afunction oft; o 1t k Tt (3.15)
_ e . DQ ®Q A function of time scale
Climacogram Qh OAO— = - 3.16
g F Q Q fFm [ as®Pmn ( )
Time scale, continuous k Units of time
Climacospectrum r Qh w
Autocovariance function ©Qh AT ®dofwo Q T (3.17)
Time lag, continuous h Units of time
Structure function P .o . -
wre . 10k P0A®O wo @t [ 60 (3.20)
(semivariogram, variogram) C = =
Power spectrum (spectral Coen T KT AN R Co R
wer spectrum (sp (0 ht OQATONQAQ {0 A (3.21)
density)
Frequency, continuous 0 pTQ Units of inverse time

Table 3.2 Summary of notation and seconérder characteristics of a stationary stochastic
process in discrete time.

Name Symbol and definition Remarks Eqgn. no.
i i L . ®to & ft (6]
§tochast|c process, dlscret(b i E 6 Ao 2 © P (3.12)
time - (@) = (0]
Discretization time step D L(_angth of time .
window of averaging
Time, discrete th §0 Dimensionless
Averaged _sbchasn_c ® P @ (3.14)
process, discrete time I
Time scale, discrete =KD Dimensionless (3.24)
PR @l O PN
Climacogram r OAD I 1o W r OAD [ O (3.25)
. - nmr
Climacospectrum r ) Tt
Autocovariance function @ h AT @ ® 10 7
Time lag, discrete s=h/D Dimensionless (3.26)
Structure function I o (3.27)
, p 1 QL
Power spectrum i1 o i OEIM Q (3.28)
Frequency, discrete 1 00 pjl Dimensionless (3.29)

Note: In timerelated quantities, Latin letters denote dimensional quantities and Greek letters
dimensionless ones, as specified above.
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The reverse is not true, i.e., from a model formulated in discrete time we cannot
precisely infer the characteristics of the continuoudime representation. It may be seen
in Table 3.2 that the expressions of the discrete time characteristics may differ
substantially from those in continuous time, and thus attention is needed to avoid
confusion and misuse.

The rule that continuous and discretetime characteristics are different has
exceptions The climacogram and the climacospectrurare not affected by discretization
(they admit the same expressions for both continuous and discrete time)hey alsohave
some additional advantagessuch as simplicity, a close relationship to entropy (see
below), and a more stable behaviourthan other common tools (Dimitriadis and
Koutsoyiannis, 2015; Koutsoyiannis, 2016; 2017) These make them the tool of
preferencein stochastic modelling> even though they are less popular than other tools.
All these tools are transformations of one another, as listed ifable 3.3.

Table 3.3 Relationships between secongrder characteristics of astochasticprocess

Related . .. Symbol and definition Inverse relationship Ean.
characteristics no.
. N v e o PATQQ
QP ©Q ; KO LIS 3.30
r r'Q ¢ p ..0.CAL wQ ¢ Ao (3.30)
(0 PQOQ (0 ht OQAT OVQAQ ©'Q o AT OHAQA (3.31)
7 I 7 roor A= T~ R [ o A ’Qr ’Q AT AN R
Fr QP io 1 Q i 0 OETAM QA i0 hc TAloluczAQ (3.32)
QP ®Q fQ 1 ©Q OQ tH TQwthiH (3.33)
I N o}
o ) rQ 1¢& T
x % . . O o}
rRPrQ [ R A 689 (334
I g ‘ot ¢ Q
¢ Q
. - . ol o . .
P e ¢ o e 2. p as p0 o poO
[ [ o & =
[ kr Iror o) C
T N s 7y (335)
@ wherewnm Tm®O wO and, .
recursively,® I ‘O » &0
¢cwll pO Il ¢O ¢® ©
i
GP i i1 @ 1T QAT OAT o i 1 AT On -A (336)
TP Q t 1o ® ohro (3.37)

Digression 3.B: What is dependence in time?

Dependence can be simply defined as the absence of independence. With reference to equation
(2.5) defining independence and using equationy3.2)z(3.4), we define dependence in a
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stochastic process in time (also known astertemporal dependenc®r simply time dependence
by

OomMBMHDBRH O Owd E Own M
It is typically expressed by the autocovariance or the autocorrelation function and its typical
(mis)interpretation is memory. This has been so common that in many texts the tentrmemoryhas
replaced the term dependence even in the titles of several publications, papers and books.
Perhaps the scientist who was most influential in establishing this interpretation was Mandelbrot
(for example, Mandelbrotand Wallis, 1968, speak about short and long memory, both of which
they contrast to independence), though other scientists had used the term before (ekgumbein,
1968). Clearly, in stochastics the termmemory is metaphorical, while in other disciplines
(neuropsychology, computer science) it is literal. In science there is no reason to use a
metaphorical term when we have a literal term, particularly when the metaphorical term has
another scientific meaning. The use of the metaphorical termmemory distracts, rather than helps,
intuition and the understanding of time dependence in a stochastic process. In particular, the use
of its variant long memoryis totally inappropriate as it stimulates people to imagine a mechanism
inducing long memory (e.g. hundreds of years) and of course it is difficult to conceptualize such a
mechanism.A better interpretation is a mechanism that produces change, rather than one that
recalls information (as is the meaning of memory). And indeed, changes produce dependence
not the other way round. Furthermore, dependence and change need not be interpreted
nonstationarity as many think.

Before discussing how change produces time dependence in a process that is stationary, we
will discuss how dependence manifests itself into a time series. In one word, this manifestation is
through patterns. In pure randomness, without time dependence (like in a sequence of dice
outcomes or in the sequence of digits af) no patterns appear. To better illustrate such patterns,
we examine several time series with a small lengtls,= 16. For convenience we make these time
series two-valued, with valuesz1 and 1 and withan average of the 16 values equal to zero, which
means that eight values will bezl and eight 1. Theestimates of the variance, the lagone
autocovariance and the lagpne autocorrelation coefficient wil thus be, respectively:

p \ "’i'p A Qi—U':'
p—(poohub—U ww h 1H — oU

) f

where we setw & in order to have 16 terms in the sum foxHand thus make possible values
up to +1. (Note,though, thatthis practice is not being suggested to usa analyses of time series).
The formal meaning of the termestimateis clarified in section4.3.

Examples of such time series are shown iRigure 3.2. In the upper left panel, alleight ones
are grouped together so thatB w® X X ¢ pcandiku 18 v This is the highest
possiblevalue that a particular arrangement of 16 items, each being £1, can give. Obvioutigre
are 16 possible arrangements that will give Hu 7@ v If our time series had lengthN, the highest
iHwouldbe @ T 70 p TF0 and would approach the value +1 fotarge N. Consequently, a
large autocorrelation is caused by grouping together of similar (in our examp)éhe same) values
Suchgrouping has been termegersistenc8 ) £ OEA CcOl OPET ¢ APPAAOO AOGO
as in the lower left panel, then again, the autocorrelation will be positive but lower FU T@® in
this example).

In contrast, if the patterns appear to be of alternating, rather than grouping, type, then the
AOOT AT OOAT ACETT AT AEEFEAEAT O EO 1T ACAOEOA8 4EOOh E
panel of Figure 3.2 we haveB o ® p @ndiHu  p. In the lower middle pane| alterna-
tion is not perfectandiHu 7@ vFinally, the upper right panel is free of patterns and-u L

Now, the effect of change is illustrated ifrigure 3.3, where we plot a time seriesgenerated
from the normal distribution without time dependence. We now assume that the process is
affected by a mechanism producing change, namely shifts up and down, at random points in time.
As illustrated in Figure 3.3 and detailed in the figure caption, in this case patterns are produced
and (positive) autocorrelation is induced.
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Figure 3.2 Examples of arrangements of eight ones and eight minus ones in the form of time series with
length 16, mean zero and unit variance, along with the resulting estimate of the lage autocorrelation
coefficientsr. In addition to the original time series (scale 1; continuous line), timaveraged time series are
also shown at scales 2 (dashed lines) and 4 (dotted lines). In the bottom right panel, the frequency
distribution of rforall p éf YA  p q x possible cases (permutations) are shown.
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Figure 3.3 lllustration of the fact that change causes autocorrelation using a time series of length 20,
generated from the normal distribution N(0,1) without time dependence; the estimates of the statistical
characteristics from the time series, plotted as full poits connected with continuous lines, are' Hu

T8t i m@o i HU T8t LBY shifting a time segment up (by +1, items-84) and another segment down
(by z1, items 1520) we obtain a new time series (empty points connected with dashed lines) in which the
autocorrelation has becomé HU ™ w
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Had such change been describable in deterministic terms, as a deterministic function of time,
that is, had it been precisely predictable in terms of location of times where it occurs and in terms
of magnitude of state shifts, we would speak about nonstatiarity. But since, as we said, the
points of change are random points in time, they resist a deterministic description and the entire
process with the changeproducing mechanism is atationary stochastic process with dependence
Unfortunately, this simple truth is not widely understood and therefore the inconsistent
interpretations of change as nonstationarity abound irgeophysicsliterature.

3.6 Asymptotic power laws and the log -log derivative

It is quite commonfor nonnegative functions’Qd A A £E T A A tobbé associdied it
asymptotic power lawsas 6 mAT A H | +1 OOOT UE A TPoviedlawsatert p T A h
functions of the form

Q0 8 o (3.38)

A power law is visualizedin a graph of Qo0 plotted againstt with logarithmic axes, so that
the plot forms a straight line with slopeb. Formally, the slopeb is expressed by thdog-
log derivative(LLD):

.. Al T o

Ao h 7% 00 (3.39)

We notice that'® o is a dimensionless quantity, irrespective of the dimensions 600 . If

the power law holds for the entire domain, them® 6 @ constant. In this case we

speak about asimple scalingbehaviour. Usually, however, @ 6 is not constant. Of

particular interest are the asymptotic valuesfor 6°¢ mAT A th OUWAT dn€E AAT T U
" Kb, which define two asymptotic power laws We note that, ift  "Qm  Hp, then

" m which meansthatQm EAO O1 AA AEOEAOd m m®asib ET 1
properties of LLD are given inTable 3.4.

Table 3.4 Basic properties of LLD (from Koutsoyiannis, 2017).

Description Mathematical formula
Multiplication and addition by constants _"Qo * T "&' ¢
_ . .. n odo Moo
Sum of two functions Qo Qo —
Qo Qo
Product of two functions oo | Ao Do
Quotient of two functions orQe | Ao do
Raise to a power 0 ' _d o
Function composition g0 S o T TR o o T IR I o T

In particular, the asymptotic properties of the seconebrder characteristics of a
stochastic process fov© 1, wheret now denotes time, characterize thdocal behaviour
of a process, while those folo© Hs characterize theglobal behaviour We will discuss
these properties in section 3.8, after introducing the related concept of entropy
production in section 3.7.
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3.7 Entropy production in stochastic processes

In a stochastic process the change of uncertainty in time can be quantified by taetropy
production,i.e. the time derivativeof the entropy & 0 of the cumulative processo 0
(Koutsoyiannis, 2011b):
nop A @0
@o N —x—
A more convenient (and dimensionlessindicator is the entropy production in logarithmic
time (EPLT):

(3.40)

e:
o-

A @
Al b
For a Gaussian process, the entropy depends on its varianpe only (seeTable2.4) and

is gven as:

coke @0 R >00 ok (341)

[AX I TcAd wo (3.42)

Yol ko)

where [ is the background measure density, assumed to be constant (LebesguEhe
EPLT of a Gaussian process is thus easily shown to be:

w00 oo oo rmo
WO Pgo G P
That is, EPLT is visualized and estimated by the slope of adog plot of the climacogram.
Note that, if the cumulative process were used and the background measure density were
taken as oinsteaf ofr, the result would be practically the same (plus a constant 1).
When the past and the present are observed, instead of the unconditional variance

[ 0 we should use a variancé 0 conditional on the known past and present. Thisan
be expressed in terms of thelifferenced climacogram(Koutsoyiannis, 2017):

e o-re rCeR - — (3.44)

P C
We can subsequently define theconditional entropy production in logarithmic time
(CEPLT)in a manner analogous to(3.43). By also consideringthe definition of the

climacospectrum in(3.22) and (3.23), CEPLT can be written as

(3.43)

n s 0 s 0 o
.bprop(op(mro (3.45)
C S S
Thus, for a Gaussian process the conditional entropy production is given in terms of fog
log slope of the process climacospectrum. We will use the same result as an
approximation for non-Gaussian processes too, even though in a r@aussian process
the entropy expression becomes more complicated thar(3.42) with other terms

additional to variance.
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3.8 Asymptotic scaling of second -order properties

EPLT and the CEPLT are related to LLD$§ secondorder tools such asthe climacogram,
the climacospectrum,the power spectrum, etc. With a few exceptions, these slopes are
nonzero asymptotically, hence entailing asymptotic scaling or asymptotic power laws
with the LLDs being the scaling exponents. Intuitilg, one would expect that an emerging
asymptotic scaling law would provide a good approximation of the true law for a range of
scales.

If the scaling law were appropriate for the entire range of scales, then we would have
a simple scaling law. Such simple scaling sounds attractive from a mathematical point of
view, but in physical processes it turns out to be impossible (Koutsoyiannis, 2017,
Koutsoyiannis et al., 2018see also below). It is thus physically more realistic to expect
two different types of asymptotic scaling laws, one in each end of the continuum of scales.
The respective scaling exponents argiven in terms of two parametes, M (to give credit
to Mandelbrot) and H (to give credit to Hurst) according to thefollowing relationships:

1 Theparameter M characterizes thelocal scalingor smoothnes®r fractal behaviour,
whenk© 0 orw© Hbq,
" " 1 "mop i"H p

bhe m p (3.46)
C C C C

1 The parameter H characterizes the global scaling or persistenceor Hurst-
Kolmogorovbehaviour,whenk©  H wi® O:1t

rT s ) rT s ) SH ["Th p

'Oh « Wb
P < S S (3.47)

These scalingbehaviours have emerged from maximum entropy considerations, and
this may provide the theoretical backgroundto the modelling of complex natural
processesusing such scaling laws. Generally, scaling laws are a mathematical necessity
and could be constructed for virtually any continuous function defined ifmh  Hg8 ) 1
words, there is no magic in power laws, except that they are, logically and mathematically,
a necessity(Koutsoyiannis, 20140.

3.9 Bounds of scaling: The global map of stochastic processes

Both parametersM and Htake on values in the interval (0,1) (with the limiting case®
pandO Tbeingpossible). This fact, combined with equation§3.46) and (3.47), defines
limits of the possible scaling laws in natural processes. These limits are not well known,
and several studies have reported values outside these limits. (SB&gression3.Cfor an
example about how to avoid such mistakes.)

For the global behaviour,tihas been showr(Koutsoyiannis et al., 2018}hat a process
with i™ 1T pis nonergodic.As already explained,niference from data is only possible
when the process is ergodic and thus, claiming thati™ 1 p based on data is seif
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contradictory. Steep slopes (i ™ 0 p) are mathematically and physically possible for
medium and large w and indeed they are quite frequent in geophysical and other
processesBecause of the equality of slopes of power spectrum and climacospectrum, the
ergodicity limitation holds also for the slope of the climacospectrum, i.e[,™ H

I "mt  p (cf. Digression 3.C). On the other hand, negative asymptotic slopes of the
climacospectrum that are too steep are also impossible. Indeedbecause of (52)),
rnQ rMpiQ pwould entail Q mand® Q m(Koutsoyiannis, 2017).
This means that the variance of the cumulative process would be a decreasing function of
time, which is absurd. This holds both for the global cas& @  Hshere the conditional
variance @ Hb equals the unconditionalé Hb ) and for the local case k© mnh A& O OE
conditional variance® Tt ).

For the local behaviour, there is another severe limitation imposed by physical
reasoning.The casg " 1t i"H  pwould entail infinite variance. Infinite variance
would require infinite energy to emerge, which is physicallynconsistent (see also section
2.18). Therefore, the physical lower limit forf ™ 1t i"H is 1. A finab and quite
severe? limitation is an upper bound of the local scaling exponent, which is 3 for™ 1t

i™" K (Koutsoyiannis, 2017). If this limitation was violated, then the resulting
autocovariance functionwould not be positive definite or, equivalently, the resulting
power spectrum would not be positive for any frequencyw but would take on negative
values for somew. However, by definition, the power spectrum should be positive for an
w. Likewise,in violation, the Fourier transform of the climacogramwould take on negative
values for somew. Proof is providedin Koutsoyiannis (2017).

The above limits AAEET A OEA 60 CIO& AA A IORNG@@EOM ahd HIM 1 OA O
Figure 3.4, which is also depicted in terms of admissible values of slopds* and s* (noting
that s* can, by exception, take on values out of the square when 1 ¢ore H 1.
The reasons why a process out of the square would be impossible or inconsistent, as
discussed above, are also marked the figure.

Thecentre of the square, with coordinatee 1 - H  -represents a neutral

process whose typical representative is the Markov process (to be examined in section
3.11). Larger values ofe 1 (where O  pf¢) indicate a smooth process and smaif
ones(where U pfq) a rough process. Also, largevalues ofe H (where 'O plcg)
indicate a persistent process and smadk ones(where 'O  pX¢) an antipersistentprocess

A useful observation inFigure 34 isthat tEA AT OEOA OCOAAT ONOAOA
equality line. This means that the same scaling exponent is not possible for both local and
global behaviour, or else, it is impossible to have a physically realistic simple scaling
process. There is one exception, the uppér AEO AT O1T AO 1T £# OEA OCOA
correspondstotheseA AT 1 AA ODPET ff | IEIOEOA be dis€iss€idulther in
Digression3.H.

/T OEA 1 AEO 1 £ irDmghre 331Guaokér Isqua@NOfdnoed 6which
represents processes that are mathematically feasible but physically unrealistic, because
they entail infinite variance. In particular, the centre of this square represents thehite
noisecharacterized by independence in time, which is discussed in secti@10. One of
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the diagonals of this square represents the Hurgkolmogorov process, discussed in
section3.12.
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Figure 3.4 Bounds ofasymptotic values of CEPL®, 1 ande H, and corresponding bounds
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admissible region; note thati "' can, by exception, take on values out of the square when Tt

¢0O poe HBb mO 1. The reasons why a process out of the square would be
impossible or inconsistent are also marked. The lines 1 ofg 0 pfg ande Hb

pi ¢ 'O pXc define neutrality (which is represented by a Markov process) and support the

classification of stochastic processes into the indicated four categories (smaller squares within

Z o~ o~ s N

Digression 3.C. Misuses of stationarity and ergodicity (2)

Continuing the examples of the misuse of the concepts of stationarity and ergodicityDigression
3Ah xA OAZEZAO EAOA OiF ATT OEAO A@Ai DblFom the EmeO A
seriesw ,we calculated the power spectrum and found that its slope for low frequencies is steeper
than z1, which means that the process is nonstationary. 7 A T Ta@riye ndntbér Of studies
exploring several data sets have reported steeponstant slopesof power spectrum, i.e.r <z1,
which arethought to confirm the nonstationarity of the process. The faaif the matteris, however,
that this entire line of thought is theoretically inconsistent Such reported numerical resultsare
artefacts caused byinsufficient data or inadequate estimation algorithmsOnce weconstruct the
power spectrum of a process as a function of frequenonly, we have tacitly assumed a stationary
process. In a nonstationary process, both the autocovariance and the spectral density, i.e. the
Fourier transform of the autocovariance, are functions of two variables, one being related to

O00A
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OAAOT 1 OOA6 OEI A | OAA A8 Csitissniedniadebs@ udela Atation&nyO U h
representation (setting the power spectrum as a function of frequency only) ansimultaneously
claim nonstationarity. Furthermore, once we use the power spectrum of a process for inference,
as we always do, we should be aware that inference from data is only possible when the process
is ergodic. As shown irKoutsoyiannis et al. (2018) in an ergodic process, the asymptotic slope on
the lower tail of the power spectrum cannot be steeper thagl. Thus,it is meaningessto report
slopes in empirical power spectra  p and at the same time ma&any claims about the process
properties (e.g. of nonstationarity) based on the power spectrum. Actually, such a steep slope,
when emerging from processing of data, does not suggest that a process is+gogodic. Rather it
signifies inconsistent estimation.Nonetheless, we should be awardhat steep slopes (  p) are
mathematically and physically possible for medium and largdrequencies, as has already been
discussed

Consequently, possible remedies for the above inconsistent statement could be the following:

E  We cursorily interpreted a slope steeper thanzl in the power spectrum asevidence of
nonstationarity, while a simple explanation would be that the frequencies on whicbur data
enable calculation of the power spectrum values are too high.

E  We cursorily applied the concept of the power spectrum of a stationary stochastic process,
forgetting that the empirical power spectrum of a stationary stochastic process is a
(nonstationary) stochastic process per s¢see sectiond.10). The high variability of the latter
(or the inconsistent numerical algorithm we used) resulted in a slope for low frequencies
steeper thanz1, which is absurd. Such a slope would suggest a Rergodic process whileour
calculations were based on the hypothesis of a stationary and ergodic process.

E  We cursorily applied the concept of the power spectrum of a stationary stochastic process
using a time series which isarealization of a nonstationary stochastic process, ange found
an inconsistent result; therefore,we will repeat the calculations recognizing that the power
spectrum of a nonstationary stochastic process is a function of two variables, frequency and
OAAOI 1 OOA6 OEI As

3.10 White noise: how natural and how white is it?

We are all familiar with the notion of independent events at discrete time, such as coin,
dice and roulette wheel experiments. If such an experiment is performed sequentially in
time, we can model it as a stochastic processht plg 8 with meant and variancey .

For convenience we subtract its mean, defining the processh 0 * for which:
%0 Tt OAD %0 , h o Al ©h - (3.48)

It is easy to show that the timeaveraged process:

p

\ H Lt
2 I

0 (3.49)

has the following properties

%y T OA®  hd ATD R Th- ™ (350
m — T
Is it legitimate to say that the discretetime processu originates from a continuous
time processu 0 ? And ifit is, what are the properties of the latter? The mathematical
answer to the former question is positive. To materialize the continuougime variant it

C TP
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suffices to generalize the climacogram i(3.50) changing the time scale from an integef
to a real numberQh Il '@

L , O
rQ 0ADO o (3.51)

It is easily seen that ifQ0 T, the process variance tends to infinity. Thus, to express the
properties of the continuoustime process, we need to involve the Dirac delta function
1 0, whose properties are:

‘ Hh 0 Tp o

10 o nh 1 A0 p (3.52)

where ¢ is any interval that contains the 0. To connect the discretme processy to
the continuoustime processu 0, we assume that the former is the tim@verage of the
latter on the time interval of length D, as in equation(3.12). If we definev 0 as a
stationary stochastic process which has the followingroperties:

%o Tt Al oMo %0 00 0 , 010 0 (3.53)
then it results in a discretetime process with the properties of equation(3.50). Indeed,
the variance ofu will be:

OAD OAD %

Olo
|
|

(3.54)

o %L oL I A

Olo

The power spectrum of proces® 0 is found (from equation(3.21)) to be constant:
io , 0O (3.55)

Because all frequenciesv are present in the power spectrum with equal density,, O),
the process 0 has beercalledwhite noise This name has been given by analogywdite
light, which is a mixture of all visible frequencies. We note though that this is a misnomer
as the power spectrum of the white light issery different from flat.

While mathematically the white noise is a welfounded concept and useful for many
theoretical analyses, iis not physically realistic for several reasons, such as the following:

T Its variance is infinite: OADO % L O , OY M H. If this

represented a natural process, this process would have infinity energy.

1 Its autocorrelation for lags however small is zero. In a natural process, the
autocorrelation would be close to 1 for lags close to zero.

1 Its spectral density isnonzero as frequency tends to infinity.
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In brief, white noise is great for math and terrible for physics. Its problems can be
remedied by applying some kind of filtering to the proces® 0 . An examplewould be to
set an upper limit0 to the frequency,beyond which the spectral density becomes zero
(a so-called low-passor high-cut filter). The secondorder characteristics of the thus
obtained stochastic proces® 0 are:

. 00hR @Q , 00 OEKA QR e T (3.56)

It may be readily seen that the above three inconsistencies have been remedied. On the
other hand, the processb 6 does not precisely yield the proces®) in discrete time.
However, if we choose) | pXO, we can obtainagood approximation.

Digression 3.D: Random walk, Wiener process and Brownian motion

Assuming that the discretetime white noise process) is two-valued, e.g. taking on the values +1
and z1 with equal probabilities of 1/2 (so that %0 ), the cumulative processoh B 0,
which takes on values in the interval tht , is called a random walk This is a nonstationary
process with its variance being proportional (actually equal in this simple case) to the timgethat
has passed from the beginning of the wajke.O A t. Its mean is zero at all times.

If both the time t and the stateb 0 of the white noise are continuous, then the resulting

cumulative process®w 0 h _ U i Al is called theWiener processThis is again a nonstationary

process with mean zero and variance proportional to the time, i.e.OA_(ﬁ)‘o . 0 where,
has been defined above

The quantity,, 7¢is known as thediffusion constant The Wiener process is used to model
diffusion phenomena and the Brownian motion under free conditions, i.e., when there are no
bounds in the motion, nor a restoring force (e.g. gravity in atmospheric motion). However, in real
world systems the motion isnot free (these conditions do nohold true) and the Brownian motion
is bound. In such systems the resulting process is not Wiener but a stationary process.

More information on these processes can be found in Papoulis (1998n application of the
random walk process to derive a classical physical law is discussedigression3.E.

Digression 3.E: Random walk, diffusion, Fick'sfirstlaw AT A &1 OOEA 08 O |

Here again we consider the random walk process with some modifications. We assume that the
processU can take on three values, 3;1 andz1, and represents the motion in times-t of a particle
sitting at a box at a positionwto adjacent boxes in a unidimensional lattice with spacingw The
valuev Trepresents the case that after timef the particle remained at the boxa while the
valuesv  +1 andzl represent the cases where the particle moved to the sitas 3wand ®

3w respectively. We assign a probability) to the eventthat the particle moved and assume
symmetry in the direction of motion (a consequence of entropy maximization). Hence the
probabilities of 0 0,+1 andzlarep BM¥c and /i, respectively.

We assume that at timet many particles are sited atwand we denote @ the respective
concentration (number of particles per unit volume) at positionaa The number of particles in the
volume defined by theincrement 3:and unit vertical size is0 & @ 36 We wish to find the
net fluxn w between sites atwandw 3« Thenet flux | is the net number of particles crossing
a unit area per unit timeand equalsthe algebraic sum of two quantitesjw 1 ® 1N/ ®,
wherey @ is the flux to the right direction fromwto @  3wandr;  the reverse flux directed
to the left. We have

n o N0 wfath 1 ® ng 0 @ 3wr3t
and thus
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RO N OO oo 30 36T

Assuming continuity, we take theTaylor exparsion of @6 G
T T
we 30 we 30 030

Furthermore, assumingthat 3-wis smalland omitting the high order terms, we get
heo @l e T e 500 (357)
¢3t 1T w T w ¢ 3T C

where Ois the diffusion constant. Notice thatvhen 3®° 1#Bt© 1, the quantity 3¢ j 3t equals

the variance, of the continuous time processn Digression3.D, but now it is multiplied by r) to

take account of the assumption that the particlés possible tostay in the same positiony) 0
with probability p n). S o S ) )
Equation (357) EO E I | x 1 AO OEA &EABBeCGanABEOMIQtolgadx | £ A

iT1 AAOGI AGS6 11T OEITh xEEAE OdeAcking #Eéd Ghé hedtltenpotal) Ai T 1T C
rate, and substituting temperature "Yfor concentration &) and thermal conductivity Il for the
diffusion constant. The resulting relationship,} @ 1T Y aisthe&T OOEAOBO 1 Ax8

3.11 The linear Markov process

We will now discuss a more interesting case of filtering of the white noise by means of a
stochastic version of a linear differential equation. To establish such an equation, we use
a simple hydrological system, a linear reservoir with inflow0 0 and outfow w0 . The
reservoir state is characterised by its storagé€Yo and the change in outflow (reservoir
spill) is assumed (as an approximation) to be proportional to the change in storagép
AY| ,whereq >0 is a constant with units of timeThe continuity equation(corresponding
to mass conservation for an incompressible fluid)js AYAO 0 wand if we make the
substitution A'Y | A®d we find that the system dynamics is the firsorder linear
differential equation:
A® o

Ao

Now, let us assume that the inflow is a stochastic process and specifically a white

noise process. For convenience we subtract its mean so thatd has the characteristics
given in equation(3.53). The outputw 0 will be a stochastic process as well. Thus, we can
write the stochastic version of equation(3.58) as:
AOO

" ©wo VO (3.59)
As simple agnay it seemthe transition from the deterministic version in equation (3.58)
to the stochastic version inequation (3.59) involves mathematical troubles. In fact, the
processw O is hardly differentiable and the derivative Aw 0 j Abdoes not generally exist.
Thus, stochastic differential equations requiretheir own rules of calculus Here we use
the following simple rule: We solve the differential equation as if it were deterministic
with well -defined derivatives. Naturally, the mathematical expression of the solution will
not contain derivatives. In that expression we replace the derministic functions with
stochastic processes, thus bypassing the differentiability problem.

@O VO (3.58)
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In this manner, the linear differential equation(3.59) is easily solved to give:

AT )
0o omAT S— 06AT A (3.60)

We observe in equation(3.60) that:

1. The two additive terms on the righthand side are independent ashe outflow of
the present,o 11, cannot depend on the future inflows) 6 m 6 o

2. The outflow does depend on the outflow of the presenty 1t , but not on otherw 6
of the past @ ).

A stochastic process that has the latter property is called a Markov process. More
generally, a Markov process is one in which the future does not depend on the past once
the present is known; symbolically:

0 WO GEwi Wi m 0 0wd N (3.61)
The particular Markov processw 0 of equation(3.60) can be called the linear Markov
process and it is also known asOrnsteirgUhlenbeck process while the stochastic

differential equation (3.59) is known as theLangevin equatior{Papoulis, 1991) The mean
of the process is:

%o  %om AT (3.62)

Subtracting equation(3.62) from (3.60), squaring and taking expected values we get:

OA®dO OAdnm A 7 |—A T ATA
(3.63)
” 'O Iy Ve N ” 'O
“— OAdn — A 7
d - d
From (3.62) and (3.63) we conclude that%® 6 and O Ad0 tend fast (exponentially)
toOand_ h , 'O ¢ , respectively, regardless of the valueso®@m and O A@m . In
particular, if % Tt mand O A@m [ _, then the process has constant mean
(0) and variance(_ ) at all times.Interestingly, if we takeO @& then_ , j ¢, thatisit
equal the diffusion constant as irDigression3.D.
It is easily seen that the following equation is a consequence (&.60):
AT
wo Q woA 7

VoAT A (3.64)

Multiplying this equation by @ 6 and taking expected values we get:
O %06 Qwo %wo A7 (3.65)

and in the casevhere %o M OA®MT  _ this becomes:
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oQ _AT7T (3.66)

In other words, the autocovariance is a function of the lalgonly and the process is wide
sense stationary. The other secondrder characteristics of the process in continuous and
discrete time, derived through the generic equations cdained in Table 3.3, are
summarized in Table 3.5 and illustrated in Figure 3.5.

The celdrated linear Markov processis nothing more than filtered white noise
through a linear differential equation. The filtering eliminates the problems related to the
appearance of infinities discussed in sectio3.10 and, thus, it is physically consistent.
Furthermore, the simplicity of the equations of its seconébrder properties makes it
attractive and easy to use. On the other hand, its Markovian property, i.e. the
independence of the future from the past once thpresent is known, may contradict our
perception that history always influences future developments. We may thus regard it as
too simplistic a model of natural reality. Furthermore, the fact that iminimiz esentropy
production for large times (© Hbq | +1 OO OT UEAT 1 BEDiytessignB.p)gnay] OA A
be another obstacle in accepting it as a good model to represent natural processes.

Table 3.5 Secondorder characteristics of the Markov processat continuousand discrete time

Property Formula Eqgn. no
Variance
C.:ontlnuoustlme process ‘ F O _ (367)
(instantaneous)
. Al
Av.eraged process at scalke | . §= 0 p _ (368)
(climacogram) Q| Q|
Autocovariance function
Continuoustime, lagh 0Q _As¥ (3.66)
j
Discrete time,lag- X0 & t Oh & p’OjA A F'h - p (3.69)
|
Power spectrum
Continuous tim T
© 6 —= (3.70)
frequencyw P CA U
i i O E TOF AT @
Discrete time, N [ 0 p ’ 'OH b Alen (371)
frequency] 0 O Ol Al @H Al

A discretized Markov process at timestep D tends to be uncorrelated in time asD
increases Therefore, at large time scales the Markov model is indistinguishable from
white noise: indeed, from equatbn (3.68) we condude that for large k (or small J) the
variance is inversely proportional to the time scale, as in the white noise. Thusyen
though sometimes it is saidthat the Markov modelreflects short-term persistence,it is
better not to use the term persistence in this case. Certainly, it entails shemnge
dependence in time. However, its asymptotic properties (céquations(3.46) and (3.47))
are (Koutsoyiannis, 2017):

5 o. . 5 5
i) gh- i Ehr”n S mr"n chi"H C (3.72)
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(o) gﬁ- Ho gﬁrﬂl-b ph d' Kb hr "  i"n =
Thus, according to the classification of sectiorB.9, the process is neutral:neither
antipersistent nor persistent and neither rough nor smooth.

\ \ y k\\\
01 N \\\
< \ .1 \
8 oo1 Autocovariance, B \
a continupus time \ =
2 4 0.1
° === Autocoyvariance, z Power spectrum,
0.001 discrete time o continuous time
' 001 l=== Power spectrum, discrete
= Climacogram, ' time
continupus & = Climacospectrum,
0.0001 discrete time 0.001 continuolis & discrete time
1 10 100 1000 0.001 0.01 0.1 1
h, k w

Figure 3.5 Secondorder characteristics of a linear Markov pr@ess with parameters_  ph

¢ mand discretization time stepO p. The climacogram andtlimacospectrum are precisely the
same for the continuous and discretetime representations. The autocovariance and the power
spectrum have some differences between the two representations which are invisible in the
former case and visible in the latter.

While the linear differential equation, on which the introduction of the Markov model
has been based, has some physical basis, the assumption that the inflow is white noise is
physically problematic, as we clarified insection 3.10. This is another reason making the
simple Markov modelinappropriate for natural systems except in simple systems where
independence is justified Even though it is rarely noticed, this problem is also
encountered in most cases of stochastic differential equationshat are deterministic
equations perturbed by white noise.

Related to the Markov process in continuous time is the discretigme process:

® @ b @ (3.73)
commonly known as ARMA(1,1), which stands for autoregressigeoving-average
process of orders (1,1). Her@ is discrete-time white noise with variance, , andaandb
are parameters. It can be easily shown (homework) that its secorarder characteristics
are interrelated by:

w ('I) ~ ~ % v 7

w pp(.b,,hwumcq,hwwooh—p (3.74)

Comparing with equation (3.69) we see that the ARMA(1,1) process is identical to the
discrete-time representation of the Markov process if we choose:
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. R C_ p AT . _p A
@ Al h @ 1 = — h ® —
or ° O o

Alternatively, if we know the first three terms of the autocovariance function in discrete

time, then, without referring to the continuous time formulation, the parametera can be
found as the ratio

(3.75)

O Q] (3.76)
The remaining parametersb and,, can be found from the first two equations in(3.74) in
terms of @ kT and &. A rather involved but explicit solution can also be found

(homework).
The special case in which:

O T8 o O (3.77)

is known as the AR(1) process, standing for autoregressive process of order hisTis the
limiting case asQj| © Tt It can also appear in a discretéime representation of the
Markov process for finite time stepD if, instead oftime averageswe use instantaneous
guantities, thus obtaining the secalled sampled procesdefined in discrete time as:

®» h oto (3.78)
(compare this with (3.12)). The AR(1) process ishus:

W W V) (3.79)

and its secondorder characteristics are:

COp W

O —-h & &E%h 7 —=—— p m

P » I p @ (3.80)

It is worth mentioning one more processof similar type, the AR(2) process, which is:

R L ) (3.81)

and hassecondorder characteristics interrelated by:

~ ~

v ¥ v ¥ v ¥ v T

o @ @ ,h & woh @ @ dw h- p (382
Once the covarianceso il o are known (estimated from data or derived theoretically)

the three parameters® hid h, can be easily found as the system of equations is linear.
Additional information about similar discrete time processes is given iigression3.F.

Digression 3.F: The Time Series School and its processes

The AR(1), AR(2) and ARMA(1,1) processes discussed in secti®il are representatives of

bigger families of models developed within th&ime Series SchodDbviously, higher order AR and

ARMA models can be formulated, and actually are in common use, along with additional families

such asARIMA(p,d,g) (standing for autoregressive integrated moving average modelsand
ARFIMApAQ)j x EOE OEA AAAEOEI 1 Al.EqDatidhssOob #e(3 82Edre@alle®i O EO A |
Yulez Walker equationsas they were introduced by Yule (1927) and Walker (1931), both British
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statisticians who, starting from an analysis of sunspot numbers, studied autoregressive processes
and in particular their periodogram and autocorrelation properties. However, we will not refer to
this type of processes here, preferring to base our analyses on tB&chastic Schoppioneered by
A. Kolmogorov, which provides more solid grounds, botfor foundation and application, than the
Time Series School. Adiscussed in Koutsoyiannig2025), useful tasks such as the application of
stochastics in simulation can be undertaken in a generic and simple manner without any
reference to the nonparsimonious models ofthe Time Series School

We should note, however, that the Time Series School and its models are much nympular
than the Stochastic Schooin many disciplines, includinggeophysics It appears that the former
was initiated by the American economist7 8- 8 0AO0OOT 1 08 )1 WhOwdOBUdC OEA
selbh 0AOOITO jpwpwq ET 00T AOAAA O ksthtistoaderdeyand £ OET £
asserted that they@esult from the combination of four elements: secular trend, seasonal variation,
cyclical fluctuation, and a residual factod.( A Al O DB OT B ORlikinafind &eEulaA O A&l O
trendsd A TEWninaéng seasonal variatiod 8 ) T O A thd QW &nia@Rukkfan/Soviet
mathematical statistician and economistSlutsky (1927) demonstrated that what Persons (and
other economists) regarded as cyclical component ignly a meanindess statistical artefact (see
e.g. Kyun and Kim 2006; Barnett, 2006). Subsequently, the notion of a cyclical component was
abandoned but the decomposition of a time serieto the three other components, trends,
seasonal variation and residualsemains popular.

Perhaps the firstdefinition of a time series was given bythe American statistician Bailey
(1929):

A time series is a series of observations taken at different times and recorded with the time at
which they were taken.

The biggest progress in the Time Series School was made in Uppsaldhg/Norwegian-born
(with career in Sweden)econometrician and statistician H.O.A. Wold antthe New-Zealandborn
mathematician and statisticianP. Whittle, who in their doctoral theses provided the stochastic
foundation for time series analysis. Wold (1938, 1948) proved that a stochastic process (even
though he referred to it as a time series) can be decomposed int@egular procesqi.e., a process
linearly equivalent to a white noise process) and aredictable procesgi.e., a process that can be
expressed in terms of its past values)This has been known ag 1 1 A6 O AAAWhitteT OEQET i
(1951, 1952, 1953) laid the mathematical foundationfor autoregressive and moving average
models in univariate and multivariate settings. Later, in their influential book, Box and Jenkins
(1970) named these models witlthe aboveacronymsand theybecame popular with these names
and alsowith the name Boxz Jenkinsmodelsj A £8 3 OE C1 A O § whicH sfates thatio ADT T Ui
scientific discovery is named after its original discovererStigler, 2002)

Despite the wider influence of the Time Series School over the Stochastic School, there are
several problems with the former. First, the termtime seriess ambiguous, sometimes denoting a
series of observations as in the original definition of Bailey (1929) (or, equivalently, a realization
of a stochastic process), ané@t other times denoting the stochastic procesger se (as in the
aforementioned use by Wolg. As we have alreadgmphasized, here the termtime seriess used
with the first meaning, a series of numbers, while for a series stochasticvariables we use the
term stochastic process. Second, with the exception of the simplest models of these families, such
as the AR(1) and ARMA(1,1), time series models are too artificial because, being complicated
discrete-time models, they do not necessal correspond to a continuous time process, while
natural processes evolve in continuous time. Furthermore, their identification, typically based on
the estimation of the autocorrelation function from data(see Digression4.Cfor an explanation),
usually neglects estimation bias and uncertainly, which in stochastic processes (as opposed to
purely random processes) are often tremendous (Lombardo et al., 2014).

Indeed, from the autset(Whittle, 1952), time series models have beetloselyassociated with
a large number of parametersand they usually become oveparameterized and thus not
parsimonious. These parameters are estimated from data, which usually are too few to support a
reliable estimation. The decomposition of a time series to components, trends, seasonal variation
and redduals, is fundamentally problematic, despite being populaiRemarkably,a meaningful
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definition of a trend has never been givenit is also hard to fathom how time per secould be

regarded as an explanatory variabléor a complex process an@dn what logical basis the statistics

of aphysical processcould beexpressd as a deterministic function of time. Accumulation of data

series with long time spans(cf. Koutsoyiannis, 2025 has shown that, what have been regarded

as trends, are mostly parts of longerm fluctuations (and in accordwith 31 OOOEU8 O x1 OEh

AT 61 A Al 61 AA OACAOAAA AO OOAOEOOEBAMD A AW GAEARA O
I OECET Al  CHimidatthg sehsor@lWarifliod) is a delusion We can hardly remove
seasonality in the multivariate distribution of a stochastic processWhat we typically dois in the
marginal distribution only and so there is no elimination

3.12 The Hurst -Kolmogorov process

The Hurst-Kolmogorov (HK) processn its continuous-time version isdefined through its
climacogram

rQ _ (3.83)

By setting™©O pi¢ we recover equation(3.51), which means that the HK process is a
generalization of the white noiselts other secondorder characteristics are given inTable
3.6 and illustrated in Figure 3.6. Their LLDs are constant for all time lags and scales and
all frequencies:

e . Q M’"Q &Q ¢O chr"Q iT0 ¢O p (384
including their asymptotic values at 0 andb. Accordingly,d0 O »p.

Table 3.6 Secondorder characteristics of the HK processat continuousand discrete time

Property Formula Ean.
no.
Variance
nti im -
Qo tinuous-time process ' A s (385)
(instantaneous)
Av.eraged process at scalk ' _ | Ta (383)
(climacogram)
Autocovariance function
. " | - p
v_"0¢0 p = h o -
rF o Q q
Continuoustime, lagh ®'Q . h 'O g (3.86)
rr 00 | Qe P
= 26 P 5 1 | C
. . Qps sQps
o & _ljo P R e
Discrete time, lag- QYO C (3.87)
(for— chwd ©O¢O p™Q At _1jO
Power spectrum
i i . | _3¢® OEAO
Continuoustime, - d_38¢ 'p (388)
frequencyw GAl U

1 The power spectrum of the discretetime (averaged) process exists (it is finite fomv > 0) but it does not
have a closed expression. However, for small frequencigés ( 0 O T®), the continuoustime expression
is a very good approximation for the discreteime process, i.ei 1] i1 ¥0.
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Figure 3.6 Secondorder characteristics of a HKprocess with parameters_  ph ¢ i0O 1@
and discretization time stepO  p. Theclimacogramand climacospectrum are precisely the same
for the continuous- and discretetime representations. The autocovariance and the power
spectrum have some differences between the two representations, which are visible in both cases.

The Gaussian version of thgrocess is also known afractional Gaussian nois@GN)
due to Mandelbrot and van Ness (1968), although these authors used a more complicated
approach to define it.Here we do not use the term FGN as the adjectifractional is not
quite informative (even white noise, in whichH = 0.5, is fractional too), the adjective
Gaussiaris too restrictive (non-Gaussian Hkare also common seeKoutsoyiannis, 2025)
and the nounnoiseis too negative and perhaps misleading when we try to deribe
. AOOOAGO DOI AAOOA O8a variant & tha ha#herdatichl Arioddds hdd A A h
been proposed earlier by Kolmogorov (1940), while Hurst (1951) pioneered the
detection in geophysical time series of the behaviour described by this proceddsence the
name HK, whichwe use for this process.

Because this process has infinite instantaneous variance, the sampled process in
discrete time is not meaningful (manycharacteristicstake infinite values). However, the
averaged process is well behaving with all itsharacteristics(including its variance) finite.
This makes it quite useful in applicationsoncewe exclude the very small scales.

The HK process is almosassimple and parsimoniousasthe Markov process; again,
it contains only one parameterH, in addition to those describing its marginal distribution.
Notice that the process variance is controlled by the product | , So that} andy, are
not in fact separate parameters. Despite that, we prefer the formulation showin Table
3.6 with three nominal parameters for dimensional consistency) and 1 are scale
parameters with dimensions 0 and w, respectively, whileH, the Hurst coefficient, is
dimensionless in the interval (0, 1).

ForH= 1/2 the process reduces to pure white noise. F@f¢ 'O pthe processis
persistent and bor m O pj ¢ antipersistent. Most of the expressions shown ifTable
3.6 hold in all three cases. However, the autocovariange'Q has different expressions in
the three cases, as shown ifiable3.6. Secifically, for'O  pj ¢, the autocovarianced "Qis
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negative for any lag’Q T tending toztb A 1 However, at’Q mhom Hp,
because this is the variance dhe process which cannot benegative. In other words, there

is an infinite discontinuity at Q 1. Consequently, the averaged process has positive
variance and all covariances negative. Such a process is not physically realistic because
real-world events at near times are always positively correlated, whiclmeansthat for
small h, & "Q should bepositive. Also, the infinite variance cannot appear iNature. Thus,
the HK process can describe natural phenomena only f&f2 <H < 1 and for time scales
that are not too small. Furthermore, valuesO p that are sometimes reported in the
literature are mathematically invalid (Koutsoyiannis, 2014b, 2017; Koutsoyiannis et al.
2018; see alsoFigure 3.4). They are the results of inconsistent algorithms.In terms of
entropy production, the process maximizes ifor large times ©© Hb) but minimizes it for
small times (0°© ).

Digression 3.G. Developments in stochastic modelling in  geophysics before

and after Hurst

(000060 jpwupq AEOAT OAOU T &£ OEA 1 AOOOAIwoMdAEAOGET C
problem of engineering hydrology, the design of reservoirs. Thigavehydrology a central role in
understanding such behaviour and subsequentlyin the dissemination process to other

disciplines. Hydrology has mostly beenan importer of stochastic methods from other field, but

( 60006 O has Adehah &xBdptiomarking alarge-OAAT A OA@DI O0G©6 HI 1 T DIEIA O
et al., 2016).

The understanding that hydrological processes could not be modelled effectively by
AAOAOI ET EOOEA OAAET ENOA O TeklniBuestttaicAukd Hd clagsicd @O 5 O OA
applications of the Monte Carlo method had appeared in the hydrological literature much earlier
OEAT OEA Ol £ZAZEAEA1 OOAO006 ATA O (-GA0DSHAHeh Pluiv piCA
(1914) did a pioneering study in which he introduced the reservoir storageield-reliability
relationship, a concept that would remain unexploited inWestern hydrological literature, even
though it offered a scientific basis of modern reservoir design€ 1 A | 128Th In that study he
proposed an empirical simulation technique and formed a synthetic time series by combining
EEOOI OEAAT &I 1T x OAAT OAO 1 £ AEEEAOAT O OEOGAOO 0OODI
the work of Hazen by resampling from aequence of historical river flows using cards, which he
shuffled to form new sequences of data. Obviously, this method heavily distorts the time
dependence of river flows whose importance was not known at that time.

For it was Hurst (1951) who understood that importance along with the omnipresence in
natural processes of a clustering behaviour of similar events in time, a behaviour that is now
understood as (long-term) persistence long-range dependence(LRD) or HurstKolmogorov
dynamics. In his attempt to compare natural and random events, Hurst performed physical
experiments to generate random numbers. Specifically, he tossed 10 coins (sixpences)
simultaneously and repeated this 1025 times (note that 10 binary digits are equivalent to abb
3 decimal digits). As he notes, his rate was 100 random numbers per 35 mtas (while that would
be of the order of a microsecond in modern computer environments, even slow ones). He also
used another method, shuffling and cutting a pack of 52 cards, in which he improved the rate to
100 random numbers per 20 min.

The behaviour discovered by Hurst is now known to many disciplines, most prominently in
information sciences biological and medical sciences, economics and finance, and geophysical
sciences except the so-called climate science where it is hardly known. Even within the
hydrological communityittook AAAAAAO AAE OA (p&r&s@iré nsadsindafed OAOU 1
i/ o#1 11 Rodle). TR, thi iniial studies implementing primitive variants of stochastic
simulation did not reproduce LRD. Barnes (1954), in designing a reservoir in Australia, used a
table of random numbers from normal distribution to generate a 1006year sequence of synthetic
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annual data. Thomas and Fiering (1962) generated flows correlated in time, but using only the
lag-one autocorrelation, obviously neglecting RD. Beard (1965) and Matalas (1967) generated
concurrent flows at several sites. Chow (1969), and Chow and Kareliotis (1970) systematized the
use of time series models (in particular and using their terminology? moving average models,
sum of harmonics modelsind autoregression models) and highlighted their value in the economic
planning of water supply and irrigation projects. It is evident from the above pioneering studies,
as well asfrom the myriads of subsequent studies, thagjeophysicistshave followed (and today
still do) the Time Series School rather than the more rigorous Stochastic School.

3.13 The Filtered Hurst -Kolmogorov process

The HK process should not be regarded asmaodel of general validity, but one thatit is
valid for large scales and indeed, we shall use it since it is more physically plausible than
processes with exponential decrease of autocovariange.g.the Markov procesg. To this
end, wecan filter HK appropriately to makeit a physically consistent processor all scales
This is the sameas what we did to the white noise to make it physically consistentby
removing infinities.

Similar to the white noise processif we filter an input b 0 that is now an HK process,
either by a moving average filter or by dinear differential equation system,then it is easy
to see that the filtered output is a physically realistic process witliinite variance r(0),
practically anunaffected climacogranr (k) at large scaleswith " H5 'O ¢ (as in the
original HK process) but a highly modified climacogram at small scales, thus having a
valid structurewith © « m p 717m pjc Q

However, to enrich the process we can make the paramet®tindependent ofH, thus
making it more flexible in order to model real world data.For the model applicationit is
not necessary to specifythe linear filter needed to convert the HK process inta filtered
Hurst-Kolmogorov (FHK) process(ln some caseshis would be too involved). It suffices
to specify a convenient expression of the climacogramBelow we provide three such
expressions (from Koutsoyiannis, 2017). All expressions contain thedimensionless
parameters M and H with the meaning and values discussed in sectidi 8.

1. The generalized Cauchyype (FHK-C)climacogrant

rQ _p  Q — (3.89)
2. The generalized Dagurrtype (FHK-D) climacogrant

rQ _p op o (3.90)

3. The composite CauchyDagumtype (FHK-CD)climacogram, derived by summing
an FHK-C withM = 1 and an FHKD with H= 0:

rQ _p Q _p p (3.91)

4. A second form oFHK-CD(FHK-CL2), derived by summing arFHK-C withM = 1/2
and an FHKD with H= 1/2:

rQ _p Q _p p 1 iQ (3.92)



STOCHASTIC PROCESSES AND QUANTIFICATION OF cHRBE

100 -
< 10 -
£ 1

0.01 -

0.001 -

7 Markov, unconditional = == Markov, conditional

0.0001 - P i e HK , unconditional - = HK, conditional
7 = FHK, unconditional = = FHK, conditional
0.00001 T T T T T T T T T 1
0.00001 0.0001 0.001 0.01 0.1 1 10 100 1000 10000 100000
k
2 _
T 1.75 -
T 15 emmm—mm - —— o
1.25 |
1
0.75 -
0.5 -
Hurst parameter
0.25 - P H
0 T T T T T T T T T 1
0.00001 0.0001 0.001 o0.01 0.1 1 10 100 1000 10000 100000
t

Figure 3.7 (upper) Climacograms and(lower) EPLT (3(t)) and CEPLT (3(t)) of the three
indicated example processedor neutral smoothness (M = 0.5). At time scaleD = 1 all three

processes have the same varianeél) = 1 and the same autocovariance for lag @ T®. Their
parameters are: for the linear Markov procesa = 0.8686,1 = 1.4176; for the HK processa =

0.0013539,1 = 15.5032,H = 0.7925 (equivalently, a= 1 = 1 but the former parameter set was
preferred in order to be comparable to the FHIK for the FHK process = 0.0013539,1 = 15.5093,

M= 0.5,H= 0.7925. In the lower graph conditional and unconditional HK coincide (adapted from
Koutsoyiannis, 2016).

FHK-CDin either of the variants (3.91) and (3.92), is most convenient, as the first
additive term determines only the persistence of the process and the second one the
smoothness of the process. In addition, it is more flexible and richer than its constituents,
as it contains two couples of scale parametersfowever, if parsimony is sought, then it
can take the same number of parameters as each of the constituents by setting |
| and_ _  _(note that, for dimensional consistency} and are minimal parameter
requirements).

In the special cas&) p "Oboth FHK-Cand FHK-D result in the sameexpression
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K = 393
rQ S, (3.93)

For large (¥othe FHK process tends to the HK one. This is illustrateith Figure 3.7, where,

in addition, the linear Markov model (for the same value of the lagne autocovariance) is

plotted for comparison. We notice that, as time tends to zero, the Markov and the FHK

models have the same entropy production while the HK model is associated with nmmal

entropy production. For intermediate times the Markov model gives higher entropy

Dol AOAOGET1T OEAT OEA 1T OEAO Ox1 11T AAI Oh AOO

entropy production at large time scales, at which both the HK and the FHK giveepisely

the same high entropy production.

Digression 3.H: Entropy production and time series patterns

The different patterns in time series generated by differenM and H (specifically for the Cauchy
type climacogram) are illustrated inthe plots of Figure 3.8, ako in comparison with two other
models,the white noise (panel (a)) and the lineaMarkov model (panel (b)). These two serve as
useful benchmark models for comparisons. the former is free of patterns as it reflects pure
randomness, and the latteis fully neutral (neither rough nor smooth as3 0) = 3/2, and neither
antipersistent nor persistent asz4 Hs€]1/2).

The time seriesplotted in Figure 3.8 were geneated by the symmetric moving average (SMA)
scheme described inKoutsoyiannis (2025) with 1024 coefficients (weights) a. In all cases the
discretization time scale isD = 1, the characteristic time scale p ttand the characteristic
variance scalel is chosen so that for time scal®, r(D) = 1. The mean is 0 in all cases and the
marginal distribution is normal. The FHK is implemented using the Cauckype climacogram.
Each of the panels shows the first fifty terms of time series produced by each of the model

(@}

Ty

implementations at time scalesk=p AT A ¢m8 )1 AAAEOQOEI T h AAAE DAT /

specific model represented by the plot of CEPLE (k). In this way the time series patterns can
be connected to the entropy production of the generating mechanism.
In panel(c) the CEPLT is close to the absolute maximum both for small and large scalds(

M= 0.97 soastoobtairgc(0)=p 8 wx TWBjcgbaguiBhxy B pqn 11 OAAT A EO OEA

at scale 1 and the large departures from the mean (which is 0) at scale 20. On the contrary, in
panel (d) the CEPLT is close to the absolute minimum for all scaldd € M= 0.05, so as to obtain
30)=p8muv T4 pghis A v fobbetter visualization it was preferred not to use values

of Hand M < 0.05). Furthermore, inpanel (e)the CEPLT is close to the absolute maximum for

large scales=34 M8 ww B pq AT A Al T OA O OEAMAAM I OOA

resultingin3q0)=p 8mp B p qenelftheidnditiods ar& dpposite to those ir(e) i.e.,

the CEPLT is equal to the absolute minimum for large scalgdd € 34 HEn8np B nmq AT A O
absolute maximum for small scalesNl = 0.99 resultingin3cg0) =p 8 ww B ¢ (d8

The particular case opanel(e€) EO Al T OA O xEAO EO GOOAIEHAAAAIL I
AO OEA PI xAO OPAAOOOI EAO Ali 10606 AiT1 O00AT O O11BPA

the same in the climacospectrum). This means that using the FHK model we can theoretically
OADPOAOGAT O AT A DPOAAOGEAAI I U b Qdnt/statdary detidgiwithoub ET E
linking it to a nonstationary process (Keshner, 1982; Wornell, 1993) which involves several
theoretical inconsistencies. Indeed, the small change of slope from 0.99 to 1.01 is not actually
visible, especiallyconsideringthe very rough shape of the empirical periodogram, which certainly
cannot support differentiation between 0.99 and 1. The FHK model can be used also in other ways

Oi POl AOAA OPETE 11 EOAd6h OEAO EOhsoAtto epeifdd OET ¢

our field of vision the asymptotic behaviour on large (small) scales. And we can imagine that in
several cases of empirical exploration using observations of natural processes, the observation
resolution and length, compared to charadristic scale(s) of the processyould be such as to hide
the asymptotic behaviour of the processWe can use this as a trick to obtain virtually constant

y
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viewing of the asymptotic behaviour at low frequencies or large scales and the slofsee example
in Koutsoyiannis, 2017) But this should not mislead us into interpreting the steep slopes as

indicators of nonstationarity (seeDigression3.0).
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Figure 3.8 The first fifty terms at time scalesk = 1 and 20 of time series produced by various models, along

xEOE

CEPLT3dk). The different models are(a) white noise; (b) Markov; (c) FHK, with CEPLT close to the
absolute maximum H = M = 0.97); (d) FHK, with CEPLT close to the absolute minimunH(= M = 0.05;
notice the slow convergence ofs (k) to the limiting values 0 and J; (e) FHK, with CEPLT close to the
absolute maximum for large scalesH = 0.99) and close to the absolute minimum for small scaled(=
0.01); () FHK with CEPLT close to the absolute minimum for large scaldd € 0.01) and to the absolute
maximum (M = 0.99) for small scales(Source: Koutsoyiannis,2025.)

3.14 Dependence and behaviour of extremes

When we study extremes, we aresually satisfied by specifying the marginal distribution.
As analysed inChapter 2 this is generally sufficient for design purposes, where the design
is based upon the concept of return periodsee Digression 2.1). In this respect the
dependence structure of the process of interest may not affect the design procedure per
se. However, the dependence in a stochastic process substantialyers the temporal
distribution of extremes. In a process with dependence there are pattern§pecifically,
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there are periods with clusters of extremes and periods without extremes or with
infrequent extremes. We should thus adapt our perception of the behaviour of extremes
to become consistent with this reality Without such adaptation our percepion will
probably continuetobeCOEAAA AU QOEAADOI OIADBALECI h EI
patterns.

There is an additional, more severe, consequence of the presence of dependence.

Geophysicaltudies necessarily rely on data to make inferense Data records araisually
inadequate,becoming worse when there areextremes. The latter problem also affects the
specification of the marginal distribution. This is illustrated by a simulation experiment
in Digression3.1.

Digression 3.I: Relationship of persistence and distribution upper tail

To illustrate whether or not (and how) the persistence (or longrange dependence or just change)
affects the estimation of the marginal distribution of a discreteime stationary processw we
perform a simulation experiment. Weassumethat the marginal distribution of @ is exponential:
"Qas_  _A . Further, we make two alternative assumptions:

(a) that the parameter_is constant,_ v, and
(b) that 1 varies slowly with mean ° vand standard gamma distribution, "Q _

A To— with — ¢ v.

To simulate a slowly varying} we initially generate a time series ofa stochastic process.
with the same distribution as_ from the HK process with a hightH = 0.95. Then we form a time
series of _ with the rule _  _ with probability 1/100, otherwise _ _ . The latter rule
guaranteesthat each value_ lasts on averagefor 100 time units. The HK process used for
guaranteesthat there is change on all scales, not just at scale 100outsoyiannis (2004a) has
shown that the unconditional distribution of win this case is Pareto rather than exponential, i.e.
MMw -p o 8

With either of the two alternatives, oncel is known at time stepz, we generatew from the
exponential distribution independently of previous and nextw . In alternative (a), the resulting
process will be white noise However,in alternative (b), the change of the parameter induces
dependence, while the process) remains stationary (because the change is stochastic, resisting
a deterministic description).

Figure 3.9 (upper row) depicts two time seriesw, each with length10 000, generated with
alternatives (a) (left panel) and (b) (right panel). Moving averages for a time scale of 500, also
plotted in the two panels, indicate the absence of patterns (pure randomness, white noise) in
alternative (a) and the longrange dependence (not nonstationarity) in alternative (b).

Now let us assume that this time series represents a hypotheticgeéophysicalprocess onan
annual scale. Let us further assume that a researcher has a record of fewm 100 observations.
Most probably all of these refer to the same value of the parameter . Consequently, the
researcherwould diagnose that

E the process behaves like white noise and indeed, the slope of the climagram (Figure 3.9,
lower right) for scales < 10 (one tenth of the sample sizéy z71;

E the marginal distribution is exponential> because it indeed is exponential conditionally on a
single value of}.

The two distributions for constant and varying} (cases (a) and (b)) are shown in the bottom
left panelof Figure 3.9, along with the distiibution of 1 in case (b),as empirically derived from the
simulations. The adoption of the former underestimates the design quantities for large return
periods. Furthermore, the bottom-right panel shows the dramatic differences in the climacograms
of the two cases. The climacogram in case (b) starts with a slop# for scales <10, but for large

T
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scales this becomeg0.33, suggestingd = 0.84. The varying slope is consistent with the findings
of Markonis and Koutsoyiannis (2016) for the rainfall process. Overallhis simulation experiment
shows two things.

E Long series are needed to diagnose natural behaviours and in particular the mutttale
change in natural processes.

E The mechanisms producing change may also lead to thickening of the distributiopper tail,
thus enhancing the occurrence probability or the intensity of extremes.

Theseeffects are particularly important when we study maxima, neglecting the small values
(below a high threshold), a practice that tends to hide the existence of losrgnge dependence
even in long records (see lliopoulou and Koutsoyiannis, 2019).
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Figure 3.9 Graphs for the hypothetical example studied irDigression 3.1: (upper left ) for constant};
(upper right) for varying 1; (lower left) plots of distribution functions; (lower right) plots of
climacograms (see text for further explanation).






Chapter 4. Fundamental concepts of statistics and their adaptation to
stochastic processes

4.1 Introductory comments

The first aim of this chapter is to serve as a synopsigrather than a systematic and
complete presentation) of fundamental statistical concepts.lt is well known that the aim

of datistics per se is to provide a methodology for drawing conclusions based on
observations. The conclusions are only inferences based on induction, not deductive
mathematical proofs (see Digression 4.A); however, if the associated probabilities
approach1l, they almost become certainties.

Classical statistical theory is entirely based on the assumption that observations are
from a sample a concept (formally defined in sectior.2) whose very definition relies on
the independence of observations. However, when we deal witheophysicalprocesses
independenceisinfrequent at a macroscopic levellnstead of samples we have time series
and there is dependence in time. Even when we are interested in the spatial behaviour of
processes, again we have to deal with dependence in space. Hence, the second aim of this
chapter is to adapt and extend the elssical statistical concepts and methodologies to
make them applicable to a universe in which there is dependence.

Two important tasks in statistics areestimation and hypothesis testing Statistical
estimation can be distinguished inparameter estimation and prediction and can be
performed either on apoint basis(resulting in a single value, ypically the expectation; cf.
the Aristotelian mesote$, or on aninterval basis (resulting in an interval where the
guantity sought lies, associated with a certain probability or confidence). The results of
an estimation procedure are calledestimates Uses of statistical estimation irgeophysical
applications include the estimation of parameters ofnarginal probability distributions or
of the stochastic model describing the dependenda time, andof distributions quantiles.

All theseconcepts are briefly discussed botlat a theoretical level, to clarify the concepts
and avoid misuse, andat a more practical level toillustrate the application of the
concepts.

Statistical hypothesis testing is also an important tool that constitutes the basis of
decision theory. In geophysicalstudies, it is usefulnot only in decision making, but also in
exploratory tasks, such as in detecting relationshipsbetween different processes.
Hypothesis testing is typically performed by the classical framework known astatistical
significance(related to a null hypothesi$ or, alternatively, within a Bayesian framework
These topics have been mostly developed on the basis of (indepemi) samples and,
therefore, are not covered in this text. On the other hand, we emphasize the concept of
order statistics(section 4.12), and the related to themknowable momentgK-moments
section 4.13). Both of these are particularly useful in estimating distribution quantiles,
which in turn are useful in estimating model parameters and exploring the
appropriateness of models.
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Digression 4.A: Deduction and induction

The theory of probability has provided solid scientific groundsor philosophical concepts such as
indeterminism and causality. In many scientific and technological applications, probabilityhas
provided the tools to quantify uncertainty, rationalize decisions under uncertainty, and make
predictions of future events under uncertainty, in lieu of unsuccessful deterministic predictions
(see Koutsoyiannis, 2010)

Probability has also provided the basis foextending the typical mathematical logic, offering
the mathematical foundation of induction Thus, probability made it possible to incorporate into
mathematics the entire Aristotelian logic, which in addition todeductive reasoningr deduction
(the Aristotelian apodeixi9 also includesinduction (the Aristotelian epagog8.

In classicalmathematical logic, determinism can be paralleled to the premise that all truth
can be revealed byleductive reasoning This type of reasoning consists of repeated application of
strong syllogismsconcerning the logical propositionsA and B, such as:

(Premise) If Ais true, thenBis true; If Ais true, thenBis true;
(Evidence) Ais true; Bis false;
(Conclusion) Bis true. Ais false.

Deduction uses a set of axioms to prove propositions known as theorems, which, given the
premises (based oraxioms), are irrefutable, absolutely true statements. It is also irrefutable that
deduction is the preferred route to truth. The question is, howeverdoes deduction haveany
limits ?

$ AGEA (faniods/Agha@isn@Vir misssen wissen, wir werden wissgn 07 A 1 660
x A x E1 I, se& dedtiond.1), expressed hisbelief that there were no limits to deduction.
According to this beliefmore formally known ascompletenessany mathematical statement could
be proved or disproved by deduction from axiomsHowever, gvelopments in mathematical logic,
suggesting the usefulness and necessity of induction

Induction uses weaker inference rulesof the type:

(Premise) If Ais true, thenBis true; If Ais true, thenBiis true;
(Evidence) Bis true; Ais false;
(Conclusion) Abecomes more plausible. B becomes less plausible.

Induction offers no proof as to whethera proposition is true or false and may lead to errors.
However, it is very useful in decision making, when deduction is not possihlevhich is the case
quite frequently in the real world and everyday life (see Jaynes, 2003).

The important achievement of probability is that it quantifies (expresses in the form of a
number between 0 and 1) the degree of plausibility of a certain proposition or statement. The
formal probability framework uses both deduction, for proving theorems, ad induction, for
inference with incomplete information or data. For the latter we use the branch of stochastics
called statistics.

4.2 Samplesvs.time series

Loosely speaking, statistics drawsconclusions for a population based on asample
Although the content ofpopulation is not strictly defined in the statistical literature, the
term describes any collection of objects whose measurable attributes are of interest. The
population canrefer to the real world andbe finite (e.g., thenhabitants of Europe orthe
meanannual flows of year2000 at the outlets ofall river basins a Earth with size greater
than 100 kng). Population canalsobe an abstractionfrom a realworld entity referring to
the possible (typically infinite) outcomesof a realor a hypothetical experiment (e.g., the
population of all possible annual flowsat a river cross-section). Here we deal with
populations of the latter type and, because of this, it is not necessatty use the term
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population at all> and hence to define it. Rather, the notions of a stochastic variable and
a stochastic process suffice. Therefore, we will not use terms ligpulation meanto
distinguish from sample meanInstead, we will refer to the former concept by the terms
true mean ensemble meaor simply mean where the termensemblesuggests all possible
outcomes of repeated experiments.

Unlike the term population, the term samplehas a clear definition. Specifically, a
sample of size (or length) ¢ of a stochastic variablew defined on aground set m with
probability distribution function "'Ow, is a sequence of¢ independent identically
distributed (IID) stochastic variables w8 iy  defined on the sample space

E , each havingdistribution "Ow (adapted from Papoulis, 1990, p. 238). After
observation of the variables w, to each variable there correspond®ne numerical value.
Consequently, we will have a numerical sequence o I8 hw , called theobserved sample
It is clear from this definition that a sample is not a subset of the population, as some may
think, but a concept related to the Cartesian product of the population.

Thus, the concept of a sample is related t@equencesof two types: an abstract
sequence of stochastic variables and the corresponding sequence of their numerical
values. Ithas beencommon practice to use the termsampleindistinguishably for both
sequences, omitting the termobservedfrom the latter. However, the twoconceptsare
fundamentally different and each timewe should be attentive to distinguishto which of
the two cases the term sample refers.

The above definition (and in particular the IID specification) suggestshat the
construction of a sample of siz&, or the sampling is done by performing¢ repetitions of
an experiment. The repetitions should be independentf each other and be performed
under virtually the same conditions. However, in dealing with natural phenomena
(outside the laboratory) it is not possible to repeat the same experiment, and thuiserally
no sampling can be donelnstead, what is actually dones measurementof the natural
process at different times. As a consequence, it is not possible to ensure that independence
and same conditions holdActually, in most cases we can be sure of the opposifenen
using classical statisticscan become dangeous as the estimaes and inferences may be
completely wrong.

Still, however, we can do our job in a reliable manner if, instead of using classical
statistics, we rely on stochastics and use the following correspondence between classical
statistical concepts the stochastic concepts:

s s s o~ N s A s A oz

#1 AOOEAAIT OOAOE O« Statistics within stochastics (dependence)
3 Al Bl Stochastic process (discrete or discretized)
| AOAOOAA Time series
Typically, the use of stochastics assuming dependence makes the mathematical

derivations and calculations more complicated, while the resulting uncertainty is greater
when there is dependence.



138 CHAPTER4 Z FUNDAMENTAL CONCEPTS OF STATISTICS AND THEIR ADAPTATION TO STOCHASTIC PROCESSES

4.3 Expectation and its estimation

As we have stressed irChapter 2 functions of stochastic variables, e.gdh Qo are
stochastic variables and expected values ofstochastic variables are common variables.
For example%w and%"Qw are constantsand notfunctions of wor @ i.e.:

%o b O®ADH ‘F %Qe A Qo QA (41)

x EAQA is the probability density function. It should be stressed that these
expectations are not time averages. Sometimes to make it cleanse call themtrue or
ensemble means, variances, covariancestc. For an ergodic procesdrue expectations
are relatedto time averages through the followingasymptotic relationship (section 3.4):

‘0 h ioéfk( Moo A % Qo H'O (4.2)
We notice that the lefthand side 'O , is astochasticvariable while the right-hand side
G is acommon variable.Their equality implies that the variance of O is zero.

When dealing with data from a processo 0 with a joint distribution function that is
unknown, neither the left- nor the right-hand side of (4.2) can be known a priori.
Assuming that we have a time series, at a time ste, with observations
wh pjoO_ wo Aoht  prB e (see equation(3.1)) we can approximate the left
hand side by:

"Oh -

g "0 (4.3)

The common variable "Ois called anestimate of the true expectation G Replacing in
equation (4.3) the valuesw with the stochasticvariables @ we define:

Oh - Q® (4.4)

The stochastic variable "Ois called anestimator of the true expectationG In classical
statistics "Ois also called sstatistic, where the latter term denotes a (scalar) function of
the sample vectom h  who B hd 8

While the above procedure to form an estimatorOof the true expectationGis useful
in many cases, we should bear in mind that many different estimators can be formulated

for a certain parameterG. An estimatoris typically biased (with someexceptions, the most
notable being theestimator of the mean; see below), meaning that:

%0 O (4.5)

)

A formal definition of bias is:
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oh %0 O (4.6)
An estimator is also characterized by its variance and its mean square error, i.e.
r h ®AOh Qh %O 0O | & (4.7)

An estimator is called:

1 unbiasedif & T

I consistentif, with probability 1,"O "0O° mtas¢ © Hy;

1 Dbestif Q is minimum.

1 most efficientif it is unbiased andbest.

The main takeaway and central point of the above discussida this. When dealing
with quantification of uncertainty, for each parameter tere are four different concepts,
with slightly different names but very different meanings and content. These are often
confounded in the literature with the same symboland name beingused for all of them,
which causesconfusion and may result in wrong conclusios. Table 4.1 clarifies the four
different concepts using the variance as an example.

Table 4.1 Different variants of the varianceof a stationary processin discrete time, w, as an
example for clarifying the four different concepts

Name Symbol and definition Type of variable Type of determination
. . Theoretical calculation
Variance - e e s Common variable
[ h w Q AL . from model (by
(true) - (not depending onz) . .
integration)
PR E GO ‘H Estimation from datap
. & but model is also
Variance .
. where Common variable necessary (e.g. to
estimate o
. calculate the estimation
Hy : @ bias and uncertainty)
[ h S ® ‘H
Variance . . Theoretical calculation
. where Stochasticvariable
estimator from model
W oa
J— 8 -
N Stochasti iabl
Lo q ochasticvariable,
rh el pe o . .
. — PIEY - - which for an ergodic
Variance . .
estimator wh n processhas zero Theoretical calculation
limit where variance and from model

‘Hih IOE,—,k( wo Ao

becomes a&common
variable, equal to

From Table 4.1 we notice that the data can be used onlwith one of the variance
variants, namely the variance estimate, whilea theoretical model is necessary to
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determine any of them.Even for the variance estimate, a model is necessary to estimate
the estimation bias and uncertainty (in classical statistics, that model is the 1ID
assumption). And before specifying that model, it is fundamental to ensure that the
assumptions of statiorarity and ergodicity are valid for the process and the data we are
dealing with. If they are valid, then the four concepts become three becaude variance
estimator limit becomes identical to the true variance. But if stationarity @d ergodicity

do not hold, then one may use the data again, do the calculations and find a result.
However, this result is meaningless and cannot be called thanance estimate

4.4 Moment estimators

The estimator of the noncentral moment (momentabout the origin) of order g, hof a
stochasticvariable a3 formed according to the method described in sectiod.3, is:

‘Hh g ® (4.8)

It can be proved (Kendall and Stewart, 198 p. 229) that

%'H (4.9)

Consequently, thenoncentral moment estimators are unbiasedIf w is a (1ID) sample of
size¢ then the variance of theestimator is:

OA QU g ‘ ‘ (4.10)

It can be observed that if the moments are finite, thethe variancetends to zero as¢ ©
Hs; therefore, the estimatoris consistent.However, ifw is a stochastic process (with time
dependence) then(4.10) does not hold, even fog as low as 1.

The estimator of the central moment* , is:

‘_I-Lh'g ® ‘H (4.11)

where ‘ Ho * His the estimator of the meanThis is a biased estimator for any] p. Even

for relatively low q (e.g. 24), the bias can be substantial in the case that the process
exhibits long-range dependence (see sectioA.6 about the variance). In the case of (IID)
samples and lowq, the bias is much smaller and can be easily quantified (see e.g.
Koutsoyiannis, 1997). For higher g the estimation of moments becomes almost
impossible. This applies not only to the biased estimators of central moments, but also to
the unbiased estimators of noncentral moments. The reasons are the high variance and
the extraordinarily high skewness of the estimators, which means that their expectation
can ke different from the mode (the most probable value) by orders of magnitude.
Because of that, classa&d moments have been callednknowable(seeDigression4.B) and
their estimation from data is not recommended
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In the framework developed and followed in this text, we avoid estimation of classical
moments of order higher than 2. For this reason, in the following sections we will only
study the estimators of classical moments of orders 1 and &.different type of moments,
the so-called knowable momentswhose estimates are relatively reliable up to an ordef
comparable to the sample sizé will be discussed in sectiord.13.

Digression 4.B: Are classical moments knowable?

The estimators of the noncentral moments H(or even the central ones ift is known a priori,

which however is almost never the caseare in theory unbiased, but it is impractical to use them
in estimation if q > 2 (cf. Lombardocet al, 2014).

It is well known that for large g and positive w the following relationship holds as an
approximation:

® i Adb

This is related to the weltknown mathematical fact that the maximum norm is the limit of theg-

norm asq© HbBis result can be generalizedor @ that are not necessarily positive but satisfy
the conditon | A@ ® d EI1 ® S A numerical illustration of how fast the

convergence of the lefthand side to the righthand side ofthe aboveequationis provided in Table

4.2.

Table 4.2 lllustration of the fact that raising to a power and adding converges fast to the maximum value

Linear,q=1 Pythagorean,g= 2 Cubic,q= 3 High order,q= 8

3+4=7 o 1 v o 1 ® o
3+4+12=19 o T PC po o T pPg P& g T

Therefore, for relatively largeqthe estimate of*  will be:

‘Hy mgiAm

5
(Note that for largeqthe term (pZ¢) on the right-hand side can be omitted with a negligible error).
Thus,for an unbounded variablewand for large g, we can conclude that_H,thiIe theoretically an

unbiased estimdor of * ,is in practicemore an estimatorof an extreme quantitythan an estima
tor of * 8(As seen in Koutsoyiannis, 2025, section 6.11, thestimated quantity is related to k
moments). This happens because the convergence‘gﬂf) f is very slow, while the convergence

to the maximum value is fast.

This is further illustrated in Figure 4.1 for the dghth moment of a process specified in the
figure caption.Even for ¢ as large as 64000 the sample moment estimate continues to be smaller
than the theoretical value by severabrders of magnitude. However,the proximity of the moment
estimate to the maximum value is evident even fo¢ as small as 10. The jagged shapes of the
curves are a clear indication of the dominance of maxima in the moment estimationhe steps
occur when a new higher maximum value enters the sample, while tlygadual decreases before
these steps are due to the increase of the sample size without a higher maximum value. The
ensemble simulation results in the right panelshow that the 99% prediction limits (see their
definition in section 4.11) from 1000 simulations areunable evento envelop the true value.

As a result,unlessn is very small, is not a knowable quantity: we cannot infer its value
from a sample.This is the case even ¥ is very largeasin Figure 4.1. Also, the various*‘ Hare not

independentof each other as they only diffein the power to which the maximum value is raised.
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Figure 4.1 lllustration of the slow convergence of the sample estimate of the eighth noncentral moment to
its true value, which is depicted as a thick horizontal line and corresponds to a lognormal distribution
LN(0,1) where the process is an exponentiated Hurdtolmogorov process with Hurst parameterH = 0.9.
(left)y The sample moments are estimated from a single simulation of that process with length 680,
where parts of this time series with sample sizeé from 10 to 64 000 are used for the estimation. Subsetting
of the time series to sample sizé was done either from the beginning to the end (thicker lines) or from the
end to the beginning (finer lines). Continuous lines in the two cases represent the eighth moment estimates,
B @ 1¢,and dashed lines represent maximum values] A@ @ 7&.(right) Sampling distribution

of the eighth moment estimatorB @ & estimated from 1000 simulated series of length 1000 each and
visualized by the 99% prediction limits (percentiles), the median and the average, plotted as ratios to the
true value. Theoretically, the ratio should be 1, but it is smaller by many orders of magnitude, and the
convergence to 1 is very slow. The ratio tol A@ @ 7%, also plotted, is close tol. (Source:
Koutsoyiannis, 2019a.)

4.5 Sample mean estimator and effective sample size

According to equation(4.12), theestimator of the true mean'  * is:

* H

%) (4.12)

™D

Another common notation of the mean estimator isa The estimator is unbiased%o ‘ HU

%@ * .Its numerical value' Hy pj&¢ B @, else denoted ag is called theobserved
meanor the average If w is a (1ID) sample of size& then the variance of theestimator is:
OA QU %@ r— (4.13)
— € €

regardless of the distribution function of @ However, if @ is a stochastic process (with
dependence) then combining3.12) and (4.12) we conclude that:
weEO

)
where the superscript in parenthesis indicates that the discretization scale i ‘O(see
equation (3.14)). Consequently:

(4.14)

o

OAQU OAS 5 1¢0 T (4.15)
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Both equations(4.13) and (4.15) suggest thatthe estimator is consistent(assuming
ergodicity) but they may result in quite different values of the variance. By means of these
Oxi ANOAOGEIT O xA AAT AAZET A OEA 11 O0EIE 1T £ OE
in the classical statistics (IID) sense (Koutsoyiannis antMontanari, 2007). This is the
sample size of a hypothetical IID sample of a variabtewith variance[ whose variance

of the mean equal$ ; symbolically:

I .0
I (4.16)

As an example, in an HK process, (equati¢8.83); T je O ), we will have:

¢ & (4.17)

In white noise (O T1@®), clearlyé  &¢8However, ifO m@oand¢ p mOthené 1 (a
big difference from 1000, highlighting uncertainty amplification). Thus, a time series of
1000 terms of that HK process is equivalent to &lassical, 11D) sampleof only 4 terms.
This example shows the dramatic increase of uncertaintiyhere there isdependence.

4.6 Climacogram estimat or and its bias

Thetypical variance estimator

‘Hk 1 R ® R (4.18)

™| O

is well known to be biased. It imlsowell known from elementary classical statistics books
that the replacement off with €  pin the denominator on the right-hand side makes the
estimator unbiased. Thusthe classical variance estimatois:

rZH‘p O H — I (4.19)
- & p - - € p-
This is also known asample varianceor unbiased variance estimatorHowever, the latter
term is incorrect: In stochastic processes describing natural phenomena, this slight
change does not make the estimator unbiasedtiere we use the termtypical when we
divide the sum by¢ (equation (4.18)) and classicalwhen we divide by¢ p (equation
(4.19)). We will use the same terminology for covariances below and we will explain the
reasons why we prefer the typical over the classical.
In stochastic processes the bias can be determined analytically terms of the
climacogramas follows (see alsoKoutsoyiannis 2003,2011a,2016):

%r_g%_(b‘_(b‘

(4.20)

p N P . ‘

T o % W ‘ % o

SinceB w € W * we find after the algebraicmanipulations:
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r
w1 e =T P e (4.21)
Note that in thellD casdi [ 7¢, sothe biasis p pXe [ . On the other hand,
% ° ‘LF . prr p plﬁr (4.22)

- &P p pIE p prE
Likewise, for the climacogram at scaléQ IO, if the observation period isb & Qthe
estimators become:

- . U .
[ kF'QhE © ‘Hh r1°kr'Qh ——r Q (4.23)
and their expectations are:

%Q QD D [i[’TQﬁ %[ *Q P FD;WTQF T (429
- rQ - p Q0 '
The above equations show that there is no gain in using tldassicalestimator (dividing
by ¢ p) of variance r_z I (D_ "Q . The equations are simpler if we use theypical

estimator[ (or [ Q) (dividing by £). As we will see below, theypical estimator is also

preferable when fitting distributional parameters. Whatever estimator we use, there is
estimation bias which should be taken into account in model fitting.

4.7 Covariance and autocovariance estimat ors

The typical and classicalestimators of covariance, i.e:

P
£

‘Ho  Hh Fuh 2 @ ‘Ho  ‘H (4.25)

auh .
¢ -

respectively, are both biased ifw and w are stochastic processes non identical to white

noise. For example,if they are HK processes with common Hurst parameté, then the
expectation ofciuis (Koutsoyiannis, 2003):
* P~
- ) P — W (4.26)
g g

In the case of autocovarianceestimation, it is common knowledge that there is
downward bias 7 AT 1 EO AT A / 8 #1 193/5I11b.10). phaypicalestidatar A O h
of the lags autocovariance is:

%adu  p

aHh g O He  ‘H (4.27)
and it has been common practice to prefer it over the classical estimator (with division by
¢ pore -), particularly when we use autocovariance to estimate the power spectrum.

The expectation oftHis (see alsoKoutsoyiannis, 2003):

PG
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wiy 2% b e e o
Py e
£ % w (&) (4.28)
cHh e e %

SinceB w E - * ,assuming thats is small in comparisonto &

so that we can interchang& —and¢, and alscexpandingthe corresponding sumsafter
the algebraic manipulationswe obtain:

~, ~ r o r G p o
9 - — —_ 4.29
NuU @ T PO PR P @ (4.29)
For positive lags cross-correlation 1 i p , the relative bias( pji & is higher

than that of the climacogramr (i.e. pj € ). An exact equation has been derived in

Dimitriadis and Koutsoyiannis (2015; Table 2).
If we estimate theautocorrelation coefficient by:

tHh r‘— (4.30)
then this will be biasedagain. An approximately unbiased estimator would be
e VR A L VR p p
igh = = — i — 431
Yhi— T 7 R L (4.31)

It is stressed that the use chutocovarianceand (evenmore so)of the autocorrelation
estimates should be avoided whenidentifying and fitting a stochastic model
Identification and fitting are better served by the climacogran{seeDigression4.C).

Digression 4.C. The climacogram and the climacogram -based metrics
compared to standard metrics

The most popular procedure in time series modelling is to construct the empirical
autocorrelogram of the time seriesusing equation (4.27) and assesswhich stochastic process
(e.g., of AR or ARMA type) is suitable and how many autocorrelation terms should be preserved.
It is easyto illustrate how this technique can completely distort the underlying processkigure
4.2(a) depicts the autocorrelogram of a time series with length 100, which does not seem to have
any relationship to the theoretical autocorrelation function of the model from whichit was
constructed.Namely, he modelis the FHK with parameters as in the captin of Figure 3.7. Clearly,
the empirical autocorrelation does not give any hint that the time series stems from a process
with persistence With that autocorrelogram one would conclude that an AR(1) model with a lag
1 autocorrelation of about 0.4 would be appropriate.

The reasons for the failure of the autocorrelogram to capture the real behaviour of the
process are two. Firsis the bias as analysed in sectiod.7. Secondfrom equation (3.30) it is seen
that the autocorrelation is by nature the second derivative of the climacograrstandardized by
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variance. Estimation of the second derivative from data is too uncertain and makes a very rough
graph.

The alternative to using the periodogram (the estimate of thgpower spectrum, whichis the
Fourier transform of the autocovariance see section4.10) is even worseas it entails an even
rougher shapeand more uncertain estimation than in the autocovariance (see alsection4.10
and Dimitriadis and Koutsoyiannis, 2015).

Thus, for model identification, it is much more preferableto use the climacogram directly
instead of the autocorrelogram For our example time series, this is illustratedn Figure 4.2(b),
which indicates that the longterm persistence is well captured by the empirical climacogram, and
the parameter H is correctly estimated (H = 0.79, based on the method presented in
Koutsoyiannis, 2003, and Tyralis and Koutsoyiannis2011). Additional advantages to using the
climacogram are (a) its intactness on discretization, (b)its close relaionship with entropy
production and (c) its expandability to high-order moments.

1 1
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0.8 1 —e— Empirical
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0.6
_5 0.4 ©
= [&]
© c
© K
= 0.2+ T
S g
ke
> EER (DY) N PR | PIVVUE R N P ————
< O = = Theoretical AN

Theoretical adjusted for bias \\\
0.2 4 —e— Empirical A
=== White noise o
'04 T T T T Ol hY
0 20 40 60 80 100 1 10
Lag Time scale

Figure 4.2 (left) Autocorrelogram and (right) climacogram of a time series of 100 terms generated from
the FHK model with parameters as in the caption foFigure 3.7. (Source Koutsoyiannis, 2016.)

4.8 Parameter estimation of distribution functions  z The method of
moments

Assuming a stochastic variableowith known distribution function but with unknown
parametersPh —h—h» h— hwe can denote the probability density function ofvas a
function "QcfP . Here, we will examine the problem of the estimation of these parameters

based on a samplerector e h @ h» fo . In this section, we presentone of the two
most popular methods in statistics, namely themethod of momentsThe other popular
method, the maximum likelihood methogdwe present in section4.9. Several other general
methods have been developed in statistics for parameter estimation, e.g. the maximum
entropy method (e.g.Singh and Rajagopal, 198&nd the L-momentsmethod (Hosking et
al., 1985a,b; Hosking, 1990)Moreover, inpractical applications, other types of methods
like graphical, tabulated, empirical and semiempirical, have beendevised Another
approach, which is based on fnoments, is preferable,particularly when we do not have
information about the true model for the marginal distribution function, and is detailed

in Koutsoyiannis (2025).
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The method of moments is based on equating the theoretical moments @fvith the
corresponding sample estimate®f noncentralmoments. Thus,asm is the number of the
unknown parameters of the distribution, we can writem equations of the form

‘' ‘Ha o pB M (4.32)

where the theoretical moments' are functions of the unknown parametergyiven by:
‘ ® "QafP A (4.33)

Thus, the solutionto the resulting system of them equations gives the unknown
parameters —h—h» h— .In general, the system of equations may not be linear and may
not have an analytical solution necessitatinga numerical solution.

This method is easy to apply. However, for distributions involving more than two
parameters (@ (), the problem of knowability of moments intervenes and makes the
method unreliable. Certainly kmoments are preferable for this task. Furthermore, when
dealing with extremes we must bear in mind that they are closely linked to higbrder
moments and, thus it is not the best practice to rely on the lowesbrder moments.

Digression 4.D: lllustration of the method of moments

As an example of the implementation of the method of moments, we witlletermine the
parameters of the normal distribution. The probability density function:

s 2 Agp 2
NCA,, Cn

has two parameterst and A. Thus, we need two equations. Based drable 2.3, these eqiations
are:

! ‘R, ‘ ‘HHE ‘HU
where x AE A @O OARA AT OE‘OU* 8Consequently, the final estimates are
S T L Y
¢ ¢

This estimationt is unbiasedA O@E A & AT A is biasedeven in 11D statistics (noticein
the latter equation that the result contains the typical, rather the classical estimate).

As we have seen in this example, the application of the method of moments is very simple and
this extends tomany distribution functions.

4.9 Parameter estimation of distribution functions  z The maximum
likelihood method

While the method of moments is an ad hoc method and has several weaknesses described
in section4.8, the method of maximum likelihood has a strong logical background. We will
initially present the method in a Bayesian framework and then we will see that it also
stands outside that framework.

The problem that we have to solve is to find the parameter vectdr from the known
observations ¢ e. Since the observationse are known while the parameters| are
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unknown, we can regard the latter as stochastic variableR. This allows us to assigf a
probability density function " P and also express conditional densitiesising the Bayes

theorem (equation (2.3)). This can be written in terms of densities as:

‘R, Pw 9%—?9 "Q P (4.34)

where we have replaced the event#é and B with the vectors e and [, respectively. The
terminology used in the Bayesian framework is:
1 Prior (before observation) probability density for '@ P
1 Posterior (after observation) probability density for '@, P
1 Likelihood for the conditional density"Qe esP ; this is the hypothesized model (i.e.
distribution for e) given theparameters| .

According to this terminology, we can write (4.34) in the following form:
0T OOAOET O & |, EEAI EEITTA p (435
Since we have to assigR a single valueP, the most rational choice for that value is

the mode of its distribution conditional one e, i.e., the value that maximizes the
posterior "g, Pse . To find the mode we equate the derivative of the conditional density

to 0,i.e.:

KR o Kl o o R0

s Y 5 9P Qe e — (4.36)

Since we know nothing about the prior@ P hwe can choose a sealled noninformative
prior, which does not change withP, i.e.A"g P jAP 18In this case from(4.36) we
obtain:
A\
Y oF (437)
AP

which demands also that the likelihood be at maximum. In other wordswe find P,
demandingthat the density 'Qp P have a value as high as possible at the poist e.

If the vector e is part of a stochastic process, determination o0iQe e can be

laborious. However, n 11D statistics, ® is asamplevector with independent items and thus
the joint probability density function is:

Qp oF Qe OFP (4.38)

Thus, we seek a solution of:
AB Qe G
Jo OF (4.39)
AP
We can also convert the product to a sum by taking the logarithm @p e d,
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0DeP h | 1Qp o 1 1Qp P (4.40)

The function L( ) is called the loglikelihood function. In this case, the condition of
maximum is:

A) o p AQp 0@
AP Qe OP AP

Both (4.39) and (4.41) are vector equations equivalent tom scalar equations.Solving
either of them will give usthe values of them unknown parameters.

(4.41)

Digression 4.E: lllustration of the maximum likelihood method

We will determine the parameters of the normal distributionfrom a sampleusing the maximum
likelihood method. The probability density function of the normal distribution is.

o p W
Qg h, —A@P
2 VCA,, Ca
The likelihood function is:
qeh —2 Agp P o -
WCA, Gy
The log-likelihood function is:
besh  Sidea 1] P~ o
oS h, — L
c c"

Taking the derivatives with respectto the unknown parameterst and A and equating them to 0
we find

rope ., - 10 & p
T—,—oo nhT———co

The results are precisely identical with those oDigression4.D, despite the fact that the two
methods are fundamentally different. The application of the maximum likelihood method is more
complex than that of the method of moments. Theoincidence ofresults found hereis not the rule
for all distribution functions. On the contrary, in most cases the two methods yield different
results.

4.10 Estimation of power spectrum and periodogram

We assume that a stochastic process w 0 is observed on a time-average basisat
equidistanttimest @& 18 £ p, whereDis a time step(a total observation timed
¢ '®. We have thus a time series with a finite numbegt, of observationsw of the discrete
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time processw . If we study the processn the frequency domain, we have the following
characteristic frequencies, dimensional\{) or dimensionless | 0 O:

Sampling frequency 0 pj O ¢€j0 1 L O p

Nyquist frequency 0 PO &jcb 0 0 ™
Frequency resolution O pj0 UV T 1 0O Q0 pfe
Half frequency resolution 0 pjcd U Tg¢ 00 Ocb plge

As we will see, the Nyquist frequency ( T®) is the maximum frequency on which we
can make estimates as beyond that the resulting spectrum estimates are repeated in a
cyclic manner.

We are interestedin estimators of the power spectrum of the discretdime process
w. A first estimator can be established by utilizing the relationship between the power
spectrum and the autocovariancdunction (equation (3.36)). From € observations we can
estimate from equation (4.27) up to £ autocovariance terms,¢HLHB iU (noting that
most of them will not be reliably estimated). Then, by truncating equatia (3.36) to a finite
number of terms we can formulate an estimator of the spectrum in the form:

iH it HAT Oa1  ¢dHAT ©4 (4.42)

where we have put a last term foiHwith a weight 2 (instead of 4), which, as we will see
facilitates and accelerates calculations. If we haviedata valuesc, thenaHk T, but the
calculation should stand in cases whereve use a fewer number of autocorrelations or in
cases where we process true values rather than estimates (in the latter case, 1.
While from first glance we can use this equation to estimaid] for anyJ, the resulting
values are not always consistent and therefore it @dvisableto make estimates for a finite
number of discrete frequencie$ "0 ,where] iseither] or] with jtaking integer
values as we will specify below.

The inversion of the formula to find the autocovariance estimates fronthe power
spectrum estimates is possible through the equation:

. i Hut | HUn® o
aul = Cp = i AT &4 (4.43)
8

The estimation ofiH]  is streamlined and accelerated if we use thdiscrete Fourier
transform (DFT) and patrticularly its variant namedfast Fourier transform(FFT), for which
the required software exists on all computational environments. For a sequence of
numberswht 1B A5  p, the DFT is defined as a sequencehQ 18 i)  p, where:

~.

6 UB wA TH QW p (4.44)

The sequenceaw is recovered from the sequenc® by the inverse DFT, which is:
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) 6A Th t mBR p (4.45)

The FFT is the DFT made by a fast computational algorithm; the fastest case is whés
a power of 2.
To utilize DFT and FFT in determiningHl  we write equation (4.42) as

iH CHA T On1 CHA T OA1 (4.46)

Setting’Q —for the first sum and’Q ¢¢ —for the second sum we have:
iH caHA T O b AT Ongt Q (447)
If1 is an integer multiple of] pf0 where 0 h ¢&,then ¢& 1 will be an integer and

thusAT Oncg Q AT ©KY . Bysetting:
ol m Q¢

& B hiE QO p (4.48)

we can simplify(4.47) to:
iH 6 AT OKY (4.49)
Considering that the imaginary part ofd0 is zero, setting] X0, and comparing

equations (4.45) and (4.49), we conclude that Hl s the inverse DFT ob . If we have

taken care tochoose¢ asa power of 2,0 will alsobe a power of 2and thus we can use the
inverse FFT to calculate estimatesHy  from estimates GHfor frequencies] ranging

from 0 to 0.5 with a resolution] pfU  pXcE.The inverse of(4.49) is:

o qgwg i Ao F n Q¢ (450)

There is an alternative way to produce another estimator of the power spectrum
using the DFTin the discretetime process per se, rather thann its autocovariance.
Specifically, the DFT ofv is:

oA Th QBR p (4.51)

0 T
2 g %

Assuming that @wht T8 p, are realvalued stochastic variables, their
transformation 6 hQ m8 K& p, will be complex valued stochastic variables, i.6.

0 B5,where6 and6 are reakvalued. The inverse DFT di recovers the reatvalued
w . The sequence of the absolute values 6f multiplied by ¢é:
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Yhgto ¢ 6 o (452)
is real valued and, as a function of  —,is known as theperiodogramof @ . It isanother
estimator ofi 1  with a resolution — (while in the estimator (4.49) this is]

pZc¢e . The twoalternatives used for estimating the power spectrum are schematically
presented inFigure 4.3.

Stochastic process G 0 Time series
(Model) eneratio (Realization of the proceys

Theoretical autocovariance Empiricalautocovariance of
or autocorrelation function autocorrelation function

nverse
Finite FT

Inverse
DFT/FFT

Theoretical power spectru Periodogram

Figure 4.3 Schematic of the different paths to estimate the power spectrum.

For real-valued w the stochastic variablesd and"Y havethe following properties of
symmetry:
6 6 ‘R o m

(4.53)

° 6h o oh Y Yh p Q& p

In other words, the real component ob and”"Y are symmetric with respectto £j ¢, while
the imaginary component is antisymmetric. Consequently, i is even, then6 y Tt
Because of the symmetries, startingvith € real numbersw we end up with £ ¥¢ pairs of
real numbers6 and ¢ , ande¥¢ real numbers”Y. The values ofY for frequencies]
N¢ 1™ provide all extractable information while larger frequencies do not add
anything of value.

Other interesting properties of the periodogram and the related quantities are:
Yr

o H 6 —— (454)

AP 6 K t P Py
e = = - — N
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where if ¢ is odd, the last term”Yy is set to zero. The latter equation allowsus to

decompog the variance estimate into partial components 6 , each corresponding to
a particular frequency, which ranges from 0 O pIE to] OO ™. The
frequency O corresponds to the estimatef the mean and is not related to the variance.

Any prominence (peak) in one or more 6  over the other is very often regarded as
evidence of a periodic behaviour of the process with a frequendg (period &j "Q
However, claimsof periodicities without a deterministic explanation are usually
meaningless. As evident from the notation in the entire section, all related concepts,
including the periodogram, are estimators, i.e. stochastic variables, which produce
estimates. Considered as a sequencd stochastic variables, the periodogramY is a
nonstationary stochastic process indexed b¥ pf8 F& 7¢O The same happens with the
estimator iH] , which is anonstationary stochastic process indexed byQ pF8 R, as
well as with the covarianceestimator ¢+ The produced shapes in graphs of estimates

indicate high variability and roughness, and thus possible peaks are most probably
random effects. Note that by increasing the number of observations, the variability and

roughnessdo not necessarily decreas (cf. (4.52), where 0 is multiplied by ¢¢).

An illustration is given in Figure 4.4 for a time series generated from the discretéime
HK process, where several peaks appear, all of which are random effecBmple
techniques that help to understand that these are random effectsare (a) to slide the
starting point by a certain number oftime steps forming different sequences with same
length (Koutsoyiannis and lIliopoulou, 2024), and (b)to split the time series into two
halves, three thirds, etc. (Koutsoyiannis and Georgakakos, 2008hes allow us tanspect
whether the peaks appear systematically in all cases. Splitting the time series and taking
the average of the different parts for the same frequency israethod of smoothing the
periodogram (for details and other smoothing methods see Papoulis, 1991).

The least square trend (power law) of the spectrum estimates from autocovariance is
also shown in the loglog spectrum plot d Figure 4.4 (bottom-right). The slope is p& T
an inconsistent value as theoretically the slope cannot be steeper tharp (the slope of
the theoretical curve, also shown in the figureis p ¢O T1® p). This
inconsistency is not expected to be resolved by the aforementioned smoothing of the
power spectrum. For these reasonghe use of the climacospectruminstead ofthe power
spectrum, is recommended for estimation of slope@outsoyiannis, 2017).

4.11 Interval estimation and confidence intervals

An interval estimateof a parameter} of a distribution function is an interval of the form
—h— , where— and — are functions of the observed sample vectos, i.e.— "Q e

and — "Q e . If we replace the observed sample with the sample (or the part of a
OO0T AEAOOEA DPOI AAOOQh O EshthasciafiablEsi—O A" @ Aahdd O
— 'Q e .Theinterval —h— is aninterval estimator of the parameter .

El
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Figure 4.4 (upper) A plot of a time series withe v p terms generated from the Gaussian HK

modelwith'O t&@H p mht 1 m.1middle ) The autocovariance and power spectrum of the

generating stochastic process and their estimateslover ) Same as middle but with logarithmic

axes. The least square trend (power law) of the estimates from autocovariance, with slope
p& Ts also plotted in the spectrum panel.

We say that the interval —h— is aGconfidence intervabf the parameter? if:

Ca

— — 06 (4.55)

where Cis a given constantft 0 p) called the confidence coefficientand the limits
—h— are calledGconfidence limits Usually, we choose values @near 1 (e.g. 0.9, 0.95,

0.99, sothat the probability in (4.55) become near certaitty). In practice the term
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confidence limits is often (loosely) used to describe the numerical values of the statistics
—h—, whereas the same happens for the termonfidenceinterval.

In order to provide a method for the calculation of a confidence interval, we will
assume that the statistic— "Qe is a point estimator of the parameter 1 with
distribution function "O —. Based on this distribution function it is possible to calculate
two positive numbers v and iz, so that the estimation error— _lie in the interval (zui,
) with probability C i.e:

o_ , — .6 (4.56)

and at the same time the intervalZui, 12) be as small as possibléf the distribution of —is
symmetric then the interval (zuvi, ) has minimum length for v = w. For asymmetric
distributions, it is difficult to calculate the minimum interval and, thus, we simplify the
problem by splitting (4.56) into two equations, namely,0 — _ 0 —
, p 0 ] ¢. Equation(4.56) can be written as

0 — — 6 (457)

Consequently, the confidence limits we arseekingare— — , and— — , .

Although equations(4.56) and (4.57) are equivalent, their statistical interpretations
differ. The former is aprediction, i.e., it gives thegorediction interval* of the stochastic
variable —The latter is a interval parameter estimator, i.e., it gives the confidence limits
of the unknown parameterl, which is not a stochastic variable.

Classical statistical texts provide expressions for interval estimators of some common
parameters, such as the mean and variance of the normal distribution of 1ID samples.
However, in most reatworld cases we deal with problems much more demanding than
such idealized cases. The distributions may be nemormal, the parameter of interest may
not be the mean or the variance, and instead of a sample we may have a stochastic process.
Then analytical calculation of confidence limits becomes impossible. Naturallythe
method of choice for such (that is, most) cases is the Monte Carlo simulation. General
methodologies for tackling the problem have been proposed by Tyralis et al. (2013) and
Tyralis and Koutsoyiannis (2014).

4.12 Order statistics

Let wbe a stochastic variable ando o F8 o be 11D copies of it, forming a sampleWe
arrange them in increasing order such thato 4 be theith smallest of thet, i.e.:

wy g E ®g (4.58)

The stochastic variablew 4 is termed theith order statistic. It may seem puzzling that
stochastic variables can be ordered, as they are not numbers (but see dgression2.H).

* The terms confidence limits, confidence interval, confidence coefficient etate also usedoosely for this
prediction form of the equation.
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To clarify this, we observe that given the numberso oo F8 o, we can define theith
smallest of themas a deterministic function,”Qa o F8 Foo

g h QoMo h | ETo B ) Q (4.59)

where) is the indicator function (with value equal to 1 when conditiond is satisfied or 0
otherwise). Now if we substitute the stochastic variables o 8 i for the numbers
oM o, we getw g  "QahwM fw , which, as we have seen, is stochastic
variable. Additional insights on stochastic ordering and its application to order statistics
are provided by Shakedand Shanthikumar(2007).

The minimum and maximum order statistics are, respectively,

wy [EmBm h o hog [ ADKBMW (4.60)
and represent special cases of the order statistics, the lowest and the highest.

For a continuous variablew if "Qw and™Ow are respectively its density and its
distribution function , then thedensity function of ®h @ 4 is (Papoulis 1990):

Qw h "Q e Qp Q p Ow p Ow Qw (4.61)
Now if we define the stochastic variablé h "O ®w Oy ,thenaccording to(2.53):

nQ "O é . , ,
o~ i L & ) 6 p o
Q6 h =——— & Qp . 6 o _P (4.62)
- “Q“O (r) p Q p p Q p

This is the density of theBeta distribution function and hence

R

”n \ 5 \ ) 5 14 »n \ - 4_63
Oy @ O0dyg & 006 O % p (4.63)
For the gecial caseof the minimum and maximum we have, respectively,
- " PR o~ w B
_ —_— 4.64
Oy w TR P p Ow hOy " ETo ow ( )

As we will see insection4.13, the order statisticsform the basis for estimating knowable
moments and hencere quite important for studying extremes

4.13 Knowable moments and related estimations

As explained inDigression 4.B, classical moments are unknowable for orders higher
than 2-4, even for very large samplesKoutsoyiannis (2019a) introduced the so-called
knowable momens (or K-momeni), defined, after an adaptation byKoutsoyiannis (2025),
as follows.

The upper knowable moment (Knoment) of order pis the expectation of the largest
order statistic @

~ ~

0 D %w %I A @ hoh8 o (4.65)
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and thelower knowable moment (Kknoment) of order pis the expectation of the smallest
order statistic @ ¢ :

0 D %dy %l EbwB b (4.66)

An important property, directly resulting from their definition, is that the K-moments are
ordered as follows:

0 E v ) 0 0 E 0 (4.67)
These moments are noncentral, and we can also define central moments as

ODUOU Oh ODUOG Oh O mn (4.68)
As shown inKoutsoyiannis (2025, chapter 6), for a stochastic variableéyof continuous
type, the upper kmoment of order p of wis theoretically calculated as follows:

0 n% "Ow W N "Ow QA n ®O'0 AO (4.69)
Likewise, the lower kmoment of order pis theoretically calculated as follows:
0 N% 0 w n om OQ Ao R @00 AO  (4.70)

The latter two equations allow for the extension of the evaluation of Knoments for non
integer order ) for a stochastic variablewof continuous type. For discretetype variables
as well as for generalizations of Knoments, the interested reader is referred to
Koutsoyiannis (2023, 2025).

The unbiased estimator of the upper Knomentuv from a sample of size& is

O D g (4.71)

and that of the lower Kkmoment is

0 ® © g @  jR®g (472)
where
h Q0
® 3¢ N p 3 Q . (4.73)
n r—— Q
d 3¢ p 3Qn p n

while 3() is the gamma function andw 4 is the ith order statistic. Note that forr} p,
) pfe and v is identical to the estimator of the mean. At the other end, fay ¢,
® rfor'Q ¢ and ® p,sothatt & h oy [ A@RwMBhb ,inful
compliance with (4.66). For integer moment orderrjandQ n T, this simplifies to
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- Qp 3

W , .

n p N

Based on the Kmoments, we define theK-centre oforder r), 6 , measuring central
tendency, andthe K-spreadof ordern, O , measuring dispersion,as:

(4.74)

6 D—"h OD— " (4.75)
q q
where’ O 1t Their values fororders 1 and 2are:

P ] 0
0O U V] ‘“ho
C
In other words, the first and second orderK-centre parameters are equal to each other
and equal to the mean while the second order Kspread is equal to the second order
central K-moment. Geometrical depiction of these parameters for orders 1 to 4 is given in
Figure 4.5.

. . 0 0
O 6RO mO — o o (476)

D, = (KL{—E;)/Z D, = (Ki—f;)/z
é D3=(Ké—E;)/2 é D3=(K3{—E;)/2 é
D, = (K5~ K2) /2 ;Dz=(Kz’—E;)/2
— —
K, Ks K

=0 = C3 = Cy =
= (K; + K;)/2) | |(K5 + K3)/2)| [(Ki+K4)/2)

Figure 4.5 Explanatory sketch for the definition of summary statistics based on -Khoments.
(Source: Koutsoyiannis2025.)

Like the order statistics, kmoments offer a means to estimate probabilies from
observations in a sampleKoutsoyiannis (2025) offers a detailed framework for this task
with several options, from rough approximations to fully accurate derivations. Here, we
reproduce a simple method which provides good approximationslhis is based orthe ¥-
coefficient of orderp, definedas:
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p
ne 00

Q h

(4.77)

The coefficientsQ happen to vary only slightly with p. Any symmetric distribution will
give exactlyQ = 2 becauseQ is the mean, which will equal the median and thus yield

00 pZ¢. Thus, a rough approximation is the rule of thumb:
Q ¢ (4.78)
Generally, theexactvalue Q is easy to determine, as it is directly related to the mean:
. P
Q —FF- :
5O (4.79)
The exact value of2 depends only on the tail indexsof the distribution:
, 3p , 'h, m
Q o 4.80
Ah , T (4.80)

wherer =mm8uvxx EO OEA %Otvidvalge®Q AT @ GeAsAlé tiessimdleE A
approximation of Q and hence of the norexceedance probability:

Q Q 2 o h Ot b 481
B " P gn a a (4.81)
Hence, the estimate of return period 0b "Qi
o P 0 Q Q (4.82)
O p OO0 n '

For example, for the highest possibléy £ and for distributions with exponential tail
(, mthisyields"YO JO p& Wwep Q Q , which is consistent withthe equations
in Digression2.1.
Conversely, for a given norexceedance probability'Q we can calculate the quantiley
as they that corresponds to:
p Q

o p 0 P a (483)

n
The estimate of0 based on the typical estimatoh B & o ¢ Is more reliable
than that based on a singley y because it is derived from many data points (except when
‘Q ¢, where the two approaches are precisely identical)n addition, equatiors (4.82)7
(4.83) cangive quantiles wfor arbitrary values of "O(not only the valuescontained in the
sample) as the value of)] should not necessarily be an integer but can be a real number.
The only restriction isf) €.

Likewise, we can introduce the taitbasedy-coefficient of orderp as:

p
n"oou

Q h (4.84)
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Q has similar properties with Q and in particular varies only slightly with p. Forry p

it is readily seen that
(4.85)

Q por QjQ p

For example, for a symmetrical distributionQ Q  ¢. The limiting value Q depends

only on the lower tail indexsof the distribution:

Q 3p pj-

For example, fo— p (e.g. in exponential and Pareto distributions)Q p.
a-simple approximation of Q and hence of the norexceedance probability is:

(4.86)

— ™ 6 6 g ”n . p
Q Q ——n Ov = ——— (4.87)
n Qn Q Q

Conversely, for a given norexceedance probability’'Q we can calculate the quantilevas

the 0 that corresponds to:
(4.88)

'.d|| ol

. P
n 50 Y
Combining the noncentral and tail moments we can produce estimates of quantiles a
wide range of probabilities of nonexceedance, namely fo
P n P
 —— O ; p— 4.89
G atp " Q@ 0t p (489
Additional information on several aspects of ¥noments, including the adaptation of
their estimators in the case that there is (longange) dependence in the process of

interest, can be found inKoutsoyiannis (2025).




Chapter 5. Stochastics as atool to comprehend the micro cosmos

5.1 Cancommon logic be reconciled with the quantum world?

The quantum world is consideredto beincredibly weird, operating under rules that defy
everyday logic and experienceThis perception isreinforced by the (unnecessarily) weird
mathematical notation adopted in quantum mechanics, which fosters the notion of
mysteries that are unique to the microcosmosAmong the several behaviours regarded as
weird, we examine in this chapter the two most prominent, thandistinguishability of
particles and their duality as both waves and particlesThe aim is to show that the
weirdness disappears if we study hem within a proper stochastic framework, similar to
that used for macroscopic phenomena.

The idea that particles in the microscopic world are indistinguishable,
interchangeable and without identity has been central in quantum physic$n quantum
mechanics, wo objects are regarded as identical whenever they have the same
architecture and the same values of quantum numbers expressing their statéowever,
the same idea has beemmployed in statistical thermodynamics even in a classical
framework of analysis (e.g.Wannier, 1987; Robertson, 1993;Stowe, 2007; BenNaim,
2008) to help make theoretcal results agree with experience or perception, as well as
with pre -existing thermodynamic results. Namely, the indistinguishability hypothesis has
been centralto determining the entropy in the kinetic theory of gases. In this case, the
idea has been accepted despithe absence of direct experimental evidence supporting it
(e.g.Papoulis 1991, p. 11).

In the kinetic theory of gasesit is well known that the energy and momentum are
taken to be continuous variables, as in classical physics, rather than discrete variables
taking on a finite number of values as in quantum physics. Therefore, the probability that
any two particles in motion have the same velocity, momentum and energy is zerhis
can hardly justify their indistinguishability (even if the architecture of particles is
identical) and suffices to dismiss the idea othe indistinguishability of molecules within
the kinetic theory of gases. InChapter 6 we will show that this idea resulted from
superficial application of the entropy definition andthat it can be fully abandoned without
any problem. Rather, its dismissalresolvesissues that are regarded as paradoxesthe
well-known Gibbs paradox (see also Koutsoyiannig013a).

In quantum mechanicsit looks difficult to dismiss the indistinguishability hypothesis.
Also, the idea looks justifiablen typical quantum mechanical systemsasthe number of
states (dimension of Hilbert space) that describe what may happen in a finite volume is
always finite (usually small) and therefore the probability of having particles in identical
states is norizero.However, as will be shown irsection5.2, it is rather easyto dismiss the
indistinguishability idea and reestablish ordinary logic as the related statistical
behaviours can be recovered by using proper stochastics and assuming dependence
among distinguishable patrticles.

The duality of particles as both waves and particles looks difficult to comprehend and
reconcile with common logic developed from macroscopic phenomena. This duality is
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exemplified by thefamousdouble-slit experiment where particles act like wavegFigure
5.1).

Single-slit pattern

Double-slit pattern

Figure 5.1 Patterns from thedouble-slit experiment, namelyfrom a single slit (one of the two slitsclosed)
vs. a double slit. Source: Wikimedia commons, https://commons.wikimedia.org/wiki/File:
Single_slit_and_double_slit2.jpglicensed under the Creative Commons AttributiotBhare Alike 3.0
Unported license.

This experiment is one of the most famous in modern physics and several versions
thereof are described in experimental physics books (Beck, 2012; Prutchi, 2012), as well
asin popular science books (Ananthaswamy, 2019). Its importance is highlighted in the
following words by Feynman (1985):

I will take just this one experiment, which has been designed to contain all of the mystery
of quantum mechanics, to put you up against the paradoxes and mysteries and
peculiarities of nature one hundred per cent. Aather situation in quantum mechanics,
EO OOOT O 1 66h AAT Al xAuO AA Aeobl AET AA AU O/
xEOE OEA Oxl EI1AOe )OO0 OEA OAI A OEETC
But again we can tackle this paradox or mystery using probability. In the macroscopic
world we are familiar with a random experiment (e.g. a die throw) and we are not
surprised that initially there are many possibilities but eventually only one of them is
realized. Asalready discussed in sectiori.1, this was theorized by Aristotle in his dipole
potentiality vs. actuality. This dismisses thedeterministic dream that, given specified
causes, only one outcome is possible | OE O O i3 ladbiied byBdisénberg (1962)
and other modern physicists.
Hence it takes accepting probability as an abstract reality, teinstate consistency
and unity between the macroscopic random experimentand the behaviour of the
quantum world. Initially, an emitted photon is a potentiality, described in probabilistic
terms, and eventually it is realized as a particle. Not ontyoesthis glorify probability, but
also confirms its existence, along with the sensible and other abstract objectsnd its
existential properties are so strong that we must also accept probabilitin the form of


https://commons.wikimedia.org/wiki/File:%20Single_slit_and_double_slit2.jpg
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waves? wavesthat travel exactly like waves of physicalquantities. This is precisely the
same logical structure we already used for macroscopic random experimentsgction1.1)
2 only now the potentialities propagate as wavesWe examine this probabilistic
explanation of thedouble-slit experiment in section 5.4, but before that we discuss the
meaning of existence irDigression5.A.

Digression 5.A: From the physical world to an abstract world

Most people agree that the physical world exists. For example, most will agree that the apple and

the orangeshown in Figure 5.2 exist, or did exist some time.Common-sense realismdoes not

guestion the existence of the apple and the orangeut, notably,there are philosophical currents

that do. For instance, slipsism would assert that onlya®AOOI 1 6 0 | OEAor& i O COA
A A O Aep@ridiigewas certain. ! T lagré@men® by another person (e.g. areader of this texs)

could be part ofthe former b A O Odrdam @ simulation or hallucination.

-fs,'

Figure 5.2 An apple and an orange on a table. This is not an image proddd®y artificial intelligence but a
photograph (taken by the authon of two real fruits, which no longer exist(they were eatenshortly after the
photograph was taken.

41 AT 1 C) E Bl&(ﬁn%sﬁ solibski® @@ other related@smsd adopt the ommon-sense

Z o~ A NN

either ofthe OA O1 O C) AOBEOH Al aphﬁléhkbmcan a@s&r@ﬂcﬁhEe@tﬁGan vielsay
that conceptOOx1 6 1T O OEA 1 01i AAO ¢ AQGEOOOGe !''1 AAN=E&£& UAON
08p T p UL w8WhAt@H@ th&imaginary unit i andthe complex numbers? Furthermore, does
an ideal circle, whose ratio of its circumference to its diameter is, exist? All these questions have
diverse answers, depending on the ontology adopted. The régdthat safeguard an easielife for
onewho studies physics using mathematics are affirmative to all these questions.

All these exist as abstract, norspatiotemporal, mind-independent entities. Thisidea goes
AAAE OlteachinghdddordliGy to which the real world is a world of ideal or perfect forms
(1 m? Oz aohqtypes). It is unchanging and unseen, and it can only be perceived by reason
(¢ L L X { Toeumena). The physical world is an imperfect image of the world of archetypes.
OEUOEAAI 1T AEAAOO AT A AOGAT 6O AOA OOEAAI x06 1 £ OE/
perceived by senses® | 1 d J, ptenomena)" U OOOT ET ¢ 01 A-Gdwd vk oddnAT OU Of
a view that is more consistent with modern science: the physical world is the perpetually changing
real world, but abstract concepts are also necessary to comprehend the real world (Koutsoyiannis
and Montanaii, 2015). Their indispensability to science pushes toward their existeneeand this
is supported by the philosophicalcurrent called Mathematical Platonism according to which
mathematical truths are discovered, not invented. &mous proponentsof this current are Gottlob
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Frege, Kurt Godel, René Thom and Roger Penrose. Biitourse,there are many other@smsj
which do not accept such existence.

Stochastic variablesas we defined them and discussed in sectidh4, signify a higher level of
abstraction. They are equivalent to a mathematical functiorand as weprompted in section 2.4,
an intuitive way to comprehend them is to think that unlike commonvariables,they take on the
entire set of possible valuest the same time. The probabilities of taking on these values possibly
differ among the different values, and are specified by their distribution functiond®2robability per
se is another concept of higHevel abstraction, also a mathematical function, but one which maps
sets onto numbers. And entropy is a concept relying on probability, as defined in secti@r8. Do
stochastic variables, probability and entropy existMany would reply in the negativeto this
guestion, particularly those embracing the subjective, also known as Bayesian interpretation of
probability. Others would agree about their existence most prominently Popper (1982), who
connected probability to propensity, a notion analogous to Aristoteliarpotentiality .

On the other hand, many would accept entropy as a physical entity, a property of a
thermodynamic state that can be determined from observed quantities such as pressure, volume
andOAT PAOAOOOA | OAAAI | DPidkdddioA2Fp WDithduEadeepting EnDdbDaS OA A E1
existing, physics would collapse, the second law of thermodynamics would disappear, and
engineering and technology would return to the preindustrial era.

But is it possible for entropy to exist, if we refuse existence to its foundation, that is,
probability? Even if we bypass this question trying taground entropy in different ways, similar
guestions will emerge in quantum systems. In particular, the doubislit experiment (Figure 5.1)
and3 AEOEAET CAO6 O xAOAAEOT ACETT x1 Ol A EAOAT U AA | AA

In this book wefollow a pragmatic ontological approach based on tharinciple of parsimony:
we shape the minimum set of assumptions that makes the world comprehensible and our lives
easier (assuming that we live), both at an individual and a social level (assuming thahers also
live and interact with each other). Our minimal pragmatic approach includes the following
premises.

9 The physical world existsin an objective manner and its phenomena ammind-independent.

9 Abstract concepts, which are no(but can be assigned tophysical entities, can existalso
being mind-independent.

9 From the possible abstract concepts we adop minimal set that helps us comprehend the
world.

9 This minimal set includes natural, real and complex numbers, common variables and
probabilistic concepts, includingstochastic variables, probabilityper se, and entropy

Clearly, including probabilistic conceptsin the last premise istantamount to extinguishing
determinism. Most are reluctant to think outside of the deterministic framework (cf. Einsteind O
famous aphorismsin the beginning of this book) and it is reasonable to expect that theories trying
to save determinism would emergeSeveral attemptsat this were made most of which have been
falsified by now.Currently , themost fashionableattempt is the multiverse hypothesis,in which a
universe Gplitsé  ET O1  Oall theltirde. \WhénévA&r a quantum particle €.g.an electron),
which initially exists in multiple states at once (e.g., spinning both up and dowm) OAAAEAAOG
realize in one of these statesa universe splits Hence, instead of assuming that a stochastic
variable realizes as a common variabléhis hypothesisacceptsthat all possible realizations occur,
inflating the number of universes to infinity.

However, there is no need to consider this hypothesis at all, as it does not affect our study. If
it is false, we can disregard it from the outset. If it is true, we can continue our study while again
disregarding it, leaving other copies of ourselves intber universes to work on it.

5.2 Particle indistinguishability vs. dependence

Theindistinguishability hypothesis is not about whether or not we can distinguish or label
particles. It goes far beyond the fact that the particles are identical, implying that this
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property affects the probabilistic behaviour of particles and the entropy of the system
Thus, the hypothesis has resulted in different probabilistic behaviours or models, each
one labelled by two names of some of the most respected physicists in histofjhey
depart from standard probability and statistics, which we use in all sciences, including
physics of the macroscopic world. The typical probabilitstheoretic problem of placingN
particles into M boxes (representing particle states or locations) can see as abasisfor
defining the models and distinguishing them from each other and from the standard
probability model. Specifically, the numberW of possible ways of placing the particles
according to the different models are(Papoulis 1991, pp. 11, 61 BenNaim, 2008, pp.
259-264, 319-320):

{1 Standard probabilistic model(for distinguishable particles):
ARNVN VIR (5.1)

1 BosekEinstein statistics (each ofN indistinguishable bosons occupies each d¥l
states with no restriction on the occupation number in each state):

w 0 . - 5.2
U VAL PpA (5:2)
1 Fermi-Dirac statistics (each ofN indistinguishable fermions occupies each oM >
N states with the restriction that no more than one particle can occupy a specific

state):
o of Y L S
6 GAD U A (53)

1 Maxwell-Boltzmann statistics lacking clear definition, but rather introduced as a
mathematical trick to modify the entropy of systems of gas molecules, in which the
standard model results in an entropic form that is non-extensive, while classical
thermodynamics demands that the entropy be extensivéKoutsoyiannis, 2013a;
see also sectiorb.6):

. w 0
o 0 = = >4
VA VA (54)
An interesting property is that for M >> N, boththe Bose Einstein andthe Fermi-Dirac
statistics, become equivalent to thévaxwell-Boltzmann statistics i.e:

0 .
— & O 55
= (55)
To show this we take the limitofd 0 hRO0 T 0 R0 as®O T, which turns out to
equal 1.With a similar method, we can easily show that foN >> M:

o O o O

. 0

) 0 - G 5 D 56
@ O = pAw O p (5.6)

A relationship of this type for the Fermi-Dirac statistics is meaninglesecause byits
definition it requires 0 0 .
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The correctness of the above mathematical expressions is not questioned, except in
the case ofequation (5.4), where even simple inspection shows that it cannot be
consistent. For example, takingM = 3 boxes andN = 2 particles, from(5.4) we obtain a
number of possible arrangementsy  oft T®, which is absurch this number cannot
be nonrinteger (see additional problems in Koutsoyiannis, 2013). By increasing the
number of particles, i.eN= 9forM= 3, becomes lowerthan1¢ ofw = 0.054),
which is even more absurd, indicating a probability greater than 1 (MWwvs = 18.44).

Thusw 0 h) is only useful as a numerical approximatiofior 0 | 0, according to
equation (5.5) (or for 0 | 0 according to equation(5.6)). Otherwise it has no logical
basis, it does notdescribe anything logically consistent, and it creates confusion.
Therefore, we will not use it.

On the other hand,the BoseEinstein and FermiDirac equations are accurate and
useful. However the idea of indistinguishabilityh xEEAE OAOOAO AO OEAOA
basis,is aweird one and leads to the paradoxical perception thatommon logic does not
apply to the microcosmos However, i microcosmos is logically different from
macrocosmos, the entirebody of logic becomes problematic. A fundamental question
which revealsan inconsistency is this: What would be the threshold that distinguishes the
two cosmoses and hence the two different logics?

Here to avoid suchinterpretation and the implied problematic situations, wereject
the idea of indistinguishability and the different logics that it implies. Specifically, we
derive all three equations (5.1)z(5.3) using a very simple assumption related to the
dependence of paticles, namely, zero, positive and negative dependence feguations
(5.1) (classial model), (5.2) (BoseEinstein) and (5.3) (Fermi-Dirac), respectively.From
a physics point of view zero, positive and negative dependencean be conceived as
neutrality, attraction and repulsion between particles, respectively in terms of their
states As dependence and independence are part of the standard logic and are quantified
in stochasticsthrough the concept of conditional probability, there is no neetb introduce
a newlogic for microcosmos

We considerthe typical probability -theoretic problem of placing0 particles into O
boxes representing particle states or locations Let & 0 denote theparticular number
of particles that are containedin box numberedd fp & 0, outof N particles in total.
We consider thefollowing event, which we call aconfigurationof 0 p particles:

6 h ¢ &R ¢ mBRE ¢ (5.7)
Assuming, of course, that the particles are distinguishable, as common logic dictates, there
are multiple arrangements i.e. elementary events;orresponding to theconfiguration 6 .
Their number is given by themultinomial coefficient, which, by definition, is the number
of ways of partitioning () distinct objects intod sets of size¢ 8 i M R . This number
is:

SRR R 0A
0¢ T/t ABE A

(5.8)

We will study the transition of 0 into the configuration® , in which one box will
contain one more particle. Wdet this to be themth box, so that
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6 h ¢ ¢ MBRE & pBR ¢ (5.9)
We make thefundamental assumptionthat the probability of the new particle choosing a
particular state (box) is linearly dependent on the number ofparticles that are already

there:

06 o °p @ (5.10)
where Qis a dimensionless parameter(we call it a quantum number here) which
physically encodes attraction (bosonsQ 1), neutrality ("Q ), or repulsion/exclusion
(fermions, Q ) in state spaceSpecifically, we set

ph T ACADEDAT AAMAOLN ET T O

Q th ET AADPAT AAADBDABGEAT AO (5.11)
ph BT OEAMEBRI AAITOA T O
There are 0 different configurations & , each corresponding tod  ph8 R, with

conditional probabilies 0 & @ adding up to:

DO D 90 QO (5.13)
and hence
v o p @
E = 5.14
Lo O Y (5.14)

This is our simple and fundamental equation, from which we can readily derive any
of the casescorresponding to equations (5.1)z(5.3). More specifically, br the case of
independence {Q T, we have:

0o D DQ (5.15)
For the case of positive dependenc@osons,Q p), we have

- 3
00 D ‘; - (5.16)

Finally, for the case of negative dependence (fermion§)  p), we have:
mh 3 p
P

0 0 ——h ¢ T
0 0

(5.17)

The zero probability when ¢ p is precisely the stochastic encoding of the Pauli
exclusion principle.
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Next we will see how this rule applies to the three different kinds of dependence.
Specifically, we wll show that equations(5.15)z(5.17) imply equations (5.1)z(5.3).

Classical particles
In the independence case, it is readily shown that the probability of any arrangement of
the 0 particles in0 boxes is independent of the arrangement and equal to:

P P
5 oo (518)
However, the probability of a configuration depends o B R B R ,i.e.:
5 [ v 1 FB Ft FB Ft p L'SA p
ve  0f 0 tME ABE AD (5.19)

This is known as the multinomial distribution.

Bosons
We will show that the probability of each configuration is independentf¢ M8 e 8 R |
and only depends on theirsumi & E & E ¢ and the number of boxed) ,
namely:
5e 0 of DAD PA P
0 0 pA ® 0N

(5.20)

To show that equation(5.20) holds true for any 0 we use the complete (mathematical)
induction. Apparently, it holds for0  p:

7w > .~ 0 P A P

- - = 521

0 0 0 Ofp A = (5.21)
We assume that it holds fol) and we will showthat it also holds for0  p. We study the
configuration 6  as in(5.9). This can result from(5.7) by placing the additional particle
in box & . Its probability is
p ¢ 0AD pA OAD pA
0 00 0 pA O 0 A

~

VO D 0O

p ¢ (5.22)

However, it can also result from other configurationsd . The configuration 0

¢ & pBR & pBRE & wil also give the samed  if the new

particle is placed in box 1. As the total number of particles i@ is again0 and since the

probability of a configuration for 0 particles does not depend on the particular

arrangement, but only on0 and0 , the probability for this case is
v p & pUOAD pA O0AD pA8

3 ’ . . 523
vo o0 00 b 0 0 0 pA 0 0 A (523)

Likewise, wecan have the cases of the configuratioh 8 ho ¢ & BhR
¢ pMBRE & p andhence, adding the probabilities for all cases we get

. OAD A L . OAD A
' OA0 PRy B b B & P

—_— 0 524
0 0 A UUAUp ( )
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or

. 0 pAD pA
0 O —
U L A

(5.25)

Thus, we have proved that equatior§5.20) holds true for0  p and hence for any0 .

It is tempting to conjecture that the equality of probabilities of all configurations is
the reason why particles were long thought to be indistinguishableBut in our approach
the probability becomes perfectly uniform perconfiguration, even though the particles
themselves remain distinguishable.

Contrary to the independence case, in bosons the probability of a specific
arrangement, one of the many elementary events forming the configuration , does
depend on thepartitioning of Ninto ¢ 8 F¢ 8 [E . Itis readily found to be:

00 OAD pA:tMe ABE A ¢ B¢ ABE AD

p A
o T T D — - — 5.26
0eBrRE Br 0 0 pA OA 0 0 pA (5.26)

Apparently, this is maximum when all0 particles are placed in a single boxsay &
O E ¢ T, but irrespective of what the number of the box i$. In this case the
configuration has only one arrangement (elementary even) is equal © 0 0
pjw O .
Fermions
For the case of Fermions, we will again show that the probability of each configuration is
independentof ¢ 8 i B FE . It only depends on theirsumb ¢ E & E
¢ and the number of boxes) , where now eactt is either 0 or 1. Itis given by.
+ . OAD 0 A P
0O O L0h 5 A oD h

C
Cc

(5.27)

Againwe use the complete (mathematical) induction. Apparentlyequation (5.27) holds
for0  p.We assume that it holds fot and we will showthat it also holds for0  p. We
study the configuration 6 . If & Tt then O results by placing the additional
particle in box & . Utilizing equation (5.17), its probability is

v . p GAD 0O A 0AD 0 p A
PO Ve T oA 0A
If € p, there are0 other configurations® , which can produced . Each of them has
a 0 in one of thel elements in whicho has 1. The probability of each one is equal to

the above and hence:

(5.28)

(5.29)

or

0o : (5.30)
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Thus, we have proved that equatiorf5.27) holds true for 0 p and hence for any0 .

In other words, from the hypothesis of negative dependence and assuming
distinguishable particles,we recovered the typical result of FermiDirac statistics that is
given for indistinguishable particles. Again we have equality of probabilities of all
configurations, hence again giving a hint why particles were long thought to be
indistinguishable.

To calculate the probability of a specific arrangement, one of the many elementary
events forming the configurationd , we observe that, since a are 0 or 1 and since
mA pA p, the probability in question is:

0 6 OGAD 0 Ap O 0 A
8tmBR BR 0A O0A DA
That is, it is precisely the same for all arrangements.

While the above proofs are general and hold precisely, for the sake of better
understanding we provide an illustration in Digression5.B.

In summary,dismissingthe artificial hypothesis of indistinguishability* and replacing
it with the natural concept of dependence (quantified by a single parametelQ

phrth p) recovers BosgEinstein, FermgDirac, and classical statistics entirely within
standard probability theory. As perthe Maxwell-Boltzmann statistics its only meaning is
to view it as a limit of the Bose Einstein and the FermiDirac statistics Common logic
therefore applies to the microcosmos exactly as it does to the macrocosnmosexactly as
we use it forplanet orbits but alsodice throws or gas molecules

(5.31)

Digression 5.B: lllustration of probabilities by replacing indistinguishability
with dependence

We illustrate the stochasticframework presented above for the problem of placing N particles
into M boxes with varying 0  pltlo and constantd  o. For better illustration we depict the
calculations in figures without applying the final formulae of section5.2. Specifically Figure 5.3
shows the calculations for positive dependence (bosons) anBigure 5.4 those for negative
dependence. Further explanations are provided in the figure captions.

For the bosons caseHigure 5.3) we have also summarized the resulting probabilities per
arrangement and per configuration for 0 ofty ¢ in Table 5.1. It is seenthat the most
probable configuration is all0 particles occupying a single statelt is also seen that while the
probabilities per arrangementvary from 1/60 to 1/10 ( contrasting with the case of independence
where they are constant, 1/27), the probabilities per configuration are constantAs already
mentioned this can perhaps be the reason why particles were long thought to be
indistinguishable.

The characteristic probabilities of each of thearrangements and configurations of all cases
examined 0 phchofd  o; with independent, positively dependent and negatively dependent
particles) are compared inTable5.2. We notice the constant probability pearrangementin the
occasion of independence and the constant probability pexonfiguration in the dependent cases.
It may have become apparent by now that the constant probability peronfiguration does not
imply indistinguishability of the particles.

* A probabilistic derivation avoiding the indistinguishability postulate also appears in Kolokoltsov (2021).
The present approach is distinct in retaining particle distinguishability and encoding dependence via
attraction/repulsion in state space.
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Figure 5.3 lllustration of calculating probabilities of all possible arrangements of placing 0 positively

dependent particles (bosons), designated as a, b, c, inio o boxes whereN is progressively increasing
from 1 to 3. Eacharrangementis assigneda particular label (B1, B2, etc; upper left in each container of
calculations) accompanied with the label of the predecessaarrangement (lower left in each container of
calculations). In each calculation the first term is the conditional probability according to equatio(b.16)

and the second term is the probability that the condition hold¢from the predecessorarrangement, i.e. the
calculation is:conditional probability x predecessor probability equals probability of this arrangement)

Table 5.1 Characteristic probabilities of each of thearrangements and configurations in placingld o
positively dependent particles (bosons) intod  gboxes. Theprobability of each distinctarrangement(D1
to D27) has been calculated ifrigure 5.3, which was also used to count the number @frrangementsin each
configuration (for example in configuration #2 there correspond thearrangements D2, D4, D10)

Characteristics of each Probability of each Probability of each
# configuration arrangement, configuration,0 0 )
g & & 0 othRR 0 OR R R 0 ORRR 6¢RR
1 3 0 0 3 1 1/10 1/10
2 2 1 0 3 3 1/30 1/10
3 2 0 1 3 3 1/30 1/10
4 1 2 0 3 3 1/30 1/10
5 1 1 1 3 6 1/60 1/10
6 1 0 2 3 3 1/30 1/10
7 0 3 0 3 1 1/10 1/10
8§ 0 2 1 3 3 1/30 1/10
9 0 1 2 3 3 1/30 1/10
10 0 0 3 3 1 1/10 1/10
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Figure 5.4 lllustration of calculating probabilities of all possiblearrangements by putting upto 0 o
negatively dependent distinguishable particles (fermions), designated as a, b, c, into o boxes. Each
arrangementis given a particular label 81, B2, etc.; (upper in each container of calculations) accompanied
with the label of the predecessorarrangement (lower left in each container of the calculations). In each
calculation the first term is the conditional probability according to equation(5.17) and the second term is
the probability that the condition holds, as calculated in the predecess@rrangement (i.e. the calculation
is: conditional probability x predecessor probability equals probability of this arrangement)

Table 5.2 Characteristic probabilities of each of thearrangementsand configurations in placing
up 0 phgl © distinct particles into 0 o boxes. Noe the constant probability per
arrangement in the independence case of the constant probability perconfiguration in the
dependercecases.

Total Independence Positive dependence Negative dppendence
number (bosons) (fermions)

0 Of Probability ~ Probability  Probability  Probability  Probability  Probability
CODfIQU' per per per per per per
rations* arrangement configuration arrangement configuration arrangement configuration

1 3 1/3 1/3 1/3 1/3 1/3 1/3

2 6@ 1/9 1/90r2/9 1/12 or 1/6 1/6 1/6 1/3

3 10a) 127 Y 207r 3591/ o b 63 cf/ll(/fo 1/10 1/6 1

* In parentheses are given the numbeyof legitimate configurations for Fermions.
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5.3 From water waves to probability waves

We start discussing water waves because they are the most familiar ones as they enable
a visual inspection Figure5.5). A disturbanceat some point (e.g. due to a throwfoa stone)

will propagate radially, forming cylindrical waves. The energy will eventually be
dissipated and the water surface will become calm again.

Figure 5.5 Realistic rendering of cylindrical(radially propagating) water waves(image generated
by Groke XxAl).

Here we consider a continuous disturbance in a form & harmonic oscillation at a
single point (i 1, where we use a polar coordinate system fi- with i denoting the
radial distanceand—the angle).We neglect energ dissipation and assume that the water
surface motion reached a steady statd-or easy illustration we study the simplest case of
a wave with a singlefrequency’ , and wavelength _ (distance between two consecutive
peaks). We assume a simplified wave modeleven though as we will see below, this can
only be used as a rough approximation for-2limensional waves. Specifically we assume
that the displacement from the water level at restQi Fo at radial distancei and time ois
given by

Qi Gl ATOR e he o —2° (532)
where i is theamplitudewhose formwill be specified below,» the phase withe being
an initial phasei 10 T and @is the wave velocity also known ascelerity. The latter
term is preferred when the water is in motion, where the water velocitywdiffers from the
celerity & The fact that in the assumed model the amplitude is a function ofly the radial
distance makes the waves cylindrical. Yet the waves shown kigure 55 are more
complex than those described by equatiofs.32), which have an element of randomness.

For waves in shallow water the wave velocity is

© Q (5.33)

where "Qis the gravitation acceleration andwis the mean water depth. The periodYand
the frequency’ h p7 Yof the wave are connected with the wave velocity through:

"EY _ (5.34)
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Whenthe waveat pointi peaks, the kinetic energy is zero and the potential energy
for an elementary areal0 is calculated as follows. The mass of the volume displaced is
""Q A, where” is the water density. The average displacement of this mass'® f¢ and
therefore the potential energy is pZg ” "QQ AG. Now, as we assumed a steady state, we
have accepted that the total energy does not change in timat lower displacement,
kinetic energy is developed, being maximized when the displacement is zerwjth
maximum value pf¢ ” "QQ Ad.

As by virtue of equation(5.32) for dsuch thatA 1«0 pwe haveQ Qi ®i
and hence the total energyer unit areais

Qi prg " Qi (5.35)

On the other hand, if we integrate the total energy per unit are at a circle of radius it
should be constant

AL D AT 1T 0O0AT O (5.36)
and hence we can rewrite equatior{5.32) as
s [\ i Qo
Qi —=Al ©® " —— (5.37)

M =

where @is now a constant with dimensions [B2]. In this, the energy per unit area is
pf¢ ” "Qid Fi and that over the entire circle of radiusi is A” "Q® . A characteristic
depiction of the waves described by equatio5.37) is shown inFigure 5.6.

1
0.8
0.6

—1t=0s t=058 ====- t=1s

0.4
0.2
0
-0.2
-0.4
-0.6
-0.8

-1
0 2 4 6 8 10
Radial distance,(m)

Displacemenh (m)

Figure 5.6 Displacement as a functiorof radial distance for water waves described by equatioi5.37) for
the indicated times.The assumed numerical constantsare 1o o FQ(corresponding to water depth
ofaboutim)_ Tl RO m&i 7 ,sothat’y ¢_ mx udi pI'Y p®& ¢ UThe total energy per unit
radius is AT QI ¢ plg ” Qi AT aApmTElE wupd O T

¢ X XEo€© O or2.77 kd/m.

From the standard theory of partial differential equations (e.g. Strausf007), we
recall that the wave equation is
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0
10
where in two dimensions and for cylindrical symmetry (i.e.T "t —k 11, where —is the
angular coordinate), the Laplacian is
g PL IR (5.39)
[ I A
After the algebraic manipulations we find
1 Q p! pl'Q N0 .. i ®o
— T Te Al © C—_
o TNt . C (5.40)

In other words, this is not zero(as it should), but tends to zero as increases, at a rate of
i 7 .Thewave equationfor large i is asymptotically satisfied, but not preciselylf we
want to find an accurate representation for two dimensional waves, the exact solution is
more complicated, involving Bessel or Hankel functions. However, foetter illustration,
here we preferred the simple approximate solution which better servesour focus.
When we have moreintricate problems, such as many frequencies anterfering
waves, it is too complicated to use trigonometric functions, and we replace them with
exponential functions of complex numbersThat is,uOET ¢ %01 ABAS3 GAT4 Oi OI1 Ah
BEO Esj where i is the imaginary unit,we rewrite equation (5.37) as

e . el . @ . i ©o
Qi 2Ar i h [ i h m—‘_AQEE- ¢ —— (5.41)
|

We may call i complex wave function and we note that:

1 itsrealpart2 Ar isthe observable, in our case the displacemeifi ho ; and
1 its absolute square,§ S T , which is the square of the coefficient of the

exponential function (inourcases s [ & W @ 1) is related to the
energy per unit space (in our case, unit areaprenergy density

If we go to threedimensional waves, like the propagation of sound the same toolbox
is applied with a slight modification. Namely, we should replacgli with i because the
waves are now spherical, rather than symmetricalnd the energy at distance r should be
inversely proportional to i . The mathematical representation now becomes

. . SR ¢\ PR i o
Qi 2A i h T irbhi—Ah o e ¢t —— (542)

where the observable’Qi lb now is the pressure amplitude in the carrying medium (air,
water, etc.). The energy density is again proportional t§ S [ [ , in our case 6j i

Unlike the case of water waves, in three dimensional waves the wave function is
precisely satisfied by equation(5.42). Specifically,for spherical symmetry (i.e] QT —
1 Q1 —k 1, where —A T -Aare the angular coordinate$, the Laplacian is
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o P12 (5.43)
[ N I N
and dter the algebraic manipulations we find
rQ el 10 (5.44)

T 3 L | g
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When moving from sound to light, the differences are conceptual, rather than in the
mathematical treatment. We make the following points about them.

1. As we have discussed irDigression 1.A, light can simultaneously materialize
multiple trajectories, once there are pertinent conditions, for example, mirrors in
our experimental apparatus. This means that light fills the space, before
materializing a specific trajectoryj x EEAE A OAT OOAIT 1 U OAOEOAE
We can then conceptually perceive the light propagation in spherical waves.

2. Light is observable only when photons are emitted or absorbed. In between,
nothing is observable Therefore, if we express mathematically a quantity i
as an amplitude, then the quantityQifd 2 Ar i is not observable and
therefore it must be an abstract quantity.

3. This abstract quantity should imply energy propagation, proportional to the

quantity § S T I &1 andbecomes arbitrarily low for largei . On the other
hand, a photon is aquantum that cannot be subdividedand has a specificenergy
content,’Q "Q , where Qs the Planck constant Given thatthere can be no lower
energy amount thanQ while ¢j i can take arbitrarily low values, we understand

that "Q [ [ should be none other than a probability density that the photon
should reach a certain point i h-h- . This is likewhen many peopleare vying for a
car: Initially everyone has a probability of getting it, but eventually only one will
have it.

4. Therefore, the situation becomessimilar to a macroscopic random experiment. Let
us consider for comparison aoulette wheel which is not divided into pockets, but
its outcome isthe angle—measured on a circular scalglike in Digression2.L (case
c). When the wheel stops, the observed outcome is an actuality, but before that,
when it spins,all possible outcomes are potentialities. The same happens with the
photon. When it is absorbed at a point i -h- , we have an actuality and a
realization of the energyQat a single pointvia a single photon. Before that, we have
infinite potentialities and the energy is probabilistically distributed to all
accessiblepoints 1 h-h- , sothat its integral over —h- at anyi be exactly Q A
deterministic distribution is impossible, for the explained reason that the photon
cannot be subdivided.

5. The difference with the random experiment is that the photon has also frequency
(reflected in its colour) and phase. Hence, we should also consider g&in our
study. To do this we apply the same rules as in other waves discussed above.

6. Light has a constant speedy independent of the reference frame and, for any
observer, there is a lapse time between its emission and absorption. Howevéar
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the photon per se, according to special relativity, the lapse time is zero. Hence,
according to its own frame,a single photon is emitted, propagated and absorbed
instantaneously, and atits instantaneous propagation fills the entire space as a
potentiality. Considering the open space admissible to it, a photors an
omnipresent and dl-pervading entity. This is the only mystery that remaing but

it is more related to special relativity than to quantum mechanics.

We will explain and implementthese ideasin section 5.4 by studying the celebrated
double-slit experiment.

5.4 The double -slit experiment

In our study of the double-slit experiment on a stochastic basisve try to representthe
experimental results,as seen inFigure 5.1. Our aim isto make a simple conceptual model
of the behaviours observed and not an accurate mathematical modéh brief, these
behaviours, as seen ithe experimental findings, are:

(a) when there are two options for a photon (or another particle, e.g. an electron) to
pass, materialized by thalouble-slit device seen irFigure 5.7, then an intermittent
pattern, known as interference fringe,appears on the screen collecting the
photons, which reflects a multtmodal distribution function;

(b) when there is just one option then a unimodal distribution emerges on the screen.

The latter case emerges when one slit is closed, as well as when a measurement is made
determining the slit from which the photon passedAs already noted, a photorrannot be
subdivided and, thus, if it is observed it will necessarily be found in only one of the two
slits. However, if it is not observed, it behaves like a stochastic variable with two options,
each of which has a certain probability.

Figure 5.7 provides a ketch of an idealizeddouble-slit experiment and explains the
basic notation used. We denotéQ ok "Q @ho the probability density that a
photon passes from pointd with coordinates o  Gheeand Qo k 'Q ahw the
probability density that the photon hits the screen at a point with coordinates  afw .
For convenience, we will study the photons hitting the screen at th@axis (i.e., assuming
w T like in point 6 in the figure), and we denote the corresponding densityQ .
Actually, this is a conditional density, .,e’Q @ "Qagd 1T "Q ¢t FQ 1. Finally,
we denote’Qg, ago the conditional probability density that the photon reaches point
(with coordinates o ofit), once it is known that it passed from pointd (with
coordinates oee  cd#r®E. We emphasize that all these densities are abstract quantities
and the conditions like the latter one are not observable, because we cannot observe the
exact positionose  cdrmewhere the photon passed from the slit.

Because light propagates in the form of spherical wavess already discussedt is
reasonable to assume that the conditional probability density is

Qp G  — = — , (5.45)
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where and & is the Euclidean distance between 0 and 6 (see figure) anda is a
proportionality constant determined so that

0, @ Abd p (5.46)

Itis readily recognized that'Qg,, ¢go denotes a Cauchy distribution and it is easily found
that

o6 — © 32 (5.47)
A 1A

where the approximation is justified if cOL 0.

Double slit \creen
, 1y

(x,0)

It
BN

Figure 5.7 Sketch of the setup of an idealizedouble-slit experiment and notation used.

Laser Light

V x

On the other hand, aphoton is characterized by its wavelength_, which we
understand as colour. For example, a photon with thgreen colour shown in the figure
has a wavelength of abou0.5tm=uv p 1 m.According toequation (5.42), thephase
 propagates linearly in timeand space.When the phase atd is* (assuming this is the
same for any point of the slit device)then the phase ab is

. “ g
co + h o« Zh o4 T 00 o (5.48)

The phases is not reflected in theprobability density "Qbut it is in the complex number
representation] . The three quantities are related by:

- K @ ss (7 ™ - AQG (5.49)

where § Sis the modulus (absolute valug of [ ,[ is the conjugate of and arg isthe
function giving the argument (phaseangle) of[ .
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Even if the pointA with coordinates o o hueeis the only option for the photon to
pass, with probability 1, yet all points 6ftd on the screen are potential targets of the
photon, andtherefore we have again a continuous probabilitydensity "Q o . If we are
interested only on the points that hit the screen on the axi® T, then

[ ® &%A DB (5.50)
Becausen this casethere is just one option, the unconditional probability density equals
the conditional one, i.e.,
Qw — = — ; 551
¥ 3 a 0 W W W ( )

Now let us make the problem more interesting assuming two options for the photon
to pass, namely points 1 and 2 with coordinate® whd and o who , and

~
5

probabilites 0 and0 p 0, respectively.In this case we have
@ . . W .
[ s (b CX_A QB’ ° h [ s d) (‘X_A QB’ b (552)

The conditional probability density on the screen for a photon passing through point 1 or
point 2 will be, respectively,

Qw [y (‘x_h Q0w [ ¢ w Fl (5.53)
According to classical probability theory, the unconditional probability density
should be:

Q| c
o- | Cx

Qo " 0 " w 0 @ (5.54)
However, this classical result does not agree with physical reality if the distance of the
two points 1 and 2 is of the order of magnitude of the wavelength. So, there must be
something wrong with this derivation. Tracing what is wrong we may conclude that this
derivation did not consider at all the phase, whicltertainly plays a role.To remedy this,
we should take a different approach considering additional variables (the phase angles)
in the conditional distributions (e.g., Papoulis1991, p. 193) Indeed, if there are variables
additional to wthat affect the phenomenon, then that equatiof5.54) does not hold.

We may observe that equation(5.54) calculates the marginal distribution asan
expected value(cf. equation(2.134)), i.e:

Vo %R ® (5.55)

where the stochastic variabley takes the values 1 and 2 with probabilities) and 0 ,

respectively. To involve also the phases in thealculation, we may write in the analogous
manner for the complex representation of the photonwhich in addition considers the
phase angles
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[ ® % ¢ ® [ ¢ ®O [ ¢ @D (5.56)

This corresponds to the case wherae do not have informationabout which ofthe points
1 or 2 the photon (as an indivisible quantun), actually passed throughIf we have such
information, say thatit passedthrough point 1, then in equation (5.56) we simply set0
pfD Tt Otherwise, the form of equation (5.56) is exactly asif we assumel that the
photon, still a potentiality, DA OOA A  hfodyh both Adknés. Specifically, a parh of
the energy of the photon, as a potentialitypassed through point 1 and the remaining part
0 passed through point 2.According to this consideration, when we do not have
information that a random eventwith two outcomeswasrealized, we treat bothoutcomes
as if theyexisted simultaneouslywith weightsequal to the respective probabilities.
Equation (5.56) yields

~ ~
g g

V) . V) .
[ ® c'bd—AQB- . d—A@B- . (5.57)

The unconditional probability density, under these considerations will be (omitting the
coordinates in the notation for simplicity):

Vo §s T 0 1 ¢0 [ 0 7.0
, (558)

07 of ¢ O7 ¢ 007 of ¢ 007 ¢

The first two terms denote 0 [ s and Or s - respectively. The last two terms yield

001 of ¢ 00T &
0 0 i
O —A DB « —AODE. .
a a
0 } 0 3 559
(I)G—A@E)E- e —AQgBe . (559)
00 , i
O——AgB o ADDPE. o
a
This simplifies to )
. — v o — 00 .,
DO s ¢ OUT §f cwd—d—AI-O . (5.60)
Hence,
0 0 00 .. .
Q "‘— ~ ‘—‘—A| O ° 561
® § s W W N (5.61)
and finally

50 .. ¢t a
A &4 4 (5.62)

0 T T T
W ()] - - -
$ S 3 5 Ca
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We notice that this result does not depend on the phas# the slit device ,but only
on the phase difference e and eventually on the travel time differencea a.
Characteristic maximum and minimum values emerge when the cosine is 1 ard,
respectively. Theseare

0 0 . 0 0
Qo — — h Qo = = (5.63)
a o a «
It can easily be verified that these occur whert & Q_anda & Q pic _,
respectively, where'Qis any integer.Setting ¢ 0O wic hw T(the centres of the
two slits), the distance difference is a a 0 w O wrg

0 @ O wl¢ .Peaksoccurwhen the cosine iaguation(5.62) becomes 1, which
happens whenad & Q. where 'Qis an integer. Solving for® and neglecting 'Q_
(assuming small’Q over the much largerd, we find

& (5.64)

0. 0 Q_0
-Q P =T - .
C O wlg (0O w

The distance between two consecutive peaks found by setting’Q p in this equation.
Inthe case thath  phd T, it is readily seen thafrom equation (5.62) we recover
equation (5.51) of the single option caself0 0  p¥g, then
W p p q a

~ . QO
Qo - = = —A 6 5.65
© ¥R T g a ad (5.69)

We refer to equation(5.65) as thesimplifiedrepresentation of thedouble-slit experiment.

Now returning to the real casein which the options for a photonto passthrough the

slit device are uncountably infinite, namely the entire areg&Swhich is open for the light to

pass,similar to (5.52), we write

® = ‘w‘ —AQE . S v o o &) (5.66)
0 W w W -

with

Ve & [ o O (5.67)

Generalizingequation (5.62), we will have for the unconditional case

[0 % o w [ ¢ @'Q o Acee (5.68)

or

[ ® = , Q ohd Acsbuee (5.69)
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where for simplicity we have sete Tt because aswe have seenthe initial phase is
eliminated in the calculation of | s Hence

AGB— 0 © & o

0 W W w

Qo AbAen  (5.70)

MQw 0

h N
If'Q ho is uniform, we have
AGB— 0 ® o o

. b o ©

Acsboxe (5.71)

where0  @fo and© denotes the area ofY Hence, the final equation in our detailed
framework is:

AgBE— 0 ® o o
"MQw O = = , A AW (5.72)

Putting the above considerations in a pure stochastic framework we may summarize
as follows, under the condition that the photon reachethe screen atpoint (¢fto ).

1. The point at which the photon passe through the slit device is a stochastic
variableo  @fueewith probability density "Q ozek Q  who .

2. The position where the photon hits the screen is also a stochastic variabteyith
probability density "Q w .

3. The two densities are generally related byquation (5.70).

4. To calculate "Q ¢ it suffices to specify’Q @hd , which is based on the
knowledge that we have about where the light passed through the slit device.

5. In the absence on specific knowledge, excefiir the area“Yavailable for a photon
to pass, we may assume a unifori®  @hb over that area. In this case we use
equation (5.72) instead of (5.70).

With respect to point5, we may distinguish the following cases.

1 If both slits are open andve know nothing about the position in which the photon
has passed through the slit device, then we may assume uniform distribution over
the area defnedas O w ™Wand 0 w ® OO0 w 'O  with
0 Twa

1 If we know that the photon has passed through one of the slits, say the rightmost
one, then we may assume uniform distribution ovethe area definedas 'O
"andO w O wwithodo conQ

1 For simplification we may assumean exact coordinatewy  1tof the photon at the
slit device and nothing about the coordinateczei.e.,o @ht, and uniform
distribution over the unknown coordinate, i.e. overthe intervals ( O @h 0)
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and (OHO @), replacing the double integral with a single one and setting
c¢w (the length of the intervals).

These are realistic ases, while theones examined before ¢quations (5.51) and
(5.65)) are purely hypothetical because it is impossible to measure the exact position of a
photon. Note that inthe casewhere the slit through which the photon has passedis
known, the way in which this knowledge was acquiredloes not matter.It could result
from the fact that in our experiment we have closed one slit or from a measurement, i
both slits are open. Alsothe above frameworkis the samewhether the emitted photons
are one at a time or more tharone simultaneously.

In equations (5.70) and (5.72), the double integral is difficult to determine
analytically, but numerical integration is easy (using mathematical software)The
constant 0 appearing in the above equation can be easily calculated a posteriori, so the

QoAb p.

Replacing the double integral with a single one (assuming Ttas discussed above)
speeds up the calculations without discernible cost in accuracyn this case,equation
(5.72) becomes:

"MQw O = ‘ A (5.73)

Another fastmethod s to replace the integration with stochastic simulation a choice
fully consistent with our stochastic framework In this we generate a (large) numbeb of
points o who from the uniform distribution over the admissible area™Y Then from
equation (5.66) we calculatgy ¢, @ which now equals the unconditional @, because

o is known for each generated pointo . Finally we take the averagé @ over the 0
points and the modulus square of it, which is the requireQ w . This can be expressed
mathematically as

Vo 6 U g © (574)

where the random variable over which the expectation is taken is 8

We illustrate the framework using several examples depicted in the figures that
follow. In all exampleswe assumed monochromatigreenlight with a wavelength_ 1
tm=v p 1 m.In most of the examples, the slit widtlw and thehalf distance between
the slits O are chosen close to their lower technically feasible limits, i.e. of the order of a
few micrometers, because in this casthe results are easier tovisualize. We also include
examples with much larger sizes for comparison. The particular sizefor each of the
examplesare noted in the figure captions.

In Figure 5.8 we compare the four computational methods described above. It is
reasonable to assume that the twalimensional numerical integration (equation(5.72)),
which is least affected by assumptions, is the most accurate. At the othend, the
simplified representation (equation (5.65)) is far too inaccurate. It correctly captures the
interference fringes, correctly locating themin time, but not their number and intensity.
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It is reminded that this assumes that the photons pagdthrough two sharp positions, the
centres of the slits. If thissharp locating of these positionswould be possible, the exteh
of the interference fringe produced would be much wider, as seen in the figure. However,
interference has another effect, the focus of the light in a narrower area, which the
simplified representation is unable to capture.

The other two methods, the oe-dimensional numericalintegration (equation (5.73))
and the stochastic simulation (equation (5.74)) give accurate results, practically
indistinguishable from those of the twodimensional numerical integration, as seen in
Figure 5.8.

! Simplified representation
== 2D numerical integration

6 - - - - 1D numerical integration
------------- Stochastic simulation

5

f,09 ()

x (m)

Figure 5.8 Comparison ofdifferent computational methodsfor the probability density "Q w that

a photon hits the screen at poinb  6fTt . The numerical constants are. @ { i LV pPT
m (wavelength; green light), & t1_ ¢tl ¢ pm |l (slit width), O ¢ Tttl
T p 1t | (half distance between slits)™O 1@l | 18t it it p(slit half height) and0 ¢ m

(distance between slit device andscreen). The simplified representation is based on equation
(5.65), the 2D numerical integration onequation (5.72) and the 1D numerical integration on
equation (5.73). The stochastic simulation (equation (5.74)) used 0 2000 photons, equally

distributed to each of the slitsand uniformly distributed acrossthe area of the slits Aside from

the simplified representation, the curves of the other methods are virtually identical.

Figure 5.9 makes a comparison of the casehere both slits are open vs. the case
where only one is open. The former case is the same as shownkigure 5.8 with a
multimodal distribution , while in the latter case,the distribution is clearly unimodal.
Notice that, because of the chosen very small slit width and halfstance between slits
the peak of the distribution appears almost at the axis origin and there is no practical
difference whichever of the two slits is openThe simplified cases of fixed coordinates of
the photon at the slit are also shown in the figure which are similarly multimodal if the
two slits are open (equation (5.65)) or one is closed équation (5.51); Cauchy
distribution ). Both simplified casesnagnify diffraction (high extent of the lit area) andfail
to represent theinterferenced élfectto focus the light in a narrow area
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Numerical integration: Nothing known Numerical integration: Known slit (right)
—— Simplified, two point sources — — = Simplified, one point source

_“ |

£,09 ()

0.1
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0.001
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0.00001

0.000001

0.0000001

0.01 100
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Figure 5.9 Numerical example for the probability density’Q & (with win m) that a photon hits
the screen at point  almt for the indicated cases (see also text). The numerical constants are
the same as irFFigure 5.8. (upper) Cartesian plot; {(ower ) double logarithmic plot for positive c

It is interesting to examine the distribution tails, which in all cases are of power type.
These are shown in the lower panel oFigure 5.9. In the hypothetical casewhere the
emission is fromone or two single points, the slope isz2, as implied by equation(5.51)
(Cauchy distribution). However, inthe realistic caseswhere there is uncertainty (different
options within an interval) along thew direction, the slope issteeper thanz2, namely z6.
This again meandarger concentration of the photons at the part of the screen that is
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nearer to theslits and fewer photons at more distant pointsinterestingly, this happens
irrespectively of whether one or both slits are open.

It is important to note that these results emerge when both the slit width and the
half-distance between slitsO are of the order of magnitude of the wavelength, i.e.
extraordinary small. If we increaseOto a typical macroscopical value, keeping small,
then the multimodality becomes so exceptionally high that it practically cancels itself. This
is illustrated in the upper panel ofFigure5.10for O 1 cm. From a practical point of view
it is impossible to observe the smalkcale fluctuations and what we observe if both gls
are openis a localy averagad "Q w . This will be the same with the smooth curve when
one slit is open.

If both w and O take typical macroscopical values (e.gof the order of a cm, as
specifiedin the example of the lower panel oFigure 5.10), then the pattern becomes quite
different, and closer to our everydaymacroscopicexperience. As shown in the figure, the
result would practically be two light beams behind theslits or a single beam if oneslit is
closed

In other words, if the dimensions in the slit experiment are of macroscopic order of
magnitude (compared to the wavelength) then we could build a macroscopic model that
would not take into account the detailed representation of wave phases. Yet that would
not be as simple as equatio5.54), because this would fail to represent the focusedjht
beams seen in the lower panel of Figure 5.10. This illustrates that consistent
macroscopization, in which all constituent uncertainties at a microscopic level are taken
into account, results in a logical macroscopic picture, consistent with our experiené@®m
our senses. Therefore, there might be no meaning in isolating one microscopic element
and treating it separately with equations pertinent to the microscopic behaviour, while
macroscopizing all other constituents.

This is the case in the famous thought experiment @ AE OE AET, @pAbich@ AAO
random subatomic event(decayin a radioactive aton) is treated with full quantum detail
while the affected cat is treatedas purely macroscopic The paradox may result just from
OEEO ET AT1T OEOOAT Aus )OO i1 AU AA AAOwndani 1| AEA
subatomic eventA OO EI BT OOEAT A O1 1 AEA AT OANOAOGEI 16
, AAEET ¢ OOAE OANOAOGEIT6 EO EO DI spetposhichd O O
thereof.

I TT OEAO AAOOOAEOU ET OEA EI Aigdebunéniyalive T £ 3 A
and deadsimultaneously (in a superposition) until observed, is the idea that it is the
observation and perhaps the consciousness of the observiirat makes therealization of
a potentiality happen. This has triggered profound discussions on several dilemmas (e.g.

(s the moon there when nobody looké Klermin, 1985). However, the slit experiment
helps us understand that it is not the observer that causes the realization of the light as
photon on the screen. It is the screen. @e it absent and the space behind the slit device
open, the light would travel as potentiaity until it perhaps reached another galaxy
somewhere far away. In contrast, when the screen is there with two slits open, even if
nobody observes the experiment, the fringes will be formed. Ifraobserver visits it days
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after the experiment, he will see them.If the experiment is done repeatedly several times,
the result will be the same.

This treatment of the quantum world andthe pragmatic ontological premisest rests
on also serve as the foundation for the thermodynamic derivations that follown Chapter
6.

4.5

Nothing known

e Known slit (right)

T
£
=
=
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
x (m)
300
Nothing known
e Known slit (right)
250
200
T
£
— 150
¢
=
100
50

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02
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Figure 5.10 Numerical example for the probability density’Q & (with @in m) that a photon hits
the screen at pointb ol for the indicated two cases (see also text). The numerical constants

are_ L p 1 m(wavelength; green light)oo ¢l ~ G p 1 mforthe upperpaneland5
mm = 0.005 m for the lower panel (slit width), © vl | 3t b (slit half height), O
pl mdt d (half distance between slits) andd ¢ m (distance between slit device and

screen).The seemingly solid arean the upper graphis in fact a curve filling the entire surface via
oscillations with a period of u Tt m.t






Chapter 6. Atmospheric thermodynamics deduced by stochastics

6.1 Premises

In the modern period and up tothe 19 century, heatwas interpreted as the flow of the
caloric fluid, assumed to be a weightless substance flowing fronotter to colder bodies
passng through pores of matter. In the mid-19t century this view was replaced by a
mechanical theory of heatThis is marked bythe introduction of the entropy conceptin
mechanical terms,and the development of thermodynamicprinciples (Zeroth, First,
Second andThird Law; seesection 6.26). As already mentioned in sectiorl.1, near the
end of the 19t century, Boltzmann explained entropy in statistical terms.Despite the
subsequent devebpment of statistical thermophysics, still the dominant perception of
thermodynamics remains mechanistic and deterministic,and in some respects still
caloric.

In this chapterwe highlight the fact that all thermodynamic laws in gases, with focus
on the atmosphere, are stochastic laws. 8/deducethese laws using stochastics and in
particular the principle of maximum entropy? and without using the thermodynamic
principles at all. We show that thermodynamic laws are stochastic laws? typically
relationships of expectations ofstochasticvariables.We derive these lawsby maximizing
entropy, i.e. uncertainty, at a microscopic (molecular) level. Interestingly, though, they
turn out to macroscopicallyexpress near certainties and are commonly misinterpreted as
deterministic laws. The explanation of near certainty relies on these two facts:

1 Typical thermodynamic systems are composed of hugely many identical elements:
0 @31 ¢ ¢ p Tt per mole of material (0 is the Avogadrod @umber).
1 The random motion of each of the system elementaakes their statepractically
independentof OEA T OEAOOS 8
As a consequence, stochasticvariable wexpressing a macroscopic statef 1 moleof
material, will have acoefficient ofvariaton OOk O® pj 0 p& p 1 (Seealso
section 1.4). The fact that the macroscopic variability is practically zero should not
mislead us to interpret the laws in deterministic terms.
We stress that here we do not assume the thermodynamic laws as first princiglenor
do we dispute them. Rather, we derive them from conservation laws plus the principle of
maximum entropy. These are our first principles.

6.2 The uncertain motion of a single monatomic molecule

We consider a motionless cube with edged (volume w &) containing spherical
particles, namelymonatomic moleculesof massd , moving rapidly”. Their exact position
and velocity are unknown: actually, as illustratedin section 1.4, it is infeasible to know

*

See 2D animations at https://commons.wikimedia.org/wiki/File:Translational_motion.gif  and
https://www.itia.ntua.gr/en/getfile/2537/50/documents/UnsettlingSupplementaryMaterial VideoLowRe
s.mp4. The latter is a simulation in a gravitational field.


https://commons.wikimedia.org/wiki/File:Translational_motion.gif
https://www.itia.ntua.gr/en/getfile/2537/50/documents/UnsettlingSupplementaryMaterialVideoLowRes.mp4
https://www.itia.ntua.gr/en/getfile/2537/50/documents/UnsettlingSupplementaryMaterialVideoLowRes.mp4
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them. Here we focus on one of these particles. Itstate is described by 6 variables, 3
indicating its position & and 3 indicating its velocityd with 'Q plgfw, all represented as
stochasticvariables, forming the vector» @M O B . The constraints forthe

T ® © (6.1)

We use a norrelativistic framework and therefore we do not corstrain velocity. The
feasible space ,is thus(0, a) for each® and (gkbh  HQ A&I(Oh AtA ME ¢h Hb
6 HIQ piv)

The container (cube) as a whole is at resand therefore conservation of momentum
demandsthat%a ¢ & . 60"Q» A» T o

%6 1 Q pklv (6.2)

We note that he expectation%0 represents a macroscopic motion, whiled %6
represents fluctuation at a microscopic level.

The monservation of energydemands that: % & 06 ¢ G 7c. o "Qr A

- where - is the energy per particle and 0 0 060 0. Hence, the energy
constraint is

. G-
% — .
0 0 3 (6.3)

We note that f %06 T, then the macroscopic and microscopic kinetic energies should
be treated separately, the latter being % & 0 %06 T¢ ? seealsoDigression6.A.

This is known asinternal (or thermal) energyof the system.

Now we form the entropy of » as inequation (2.73), recognizing that thebackground
densityl » inl TQ»jr » should have units gz1] = [x3] [uz8] = [Lz6 T3]. Toform this,
we utilize a universal constant,i.e.,the Planck constantQ= 6.626 x 10%4 J-s whose
dimensions are [12 M Tz1]. If we combine it with the particle massi , we observe that the
quantity a@ TQ has the required dimensions [k6 T3], thereby giving the entropy as

. L. Q. Lo
»h % | I — "Q» |1
- o

1) e QB Ao (6.4)

Application of the principle of maximum entropy with constraints(2.76), (6.1), (6.2) and
(6.3) will give the distribution of z as:

o | oa
o P agpZ g

_ T © (6.5)
O TA- T-

o«

To understand this, we recall that the entropy maximizing distribution is given by
equation (2.83) and henceits density will be an exponential function of a second order
polynomial of o M o involving no products of different 6, ie, Qa

O G TQA@DP_6 _6 6 6 O 0 .Indeed,"Q» in (6.5)is of this
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type, and thus it suffices to show that it satisfies the constraint$he inequality constraint
(6.1) is not considered at this phase but only in the integration to evaluate the constraints.
Denoting_, & » Arthe integral of & » over thedomain , it is trivial to show that:

Q» Ar  ph 6" Av Th 6 6 6 QAo ;—- (6.6)

Thus, all constraints are satisfied.

To find the marginal distribution of each of the variables we integrate over the
domain of the remaining variablesThus, the marginal distribution of each of the location
coordinates @ is easily found to beuniform in T, i.e.,

"6 %h Toe G it (6.7)

The marginal distribution of each of the velocity coordinatesd is derived from
equation (6.5) as
’ J ’
ol o
Q6 — A@gb—o0 (6.8)
TA- 1-
This is Gaussian with mean 0 and varianag ] od . Given that in a monatomic molecule
we have three degrees of freedorfone per direction of motion), the variance is twice the
energy per unit mass per degree of freedom.

Since 6 6 O 0, from(6.5) we readily deducethat the joint distribution
"Q» is a product of functions 0f»® O AT T Cuihis oAdOnd B . This means that all
six stochasticvariables are jointly independent. The independence results from entropy
maximization. From (6.5) and (6.8) we also observe a symmetry with respect to the three
velocity coordinates, resulting in uniform distribution of the energy- E T &6 for each
direction or degree of freedom. This is known as thequipartition principle and is again a
result of entropy maximization.

Thus,neither independence nor equipartition are posed as assumptions here. Clearly,
they are derived by the principle of maximum entropyln other words, the kinetic energy
is equally distributed among the different degrees of freedom because this maximizes
entropy, that is, uncertainty.

To find the marginal distribution of the velocity magnitude 6 , we recall that the
sum of squares of¢ independent O Tip stochastic variables has a... £ distribution
(Papoulis, 1990, p. 219, 221) and then we use known results for the density of a
transformation of a stochasticvariable (Papoulis, 1990, p. 118) to obtain the distribution
of the square root Theresult is:

CTO.(']T

(o0}
Q06 - e 6 Aob— o (6.9)
1) A c- o . 2
This is known as the MaxweftBoltzmann distribution.

Once™Q» has been determined in equation6.5), the final expression ofentropy is

then obtained as follows. We observe that
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. e .. 0. .TA- oa ) U, . A
| Q» ol 0o -l l— —6 o0 6 h || » ol k= (6.10)
¢ oa T1-

Q

After performing the integration over we find

INT)
T

O,
» ool T— -7 E| (6.11)

- ¢ o Q
where e is the base of natural logarithmand-“h)* are constants with units of energy and
volume, respectively satisfying

T“Ad N

AT 6.12
s o Y P (6.12)

so thatthe middle term of the equationequals the rightmost one. Note that one of- “h)* is

a freely chosen parameter Equation (6.11) reflects the fact that theentropy » is a
dimensionless quantity, as it shouldaccording to its definition in section 2.3, and its
rightmost part is the sum of two dimensionless quantities representing energy and space
available to motion.

An extended version okquation (6.11) (for many particles; see sectior6.5), but with
some differences(see section6.6), is known as the SackuiTetrode equation (after H. M.
Tetrode and O. Sackur, who developed it independently at about the same time in 1912).
An interesting question is When doesthe entropy, based on this formulation, become
zero?This is discussed irDigression6.B.

Digression 6.A: Is the entropy subjective or objective?

In physics most quantities are subjective in the sense that they depend on theA O A @&hbke3.6 O
AEAOA AOA A1 01T OIT i A T AEAAOEOA NOAT OEOEAO OEAO AO
the location coordinates @y AADAT A 11 OEA T AOAOOAOSO AET EAA |
change if this frame is translated or rotated; however, the distance between two points remains
constant if the frame changes. Also, the velocity depends on the relative motion of the frame of
reference; the velocity of a car whose speedometer indicates 100 km/h is zero for an observer
moving with the car, 100 km/h for an observer sitting at the road andibout 107 000 km/h for a
coordinate system attached to the sun.

The kinetic energy, as well as changes thereof, depend on the reference frame, ibae have
a system ofN bodies with massesd and velocities6 according to a specified reference frame,
then the total kinetic energy of the system i8 & A& & 1¢. If we change the reference frame,
so that the velocities in itareo ¢ 4k wheredkis a constant, then the kinetic energy in this
frame will be different, B & & 4% 7¢. This quantity has a minimumamong all frames,
which can be easily found by taking the derivative with respect tgkand equating it to zero. The
resultis4& B & O FB & . It can be easily seen that this is the velocity of the centre of
gravity of the system with respect to the initial reference frame. This minimum kinetic energy
gives the most characteristic representation of energy and does not depend on the choice @& th
initial reference frame.

Likewise, both the internal energy- andthe entropy » of the gasmoleculein a container of
a fixed volumew, asgiven in(6.11), do not changavhen the reference frameis different, provided
that the kinetic energy per gas molecule is defined based on the difference of velocity from its

mean E[u], i.e.,- %d& & %0 ¢ .In this case- is also invariant, despite thatd changes
with the reference frame. The invariance extends to the entropy maximizing distribution.
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To illu strate the invariance properties of entropy, ve consider againa container filled with a
gas with spherical particles (3 degrees of freedom). We assume that an observer is moving with
velocity Gparallel to the horizontal axise as shown inFigure 6.1. According to this observer each
particle has location coordinateso and velocity coordinateso related to those of the fixed frame,

w and o , by the relationships shown in figure.

a I __ I
Xy=%X1—b u;=u +c
d xé=x2 ué=u2
X3 = X3 Uz = U3
a
A
X
c 3
!
< X5
r
b X1

Figure 6.1 Sketch for the eemonstration of invariance properties of entropywith respect to the coordinate
frame.

For the frameattached to the car%o P60 %0 T Thus,% G 0Ose %dexe 1¢

%a 6 ® o 0 7T¢ -, the same as for the fixed frameFor one molecule, the
density function will be

p oa !

. o, . , , -
Q> = — AP — 6 w o ) h
¢ TA- - = = =

It can be verified, using the same method as isection 6.2, that it satisfies all constraints.To
calculate the entropy, we observe that

. Q . .JQ 0. .oa

2
Q
Q-
1

T — " ol i — —-11T— 1®H — 6 o ¢ 0
a a ¢ TA- - - - -
Thus, the entropy is calculated as
o. .iAAa .
e — | |— -
- C o Q

which is the same as irf{6.11).

Therefore, despite that entropy is based m probabilities, it is an objective quantity that can be
determined from measuraments, and its magnitude does not depend on the reference framé/e
note though that the above expression of entropy is for the complete microscopic description of
the phenomenon, consisting of all elementary events. One could define partitions of the
elementary events into compaosite events and in this case the entropydepends on the specific
partition. Evidently, it also depends on the chosen background measure.



194 CHAPTERG Z ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHASTICS

Digression 6.B: When is the entropy zero ?

According to the Third Law of thermodynamics, the entropy is zero when titemperature is zero,
and hence the mean energy is also zero (see sectioB.8for the relationship of mean energy and
temperature). However, from equation(6.11), in our framework this happens when the mean
energy and volume are related by

o Q o Q

O A
® — — - —
TAA &

wAa 0

where 0 is the edge of a cube with volumév.4 EA 01 AT AEEG® A pg ©AAE @® .

To make the above quantity as large as possible, we consider the monatomic molecule with the
lowest atomic number, i.e. helium, withh = v pm E Cand we find that-o 7

v p 1 *I . Thissuper-tiny quantity is practically no different from zero, yetone could say
that even such aminiscule difference violates theThird Law.

However, it is better to acknowledge that for such supetiny scales, the formulations based
on the classical lavs of thermodynamics cease to be applicable. In this case, one would better
think in terms of quantum mechanicsEven thoughsuch energy levelsare out of the scope of this
chapter, we may recall from quantum mechanics thathe lowest possible energy of a particle is
not zero.Rather, duetol AEOAT AAOCS6 O OT ,Anhkreideldwvér nit, callélfnezZeEe b1 A
point energyand given as

p Q

ga 0O
Comparing the above two equatios, we infer that the entropy-zeroing energy is- @ AA -
- - andthis meansit cannot be attainable. Hence our version of the Third Law is in better
agreement with quantum physicsthan the classical version which implies that zero energy i
principle feasible.

It is reminded that for continuous stochastic variables as the variance (in our case
represented bythe average energy) tends to zero, the entropy tends to minus infinityt doesnot
tend to zero, which is the casefor discrete variables. And our framework is consistent with this
fact, because both energy and volume are regarded as continuous variables. If we changed our
approach so as to quantize the variables, then the entropyould be zero when the energy were
zero. However, treating thevariables ascontinuous is more advantageous and simpler and the
result is in better agreement with quantum mechanics

6.3 Extension to the motion of a diatomic molecule

We proceed to examine what happens if the particle is @iatomic molecule Analysis of
diatomic gases is important for atmospheric physics because the dominant atmospheric
gases are diatomic (M Q; seeDigression6.E). In a diatomic gas, in addition to the kinetic
energy, we have rotational energy at two axem® andw perpendicular to the axs defined
by the two atoms. These energies are 0 j ¢'Oand 0 j ¢'Q where L denotes angular
momentum at the two axesw and w (dimensions [M L2 Tz!] and | denotes rotational
inertia with dimensions [M L2]. Due to symmetry,© O O

We consider againthe same cube with edge a, containing identical diatomic
molecules, each one with mas§ , rotational inertia "Qand total internal energy (sum of
kinetic and rotational energy) R Each molecule is described byight variables, three
indicating its position, @, three indicating its velocity 6 "Q pltfo and two indicating its
rotation, 6 07 @ andd O F @ . Note that the coordinatesé and 6 were
chosen so as have the same dimensisasall other 6 andd 06 j ¢ HQ th represent the
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rotational energy (& 6j¢ & 0 f¢@ 0 7¢O and likewise for "Q v). The
coordinates & fto i and the five 6 are represented asstochasticvariables, forming the
vector» @i M b b
The backgrounddensityf @ ini TQ®jr @ should have units 1] = [x3] [uz5] =
[Lz8 T5]. Combiningthe Planck constantQwith the particle massa and rotational inertia
I, we observe that the required dimensions are attained by the quantity “@Q, thereby
giving the entropy as
HO/iT"Q"Q iT"Q“Q A A 6.13
] — ] r— ) ) ]
2% 1100 — (6.13)
Application of the principle of maximum entropy with constraints(2.76), (6.1), (6.2) and
(6.3) will give the density of z as:
, j ,
ua ua .
o 22X hkep s h o oe o (6.14)
W TA- - =
which is again uniform for the locationcoordinatesand Gaussian for the translational and
rotation al coordinates. This density indicates independence of aleight components and
equipartitioning of the internal energy-, which now is the sum of kinetic and rotational
energy. Specifically, the energy per degree of freedoni(s %d& 6 I¢  -7u. For the
rotational componentsit equals%0 j ¢'Oand %0 j ¢"Q The entropy is then calculated as
v. .tARha 7O .
» —l— ——-w

UiA 0
- ¢ v Q

Eod k& (6.15)

for appropriately chosen constants-“h)*, so that the middle term of the equation equal
the rightmost one.

6.4 Generalization of the entropy of a single particle

In the previous sectiors we have maximized the entropy of a monatomic molecule, which
has three translational degreesof freedom, and a diatomic molecule, which has two
additional rotational degrees of freedom. A molecule with more atomand a nonlinear
structure hasthree rotational degrees of freedomlit may also have vibrational degrees of
freedom associated with vibrations of atoms in the molecul& structure. Vibrations
appear also in solids, but in this castheserely on connections among moleculesvhich
are also associateavith vibrational degrees of freedom.Apparently, though, molecules of
solids do not have translational degrees of freedomin liquids there may also be
connections among molecules A OOT AEAT A A E ApiokhinddOid fwvatex E E A E
molecules and again correspond to vibrational degrees of freedom. As liquids are fluids,
their molecules have also translational dgrees of freedom.

In all these types of motion, the energy is proportional to the square of a characteristic
quantity, which is velocity for the translational motion, angular velocity for rotational
motion and relative extension or compression in a vibrational motion. We may thus
denote the energy of thath degree of freedom of the molecule as:
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. Pas (6.16)

= v2
where 0 is the characteristic quantity andd is a proportionality constant. As we have
seen, for the translational degrees of freedorm is the mass molecule ¢ a )ando
is the velocity, but in the other types of motion these quantities are different. The internal

energy of the molecule is thushe sum of energy for all degrees of freedondenoted a$ *:

_ as (6.17)
- q
Conservation of energy entails
a o
%- % T— - (6.18)

The vector of stochastic variables OADOAOAT OET ¢ OEA Di 1 AADGI A
whohwh b B . Tofind its probability density "Q» we first form the entropic

representation:

N N ON} R ONY
»h % | |— | | —=
- (0] (0]

A A (6.19)

where C is a physical constant Obviously, the quantity "Q)» A»

"Q) Aw A Ab Ad 8 Ad is dimensionless, while 6 -Fa , Ad 8 AS -Ta
where & is the geometric mean ofx | i.e.,

& h & 8a (6.20)
Hence A»  &] -Ta 6 AT A o7 - «a

Application of the principle of maximum entropy with constraints(2.76), (6.1), (6.2)
and (6.3) will give the density of z as:
ra ! a6 .

Qo — E,AQD— — h m©m o ® (6.21)
TA- w C- C

which is again uniform for the location coordinates and Gaussian for theotional
coordinates. Again, itindicates independence of all components and equipartitioning of
the internal energy-, which now is the sum ofdifferent types ofenergy. Specifically, the
energy per degree of freedonils %& 6 ¥¢ -4 . For appropriately chosen constants
-“fb?, the entropy is then calculated as

*The symbol is used here for the number of quadratic degrees of freedom of a molecule (as well as for the
background-measure densityf @ introduced in Chapter 2. The multitude of concepts arising in the union
of stochastics and thermodynamics has exhausted both the Greek and the Latin alphabets.
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P 7.V I (P
» I T—-n7 -1 & 1 & (6.22)
- ¢ Ta G - 0

This is a generalization of equation$6.11) and (6.15), for which we stress again that the
entropy B[z] and each of its components ar@limensionless quantiies.

6.5 The principle of maximum entropy applied to N molecules

The generalization from the stochastics of one patrticle, studied in sectier.276.4, to
many, say0 , molecules of a gas in aontainer of volumewis not difficult. Once there is no
constraint imposing dependence, the principle ofmaximum entropy will result in
independenceas already seen for a single particle)which makes thing easy. Here he N
molecules are assumed to be of the same kind and thus each one has the sa@geees of
freedom! and the same characteristic constand for eachv .

We denoteby & theith location coordinate of thejth molecule('Q pltioliQ ph8 h))
andd the ith motion coordinate of thejth molecule (Q pf8 i I{Q pMB hj), Othe total
internal energy of thed molecules- ‘g 0 is the averageenergy per particle, andZt

» B the vector with 3N location coordinates and N motion coordinates.
Conservation of energy yields

a0
C

% (0 (6.23)

Application of the principle of maximum entropy with constraints(2.76), (6.1), (6.2) and

(6.23) gives:

I o I ao .

—AoDb — — h T o ® (6.24)
W C- S

Ia
TA-

"odL

which is again uniform for the location coordinates and Gaussian fail other coordinates,
and indicates independence of all components and equipartitioning of energyto eachof
thet 0Odegrees of freedom
The entropy for N particles is then calculated as
LY i 2 (6.25)
= c ! 5
While equation (6.25) has been deduced for a gaa similar equation should hold for
liquids, while for solids the rightmost term (( 1 ) should be dropped because the
molecules are not in fredranslational motion. Note though that the number of degrees of
freedom in liquids and solids are difficult toinfer by deduction and it is more convenient
to infer by induction through experimental measurements
An interesting property that can be observed irequation (6.25) and has important
consequences is that, for constamheanenergy per particle- and constant volumew, the
entropy is proportional to the number of particless ,i.e., & & 0 whered depends on
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- frohand the constants appearing in(6.25), but not on’ . Now, within the fixed volumeV
let us consider a partww  w, whose boundaries are not walls, thus allowing particles
entering and leavingw . In this case, the numbet of particles in w is not fixed and it can
be regarded as atochasticvariable. Due to uniformity, its average will bed h %¢g

0 ¥, For thevolume cxeethe conditional entropy for known number of particlese is,
obviously, & 6 & where inZaonly those coordinates that fall within ¢ are
counted. Since entropy is an expected value, the unconditional entropy will be

) lg 0t 6 £0& 0 (e (6.26)

where 0 ¢ is the probability mass function of¢ and the sum o0 £ is by definition the
average oft . This indicates that the entropy for the partial volumeais given by the same
formula that provides the entropy of the fixed volumew. In other words, the same entropic
expression is validirrespective of its shape and ofvhether the boundaries of a certain
volume have fixed or free of walls, where in the latter case the average number of particles
is used. This result would not hold if there was no proportionality between and0 .

6.6 The standardized entrop ies

In very large systems, such as the atmosphere as a whole, all physical quantities change
with location and the homogeneity (independence of expected values from location)
assumed in our gas container example does not holgtill the equations we have derived
are valid but at a local scale, i.e. at a small volumiecontaining 0 particles (on average)
for which homogeneity can be assumedn this case, however, the choice &f becomes
subjective.For a local view, i is convenient todefine an objective entropic quantity.

We note first thatequation (6.25) expresses the entropy of the finest partition (which
in Chapter 2was denoted asi and on which the entropy was maximized). It is easily seen
that it satisfies both properties of additivity (cf. equation(2.15)) and extensivity. Namely,
with respect to Corollary 4.3 we have &7 t1j¢ 1 T-j-* 1 1aj0* , which is
constant, independent ofN, when Vis specified. Setting ‘Owo) h &L forany® 1
this results in

| @h 6 | Owh m (6.27)
Onthe other hand,

@ d o | own | Il om (6.28)
which means that the entropyis not extensive with respect tahe volume w. However, we
can define an entropic quantity that is extensive also with respect to. This can be
achieved by defining the entropy of a partition different from the finest.

Specifically, we consider partition Y , in which only the particle location, discretized
into 0 bins, matters The number( of binswas chosen in order for thediscretization of
the volume wnot to be a subjective choice. Clearly, in gases (and fluids in general) there
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are0 and0 ways of placing one and) particles, respectively, in thel bins, so that ths

s x oA LAz ow A = Z

DAOOEentbopidsar® Y 1 Band YV 01 D, respectively.
Based on equation(2.26), noting that 4t Y is the entropy of the finest
partition, which is necessarily a refinement of any other partition, including! , we find

that the conditional entropy for 1 and 0 particles are:

g v y 0 \ » 1D
. (6.29)
_— 3 y AL y L 610
Denoting
0h = (6.30)

the volume perparticle, which is an intensive quantity that can be assumddirly uniform
at a local level, wadentify the above conditional entropieswith what we callstandardized
entropies(intensive and extensive) More specifically,we define thestandardizedentropy
per particleas.

Lo Lo . L
«“ - h s T—| E 1 (6.31)
L ! 5
and the standardizedtotal entropy:
L R4 L. W
“ownd h »S) | T-— 01 I+ (6.32)
- - Ov
where obviously
f O Oef -fD (6.33)

Both quantities« * -h) and * Ol are invariant under change ofV, provided that
the volume per particle U is fairly uniform. The standardized values * and * quantify
how much larger the finest-partition entropy » 1 O 4, respectively, is from the
discretized location partition entropies Y and \ , respectively. Put it otherwise,

* ‘O is identical to the probabilistic entropy of a system oN particles, conditional
on each being in a volume. Likewise,» * -h) is identical to the probabilistic entropy of
amoleculewith a fixed volume equal tov.

Like the energy per particle,-, and the volume per particle,b, the standardized
entropy per particle » “ -h , is anintensiveproperty in the sense that it does not depend
on the size of system that an observer, justifiably or arbitrarily, considers.

In contrast, the total energy,O, the volume,w, and the number of particlesp, are
extensiveproperties in the sense thatthey AADAT A 11T OEA T AOAOOGAOBEO
system and are proportional one another; that is, a system of volumewn, where| is any
positive number contains| 0 particles with a total energy| ‘O. Likewise, thestandardized

*Notably in solids the locations of particles are fixed (only one possible way) and thus ! T
(becausel p m). Thus,the standardized entropies3* and B* in solids become identical to3 and i3,
respectively, which agrees with the classical result for solids.
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total entropy * ‘Ol is indeed an extensive propertyin terms of all ‘Ohcoh) , as it is
easily seen that

1@ & 6 | Ol (6.34)

We notethatil Al AOOEAAT OOAOEOOEAAI OEAOI T AUl Al E.
quantity * calculated from equation(6.32) and multiplied by the Boltzmann constanfQ
i.e."Y Q “.However, it is derived in a different manner, assuming indistinguishability of
particles. As discussed in sectiorb.1, here we haverejected this interpretation because it
has severalogical problems (see also Koutsoyiannis, 2013a, for additional details for the
case of gases)

Descriptions using either actual entropies or standardized entropies ° are
generally equivalent and describe the same thingAs will be seen insection 6.7, using
is mathematically simpler and more convenient It should be stressed though,that the
actual entropy of the finest partition is given by , not °. Therefore, in most of
derivations here we use .In some cases descriptions based on” may yield paradoxical
results. In such caseswe should resort tothe actual entropy .Contraryto °, works
always, offers additional insights, and avoids paradoxical results. We see this in the
example of the weltknown Gibbs paradox inDigression 6.D (again, see Koutsoyiannis,

2013a, for additional details).

6.7 Equivalence of descriptions by actual and standardized entropies

To illustrate the particularities and eventually the equivalence of the descriptions by
probabilistic entropy ( ) and standardized entropy ( ) we assumeagain that 0
molecules are in motion in a container of volumevand entropy per particles . Weassume
a partition of the container into two parts A and B with volumeso and w , respectively,
withw o .

First off, we will clarify the concepts by examining the case of just two particles 1 and
2 and using the more insightful actual entropies, rather than the standardized entropies.
We examine two cases: (a) the separation into parts A and B is mental, sattim fact both
particles move into the entire volumew, and (b) the separation is physical, through a
diaphragm, and each of the particles 1 and 2 moves into pa and B respectively. The
(probabilistic) ground sets for particles 1 and 2 are denoted A1 A, respectively and
the ground set for both is the Cartesian product . We examine the finest partitions
for each of the particles, denotedas AT A8

In case (a)the entropy of each of the two patrticles is

Lo LW
. y T_| E 1 - | (6.35)
c - V)

If each of the particles moves independently of the other, then according to equation
(2.15) the total entropy is

A L L ~ (6.36)
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If there is dependence, then, according to inequalitf2.16), the entropy will be smaller.
As the most extreme examplewe assune that the two particles are tied together by an
attractive force, so thatthe total entropy will be
Lo LW
¥ § A . TEII— I{U—Z . . (6.37)

z

We will also calculate the total entropy from conditional entropies assuming thagt
any instance any particle can be either in part A with probabilityd , or in part B with
probability 0 p U .We denote the conditional entropyper particle for each of the
two partsase ande , respectively.The unconditional entropy (for the entire volume)
can be calculated from the conditional entropiesiccording to equation(2.27), where the
bipartition V is in this case\ »EThET and haspartition entropy

1D (6.38)

Hence the total entropy is

. U e U e . O e O e (6.39)
where
N\ - . W
. T—II—Z | +=h . T—Il—z | = (6.40)
¢ - b} ¢ - L
Hence:
7 5 0 ~‘(b 5 2 5 2 5 il oA T 4
. . TEI4_—ZUI{U—ZUI1D—Zulm Ol 01D 01 D (641
or
. -1+ 01l 0 | (6.42)
C - L*L L°L

and since the probabilities should be in proportion with volume we havew j 0
wj0 wand thus wearrive againin equation (6.35). The total entropy of the two
particles is, again, twice

In case (b), assuming that the energies in the two particles are the same as in case (a),
the entropies per particle are:

. ) e« h o v . (6.43)

Sinceeach of the particles moves in a separate part, independence can be assumed and,
according to equation(2.15), the total entropy is

AT R QT—I4—Z R e (6.44)
¢ - ) )

The inequality in the rightmost part is inferred from the fact thatl t 1

¢l To o ,which is always true ascan bereadily seen (e.g. by rewriting the inequality
asl Tww 1TTw o orww ® « ). The fact that is justified
from the larger phase space of case (a) comparedd¢ase(b).
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Now we examine the case (a) (no material separation) for very many patrticles, so that
we can sibstitute & 70 for 0 and O F0 for 0 , whered and 0 are the number of
particles in parts A and Brespectively. According to equation(6.39), the entropy for each
of the particles is

and hence
Ge O O 01D 010 010D (6.46)
from which we obtain
o1 d 01 b o010 (6.47)

This can be written in terms of standardized entropies as
‘ ‘ ’ (6.48)

Equations (6.47) and (6.48) are in this caseprecisely equivalent and describe the
same thing, using eithelctual entropies or standardized entropies

Now let us examine case (b)(separation by a diaphragm that does not allow
molecules to move from one part to the otherfor many patrticles. The two parts should
be treated as separate and independent. The entropy of the whole should correspond to
the ground set , where AT A are the ground sets of the two parts. The
Cartesian product is justified because we are simultaneously interested in what happens
in each of the two parts, while the two parts are separate. Hence the entropy we are
looking for is that of the product parttion, i.,e, N § \ , and,according to equation
(2.15) it equals the sum of the two entropies:

(6.49)

which is quite different from equation (6.47). We can assume (withoutdelving into
further into conceptual details) that equation(6.48) for the standardized entropies, but
now we cannot assume that thestandardized entropy ° is given by the difference
01 D for the total system. Rather it is given by the sum” ’

The characteristics of the two cases (a) and (b) for many particles, including the
results of the analyses are summarized ifable6.1.
Table 6.1 Total and per particle daracteristic quantities, including the results of these analyses,

for a gas container comprisingwo parts for two cases (a) without a diaphragm between the two
parts (mass exchange is allowednd (b) with a diaphragm between the two parts.

No diaphragm(mass exchange) Diaphragm (no mass exchange)
Total Per particle Total Per particle®
Number of particles 06 0 0 1 6 0 0 1
Volume W 0 o VIV (3] O O © U ol of
Energy 0O O © - oh O O O - OXWh 0OX
Actual entropy Oe o 70 . 70 e 70

Standardized entropy o D (1 N “Tob (]
* The quantities per particle are different for the two parts.
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Digression 6.C. Does the standardized entropy per particle depend on  N?

Considering the volume partition in two parts as in sectiorb.8, the total entropy in part A is

010 —11- O1 1
C

z

- )
According to equation(6.33), the standardized entropy per patrticle is
§ Ll L s TL RO W
o - —1 ‘l—z I I,' 7 —| 'l_z I 4‘_2 I
C v* q - U

2
c

or
o 1D 10

3 E 11 AME @EAW ODIAD &1 Bodthe probability 0 depend onN, the standardized entropy

« * does depend orN. However, we may omit the term 1 U and write

O
in most cases, i.e.:

1 when0 p;
1 when we maximize entropy for a flxed) as in this case it is a constant; and
f  when we take differencessuchaa® +° « 1D e« 1D

Digression 6.D: The Gibbs paradox

We consider two identical parts of a box separated by a diaphragm, each containiingdentical
particles with energy Oin a volumec. The entropy in each partis ‘Oof) . Since independence
between the two parts can be assumed, thtotal entropy is ¢ Ofoh) . If we remove the
diaphragm, the entropy becomes cOhohcd and according to(6.28) with | = 2, there is an
increase of entropy equal tac0 I €. The same result is obtained fron(6.47) by replacmgu with
¢O and0 and0 with 0. If we reinsert the diaphragm entropy will become againg Ohuof)
and there will be a decrease of entropy, c0 1 E.

On the other hand, if we describe the process in terms of standardized entropiégfore we
remove the diaphragm, the standardized entropy in each partwill be * 'Oy and totally
c * 'Ohui) . After the removal of the diaphragm the standardlzed entropy becomes

* (O and according to(6.34) with 4 = 2, this is againg “ Ol . So no change of
standardized entropy is seen. When no change in entropy occuthe process is reversible. This
however, is incorrect, as can be understood if in the two compartments there were, e.g., different
monatomic gases before the diaphragm was removedpparently, after its removal, there will be
a mixture and the mixing cannot be reversedThese have been regarded as contradictions to
thermodynamics, known as the Gibbs paradoiaynes,1992; Swendsen, 2008. And snce mixing
happens there must be an explanation why itloes

This explanation is given by theactual entropy B and its interpretation as quantification of
uncertainty. The increase ofs by ¢ I t shows that the process is irreversible andhere is no
contradiction or paradox. The increase of entropy aftethe removal of the diaphragm, quantifies
the fact that we have greater uncertainty about the location of each particle. Initially, we knew
AAAE DAOOEAI A8 O 1 ioadd@ier the remBv@lBve 10D i6XdrrAafiad,EwitH tide
OPOAAEOEI icd The hddade Bflerropy objectively expresses the lost information, and
reflects the physical fact that the motion of each particle has larger domain. Likewise, the
decrease of entropy after reinsertion of the diaphragm (which camardly be thought of as a
spontaneous natural phenomenon) reflects the gain of information and the decreased uncertainty
about the position of a particle.

One may contend that the introduction of the diaphragm gives us no information at all about
which part any particular particle might be found in. Such an argument is interesting and in fact
can be fully addressed by the proposed probabilistic approach. &gifically, if we do not know
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whether a patrticle is in one or the other part, then the entropy of the particle is as givenby
equation (6.39) andis not affected by the diaphragm. However, once the diaphragm is there and
once we know that at some time the particle is in a specific part, then the entropy of the particle
has been reduced to * (the leftmost term in (6.39)). The information that the specific
particle is in the specific part at a specific time is important because it is transferred to subsequent
times. That is, if we knowin which part a particle isfound and there is a diaphragm, then the
entropy ise now andwill be the samein the future. In contrast, if the diaphragm is absent, then
knowing in which part a particle is found makes the entropys now, but soon after in the future
this information is lost and the entropy become2 . Thus, the introduction of the diaphragm is
associated with reduction of uncertainty.

According to the proposed approach, this situation does not change if on either side of the
diaphragm the gases are different, thus removing the asymmetry (or discontinuity) in the two
cases where in the two boxes the gases are different or the sanhe both cases the entropy
after the mixing (by removal of the diaphragm) will be bycO 1 t greater than the sum of the
entropies in the initial state. And again, if we consider the mixture of gases as an equivalent single
gas (as is the standard practice, for instance, in the atmospheric mixtyreee section6.12) the
entropy 3* will not change, in comparison to the initial state.

If we assumed that the particles are indistinguishable, thethere would be no distinction
between and °, which would equal each other. In this case the paradox would hold in both
cases. This is another reason why we should reject the indistinguishability hypothesis, additional
to those already stated inChapter &

6.8 Definition of temperature in the stochastic and the classical framework

We define temperature #éise inverse of the partial derivative of entropy with respect to
internal energy, i.e.,

p.1

h — 6.50

L (6:50)
From equations(6.22), (6.25), (6.31), (6.32) we obtain

I A N

Lt S — (6.51)
—Twl!Tw!- T- ¢
We highlight the rightmost term, from which we find:
_ < (6.52)

I

4AEAO EOh OEA OAI pAOA O Gadhnalkme@ylperdeg@edEfieddon® E A
Therefore, if we increase thanternal energy of matter, the temperaturewill increase in
proportion. If we offer the same amount of internal energy per particle to two objects with
different number of degrees of freedom, the temperature increase of the object with the
fewer degrees of freedom will be higher.

It is useful to note that, by virtue of equation(6.52), the entropic expression(6.31)
can be writtenin terms of —as

Ry L
C
We highlight the fact that in our approach energy and entropy are the fundamental

qguantities, and temperature is a derivative quantity, defined in terms of these

iIb—ﬁ c & 6.53

NN

DA
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fundamental quantities. Since is dimensionless andO has dimensions of energy,
temperature has also dimensions of energfe.g. joulesJ= kg m2 s*2),

However, in classical thermodynamics, temperature denoted asT, is the principal
quantity, for which abaseunit of the Systemédnternational (SI), is defined, thekelvin (K).
Then the entropy, denoted asS is defined by A'Yh 10j “Y where 0 denotes heat The
definition is perhaps affected by circularity, as it is valid for reversible processes, which
are those in whichA'Y 0] "Y while irreversible are those in whichAY 0] "Y(see
details in section 6.11, where this classical definition is derived by our stochastic
framework, rather than premised).

The classical thermodynamic quantities are related to the natural quantities of our
approach by

Y Oh Y = 6.54
Y Q *’h Y,Q (6.54)

where "Gis the Boltzmann constant Both this constant and the unit of kelvin are historical
accidents related to the inadequate understanding of the probabilistic nature of
thermodynamic phenomenaand the arbitrary introduction of temperature scales.This is
clearly manifested in the current (since 2019) definition of the kelvin. Specifically,
according tothe SI Brochure(Bureau International des Poids et Mesure2019):

QThe kelvin] is defined bytaking the fixed numerical value of the Boltzmann constant,
"Qto be 1.380649 x 1023 when expressed in the unit J ¥, which is equal to kg ri s
KMy 8 Y

) TWPT .
pr PEHETOPT g o
Q
¥ 8 The effect of this definition is that one kelvin is equal to the change of

thermodynamic temperature that results in a change of thermal energyQ Yoy
1.380649 x 1023 H[=13.80649 yJ (yoctgoules) =0.01380649 zJ eptojoules)].

This definition clearly shows that the entire classical thermodynamic setting is
artificial and arbitrary , and this extends to the unit of kelvin and the Boltzmann constant
"Q A more natural setting would be to takéQ p (dimensionless. Then, Yand “Ywould be
identical to —A T A, respectively. Here we obviously preferthe stochastic framework,
which is superior to the classical framework for many reasons:

1 Itis more parsimoniousand logically consistent

1 It provides explanations for the processes described by classical thermodynamics.

1 It advances avareness about the maximum uncertainty in thermodynamic
processes

1 It dispels the celusion of deterministic laws in classical thermodynamics.

1 It can be generalized to other processes, involving higher levels of
macroscopization.

On the other hand, given thgopularity of the classical approach, whi we insist on
deriving all equations by the stochastic framework, in the subsequent sections we will
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also convert the natural quantities to the classical ones. This is not difficult: the only
conversion needed is that 1 K= 13.80649 yJ.Occasionally, we will also use the degree
Celsius unit (°C), which is by definition equal in magnitude to the unit kelvin. However,
the numerical value of temperature expressed in degrees Celsiuy, is related to the
numerical value of the absolute temperature “Yexpressed in kelvins by the relation
YII # Y+ ¢ x@ uTo distinguish our stochastic quantitiesfrom those of common
practice, we call [ the natural temperature and T the thermodynamic or absolute
temperature. Likewise, we call probabilistic (or actual) entropyh * standardizedentropy
and “Ythermodynamic entropy
It is easily seen that equatior{6.50) is retained in the classical framework in the form
Py (6.55)
YT o

6.9 The law of ideal gases

We consider again(as in section6.2) the cube of edgea containing N identical molecules
of a gas, each wittmassd andf degrees of freedomConsidering a small time interval
1t, with the help of Figure 6.2 we deduce thatany particle at distance from the bottom
edgeof the cubew 0 owill collide with th atedge (@ ).

a

Figure 6.2 Explanation ketch for the collision of a molecule to the bottom edge of a cub&he
particle shown, located at coordinatew (distance from the bottom edgé, will collide with the
bottom edge(®w ) within time J0if ® 0 0. The other location andvelocity coordinates
do not play any role: for example, ito and/or 6 are large, a collision with the rightmost edge of
the cube may occur withim 6, which however will result in horizontal reflection that will not alter
the velocity coordinateo .

From equation (6.21), we calculatethe joint distribution function of the coordinates
wh  of a single particleas:

[ NP TTL_C', (6.56)
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Thus, the expected value of the momentunﬂ 10 of molecules colliding at the cube edge
(w 1) within the time interval J0is
T
%n16 0 G 06 Qo Ad An (6.57)

After the calculations we find
010
6)

Here we note that the integral originally includes a multiplicative term

%110 (6.58)

%O A 10 1 & j- , which by virtue of (6.23) (written for one molecule as %06

¢-jT & becomes% O 10 ¢ % . As10° T, this term tends to 1 and thus it is
omitted.
I AAT OAET ¢ O$econd RawQOihd &1Ge exerted on the edge iSO
¢%n 10 Moandthe pressureisy AW ¢O-TT @, orfinally (by using (6.52)),
n 0Fw —Fos nw 60— L — (6.59)
This is the weltknown law of ideal gasegvritten in terms of natural temperature. Its
above derivation shows that it is notan empirical relationship, but it is deduced by
maximizing entropy.
To write the same law in the classical thermodynamic framework we first introduce
the well-known gasconstant
Y.h® (Yopaoeer 'EII (6.60)

where Na = 6.022x10?3 mol™ is the Avogadro constant representing the number of
particles per mole of substanceWe also define themolar mass(kg/kmol ),

O A 0 @ (6.61)
the density(kg/m3),
p LB (6.62)
w w U

where m and n denote the mass and the number of moles in the volumg and the specific
gas constan(*+ 'E C)

Yh YT (6.63)

Hence, he law of ideal gasesakes the following classical thermodynamic forms:

nw £Y."Yy ﬂ Y'Y (6.64)
In all this analysis we have not considered gravityyhich is justified if the cube edge
wis small and gravity does not play any role for the energyt we consider gravity, then

the kinetic energy of the gas wildecrease as the molecule goes wgmd a potential energy
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a " develops.An easy way to find the relationship between pressureat the two
horizontal edgesis to see that the total force on the bottom edge (B) equals that of the top
edge(T) plus the weight of the gas, i.e.,

nNow N 0&Q (6.65)
which results in
0a Q W "Q

anhn N = 5 (6.66)

We can write this indifferential form, substituting A for a1 and Ac for ¢,

A aQ .

iy o Q (6.67)
asthe quantity @ j 0 isthe density” of the gasThis is the weltknown hydrostatic law of
pressure.We note thatequation (6.67) is the simplest case of a pressure profileyhich is
valid when the vertical component of air motion is negligible (otherwise we should make
more sophisticated hydrodynamic considerations).To derive equation (6.67) we have
ignored the vertical component of the Coriolis forceas indeed this is a negligent fraction
of the gravity force” "Q

6.10 Alternative expression s of entropy

The definition of temperature [ and its relationship with kinetic energy per particle R
(equation (6.52)) along with the law of ideal gases (equatior(6.59)) allows expressing
the standardized entropy per particle 3 (equation (6.31)) in terms of temperature and
pressure as follows
z ) T N N »f] -~ vz e
. — 1+ | &h h
- p <= 1§ n
We may also derive several useful dferential forms of entropy. From (6.25), (6.22),
(6.32), (6.31), the partial derivatives of entropy with respect toVandv are

T T 7 T e e . T+ p

To T o lolTo — 1T oo

z z

_ (6.68)

(VI

(6.69)

where the term p/[ was obtained from the ideal gas lawi-rom the same equations, the
partial derivatives with respect to N are
I U -
6 "1 0 T30 T
The quantity T °jT 0Odefinesthe so-called chemical potential t (cf., Wannier, 1987, p.
139), through the relationship

LT T

—'T "To

(6.70)

(6.71)

Based on ths, the probabilistic and the standardized entropy can be written,
respectively, in differential form as
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\

A Zio dio - o ib AR A: Pko Jaw -A5 (672)
The latter can be written in the equivalent form
A KO hAe A (6.73)

Furthermore, by using an anchoring point —h) , calculating « * —f) and
subtracting the latter from « * —) we find:
z ) z ™\ ~ ~ j]
et " —M p — 1 I (6.74)
C n
In classical thermodynamicsconsidering areference point ("Y h —j "Omy°), to find
the classical entropyper unit mass,i , we multiply « “ by 'Yh "(F¥é ,; and obtain
I N

Y.
[ — | | Y V4
e CiRTE (6.75)

| T

where usually in atmospheric thermodynamics tle anchoring values arearbitrarily
chosen”Y = 200 K andn® = 1000 hPa.By setting

I w1
— Y h —
P o c
where & and @ are termed theisobaric pecific heat(for constant pressure andisochoric

specific heat(for constant volume), respectively, we obtain the final classical entropic
formula:

Y goh ® @ Y (6.76)

N
i wl 17 YI lh— (6.77)
We have seen that the statistical framework provided here can produce the classical
thermodynamic framework successfully (seeDigression 6.E), yet it is more general
becausethe principle of maximum entropy can be applied in other systems.
For easy reference,Table 6.2 provides a summary of classical thermodynamic

variables and their connection with the quantities used in our stochastic framework.
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Table 6.2 Summary of classical thermodynamic variables and their connection with the quantities
used in our stochastic framework

Quantity (and standard Sl unit) Total Egn. no.

Boltzmann constant QO 1.380649 x 1023 J K1,

Avogadro constant Na= 6.022x1023 molM = 6.022x1® kmol™  (6.60)

Gas constant Y. h B gop& oo EII (6.60)

Molecular (or molar) mass (kg/kmol) O h 0 a (6.61)

. .Y, Q

Specific gas constant*t 'E C) Yh 5 e (6.63)

Entropy (J/K) Y Q° (6.54)

Entropy per unit mass(*+ 'E C) i d—Y Ye

Temperature (K) Y% % (6.54)

a

Density (kg/m 3) ”? e (6.62)
: . . x T, IQ

Isobaric specific hea(*+ 'E C) w p < Y p ca (6.76)

. o . . .1
Isochoric specific hea(*+ 'E C) () < Y e (6.76)

Digression 6.E: Specific heat of atmospheric gases

Using our stochastic framework, which is based on the principle of maximum entropy, and
knowing the molecule structure of a specific gaghence its degrees of freedomy), and the
molecular massda , we can readily infer the macroscopic thermodynamic properties defined in
section 6.10. Table 6.3 provides the results of such calculatios for the gases most abundant in

AOOES O Albdisb obpakthese theoretical valuewith experimental values, whose
deviation from the theoretical ones is small.

Table 6.3 Gases appearing in Earth Gtmosphere in proportions (mole fraction) >0.1%, and their
characteristics as derived by our stochastic framework. Conventional experimental values for the isobaric
specific heat are also given ithe table and compared with theoretical values(Trace gasesiot included in the
table constitute <0.03% altogether)

Mole 5 'y o &+ Experimenta %
Gas Structure fraction T ) e e e R n w4 devia-

(%) kg/kkmol *+ EC "+ EC " EC e -
Nitrogen, No Diatomic ~ 78.1(77.8) 5 28.014 296.8 7420 10388 1040 0.1
Oxygen, @ Diatomic  21.0(20.9) 5 31.998 259.8  649.6  909.5 918 0.9
Argon, Ar  Monatomic ~ 0.9(0.9) 3 39.950 208.1 3122 5203 522 0.3
Water ratomic, g4 6 18015 4615 1384.6 18461 1884 2.0

vapour, H2O nonlinear
* The percentages without parentheses are fadry air and those in parentheses for wet air for theentire atmosphere.

d Different experimental values aregiven from different experiments in different texts.The value given here for water
vapour was taken fromWagnerand Pruss(2002) for the triple point of water.

d |t typically varies to 073%, averadng at 0.4%
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Digression 6.F:Onthe AAOAT AA 1T &£ EUAOI CAT ET OEA %AO
YT OEA AT i Pl OEOCET T 1 £ Yahe&BEnrégenA@ygénGabdeafgtnfareCE OAT
present but hydrogen is absent. However, in other planets farther away from the Sun, hydrogen

is present. It is easy to understand why this happens. We have seen that entropy maximization

yields that the kinetic energy is eqally distributed among different molecules. Hence, hydrogen

{ ( Bsgich has molecular mass Zg/kmol, much lower than oxygen and nitrogen, movesn
averagefaster (~4 times) and escapes to space, while nitrogen, oxygen and argon do not reach

the escape velocity. Planets féner from the Sun havealower temperature, which is proportional

to the kinetic energy, and thus hydrogen cannot reach the escape velocity.

6.11 Some classical concepts: heat, work and enthalpy

In classical thermodynamicsheat (D) is the energy transfer across a boundanassociated
with microscopic motion (internal energy) due toa temperature difference.Work () is
the energy transfer resulting from aforce causing displacemenat a macroscopic level.
While the internal energy of a gas in a motionless container is kinetic energy, the
expected value of the velocity of a molecule is zero and thus macroscopically it cannot
produce work. In contrast, the forces exerted on the walls of the container by theltding
molecules are all of the same direction and give a resultant force (pressure times area)
whose expected value is not zero. Macroscopically, this can produce workhis is
illustrated in Figure 6.3.
By virtue of energy conservation, when a differential heat0 is supplied to a system
it will equal the increase in internal energy of the systemO plus the work done by the
system 1@ . The delta notation in0 and & expresses the fact that these are inexact
differentials, meaning that these quantities are not state functions, but path functions.
Internal energy is an exact differential, so that when the system moves from state 1 to
state 2 the change is AO 'O 'O. On the contrary, a similar equation does not hold for
0 and @ . Moreover, there is no meaning in writingd etc. We can only write, 10
W o .

Figure 6.3 Explanation sketch showing a piston movinginder the influence of the inside gas
pressurer) (the external pressure is taken zero).

Mathematically, we can write the energy conservation for the system &igure 6.3 as
10 A0 1w (6.78)

If the piston whose area i is moved byAc then the work produced isy 1 &w
nAw, or per particley0 10 Awfb 1 Ab. Hence we can write

10 A0 nAw (6.79)

or per particle
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M A nA (6.80)

Theseequations hold true for any shape of the containefas already seen irsection 6.9)
and any macroscopic motion of parts, because the force due to pressure is always
perpendicular to the surface. Now, because in the change we examine no leak or addition
of particles occurs, equation6.73) can be simplified to

A KO R (681)
By comparing equations(6.79) and (6.81) we conclude thah0 -A *H O

A 12 (6.82)

In classical thermodynamics, this serves as the definition of entropy.

It should be stressed thatequation (6.82) is valid only for reversible processes, in
which the entropy is already maximized. As a counterexample, we consider a container,
in which the molecules have temperatures—and—in the left and right half respectively.
Without adding heat 30 ) the entropy will increase as the temperatures will become
equal at the equilibrium state, in whichthe entropy will be maximized (see sectior6.14),
sothat> ° m8Hence,we rewrite equation (6.82) as

A 12 (6.83)

and clarify that equality holds for reversible processesA process with zero heat transfer
30 T is called anadiabatic process.f it is reversible, then equation(6.82) holds and
we havez “ 1t Such a process is callédentropicor reversible adiabatic
Another useful concept expressing théotal heat content of a system is the enthalpy
defined as (in natural units, per molecule)

-h - no (6.84)
which by virtue of the law of idealgases can be written as
I

“h- — = p— (6.85)
C
Converting to classical units, we find that the enthalpy per unit mass is
0 Q'Y (6.86)

Enthalpy, like internal energy, pressure, temperature and entropy, is an exact differential.
To find heat content changes we just multiply enthalpy changes by the ma¥ge will use
enthalpy to this aim in section6.24 and beyond.

6.12 Gasmixtures

While in a laboratory we may make an experiment with a single gas, in natural systems
(e.q., the atmosphere, seBigression 6.E) we usually have mixtures of gasesUp to now,
we have seen that it is easy to deal with mixturesf degrees of freedom (translational,
rotational, etc.), in which the constants that relate them to energy (massotational
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inertia, etc.) can be different in different degrees of freedom. As we have seen, the
principle of maximum entropy implies that the internal energy is equally distributed
among the molecules, as well as among the degrees of freedom of a molecule. We expect
a similar behaviour with mixtures of gases, which then can be dealt with as single gases
with appropriately specified constants, depending on the proportions of numbers of
molecules in the mixture.

We consider a mixture ofgas A with comprising 0 molecules witht degrees of
freedom with a gasB comprising 0 molecules withf degrees of freedom The total
number of moleculeso is

0 0 O (6.87)
The two gases share the common volum® and havetotal internal energy
0O- U - O (6.88)
From equation (6.25) we find that the total entropy (the sum of the two partial one$ is
S I ¢ B 1\
—1E —I K 01 01K (6.89)
q - q - v v

Maximization of entropy for varying - i subject to theconstraint (6.88)

g a = (6.90)
Thus, the total entropy can be written as
L e e L
q q q q (6.91)
O 1T 01 o61Dd 011
and dter algebraic manipulationsit becomes
= LW
= (6.92)
¢ — V]
where
. 0 0
I D ¥ (6.93)
0
is the average number of degrees of freedom per molecule, and
s e . L, .0 . 0 .
| h TT_’I = TT_'I Eh 10°h L,TI b’ L,TI b (6.94)

The entropy is equivalent to that of a single gas with degrees of freedom per molecule

In summary,equation (6.92) expressing the(maximized) entropy of the mixture does
not differ from that of a single gas (equation(6.25)), if we appropriately calculate the
characteristic constant of the mixture, 6y as above All quantities of the mixture in terms
of totals and meansre given inTable6.4.



214 CHAPTERG Z ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHASTICS

Table 6.4 Characteristic quantities of a mixture of two gases A and B in terms dbtals and
averages.

Total Mean
Number of particles 06 0 O
Mass 0 0 & 0 & a 0 & 0 a 7T
Energy O O O 0u- ©0- - Oro
Degrees of freedom 07 0T 01 f 0T 01 70
Reference D1 f IREY f I
temperature f I

: o .., 0. .,

Reference volume i D (TI b iTI b

The interpretation of the above results is that a mixture of gases, statistically behaves
like a hypothetical single gas with molecular mass, energy per particle and degrees of
freedom equal to the corresponding averages in the mixture of gasé®r an illustration
see Digression 6.G). Noticeably, the number of degrees of freedom in a mixture is no
longer an integer, but a real numberEach of the gases exert a partial pressudetermined
by the ideal gas lawand the sum ofall constitutes the total (e.g. atmospheric) pressure.
Nonetheless a mixture is not identical to a single gas aku strated in Digression6.F.

Digression 6.G: Specific heat of WAOOEJ8 O AOI T OPEAOA

Based on the characteristics of the gases constituting t#A OOES O AOI | GanedDA CEOA
and using the relations ofTable 6.4, we find that the degrees of freedom per molecule of the

mixture are 1 = 4.98. From equation(6.61), it becomes evident that the microscopic relation

involving & in Table 6.4 extends to the macroscopic molecular mags . Hence for this mixture

we find Mo = 28.96 kg/kmol, and'Y = 8314.463/28.96 = ¢ Y x 8'pkg't. Thus,0 (1 +4.98/2)

x 287.1= 1002.2* Mikg™, while the experimental value iso  p T 1t T™'kg™!] Fhe deviation is

only 0.18%.

6.13 Closed interaction of two bodies in contact

We considera containerisolated from the environment and separated into two parts by
a diaphragm, as seen iifrigure 6.4. Part A with volume @ contains 0 molecules with
averageinternal energy- andf degrees of freedompart B with volume w contains(
molecules with average energy and! degrees of freedom

The device does not allow exchange of mass between the two parts, or change of
volumes and thus the quantitieso , 0 ,f ho,0 1 are constant. The diaphragm allows
exchangeof energy but not mass Therefore, whatever the initial energies per particle,

and- ,be, the system willreach anequilibrium state in which these energies will change
so that the entropyis maximized. Yet the total energy should be conserved, i.e.:

6- 6- O 0- 0 - (6.95)
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A: (ea,Va, Nyp)

B: (¢, Vg, Np)

Figure 6.4 Explanation sketchfor the cosed interaction of two bodiesin contad, showing the
characteristics in each part of the system, where those typeset in black are known and those in
red are determined by entropy maximization.

The entropies of the two systems are:

| S-S ¢\ 0 (S ¢\
—1 & 01 &nh —Ii & 01 (6.96)
C - 0 C - 0

Sincethe parts are isolated, the total entropy will be the sum of the two partial ones:

(S-S I e B
1 —1E 01 01 & (6.97)
¢ - ¢ - 0 0

In the final state x EA A O A @ E i§O@n@ximization with respect to - and -
subject toconstraint (6.95), results in

— — (6.98)

and by virtue of (6.52),
- (6.99)

In other words, the temperatures of two systems brought in contactike the two parts of
the above compound system, will become equal. This reflects the Zeroth Law of
thermodynamics (seesection 6.26). It is readily understood that, since ° has been
maximized,

(6.100
)
where the equality sign applies to the case that the initial entropy was already at

maximum. The spontaneous increase of entropy, due to entropy maximizatiorgflects
the Second Lawof thermodynamics(see section6.26 again).

Tt

6.14 Open interaction of two systems in contact

In an openinteraction, the two systemsare allowed to exchangeboth energy andmass
This is assured by a hole seen iRigure 6.5, which allows molecules to move from one
system to the other.Here, mass conservation should also be consideress a constraint,
in addition to the energyconstraint. The possibility of mass exchange allows us to simplify
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the derivation by considering the entropy of just a single molecule, because, as we saw in
section6.7, in this case (and contrary to the case of closed interaction examined in section
6.13) we have unique intensive quantities, representative for both systems. Since we
study intensive quantities, we formulate the problem in terms of the probabilities that the
particle is in system A or B, namely0 and U , respectively, instead on numbers of
particles.

A: (SA, VA, PA)

B: (EB, VB, PB)

Figure 6.5 Explanation sketchfor the openinteraction of two systemsin contad, showing the
characteristics in each system, where those typeset in black are known and those in red are
determined by entropy maximization.

For one molecule, the mass conservation is expressed as
O 0 p (6.101)

and the energy conservation as

~

0- 0- - O T (6.102)

where O s the initial internal energy and 0 the number of particles.Because of mass
exchange, in both systems the molecule characteristics will be the same in the two
systems, i.ef I T,-° - -fand0 0 0. Based on equation(6.22), the
entropies per particle will be
S ox L W N
. TEIJ—Z | =h . TEII—Z I (6.103)

and from equation (6.39) the entropy per particle of the compoundsystemis

L] 0. l’). L]

TG\? TG\? 'r\[b 'r‘fb ¥y AR/ (6104)
— 1k —IE 0IE 0OIE 01D 010D
¢ - ¢ - Y Y

The Lagrangianto maximize is

6« _ 0 0 p _0- 0- -
O .= 10 .= .. . .
T—IITT—IIT 01 & 01 & 01D 010D (6.105)
¢ ¢ - v v

0 5 p _0b- O- -

Taking derivatives with respect to- AT -A we find
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O 10 5 h
- ¢ = - ¢ <
and equating them to zero we readilyobtain

S (6.107)

0 10 .
- 0 (6.106)

Which, by virtue of equation(6.52), results in equality of temperatures

&

- = T3 (6.108)
Taking derivatives with respect tod AT ®# we find
T O S ¢ .
=S o _  _- EI o {U—Z I D h
0 L R s (o109
T 6 p = = c Tz Uz
Subtracting these two, equating to zero, and utilizing - we find
I'D 1D 1T 1T (6.110)
which yields
s, W. LW
0 —=—-h 0 = (6.1112)
W
wherewh @ .
The maximzed entropies per particle arethen obtained as
N A N A Lo L AW
. T—| E 1 &h o T—| E 1 Eh T—| E i E (6.112)
¢ - 0 ¢ - v ¢ - v
and the standardized entropies are
|
S L I S O (6.113)
¢ - v

This is justified by the fact that, as a result of the proportionality of probability, and hence
the number of particles, the volume per particle is the sam®, «j 0, everywhere. As a
result, the density” & j 0 will also be the same and, by virtue of the law of the ideal
gases, the pressure will also bequal everywhere.

In conclusion, while a closed interaction results in equal temperatures of the two
parts, an open interaction results in equality of alintensive quantities: temperature,
volume per particle, density, pressure and standardized entropy per particle. This
expresses the macroscopic ultimate simplicity of a microscopically complex systeithe
macroscopic equality is accompanied by the ultimate microscopic diversity, so that the
microscopic uncertainty be maximal.This is implied by entropy maximization. If the
initial conditions differ from the ultimate macroscopicequality, thus corresponding to
smaller entropy, these conditions will change. The resulting spontaneous increase of
entropy, due to entropy maximization,againreflects the Second Lawof thermodynamics.
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6.15 Open interaction of two systems under gravit ation

We will now reexamine the problem of section6.14, but also taking graviation into
account. We now assume that the upper container A is far away from B, at an elevatipn
while Ais at zero elevation, as seen iRigure 6.6.

ry A: (EA, VA, PA)

X B: (¢g, Vg, Pg)

Figure 6.6 Explanation sketchfor the openinteraction of two systemsaffected by gravity, because
of their vertical distance ofd, showing the characteristics in each system, where those typeset in
black are known and those in red are determined by entropy maximization.

In this casethe energy conservation equation6.102) should be modified to include
the potential energy due to graviation of the molecules that are found in A, i.e.
0 - @ Qad 0- - (6.114)

where - is the total energy per particle.The expressions of the entropies of the two
systems do not change and thereforthe entropy per particle of the compoundsystemis
again given by equation(6.104). Thus, he quantity to maximize is

6« _0 0 p _0- a1 O- -

l

0 . = 0 . = SO ¢ T ¢ N
TTH_—ZTTH_—ZLH{—DH—ZMU 01D (6.115)

I
c
c

©

I

0
Taking derivatives with respectto- AT -A we find

1O 10

sr 1018 g (6.116)
T- ¢ = T- -7 '
and equating them to zero we readily findagain

... (6.117)
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This means that the internal energy and hence the temperature will be the same in the
two systems. Graviaition does not affect the isothermal state of the compound system.
Taking derivatives with respecttod AT & we find

1o O T\ O
T P - - aQ -l | ID—Z I D h
) G , (6.118)
T U Fo - . W .
= P _ _- -1 1= 10
To ¢ - V)
Subtracting these two, equating to zero, and utilizing - we find
d “Qd I T yO7 T O
TE — 1D 1D 1T Tk = (6.119)

where we have made aubstitution for _ from equation (6.116). Exponentiating the
latter equation, we obtain

'@ 0w

Aob
C- D W

p (6.120)

By expressing potential energy as a fraction of the total, i.&, "Qa ®- (where wis
dimensionless), and substituting p 0 for 0 we find the following implicit expression
whose solution gives :

T (I) 5 ’ 5 ’
Aob - —— p 0L W L (6.121)
cp @
For large & (or ¢) the probability 0 EOI 81 B AOEMNOAAERT | AO

I ® . .

Araf)T P VL w 0w (6.122)
and admits an explicit solution
: W
o Ag b_ww (6.123)
C

which suggests a neaexponential decay withincreasing
Accurate numerical solutions for a range afdare shown inFigure 6.7, from which we
can make the following observations:

 Ford& mthe probability for either system is 0.5 and the entire energy is internal.
This switches to the case we examined in sectidhl4.

§ For larged (or ¢) the probability 0 drops exponentially.

1 The more degrees of freedom the gas has, the higher the rate of exponential
decrease is.

1 For varying 4, the fraction of the internal to total energy which equalsp D , is
initially decreasing with @ (or &) up to a certain level ofia This is explained by the
fact that the potential energy increases withz. However, beyond that level this
fraction increases again as a result of thdecreasedprobability that a molecule
stays at the upper system.
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Figure 6.7 Variation of characteristic quantitiesin open interaction of two systems affected by
gravitation, as functions of thdraction of potential to total energy,c© & "Qd- for a gas with 3
or 6 degrees of freedom: left ) probability that a particle is found in the upper system Aocated
at vertical distanced above B; (ight ) fraction of internal to total energy per particle.

6.16 Equilibrium state of the air column

The system we studied in sectio®.15is not a reatworld system but an idealized one, yet
it hashelped us to develop intuition and know what to expect in the case of the entire air
column being at the equilibrium state. For example, we may expect that it is isothermal.
We will now reexamine the problem of section6.14, but for the entire atmospheric
column and taking gravitation into account. While in section 6.15 we examined two
containers with two probabilities, now we have an infinite number thereof, expressed
through a probability densify function "Qa , where @ is the altitude varying for zero to
infinity. The partition entropy, which in section 6.14 was the sum of two terms, now
vecomesthe integral

. I fQd Qu Ax (6.124)

Assuming a constant reference volumeo at each @, the conditional entropy for
altitude dais

20 . W
s q T—I = (6.125)
¢ - V]
Hence, the ttal entropy across the column is

. « 4700 Ay e (6.126)

The mass conservationequation is
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Qa Ad p (6.127)
and the energy conservationequation is
- o o 'Qa A - (6.128)

where - @ is the internal energy at altitude z and  is the sum of internal and potential
energy.

We form the Lagrangianby neglecting the constant terms in entropyas

f

0 < ItaQeAd 1 1QaQaAd _ Qo Ax p
(6.129)
- -G @ ood A -
Taking derivatives with respect to- & we find
0 &
T , T —  _ "Qd (6.130)
T-a ¢ a
and equating it to zero we readily find
- Q T—H - (6.131)

C—

where - is constant, independent ofa8This means thatthe temperature will also be
constant, and the atmospheric columnwill be isothermal.
Taking derivatives with respect to"Qa we find

T o0 A IR
; - aQ -1+ 11Q .
04 P _  _ a a c a (6.132)

Solving this for"Qa , making a substitution for _ from equation (6.131) and calculating
_ from (6.127) we obtain an exponential distribution

@ Q@ &
"Qa T—_A @D ! — (6.133)

On the other hand, from(6.128) finally we find
LS. . (6.134)

which suggests that the distribution of the total energy over the entire column into
internal, -, and potential due togravitationh |, is:
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- ——- h - ——- (6.135)

In other words, in terms of energy distribution, gravitation is equivalent to two additional
degrees freedom.
We canthus write equation (6.133) in the following two forms, by means of either the
total energy-  or the natural temperature,— ¢-jf as:
& @ oa . & @& qQ
"Qd T;A @D r ¢ h Q¢ —A@D— (6.136)

| DDA ODEBRM 1 O EOwil be proportional to "Qd . Considering the ideal
gaslawr v —{equation (6.59)), and the relationship between densitymand volume per
particle, 0HBA8 & j U (equation (6.62)), U and ) will also be exponential functiors of

. Specifically,
, Boa ., Boa ., RO
"o " AGDP——h0d UVAGB— hR¢ NAGD— (6137)

wheren isthe pressureatx 1m0 h —f AT A h & 1 j—Taking the derivative of
pressure with respect to altitude, we find:
AAoa L L
- — Q 6.138
74 —n « Q ( )
In other words, the hydrostatic law of pressure(equation (6.67)) is confirmed.
The entropy per particle for specified volumewwill be constant, independent of:

R
. 4 L I (6.139)
¢ = v

The standardized entropy per particle is

f

z oA i D d z N D d z “m d
e —| 4—2 I 47 . I +— .
¢ = 0 0

. D R V|
Aot h ] £ 1 & (6.140)
¢ = v

This is a linearly increasing function ofx. To be consistent with the literature, wedo not

call the resulting profile isentropic, despite the fact that & is constant. Rather, weall a

state isentropicwhen the standardized entropy, and not the actual, has constant enjpy.

As we have already explained, the standardized entropy, not the actumie, is an intensive
property and therefore it is meaningful to make comparisonge.g. if they are equal or
which one is greater) in terms ofintensive properties.

Summarizing, an air columnat equilibrium is isothermal but gravitation does not
allow it to be isobaricor isentropic. On the other hand, several quantities have exponential
vertical profiles, which arethe simplest possible extendingup to infinity. The exceptions
are the temperature and the actual entropy, which are constant, andhe standardized
entropy, which has a linear profile.

Different derivations of precisely the same equations havebeen given by
Koutsoyiannis and Tsakalias (2025), who notably also confirmed the equation using
simulations of the molecule$motion and collisions.
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6.17 Non-equilibrium open interaction of two systems in contact

We assumetwo systems of same composition According to whatwe have seenin
previous sections,if they are brought in contact and are allowed to exchange energy
(closed interaction), then they reach a state of equal energy per particle, or equal
temperature. If they are also allowed to exchange mass (open interaction), then they reach
full uniformity, with equal temperature and volume per particle, thus practically forming
a single systemThesestatescorrespond to equilibrium, in which entropy is maximizd

However, if there are external effects, the two systemsnay not reach full uniformity
and equilibrium state. Such cases are necessarily accompanied éxternally imposed
energy flow to counteract the heat flow from the hotter to the cooler bodylet us examine
the case shown irFigure 6.8, where we pump heat from system A anttansfer it to system
B.

A: (ea, Va, Py)

MOJ}
ABJou

B: (SB > Ea, VB'PB)

Figure 6.8 Explanation sketchfor the non-equilibrium openinteraction of two systemsin contad,
showing the characteristics in each system, where those typeset in black are known and those in
red are determined by entropy maximization.

We assume that there is uniformity within each container A and B, but not for the
compound system. System B is hotter than A (like in a heated room, beside one without
heat), and we assume the energies per particle AT A - A OB T 8Jhknown are
the probabilities 0 AT A O E ABDA O CHEN IAA AOAOPABOEOAT U

Since the systems are in close contact, we may invoke the momentum conservation,
at the border between system A and B, i.e. the momentum directed from A to B in tige

%nRo 10, equals that £OT"IOIM6R o 10 . As explained in section6.9,
momentum is proportional to pressure and hence the pressure in the two systemsibe
the same:

— (6.141)

<

BEI-AAc- 7 and0 @I  @7¥ 0 0), and likewise for B, we will have
-0 -0

= (6.142)

and hence
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Wj - s W]j -

0 — — 0 — —
W] - W] - W] - w]j-

(6.143)

The entropies per patrticle for each of A and B are given by equati¢6.103) and are
constant. The entropy per particle of the compound systemis given by equation(6.104)
after substitution of 0 1) from (6.143). The standardized entropies per particlewhich
are intensive properties,are given by equation(6.68):

z T T N "r‘] ~ z T N N ,f]
. — |1+ 1 h . -1 = 1 & 6.144
P q — n P C — n ( )
and hencetheir difference is
e? et p TEIE p TEIJ— T (6.145)

In brief, the standardized entropy per particle is greater in the system with the highest
internal energy per particle. However, the relationship between probabilities is reversed,
as they are inversely proportional to the internal energy per particle.

These characterize ansobaric state, where the pressure is constant everywhere. We
note that in this case, while we used the principle of maximum entropy to derive the
conditional energy per part, we did not use it for the compound system. The equality of
pressure did not allow any degree of freedom for @y quantity to be determined by
maximization.

Apparently the system examined is not at equilibrium. If we leave the systemo
spontaneously evolve, it will reach at the equilibrium state of complete macroscopic
uniformity, as described in section6.14. In order to keep the system in steady state, as it
appears inFigure 6.8, we should continually remove heat from Aand supply itto B. Its
raterjcanbeAAOAOEAA A A UDigdssibaBE wdichdn this Aase tgkes the form

n LO — — (6.146)
a
where Il denotesthe thermal conductivity, Athe areaand z the length of the connectar

Since the system is at steady state, thetal entropies * ~ «°h * ~ «” should
be constant intime & “TAd A “TAO ). Yet, entropy is continually generated in the
system and exported, at aexactlyequal rate, to the environment tihough the devices that
keep the temperatures constant {—h—). According to equation (6.82) the entropies
generated at each part and theompound system will be

A a. AT R AT R AR 18— —
D — —

h —— h —— — — = Tt 6.147

" i — (6.147)
This positive net entropy generation and export, while the system entropy remains
constant, is the signature of a steadgtate irreversible process.The generation and export
of entropy is another case, additionako those of Chapter 5 where entropy, a purely

probabilistic concept, behaves like a material concept.
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6.18 Non-equilibrium open interaction of two systems far apart

Continuing section6.17 on non-equilibrium cases, we reexamine the system of section
6.15 but now for known energies per particle- AT A - 8This inequality brings the
system out of the equilibrium and materializng it requires energy to be pumped from the
cooler system A to the hotter system B. The situation is seenhigure 6.9 and is different
from that in Figure 6.8 in that the two systems are far apart and thus the pressure is not
the same in both. This entails a degree of freedom and gives room to entropy
maximization to find the unknown probabilities 0 and 0 that a particle is found inpart

A and B respectively.

T A: (ea,Va, Py)

moy) ABiaug

- B:(SB >8A1VB'PB)

Figure 6.9 Explanation sketchfor the non-equilibrium openinteraction of two systemsin contad,
showing the characteristics in each system, where those typeset in black are known and those in

red are determined by entropy maximization.

The quantities involved are similarto thosein section6.15 after replacing the energy
constraint equation (6.102) with the known - AT A8Therefore, Lagrangian in now
formed by omitting the energy constraint from equation(6.103), thus getting

O « _0 0 p
0 . = 0 .= .. W . e o
T—IJ—ZT—IJ—Z 01 & 01 01D 0ib (6149
¢ -* ¢ ~-* 0 U
- L Vv p
TakingAAOE OA D ORBOBODALDT R x AEET A
T 0 ez .. W L
T _ ik bi& 1Th
5 o , (6.149)
— P 1= 1= 10
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Subtracting these two and equating to zerave find
- - S ¢
¢ - ¢ - v Y

10 1
Exponentiating the latter equation,we find

e (6.151)
- w

C“ll C

The temperatures and volumes per particle will be

G- G- 0w W W
— —h — —nh U — T h v — v (6.152)
1 I 0 00 6 00
Hence, from the ideal gas law we find that the pressures are
— ¢ 7T -0 . — ¢b-0
v @166 T e TV T e (6:153)
By taking logarithms and subtractng we find
N N T N N T 3 4 PR
I I I p 3 [ p < I B (6.154)

On the other hand, taking the differences of the standardized entropies per particle in
the two parts, as given by equatior(6.144), we find

f

«f et pEiI—‘li— [ (6.155)
and by virtue of equation(6.154), we concludethat
R | (6.156)

In other words, the two systems are nowisentropic, rather than isobaric. The actual
entropies per particle are as in sectior6.17, while it is not meaningful to calculate their
difference as these are not intensive properties.

The above analysis shows that all quantities do not depend on the altitudeThis may
sound paradoxical, but it is notasthe two subsystems have equal standardized entropies
and fixed temperatures. However, as we will see in the next sectidhl9, the altitude
enters the scene when we examine the entire atmospheric column.

From the aboveequationsit is easy toseethat the following quantities are the same
in both A and B:

«*h  —=O0h —h /O (6.157)

n
The same equations areharacteristic of an isentropic change (or reversible adiabatic
change of a smgle system A differential change of this type is characterized by
A* 1 SnceA ® 70j—(equation (6.82)), we also have1Q = 0, i.e. theprocess
involves zero heat transfer. We should stresgthough, that anisentropic change of a single

system is different from the coexistence of two differentonnectedsystems with the same
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entropy. As we have shown in detail, that coexistence presupposes continua@snoval
transfer from the cold to the hot body and generates entropwat rates given again by
equations (6.146) and (6.147), respectively.

We may observe that the requirecenergytransfer to sustain a temperature difference
at typical atmospheric ranges is smallSpecifically, equation(6.146) can be written for the
heat transfer per unit area,rj, asf lohx EA QA T4 (and in natural units
®w — — T& "o . Assuming a typical value ofp  @® +7TE | (see section6.24)
and still air, so that we only have conduction, with conductivityl of the order of 0.02
W/(m K), we havery lloo mt@j I + mimepi pm7 M . This value is
exceptionally small and thus negligible, yet conceptually it is important to know that
energy transfer exists and that without it the lapse rate would bep 1t (isothermal
state).

6.19 Non-equilibrium state of the air column

To investigate a norequilibrium state in the air column we impose two additional

constraints in those already set in sectiorb.16 that violate the isothermal state. Namely,
we choose two levelsd  tand@ "Qand set their average kinetic energieste AT A

respectively, satisfying

e — (6.158)

where - is the average kinetic energy per molecule in the column anrd also includes
the potential energy due to graviaition. By inspecting the derivations insection 6.16, we
conclude that they still hold for this case, with the exception of abrupt changes in the two
levels of known average kinetic energiesin other words entropy maximization results in
the following profile:

-h a m
- a - a 0 (6.159)
- T OEAOXEOA
While mathematically this (@lmost isothermal) profile is the one derived from
maximization of entropy, it is not physically plausible.Physical reasoning implies that
there will be diffusionata manda "Qwhich will smooth out the transition - @ T

to- a - by making the gradientA-j Q&® A—Ad finite. This implies heat transfer,
which, according to the& T O O E A O 8 Digrdssior3.E), WilAbA (per unit area):
A
A C —— 6.160
n a I i ( )

Empirical evidence suggest that I E @ot constant but increases with temperature.

For simplicity, we assumesimple proportionality (cf. Kemp, 1962;Takhar et al.,2004):
Il I Y 6.161
oy (6.161)

where I HY is an anchoring point. This results in
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, Il —A—
N A Lm (6.162)
L {

Now, this nonequilibrium situation can necessarily be accompanied bythe
absorption or removal of energy from the mass of the gaket ‘'Od be energy inflow, i.e.,
the volumetric energy generation rate (in W/m3) inside the gas atevel ¢ (or absorption
if negative). We can decomposéOa into two components,0a ‘O a O a, with
the two components denotingradiation and heat, sensibleor latent. For a unit area and
height Ad, energy conservation demands that

. ., Aja ., e
ha A na A ng oikd (6.163)
and hence
Mo,
— 6.164
% O ( )
Combining this with equation(6.162) we find
Al O 6.165
BR—k O (6.169)
For simplicity we try a constant energy inflow independent 64, i.e”Od  "OThen
AL () (6.166)
R — R |
which implies
s ® Q@ 6.167
—r . (6.167)

where @ is an integration constant. This differential equation has a closedeneral
solution, but herewe adopt the following gecial solution, which is a linear function oftx:

— — wa (6.168)
where "Y is the temperature atd 1and @ is the minus temperature gradient(the lapse
rate). Combining equationg6.167) and (6.168), we readily find

leo . .
o — mm & 1o (6.169)

The negative value ofOmeans net heat removal from the gas mass, which is possible
through radiation emission (see Chapter 7?2 or dominance of radiation emission over
heat absorption.

The actual quantity of netenergy removal per unit time is tiny. We assume, as in
section 6.16, a standard value of®  @® +¥E [ and still air, so that we only have
conductivity I of the order of 0.02 W/(m K). After conversion to Sl units, we haveO

Il wjYy mic7ji + minewjl Tcuyy o pm7ji .Multi-
plied by the height of the troposphere in the standard atmosphere, i.e., 11 km, this yields

A
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a total net heatremoval of@ o pm 7ji .Thisbecomes X pm 7ji forw
of the order of 10 K/km. Both these are negligible quantities, yet important to sustain the
temperature gradient . The removed energy per unit time (i.e. power)from the mass of
the atmosphere is counterbalanced by an equal amount of positive power imbalance
warming the ground, so thatoverall the processes are balanced.

Combining the linear temperature profile (equation (6.168)), the ideal gas law
(equation (6.59)), the relationship between density” and volume per particle0HBAET
& j L (equation (6.62)), and the hydrostatic law of pressure (equation (6.67)), and
expressing all variables in terms oftandr), we find

Qn  a "Qn

94 — od (6.170)
The solution of the differential equation is
ha %‘ - (6.171)
where 1| is the pressure atdt Tt The other state variables e given as
g S0, 2y oy T 20 (6.172)

— SN
Since the probability density of a particle being found at elevatio@is proportional to
the density” a ,the former will be:

0y B, @9 (6.173)

The entropy per particle for specified volumewat elevationais

L= LW S wa . L= LW
e q T—Il—z‘ | &= T—IIp — h -hT—Il—Z | = (6.174)
¢ — v C — ¢ — v
The standardized entropy per particle at elevationdis:
cq TR g RE L L, S0y, 04y
f C 'z 'L‘)z C p (b p

(6.175)

—x

CROTE 1B

¢ — V]
By taking the limits as@ © Tttin all above equationswe recover the equations for the
isothermal atmospheric column, as given in sectio®.16. In particular, in the limit the
entropy becomesa linear function of ¢ as inequation (6.140).

Multiplying «* & <+ by Q& so as toconvert it to Sl unitsand making use of
the equations in section6.10, after algebraic manipulations we find thatthe classical
entropy per unit massat elevation a differs from that at zero elevationby
) | 1p —— (6.176)

< S A -
- Y
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We observe thatif @ "FOHw o®p O Fprnme EC m8um i
ofp+j E | (where the value of & of dry air was found in Digression 6.G), the difference

i & [ becomes zero and the atmosphere is idry isentropic state. Furthermore, from
equation (6.172) we infer thatif @ & 'O @ XY, the density becomes constant.
This state, often mentioned asiomogenousis included here for completeness, noting that
it never occurs in reality. However, states with lapse rate higher than that of the dry
isotropic (0 "(Foo o K/km) are observed, albeit rarely, and are known as
superadiabatic Another state, which carsometimesbe met in the real atmosphere, is the
inversion, in which the temperature increases with altitude Graphical illustration of the
different cases is provided inFigure 6.10.
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Figure 6.10 Difference of entropy per unit mass atlevation a from that at zero elevation for the
indicated atmospheric statedor dry atmosphereand for three temperatures™Y at zero elevation:
288 K (continuovus lines, 258 K (dotted lines) and 303 K (dashed lineshe lapse rates arec
AICEROT OEAORMBA Fw 9.8 K/km for the isentropic state; XY= 34.2 K/km
for the homogenous stateand @ 6.5 K/km for the standard atmosphere The specific rates
chosen for illustration of the superadiabatic and inversion states are 12 K/km andz3 K/km,
respectively.

It is stressed again that the norequilibrium cases, i.e. all above except the isothermal,
are accompanied by heat absorption or removal from the mass of the air. As we have
illustrated, even tiny amounts of that heat inflow are accompanied by large depantes
from the isothermal (equilibrium) state. Hence, the actual profile of the atmosphere,
including the lapse rate, is in perpetual change. An illustration is given iRigure 6.11
based on radiosonde data (see sectiof.24 about radiosondes). We see that changes
occur, even within hours, not only in the surface temperature but also in the lapse rate.
For example, in the same day with a difference of 12 hours at the station Tucson, Arizona,
the temperature increased from nighttime to daytime byl4 K and the profile from
inverted (w 73 K/km) became superadiabatic(ow  10.5 K/km). Near isothermal, or
slightly inverted, is the nighttime temperature profile at Guimar-Tenerife (Spanish
island). The profile shown for Athens is close to dry isotropic. The mechanisms
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responsible for macroscopic changes, spatial and temporal, in temperature and its
gradient are qualitatively discussed irDigression6.H.
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Figure 6.11 Lower troposphere profiles as observed by radiosondes at the indicated sites and
dates. The slopes noted are calculated by linear regression on the points showrthe graph (not
the entire range covered by radiosonde data). The profiles with continuous lineorrespond to
daytime and those with dashed lines to nighttime. For comparison, the standard atmospheric
profile, as well as the slope of the isotropic profile are also shown. Tlikata were retrieved from
the University of Wyoming Atmospheric Science Radiosonde Archive
(https://weather.uwyo.edu/upperair/sounding.shtml ).

Digression 6.H: Mechanism s leading the temperature profile out of
equilibrium

The mechanisms responsibldor changes in the atmosphere, thus leading to departures from the
equilibrium (i.e., theisothermal atmosphere) are:

1 the warming of the soil and liquid water by the sunshine during the day and their cooling
during the night;

i the water evaporation and transpiration at the surface level and condensation aloft;

9 the convection, and the implied vertical transfer of sensible and latent heat;

1 the winds caused by spatial temperature differences and influenced by Coriolis forces.

These are not static forcings, but processes, i.perpetual changes in theatmosphere The
processes occur on different time scales, some of which are too smallébthe atmosphereevolve
to the equilibrium (isothermal) state. These processes occur at a macroscopic level, with the
motion of masses of air, typically referred to as parcelésee section6.25). According to van
Wijngaarden and Happer (2023), it takes a very long time for appreciable heat to flow into or out
of a parcel of reasonable sizbecause of the very small thermal conductivity of aiVWhile this is
true, we may note that temperature gradients also appear in the ocean, which can be much higher
than the atmospheric for some layers in the tropicseven though the thermal conductivity is about
25 times higher. Also, deep temperature gradients appear in the atmospheres of other planets (cf.
Koutsoyiannis and Tsakalias, 2025), including those with higher thermal conductivity (Jupiter
and Saturn, where excessive presence of light hydrogen molecules facilitates rapid energy
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transfer). In other words, non-equilibrium states are the rule and are not incompatible with the
principle of maximum entropy, if this is viewed at multiple temporal and spatial scales (see
sections3.7 and 3.8).

The tendency to the equilibrium is continually distorted by numerus processes acting on
different characteristic time scales. In the atmosphereht driving mechanisms of these processes
are the following and will be further discussed, with some quantification, irChapter 7

1. Clouds form and disappear, strongly affecting theshortwave and longwave radiation
processes.

2. 4EA %AOOES O OOOAAAA EO dhort@aveerhdiatio dbsofpliodénd ET  OA O
reflection (spatially and temporally varying albedo).

3. Earthis round (not flat) and the sunrays come with different slopes at different places.

4. Earth rotates around its axis on a daily basis.

5. Earth rotates around the Sun on an annual basis.

6. WAOOEGO 1T OAEO AOI OT A OEA 301 EO A1 EPOEAAI h OA
bodies.

7. The climatic system(see its definition in Chapter 8 is complex and is subject to irregular
changes by internal processes and external forces (e.g. volcanos).

8. 4EA O1 1 A0O OAAEAOQEIT EO OOAEAAO OI AEATCA AOA O

9. 10 11T17¢c OAAI AGh AOGOGOITTIT I EAAT AEAT CAOdugtoEl AT ET

implied changes in radiation reaching the Earth

6.20 Phase change

When two systems that are brought into contact are from the same substance (e.g. water)
but in different phases, e.g. system A is gagfpour) and system B is liquid (water)or solid
(ice), then the equation of energy conservatiomeeds to be adapted tanclude the phase
change energyi.e. the amount of energy per molecule to break the bonds between
molecules of the liquidor solid phase in order for the molecule teswitch to the gaseous
phase(evaporation). Also, the degrees of freedom in the two phasease different.

To derive the law describing the coexistence of gaseous and liquid phases,study a
single molecule Figure 6.12) and maximize the combined uncertainty of its state related
to:

(a) its phase (whether gaseous, denoted as A, or liquid, denoted as B);

(b) its position in space; and

(c) its kinetic state, i.e., its velocity and other coordinates corresponding to its
degrees of freedom, all making up its thermal energy.

In a similar manner wecanstudy the coexistence of gaseous and solid stateuplimation;
see also sectiorb.21). The analysisthat follows was first presented, in somewhat different
formulation, for water vapour over liquid water by Koutsoyiannis (2014a) and over ice
by Koutsoyiannis (2024).

The partial entropies of the two phasesi.e.,the entropies conditional on the particle
being in the gaseous (A) or liquid (B) phase, are:

N Y T Y
e —1TE 1R « & =1 Fk 1= (6.177)
C - 0 cC - 0

The total volume isw and the total number of particles is0 . We further assume that the
liquid phase is incompressibleso that the volume per particle
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U — oo (6.178)
0 0L
Is constantand hencethe conditional entropies can be written as
oz .0 0DULO . I .= L DULO
. —l = I +—————h —Il = | (6.179)
¢ - V) ¢ - V)
= =
Gaseous phase A
Temperature, 6
v, * Saturation vapour pressure, p
r<<
(Total Liquid
volume) phase B
e

Figure 6.12 Explanatory sketch indicatingthe basic quantities involved in the equilibrium of

water vapour with liquid water, zooming inon asingleOO B U AAOI A xEEAE OOOEAO
by maximizing the combined uncertaintys related to its phase (being either gaseous or liquid

with probabilit ies P..and Pg, respectively), position and kinetic state.

The unconditional entropy is:
e U O e . (6.180)
with corresponding partition entropy:

~ N S

«h 01D 010D (6.181)

The two phases are in open interaction and theass and energy conservatiogonstraints
are:

6 0 ph O- O - , - (6.182)

b o0 0O _O0O O ph _0- 0- , - 010D
v o A
010 (6.183)
Taking derivatives in (6.183) with respectto- AT A we find
0 0 . 0 0 .
TOTY 55 TOTO 5 (6.184)

- ¢ - - ¢ =
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and equating them to zero we readily find

% Z— _ (6.185)
By virtue of equation (6.52), the temperatures will be equain both phases
— - 'T;— ?— (6.186)
Taking derivatives in (6.183) with respectto0 AT & we find
0 SO
To ¢ 6.187
) VIVY f L (6.187)
5 ; AT ° _ — p — I D
To W LOLU C -

The denominator of the first term off P! 0 can also be written a) 1} 0§, and hence the

fraction equalsb 70 , which is negligible, becausé L U .Equating the two derivatives
to zero, andeliminating _ x AEET A

. p?if) . T—p_—‘lf) (6.188)
$AT 1T O©ETC 1 D (cf.Digression6.C),this can be written as
: (R R
° ° p

oo 1

— - = — 6.189
¢ ¢ Q- — ¢ Q P ( )

It is useful to note here that, if we multiply both sides of equation(6.189) by —-the
resulting quantity

(6.190)
is the latent heat of vaporizationper molecule.

The standardized entropies per particle in the two phases expressed in terms of
—h are (from equation (6.68)):

N | — . D
o’ p T— I+ | ﬂzh o’ T—I — | = (6.191)
C — n S v
The entropy difference is
z z i T T T N "r‘] 'l I 3 U T 3 "_Z
. . W — pl+= T I=h whl & —I (6.192)
¢ C n v C
Hence
N P S —
- () | = | = 6.193
¢ Q P ¢ Q Pl E n ( )

Solving(6.193) for I T and substituting to (6.191) after algebraic manipulations we find
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v Lo L oh e L (6.194)
¢ C ¢ — — ¢ —
Notice the termf | ¢ (rather] j¢)in e« “,which is a necessity fo(6.189) to hold true.
Now, exponentiating(6.193) we find

i 2—/& gD — (6.195)
Assuming that at some temperaturd o, p(J o) = po, we write (6.195) in a more convenient
manner as:

h nAgs-p — — (6.196)

In the classical thermodynamicaformalism, this takes the form:

I‘I l‘I A Q B p "Y "Y 6 19;
"Y "Y ( . )

H ~’ I I II T T ' ' 6 198
| -QHY | : : p !Y ( . )

and o is the specific heat of the liquid phase

A detailed gplication of the above framework tothe phasechange of wateris given
in section 6.21, combined with proof of its accuracy. Note that, once the constants in
(6.196)7(6.197) are known, their numerical evaluation is direct as the derived equation
is closed forr) as well as for—or “Y Specifically, the inversion 0{6.197) yields

v "Y:_ : ‘ 6.199
o :—MD :— h”— (6.199)

where w & is the Lambert W function of z (non-principal real branch; seeAppendix
6-1).
Now, if we take the differentialin equation (6.189) we write

A z z Ty ’ ’Q - z z T T ’Q—
Ae . —= —— . . — — p — (6.200)
Likewise, from equation(6.192) we have
. , I I Q—1Qn
A . — — — - 6.201
¢ gq g n ( )
Equating the right-hand sides of the two, after algebraic manipulations we find
z z ’Q - ’Q r‘]
. o — = (6.202)

— N
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or

an .. N (6.203)
Q — —
After conversion to classical units, ltis is the welkknown ClausiusClapeyron equationa
differential equation whose solution, under the assumption stated, is obviousl{6.195).
Here we derived it as a result of entropy maximization, just for the completeness of the
presentation. In fact, the differential form is not necessary because in application only the
closed solution is actually needed.

As a cautionary notejt is useful to mention that in several tassical and statistical
thermodynamics books the ClausiusClapeyron equation is typically integrated using an

incorrect assumption of a constant latent heat, - " — ,.Thisresults in the
quite common solution:

- . 0
y ) - N — 6.204
n ©wA@Db = A @D oY ( )

which however isinaccurate.

In closing this section, it is useful to emphasize the importance of the results
presented. They determine how much water can be evaporated (and subsequently
condensed in the atmosphere), thus providing the physical basis of the hydrological cycle.
And as has been shown, the scientific foundation of the characterization of evaporation
relies on the combination of entropy maximization (equation (6.180)) with energy
availability (equation (6.182)). The water availability is another factor determining the
quantity that is actually evaporated. Further information useful for the characterization
of atmospheric water is given insection6.21

6.21 Phase change of water

As we have discussed iDigression6.E, the water molecule, as triatomic molecule with

nonlinear structure, has] ¢ degrees of freedom in its gaseous phas€&he number of

degrees of freedom in the liquid phase is greaterthdn AAAAOOA 1T AAEGROED @IOAE
of water molecules. Specifically, in addition to the translational and rotational degrees of

freedom of individual molecules, there are local clusters with low energy vibrational

modes that can bethermally excited. The average number of degrees of freedom per
molecule (individual and collective involving more than one water molecules) is very

high,t p Ye.g. Fraundorf, 2003). Hence the constant h 1 j¢ T jg p uv8Ne

slightly modify this value to | L8t pto agree with the experimental quantity

O @Y.

To avoid ambiguity, while in section6.20 we used the symbolr) for the (partial)
pressure of the substance coexisting in gaseous and liquid (or solid) phase, in what
follows we will replace it with ‘Q(which is typically used in meteorology) and reserve n
for the total pressure.

To anchor our relationships on the phase transition of water, @ choose as reference
point the triple point of water, which is experimentally defined with accuracy as”Y =
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273.16 K & 0.01°C) andQ = 6.11657 hPa (Wagner and Pruss, 2002l is recalled that
the triple point of a substance is the state (temperature and pressure) at which the three
phases (gas, liquid, and solid) of that substance coexist in thermodynamic equilibrium.
The specific heat of water vapour for constant pressure, again determined at the triple
point, is ¢p = 1884.4 Jkg! K21 and that of liquid water iscL= 4219.9 J kg! Kz (Wagner
and Pruss, 2002), so that.z co= 2335.5 J k@' K1 and (c.Z ¢p)/ R= 5.06, where thespecific
gas constant of water vapour iR= 461.5 J kg! Kz1 (Digression6.E).

The latent heat of vaporization is determined byequation (6.190), which after
conversioninto the classical formalism(noting that "Q & Y) and perunit mass will be

oh = = L By o Ly (6.205)
& N a C C P& a C C P '

or

0 a— ® ©"Y (6.206)

The experimental value o) atTois0 = 2.501 x 1¢ J k@! so that

: . v . ., , P
_ * S -

2 0 w 0Y opowpmn*ECh]| h TV &Yy ¢ Bo¢g (6.207)
where we have slightly modified the last two decimal digits of the constant to optimize
its fit to the data (see below) and

0T *E C opowpm OO+ C®TPPT COooP# (6.208)

In Figure 6.13 it is verified that equation (6.208) is very close to tabulated data from
Smithsonian Meteorological Tables (List, 1951) as well asa commonly suggested
empirical linear equation for latent heat (Shuttleworth, 1993) It is important to know
that the entropic framework which gives the saturation vapour pressure is the same
framework that predicts the relationship of the latent heat of vaporization with
temperature.

With the above values of thermodynamic propertiesgquation (6.197) becomes

!'Y ..Y 8 . . .
Q QADR BC @ v v h Y ¢x®pehQ opp o &R, (6.209)
For comparison,equation (6.204) (based on the inconsistent integration of the Clausius

Clapeyron equation for constant) is

y
Q QAR @&@Tp v (6.210)
This can also be derivedby using the Newton-Raphson numerical method of
approximation (notice that 19.84= 24.927 5.06) at aninitial condition “YI'Y p.
Empirical equations based on observations are in common usé&hese are regarded
to be the most accurate but in fact are less accurate tharf6.209) (see Koutsoyiannis,
2012). Figure 6.14 compares the two theoretical equationg6.209) and (6.210) also with
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one empirical. All seem indistinguishable. HoweveFigure 6.15, which compares relative
differences from measurementsglearly indicates the inappropriateness 0{6.210).

2.65 - -

Theoretically derived

;5 26 A Obsened (tabulated)

g : -~ -+ -- Common empirical

§ 255 -

<

1<

Q

w 2.5

-

2.45 A

2.4 -

2.35 T T T T T T T T
-40 -30 -20 -10 0 10 20 30 40 50

Temper at

Figure 6.13 Comparison of latent heat of water as given by equatiof®.208) and with standard
tabulated data from List (1951), as well aswith a commonempirical equation (Shuttleworth,
1993), which isOF *E C C® mpp M ¢ o @YW #Source: Koutsoyiannis, 2012.)

1000 -
Magnus type (by Alduchov & Eskridge)
— — — - Clausius-Clapeyron as proposed
------- Clausius-Clapeyron for constant L
100 -

10 ~

Saturation vapour pressure (hPa)

0 . 1 T T T T T T T T
-40 -30 -20 -10 0 10 20 30 40 50

Temper at

Figure 6.14 Comparison ofthe saturation water vapour pressure obtainedby the consistent
equation (6.209) as well as by the standard but inconsistent equatioi6.210). In addition, an
empirical equation, FE 0 A M AP H ¢ WI | ¢ 181 "WI from Alduchov &
Eskridge (1996) is also compared. (Source: Koutsoyiannis, 2012.)



ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHAZ3@S

f 8 —o— Proposed vs. IAPWS  —e— Standard vs. IAPWS
a —a— Proposed vs. ASHRAE —a— Standard vs. ASHRAE
x Proposed vs. Smiths. x  Standard vs. Smiths.
6 4 - Proposed vs. WMO + Standard vs. WMO

Relative difference (%

-40 -30 -20 -10 0 10 20 30 40 50
Temper at

Figure 6.15 . Comparison of relative differences of the saturatiowater vapour pressure obtained
by the consistentequation (6.209) as well as by the inconsistent equatioii6.210), with observed
data. Four reference data setsire used, which are given in tabulated fornirom different origins:
(a) the International Association for the Properties of Water and Steam(IAPWS), (b) the
Smithsonian Meteorological Tables (Smiths.), (c) the World Meteorologic@lrganization (WMO)
meteorological tables, and (d) the American Society of Heating, Refrigeratiagd Air-conditioning
Engineers (ASHRAE)Source: Koutsoyiannis, 2012.)

For the saturation water pressure over ice where the equilibrium is between gaseous
and solid phasesijt suffices to replace inequations (6.197)-(6.198) the specific heat of
liquid water ¢ with that of ice, @, and the latent heat of vaporization with that of
sublimation, resulting in a constant to substitute for & . Following Ambaum (2020), we
adopt the value® ¢ mWKC + and hence @ o FY & @&Optimizing the
average relative square error from benchmark values provided by Murphy and Koop
(2005; Appendix C) for temperatures 150 to 273.16 K, we find ¢ @ padence, the
equation for the saturation water pressure over ice becomes:

% 8

D e e, "Y o 5 S
QY QAR @p @ v oW NY CoxPe odpeER . (6211)

6.22 Quantification of water vapour in the atmosphere

In all the above derivations and applications on the phase change of water we did not take
into account the fact that the atmosphere contains other gases. And indeed, the presence
of other gases does not have a role in the process. The pressealculated by equation
(6.209) is known asthe saturation water vapour pressurdlt is the partial pressure of the
water molecules alone.The latter is a function of the temperatureQ Q"Y, while, as a
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result of entropy maximization, the temperature”Yis the same for the molecules of all
gases.
As wewill seebelow (section6.24), in the tropospherethe atmospheric temperature
Is decreasing with the increase of the altitude. AQ"Y is an increasing function équation
(6.209) and Figure 6.15), the saturation water pressure is alsaecreased at high altitudes.
Therefore, at high altitudes the water availability often exceeds that implied by the
decreasedQ"Y and in this case the water vapour condenses in liquid or solid phases,
forming clouds. In other cases, the water availability is lower than implied b2 Y. In this
case the actual water pressure, which we deno&s'Q, is lower thanQ"Y.
The ratio
. Q
Yh QY (6.212)
is called relative humidity. The temperature at which a given air mass will reach
saturation is calleddew point “Y. This means that

YhQ Qv Q QY (6.213)

where Q denotes the inverse of functionQ“Y. Asthe relative humidity is the ratio of
vapour pressures,it is often useful to quantify the presence ohumidity in terms of the
ratio of masses or densitiesThis quantfication is done by thespecific humidityr), and the
mixing ratio i , defined as

h m - h i h ”—h ——nh | _— 6.214
f f p 1 p N ( )
where” and” are thedensities of water vapour and dry air, respectively.
It is easily shown that™Y,r) andi are oneto-one relatedthrough
P Q P YQ w N n
; . ; 8 Y o 6.215
n p 171Q n p T YQ Qf  p T 1 ( )

whereT is theratio of the molecular mass of water to that of the mixture of gases in the
dry air. FromDigression6.E, the former is 18.015kg/kmol, and from Digression6.Gthe
latter is 28.96 kg/kmol, so that] = 0.622.

If we know the temperature and the dew point, then the relative humidity is
calculated as:

N QY
oy

A Y Y 6.216

~ ~ (6.216)
where, as we have seen isection 6.21,"Y = 273.16 K ® = 24.921and & = 5.06. The
inverse relationship is

o
v v ] _
o @Y igp & Y (6.217)

w » Y 0 Y

where w @ is the Lambert W function ofz (non-principal real branch; seeAppendix
6-1).
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6.23 Moist air and the moist isentropic profile

As seen inDigression6.E, the characteristics of the air as gas mixture depend on those
of nitrogen, oxygen, argon and watevapour (Table 6.3). The first three are well mixed in
the atmosphere, but the mole fraction of water vapour, while averaging to 0.4% globally,
varies considerably in space and time. Ithe full absence of water vapour, we have the
dry atmosphere,whose standardized entropy per particle, according to equatioK6.68),
IS

. L

P S

However, when there is moisture in the atmosphere, whose partial pressure § the
standardized entropy per dry-air particle is

: T s
. — 1 ]
pC L3

i (6.218)

NN
—
J;]'L-,—
¢

B Q
Jﬁ—zh (6.219)

To find the total standardized entropy for a mixture consisting ofy particles of dry air
(treated as a mixture of the well mixed gases; see secti@l2), O particles of water
vapour and 0 particles of water in liquid phase @roplets in clouds), we consider
equation (6.194) and write

z " T\A_\Ar‘] 'Q
0 p?ll_—ZIIT
n (6.220)
l’j(I)T—T—pT—‘IAZ_'—U(I)T—iAIT_
¢ q ¢ — — ¢ —
Settingbh 0 H O weget
. Iy — N Q - 1=
v p — I = I+ v 0 —I
G — n ¢ —
(6.221)
M R
— ¢ C

In an isentropic change from state 1 to state 2 we will have’ * 1 whileb and0
are constant andd h-)HQvary. Hence considering equation(6.190), we write :

. r .= . n Q 1 = . _ . _
m U — I+ | v —I+~ v — v — 6.222
P lE T3 B0 =06 = (622
Dividing by 0 , weget
I .o— .n Q@ 671 . — 0 _ 0 _
n p —I1+IiI— —1+ —= —= (6.223)
¢ — n Q9 6 ¢ — 0 — 0 —

To convert “j U to the classical unitswe multiply by 'Y and use the mixing ratio,
so that, ©onsidering equations(6.63) and (6.214), we have
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i h i 04 0 ¥ 0 ¥ 'Y 6.224
| — = | )
" L d o'y )] ( )

and considering equation(6.205) we obtain
. Lo 11 v i n Q1 0 10
T o I ® v Y ~

(6.225)

wherei is the total mixing ratio of water in gaseous and liquid phase&quation (6.225)
does not have a closedolution but needs to be solved numerically. We asme that Y

“Y (so that saturated air at state 1 remains saturated also at sta) and designat as state

1 the one in whichall water molecules are at gaseous phaseo that 0 0 i

i and henceld 'Y jO i'Y 1Y, because both water phases have the same
constant R). Depending on particular conditions of the occurrence of a change, we have
the following cases

1. Moist isentropic (also known asmoist adiabatic): The total mixing ratioi in
equation (6.225) is constant (we do not have leak of water)rhis remains the same
at state 2 { i i i).

2. Pseudaisentropic (also known aspseudoadiabati¢: The water that is converted
from gaseous to liquid phase does not remain in the air but is removed through

precipitation. If the differencean h 1 1 is small, we can set i , and once
we find “Y from equation (6.225), we can calculata for “Y and assume that a
water quantity proportionalto i i has precipitated.If 31 is large, we subdivide

it to smaller steps and apply thesameprocedure iteratively, updatingi  with i
for the next iteration.

3. Simplified pseudaeisentropic. This is an approximation used very often for both
previous casesin which we disregard the details. Specifically, we drop @ in the
first term in equation (6.225). The approximationworks better for the pseudo
isentropic case, but the error is not large even for the moissentropic case.

Numerical illustration and graphical comparison of the three cases are shown in
Figure 6.16, with initial conditions r; 1010 hPa (close to the standard atmosphere of
1013 hPa) and’Y cyy + j AT T OA O OEA AOAOACA %AOOESD(
were done for steps ofary p 1E 0ABOA DIE @ BARAO O EFAGFpSeudoadiabatic
and the simplified cases are virtually indistinguishable, while that of the wist adiabatic
gives slightly higher temperatures. For additional comparison, thelry isotropic caseis
also shown the figures. In thisall quantities related to the presence of water are zero, so
that equation (6.225) becomes

IR L AN |
mT IiT( Yllr‘]— (6.226)
hence being identical to equation(6.157) (standard isentropic changg. Additionally,
Figure 6.16 shows the pseudeisentropic curves for temperatures at levely 1010 hPa
of 15 K higher (Y 303 K) and 30 K lower("Y 258 K) than in the main case (Y 288

K).
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Now we assume that the pressure n, calculated as aboverepresents that of
atmospheric columnin isentropic state, andvaries with the elevation & according to the
hydrostatic law of equation(6.67). "We canthus convert the relationship “Yn , shown in
the upper panel ofFigure 6.16 into Y& , through numerical integration, of” "Qwhere ”
NAY “YWith this conversion, we cancalculate a moist isentropic lapse rate, which is no
longer constant, but depends of temperature and pressure (or temperature and altitude).

Figure 6.16 (upper) lllustration of isentropic changesas functions betweertotal pressurer) and
temperature "Ythat have the same total entropy per unit mass, for the indicated initial conditions
defined asny p 1 phRa,”Yas shown. (ower ) Vertical temperature profiles derived from the
isentropic curves of the upper panelafter translating pressure into altitude using the hydrostatic
equation. For the calculations, the saturation vapour pressure was determined from equation
(6.209) for temperatures higher than 0 °G= 273.15 K and(6.211) for lower temperatures.

The results areshown in the lower panel ofFigure 6.16, from which we can make the
following observations:

 For low temperatures, the lapse rate A"WAQ tends to the constantdry isotropic
rate @ Yo «®K/km) in all cases. This is explained by the fact that low





































































