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Fragment of Original Greek English translation

. %k
Heraclitus
DK 22 B30 KOGUOV TOVOE, TOV auToV anavtwv, This world, which is the same for all, no
oUte TI§ Oc®v oUT' avBpwmwv one of gods or men has made. But it
émoinoev, aAl' nv ael kal éotv kal always was, is, and will be: an ever-
éotal mip asil{wov, amToUEVOV living Fire, with measures of it kindling,

UETPpa kal amoafevviuevov pétpa. and measures quenching.

DK 22 B90 TUPOS avTauolfn Ta mavta kal All things are an interchange for Fire,
TUPOS T TavTa, Okwonep xpvool and Fire for all things, just like goods
xpnuata kal ypnuatwv xpvoog.  for gold and gold for goods.

PC 439d, 440c lavta pel. Everything flows

PC 401d Ta 6vta (éval e mavta kal uévewv  All things move and nothing remains
0U5EV. still.

PC 402a bl¢ é¢ TOV avTOV motauov ovk @v  You cannot step twice into the same
EuPaing. river.

DK 22 B12 motauolot Toloy avtoloty On those who enter the same rivers,
EuBaivovoy, Etepa kal ETtepa ever different waters flow.
Uéata émippel.

DK 22 B52 Aildv mais éott mail{wv meooevwv. Time is a child playing, throwing dice.
lai6og 1 faciAnin. To a child the ruling power belongs.

DK 22 B8 To avtiovv ovupépov kai ék T@v Opposition unites, the finest harmony
Slapepovtwy kaAdiotnv apuoviav springs from difference, and all comes
kal Tavta kat' éptv yiveaOal about by strife

DK 22 B80 eldévar 6¢ ypn Tov moAeuov éovta  One must know that war is common
&uvav, kal 6iknv Epuv, kal yrvoueva and justice is strife, and that all things
TavTa Kat’ EpLv Kal xpewv happen according to strife and

necessity

DK 22 B67 ‘0 Bco¢ Nuépn VPOV, XELUWY God is day and night, winter and
Oépog, moAeuog eipnvn, kdpog Aluds summer, war and peace, surfeit and

[tavavTtia anavtal. hunger [all the opposites].
DK 22 B88 TaUTO 6¢ {DV Kal TeBvnKO¢ Kal And it is the same thing in us that is
Eypnyopog kal kaBeidov kal véov  alive and dead, awake and asleep,
kal ynpaiov: tadta yap young and old; for the former are
UETAmETOVTa ékelva 0Tt kakelva  shifted and become the latter, and the
TAALY UETATTIEGOVTA TADTA. latter in turn are shifted and become
the former.

* DK 22: Standard Diels-Kranz numbering of Presocratic philosophers, chapter 22 (on Heraclitus of
Ephesus), https://heraclitusfragments.com/

PC: Plato’s Cratylus, https://www.perseus.tufts.edu/hopper/text?doc=Perseus
%3Atext%3A1999.01.0171%3Atext%3DCrat.%3A


https://heraclitusfragments.com/
https://www.perseus.tufts.edu/hopper/text?doc=Perseus%3Atext%3A1999.01.0171%3Atext%3DCrat.%3A
https://www.perseus.tufts.edu/hopper/text?doc=Perseus%3Atext%3A1999.01.0171%3Atext%3DCrat.%3A




Preface

[to be written at a later stage]
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Notational conventions

The book follows the Guidelines for the use of units, symbols and equations in hydrology*. In turn, these
guidelines are based on (i) the Systeme International (SI) brochureT; (ii) the ISO 80000-2 Standard,
Mathematical Signs and Symbols to Be Used in the Natural Sciences and Technology; and (iii) Unicode

Technical Report #25, Unicode Support for Mathematics.¥ We list some of the conventions here for the
reader’s convenience.

Physical dimensions and units

(a)
(b)
(c)

(d)

(e)

0
(8)

All quantities are dimensionally consistent. In particular, arguments of functions such as exp(-) and
In(+) are dimensionless.

We use s, min, h, and d for second, minute, hour and day respectively. We do not abbreviate week,
month or year, which are non-SI units.$

Multiplication of units is indicated by a space, e.g. N m, and division either by negative exponents (e.g.
m s-2) or by use of the solidus (oblique line, e.g. m/s2); however repeated use of the solidus (e.g. m/s/s)
is not permitted.

Prefixes of units such as M (mega = 106) and pu (micro = 107°) have no space between (e.g. us, MW).
According to the S, the prefix for kilo is lower case k (e.g. km—K is the symbol of the kelvin).

For areas and volumes, we use m? and m3; the hectare (ha) and the litre (L) are also allowed in SI. A
million m? is denoted as square kilometre (1 km2 = 10°® m?). A million m3 is denoted as cubic
hectometre (1 hm3 = 106 m3—not 1 Mm? because 1 Mm3 = 1018 m3; note that in SI any power to a unit
applies also to the prefix); a billion m?3 is denoted a cubic kilometre (1 km3 = 109 m3).

All units are typeset in upright (Roman) fonts, not italic or bold.

Numerals are also typeset in upright fonts. The symbol for the decimal marker is the dot. To facilitate
reading, numbers are divided in groups of three using a thin space (e.g. 12 345.6). (Note that neither
dots nor commas are permitted as group separators). A space is used to separate the unit from the
number (e.g. 10 m).

Symbols and equations

(a)

(b)
()
(d)
(e)

G
(8)

(h)
@

We prefer single-letter variables (if necessary, with subscripts, e.g. Erms) over multi-letter ones. Single-
letter variables or parameters and user-defined function symbols are italic (e.g. x, Y, 5, f(x)). Multi-letter
variables, if cannot be avoided, are typeset in upright, not italic (e.g. RMSE).

Common, explicitly defined, functions are not italic, whether their symbols are single-letter (e.g. I'(x)
for the gamma function, B(y, z) for the beta function) or multi-letter (e.g. In x, exp(x + »)).

Textual subscripts or superscripts are not italic (e.g. Xpax, Tmin Where ‘max’ and ‘min’ stand for
maximum and minimum, respectively).

Mathematical constants are upright (e.g. e = 2.718.., m = 3.141.., i? = -1). Also, mathematical
operators are upright (e.g. dx in integrals and derivatives, Ay for the difference operator on y).
Vectors, matrices and vector functions are bold and, for single-letter variables, italic. In particular,
vectors are usually denoted with lower case letters (e.g. X, w as vectors; f(x) as a vector function of a
vector variable) and matrices with upper case letters (e.g. A as matrix; AB as the product of matrices 4
and B, AT as the transpose of 4, det 4 as the determinant of a square matrix 4).

We use nested parentheses for grouping (e.g. In(a (b + c¢)) rather than In[a (b + ¢)]

To distinguish between stochastic variables from common variables we use the Dutch convention™,
i.e,, we underline the stochastic variables. Further, we use the curly brackets for sets (e.g. P{x < x} for a
scalar x or P{x < x} for a vector x; note that the argument of probability (P) is a set, not a number).

We use square brackets for expectations, variances and other operators on stochastic variables (e.g.
E[g], Var[g], cov[&, g]; note that E[g] is not a function of x and thus it should not be denoted as E(g).)
Definitions by mathematical equations are denoted using the symbols “="and ‘= (e.g. to define c as
the sum of a and b we writec:=a+ bora+ b = c).

* Prepared by D. Koutsoyiannis and H.H.G. Savenije, 2013, doi: 10.13140/RG.2.2.10775.21922
T Ninth edition, http://www.bipm.org/en/si/si_brochure/

¥ http://www.unicode.org/reports/tr25

§ We avoid ‘a’ for year, because in SI ‘@’ is the prefix atto, meaning 10-18; also it is the symbol of an ‘are’, a
non-SI unit whose multiple hectare is accepted in SI (1 a=100 m?% 1 ha =100 a=104m?2 =1 hm?).

> Hemelrijk, ]., 1966. Underlining random variables. Statistica Neerlandica, 20(1), 1-7.
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Main use of single-letter symbols
[incomplete]

a coefficients of stochastic generators

A

b background measure density

B as a standard, the beta function B(, )

c autocovariance; ¢, the speed of light in vacuum

c

d as a standard, the differential operation d

D time unit, discretization time step

e as a standard, e = 2.71828...

E as a standard: the expectation, E[ |

f probability density function

F probability distribution function

)

G

h time lag, dimensional; h, the Planck’s constant

H Hurst parameteg (also, Hy, = ¥ 1/iand
H{® == ¥?_ 1/i" are the pth harmonic numbers
of orders 1 and a, respectively).

i

I identity matrix (in bold); as a standard, the
indicator function I,

j

]

k time scale, dimensional; kg the Boltzmann’s
constant

K K-moment

I

L Length of observation period (also life span)

m moment

M Mandelbrot parameter

n size of sample or vector

N size of sample or vector

0 little-O notation

0 big-0 notation

p moment order

P probability

q moment order

Q

r correlation coefficient

R

s power spectrum

S

t time, dimensional

T return period (as a superscript, ‘T’: transpose)

u

U

v white noise process

%4

w frequency

w as a standard, the Lambert W function W, (x)

XY,

z stochastic variables and processes or time series
X,Y,Z cumulative stochastic processes or time series

N R TT®™>R

[ SN2

- oIS N o

~

MZ SRR M

QUO 3OO0 Mm

DE € XN /GO =N 31

time scale parameter in stochastic processes
as Latin A

as Latin B

climacogram; as a standard, the Euler’s
constant,y = 0.577216...

cumulative climacogram; as a standard, the
gamma function I'(+) and the incomplete gamma
function [e().

dimensionless location parameter in
distributions

dimensionless shape parameter (lower-tail
index) in distributions; as a standard, the
Riemann zeta function {(-)

as Latin Z

time lag, dimensionless

as Latin H

angle (phase); also ombrian parameter
bias correction factor

as Latin |

time scale, dimensionless (also cumulants)
as Latin K
state scale parameter in distributions

A-coefficient (for K-moments)

mean, moment

as Latin M

similar to n (size of sample or vector)
as Latin N

dimensionless shape parameter in distributions
(upper-tail index)

Z-coefficient (for K-moments)

as Latin o

as Latin O

as a standard, T = 3.14159...

set of partitions

standardized cross-climacogram

as Latin P

standard deviation; ogg the Stefan-Boltzmann
constant

sum, o-algebra

time, dimensionless

as Latin T

structure function

as LatinY

Entropy per particle

Entropy

as Latin X

climacospectrum; as a standard, digamma
function y(x) or polygamma function ™ (x)
odds function

frequency, dimensionless

Ground set









Chapter 1. A historical and philosophical introduction

1.1 From a clockwise universe to a stochastic cosmos

In 1926, Albert Einstein, in a letter to Max Born, wrote what has become one of his most
famous aphorisms:

Jedenfalls bin ich iiberzeugt, daf3 der nicht wiirfelt (I, at any rate, am convinced that He
[God] does not throw dice).

This reflects adherence to an earlier shaped belief of a clockwork universe and a
philosophical view of determinism, widely accepted in modern science before and after
Einstein till the present day. This whole idea was introduced in the 16t century, together
with the development of mathematical concepts in natural philosophy (what today we
call science), and was further processed in the works of the giants of modern science
Johannes Kepler, Galileo Galilei and René Descartes (Figure 1.1). Determinism was
perfected by the French mathematician and astronomer Pierre-Simon Laplace, and was
reflected in the famous Laplace's demon, a hypothetical entity that, knowing the precise
location and momentum of every atom in the universe at present, can deduce the future
and the past using Newton’s laws.

Laplace’s demon is a manifestation of the deterministic perception of the world, in
which the roots of uncertainty about the future are subjective—stemming from our
ignorance of the precise present state or from inadequate models and methods. In this
view, eliminating uncertainty is merely a matter of gathering better data and constructing
better models. Essentially, the concept of the demon impoverishes the universe by
dissolving the significance of time: it reduces four-dimensional space-time to something
effectively three-dimensional, since a single moment suffices to determine—and thus
fully encode—everything that has happened or will ever happen across the entire
temporal expanse.

Figure 1.1 Founders of the deterministic worldview (from left to right): Johannes Kepler (1571-
1630), Galileo Galilei (1564-1642), René Descartes (1596-1650) and Pierre-Simon Laplace (1749-
1827). (Images publicly available by Wikipedia.)

Amazingly, however, the father of these very laws—Newton himself (Figure 1.2)—
was acutely aware of the universe's fragility and did not embrace a vision of blind, self-
sufficient mechanism. In his Opticks (Query 31) he wrote (spelling modernized):
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For while comets move in very eccentric orbs in all manner of positions, blind fate could
never make all the planets move one and the same way in orbs concentric, some
inconsiderable irregularities excepted which may have arisen from the mutual actions
of comets and planets on one another, and which will be apt to increase, till this system
wants a reformation.

This passage clearly reveals Newton's recognition of the solar system's complexity and
instability over long timescales. He saw such fragility not as a flaw in divine design but as
positive evidence for God's existence and active governance—rejecting Leibniz's thesis
that a perfect Creator would necessarily fashion a flawless, self-sustaining world
requiring no further intervention. In other words, Newton argued for the necessity of
periodic divine reformation to preserve order in a fragile cosmos. This perspective
essentially envisages an ever-evolving four-dimensional universe, rejecting Laplace's
static, three-dimensional caricature in which time is redundant.

Figure 1.2 Isaac Newton (1643-1726). (Image publicly available by Wikipedia.)

However, it took centuries (namely up to the end of the 19th century) before the
seemingly almighty determinism of the 17t century received strong blows in several
fields of science, including the following.

e Statistical physics (cf. Boltzmann; Figure 1.3) used the probabilistic concept of
entropy (which is nothing other than quantified uncertainty, defined within the
probability theory; see below) to explain fundamental physical laws (most notably
the Second Law of thermodynamics). This led to a new understanding of natural
behaviours and to powerful predictions of macroscopic phenomena.

e The dynamical systems theory (cf. Poincare; Figure 1.3) has shown that uncertainty
can emerge even from pure, simple and fully known deterministic (chaotic)
dynamics, and cannot be eliminated.
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e Genetics (cf. Mendel; Figure 1.3) and evolutionary biology have emphasized the
importance of stochasticity (e.g., in gametes fusion, selection and mutation
procedures, and environmental changes) as a driver of evolution.

e (Quantum theory (cf. Heisenberg; Figure 1.3) has emphasized the intrinsic character
of uncertainty and the necessity of probability in the description of Nature.

e Developments in mathematical logic, and particularly Gddel’s incompleteness
theorem, challenged the almightiness of deduction (inference by mathematical
proof), which is the mathematical analogue of determinism. Ironically, Gédel
(Figure 1.3) anticipated by one day (in 1930) David Hilbert who pronounced the
opposite with his famous aphorism (also inscribed in his tombstone at Gottingen)
“Wir miissen wissen, wir werden wissen” (“We must know, we will know”).

Figure 1.3 Giants of science who gave blows to scientific determinism (from top left, clockwise)

Ludwig Boltzmann (1844-1906), Henri Poincaré (1854-1912), Gregor Mendel (1822-84);

Werner Heisenberg (1901-1976), Kurt Godel (1906-1978), Nicholas Metropolis (1915-1999).
(Images publicly available by Wikipedia.)

e Developments in numerical mathematics (cf. Metropolis; Figure 1.3) highlighted

the effectiveness of stochastic methods in solving even purely deterministic

problems, such as numerical integration in high-dimensional spaces and global



4 CHAPTER 1 - A HISTORICAL AND PHILOSOPHICAL INTRODUCTION

optimization of non-convex functions. Stochastic optimization techniques, e.g,,
evolutionary algorithms or simulated annealing, are in effect the only feasible
solution in complex problems that involve many local optima.

However, roots in common sense and philosophy of a worldview that is not
deterministic go far back in the past. For example, the Greek mythology included a
goddess of chance or randomness, named Tyche, whom Romans later identified with their
goddess Fortuna. Archaeological evidence has brought to light lots of ancient dice—
emblems of randomness—such as the ancient Greek ones shown in Figure 1.4. Much older
dice (up to 5000 years old) have been found in Asia (Iran, India).

Figure 1.4 Dice of the Greek antiquity (mostly of the early 6t century BC) from Greek
archaeological sites, namely: (left) Kerameikos Ancient Cemetery Museum, Athens (photo by
author); (next two) Archaeological Museum of Vravrona (photos by author); (rightmost two),
Greek National Archaeological Museum, (www.namuseum.gr/object-month/2011/dec/
dies_b.png, www.namuseum.gr/object-month/2011/apr/7515.png,). The dice are from
terracotta and their size vary, reaching about 10 cm (middle die), except for the rightmost, which
is from bronze (1.6 cm).

In philosophy, Heraclitus (Figure 1.5) was the first who highlighted randomness, and
could thus be regarded the father of indeterminism, as well as of dialectics. Indeterminism
is a philosophical belief contradictory to determinism, in which uncertainty is a structural
element of Nature and, thus, cannot be eliminated. Interestingly, 2500 years before
Einstein wrote what we quoted in the beginning of this section, Heraclitus made just the
opposite claim in a masterly and poetic aphorism, yet much less known in the scientific

community (Fragment DK 22 B52, see also the motto in the beginning of the book):
Alwv mais éott mai{wv meooevwv (Time is a child playing, throwing dice)

More than a century after Heraclitus, Aristotle made scientific contributions that
expand to all aspects of knowledge (cf. Koutsoyiannis and Mamassis, 2021), including
physics (e.g., the principle of mass conservation), geophysical sciences (in particular
meteorology and hydrology), and epistemology. The Aristotelian logic offers a powerful
instrument to distinguish sense from nonsense as well as deduction from induction, and
the relative validity of the inference based on each of these two methods (see Digression
4.A). Most relevant to our theme and of great importance in modern science, particularly
in physics and stochastics, is the Aristotelian dipole potentiality (dUvautg, Latin potentia)
vs. actuality (évépyela, Latin actualitas), formulated in his books Physics, Metaphysics,


http://www.namuseum.gr/object-month/2011/dec/dies_b.png
http://www.namuseum.gr/object-month/2011/dec/dies_b.png
http://www.namuseum.gr/object-month/2011/apr/7515.png
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Nicomachean Ethics and De Anima. Practically, the idea behind the dipole is that several
outcomes can be produced by a specified cause, while in deterministic thinking only one
outcome is possible (albeit often difficult to predict which one).

Epicurus was another Greek philosopher who involved randomness in the
explanation of Nature. While he kept Democritus’ idea of atoms (&toua) as constituents
of matter, he rejected determinism and assumed that the motion of atoms is random.

The first to utilize the Aristotelian dipole potentiality vs. actuality in modern science,
namely in quantum physics, was Heisenberg (1962):

The most important of these [features of the interpretation by Bohr, Kramers and
Slater] was the introduction of the probability as a new kind of “objective” physical
reality, the “potentia” of the ancients such as Aristotle; it is, to a certain extent, a
transformation of the old “potentia” concept from a qualitative to a quantitative idea.

This idea of Heisenberg was quoted by Popper (1982), who fully incorporated it into
his philosophical system, further extending it to claim, for example, that:

Both classical physics and quantum physics are indeterministic.

Popper is the main modern philosopher who, being fully aware of modern physics,
theorized modern indeterminism also connecting it with the notion of probability, which
he regarded as the extension (quantification) of the Aristotelian potentia (§Uvautg).

Figure 1.5 Ancient and modern philosophers who founded or theorized the indeterministic
worldview: (from left to right) Heraclitus (535-475 BC), Aristotle (384 - 322 BC), Epicurus (341-
270 BC), and Karl Popper (1902-1994). (The source for the image of Heraclitus—a depiction in
the back facet of a coin—is Visconti, 1817. All other images are publicly available by Wikipedia.)

More recently this Aristotelian dipole has been proposed by several scientists and
philosophers, independently of Popper, as a simpler, more comprehensible and more
effective interpretation of quantum physics (Jaeger, 2017, 2018; Kastner et al,, 2018;
Driessen, 2019; Sanders, 2018). In particular, Kastner et al. (2018), building on
Heisenberg’s (1962) idea, proposed an ontological dualism of actualities (res extensa) and
potentialities (res potentia), with the latter not bounded by space-time constraints and
being transformed to the former by an acausal process of potentia (dUvautc).

Apparently, the dilemma of determinism vs. indeterminism is not just an issue of
philosophical belief. It affects our perception and orientation in scientific inquiry, as well
as our decisions and actions. If the world were deterministic, decision making would be
trivial and, by now, would be undertaken by computers and robots. Because the world is
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better viewed as indeterministic, decision making remains a human task, linked with
responsibility.” This is vividly expressed by Julius Caesar's famous words when crossing
the Rubicon in 49 BC, reportedly uttered in Greek:

AveppipOw kvPog (Let the die have been cast).t

1.2 Logico-philosophical premises

Despite the blows given to scientific determinism since almost 150 years ago, it remains
the main line of thought in the scientific community—in physics in particular. Its influence
is so large that many think that first principles in physics are only deterministic—mostly
mechanistic. To see that this is a wrong perception, it suffices to think of the Second Law
in thermodynamics, perhaps the most important physical law, which relies on entropy—
and, as we will see (section 2.3), entropy is a purely stochastic concept.

Other dominant canons that may misguide scientific inquiry are the reductionist
approach and the adherence to equations. According to the former approach, the laws of
complex physical systems can be inferred by synthesizing detailed representations of
their elements. This cannot be true or useful: for example, while it is true that a book
consists of several types of molecules, we cannot infer its content by examining the
behaviour of the molecules. On the other hand, equations are useful if they correspond to
reality, but they cannot handle all problems and they do not constitute the most powerful
tool that mathematics offers to the study of the physical world.

This book, as evident from the considerations in section 1.1, does not follow a
deterministic approach. While it respects deterministic equations of simple systems, it
does not rely merely on them. Rather, it recognizes the fundamental character of
uncertainty in Nature and uses stochastic approaches. While it makes use of important
physical laws expressed in the form of equations, it also highlights the variational
mathematical principles and the implied extremization approach, which is more powerful
and more natural than an equalization approach. Finally, instead of the reductionism of
seeking detailed and inflationary representations of Nature, the book invokes the

* Acknowledging the expanding role of artificial intelligence (Al) in decision support and automation, true
accountability—e.g., for violations carrying imprisonment or equivalent moral weight—still requires a
responsible human actor, as no bot can bear punishment or ethical culpability in the way persons do.

T This is known from Plutarch’s Life of Caesar, 32, and the exact quotation (from
https://www.perseus.tufts.edu/hopper/text?doc=Plut.+Pomp.+60.2) is this: FEAAnwioti mpog TOUG
napovras ékfonoag, «AveppipOw kvfogx, diefifale Tov otpatdv. (Declaring in Greek to those present in a
loud voice, 'Let the die have been cast,’ he led the army across.). Later, the phrase rendered in Latin by
Suetonius as lacta alea est (The die has been cast). The phrase aveppi@pOw kifog is traced back to the Greek
playwright Menander (Mévavdpog, c. 342 - 290 BC) of the Athenian New Comedy. It appears in his play
Appnedpog (Arrhephoros, i.e. the bearer of ritual objects), or AVAnTpic (Auletris, i.e. the flute-girl), preserved
only in fragments (http://www.poesialatina.it/_ns/greek/testi/Menander/Fragmenta.html) via Athenaeus
(Deipnosophistae 13.559¢). From the surviving excerpt:

Character A: 00 yaueic éav voiv &g, tolitov katahlimwv tov Blov. I'eydunka ydp avtds, dta TolTo oot
mapav®d un yaueiv. (You never marry, if you're smart, for the rest of your life. I've married myself, so that's
why I advise you not to.)

Character B: AsSoyuévov 10 mpdyu’, aveppipbw kvBos. (The matter has been decided; let the die have been
cast.)


https://www.perseus.tufts.edu/hopper/text?doc=Plut.+Pomp.+60.2
http://www.poesialatina.it/_ns/greek/testi/Menander/Fragmenta.html
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principle of parsimony and emphasizes the need of macroscopization (by removing
details), inevitably accompanied by stochastics.

Many scientists contrast physics with statistics as if the two were incompatible. Such
perception is rather incompatible with the important developments in science over the
last 150 years, as summarized in section 1.1. Here we use a scientific field that
encompasses probability and statistics, while being wider than the two (see section 1.5):
the field of stochastics.

Digression 1.A: The simplicity of light trajectory (Fermat’s principle)

Light trajectory can be viewed in several ways but here we will examine the simplest, which is
relevant macroscopically. (A more detailed way in a microscopic setting is discussed in section
5.4). We use a simple example that can help us to see the ontological basis of the principle of
parsimony. With reference to the left panel in Figure 1.6, we readily understand that light follows
the simplest path from a candle A to the observer’s eye B, which is a straight line (the red line)
and not other more complex ones (e.g., the black lines ACB, ADB). If it followed those complex
paths, the observer would not see the candle but would sense light coming from everywhere.

This observation leads us to formulate a law in this way: Light follows the shortest possible
path from A to B. Let us call this formulation attempt 1. This is parsimonious law for a
parsimonious natural behaviour. However, further investigation will show that this law is not
correct: It is simpler than “as simple as possible”.

D

C

Figure 1.6 (left) The light from the candle A to an observer’s eye B follows the simplest straight-line path
AB (the red line) and not other more complex ones (e.g., the black lines ACB, ADB). (right) After putting a
mirror at D, parallel to AB, the light follows the broken-line path ADB in addition to the straight-line path
AB.

We can quantify and justify the law in a quick-and-dirty manner assuming thatlight can travel
from A to B along a broken line with a break point F with coordinates (x, y). This is not restrictive:
we can add a second, third, ... break point (homework).

With reference to Figure 1.7 (left), the travel distance is

s(x,y) = AF+FB = \/(x —a)2 + y2 + /(x + a)? + y2

Figure 1.7 (right) shows iso-distant lines, from which it becomes clear that any point F that lies in
the straight-light segment AB yields minimal distance s. In no other point (x, y) does a maximum
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or minimum of s appear. We can confirm this by calculating the partial derivative ds(x,y)/dy and
equating it to zero; this readily results in y = 0.

| N
e

-1 -0.5 0 0.5

—_—

X

Figure 1.7 (left) Notation for a broken-line light path with one break point F with coordinates (x, y). (right)
Iso-distant lines s(x, y) for values (x, y) between -1 and 1 and for a = 0.5.

Now, let us put a mirror parallel to AB as shown in the right panel in Figure 1.6. Now the light
follows both red paths from A to B (AB, ADB)—but not other (the black) ones (e.g. AEB, AFB). The
previous formulation of the law is no longer valid. Based on high-school knowledge (recalling the
canon of equality of the angles of incidence and reflection), we could replace our attempt 1 with
the following attempt 2: Light follows the shortest path, but when there is a mirror, it also follows a
second path with a reflection by the mirror such that the angle of incidence equals the angle of
reflection. Apparently, this is a wordy law, not parsimonious, and reflects an equalizer thinking.

We observe that the mirror has imposed an inequality constraint to possible paths (by
disallowing light to go through it) and thus generated a second minimum in the ‘shortest path’
problem—a local minimum. This allows us to reformulate the law in an attempt 3: The paths
followed by light have minimum length (either global or local minimum). This is a parsimonious
law, known as the principle of Heron of Alexandria (after the Greek physicist and engineer of 1st
cent. BC or 1st cent. AD).

But again, the law as formulated in attempt 3 is not good enough. To see this let us replace
the flat mirror with a half-cylinder mirror, as in the right panel of Figure 1.8. Now the light follows
several paths from A to B, including the red lines AB, ACB, ADB—but not the black ones, e.g. AEB,
AFB. (There should be other feasible paths with two or more break points, but we ignore them for
our illustration). Again, the mirror introduced an inequality constraint in the optimization: the
point F should not be behind the mirror. Let us focus on the path ADB (Figure 1.8 right) and
compare it with the corresponding path in the case of a flat mirror (Figure 1.8 left). They look
identical, but there is a big difference: in the flat mirror, point D is a local minimum but in the half-
cylindrical mirror it is a local maximum. This is clarified in the graphs of Figure 1.9. It is clearly
seen that AB is the global minimum, ACB is a local minimum and ADB is a local maximum.

Hence, we should modify the law formulation in attempt 3 to attempt 4, which reads: The
paths followed by light have extreme length (either global or local minimum or maximum). Note
that the points of local optima emerge on the mirror surface—the curve where the constraint is
binding. This shows that Nature is a skilful extremizer, as she finds all local minima and maxima
(put many mirrors to see lots of paths materializing). Failure to observe this makes things difficult
to explain, as indicated for instance in the debate by Gaertner (2003) and Schoemaker (2003).
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A flat mirror

A half-cylinder mirror

Figure 1.8 Trajectories of light from the candle A to an observer’s eye B in the case of (left) a flat mirror
and (right) a half-cylinder mirror.

Cylindrical mirror with radius r=1

Local maximum: s = 2.24 -
Local maximum: s = 2.24
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Global minimum:s=1

’ Local minimum: s =2

Figure 1.9 (left) Iso-distant lines s(x, y) for the case of a half-cylinder mirror. (right) Variation of the length
s(x, y) of path AFB, as a function of the angle ¢ shown in Figure 1.8.

But again, the formulation in attempt 4 does not make a perfect law. Specifically, refraction
(Figure 1.10) makes clear that light does not always follow the shortest (straight line) path. This
is related to the fact that the light speed in liquids is smaller than in air. Thus, the broken line ACB,
rather than the straight-line AB, has the least travel time. Let us determine the point C so as to
minimize the total travel time.

Assuming an x axis at the level of the water (so that y- = 0) and denoting the light speed cp
and cg in the water and air, respectively, the travel time is:

J (ta — %0)2 + 72 J (tc = %82 + 72
+

t =
ACB Ca B
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To extremize tpcg We take its derivative with respect to xc and equate it to zero. This yields:

1 XpA — X 1 Xc — XB

@, &
J(xA B J(xc P

We notice that the rightmost fractions in the two sides are the sines of the angles of incidence and
refraction. Thus, extremization of the travel time results in the well-known standard result about
refraction, expressed in terms of sines of angles.

~

Figure 1.10 Sketch of refraction of a straight-line object partly submerged in water.

However, if we kept that standard expression, we would have a non-parsimonious law.
Instead, we will make our attempt 5 to formulate the law as: Light follows paths that have extreme
travel time. This is our final law, known as the Fermat’s principle, but here we corrected it by
substituting extreme for the standard expression minimal. With respect to Heron’s principle, we
have replaced length with travel time. This does not affect our previous results, in which the light
speed was constant.

In conclusion, our example shows that Nature is indeed parsimonious (ontological
parsimony). Our final law is also parsimonious (epistemological parsimony), reflecting the
parsimony of Nature.

1.3 The principle of parsimony

The principle of parsimony, also known as principle of simplicity, principle of economy, or
Ockham’s razor, advises us to prefer the simplest theory among those that describe reality
(e.g., fit the data) equally well. An example of a parsimonious natural law is: “dogs bark”.
Examples of non-parsimonious—yet not untrue—laws are: “black, white and spotted
dogs bark”—or “dogs bark on Mondays, Wednesdays and Fridays”.

Intuitively, the law “dogs bark” does not exclude that a particular dog is mute. We
should not understand it as “there is no dog that does not bark”. In other words, laws of
complex systems (e.g. the biological system “dog”) are necessarily probabilistic in nature:
“dogs bark” means “any dog is very likely to bark”. Failure to recognize the probabilistic
character of parsimony in complex systems may create confusion (see e.g. Courtney and
Courtney, 2008, and the “all crows are black” example).

Like many aspects of modern scientific method, the principle of parsimony was
introduced by Aristotle. Specifically, in his treatise Posterior Analytics (I, 25) he stated:
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We may assume the superiority, other things being equal, of the demonstration which
derives from fewer postulates or hypotheses or propositions.”

and in his treatise On the Heavens (111, 4) he stated:

Obviously, it is much better to assume a finite number of principles, as few as possible
yet sufficient to prove what has to be proved, like in what mathematicians demand.t

The principle was reworked by Medieval philosophers: Robert Grosseteste (c. 1168-
1253), Thomas Aquinas (c. 1225-1274), and William of Ockham (c. 1285-1347) who
formulated it as:

Plurality is not to be posited without necessity.

Ockham’s formulation has assigned the principle its most popular name. A comprehensive
analysis of the history and philosophy of parsimony, and of the scientific method has been
offered by Gauch (2003).

Ockham put parsimony as an epistemological principle for choosing the best theory.
However, earlier philosophers, from Aristotle to Grosseteste, had interpreted parsimony
also as an ontological principle, thus expecting natural laws to be simple. In other words,
Nature should be naturally parsimonious.

It is then natural to try to build parsimonious models for natural processes. Simple
systems can be parsimoniously modelled by deterministic approaches. In complex
systems parsimony should necessarily be combined with stochastic approaches. While
recent mainstream research invested hopes in detailed approaches by building
complicated deterministic models (cf. climate models), comparisons of complicated
models with parsimonious ones indicate that the latter:

¢ facilitate insight and comprehension;
e improve accuracy, efficiency and predictive capacity; and
e require fewer data to achieve the same accuracy as the former.

In other words, parsimonious formulations and solutions to problems are more
reasonable, rational, and easier to apply and monitor in practice (see more information in
Gauch, 2003, and some examples in Koutsoyiannis, 2009).

From modern scientists’ views on parsimony, it is useful to study the following
formulation, attributed to Albert Einstein:

Everything should be made as simple as possible, but not simpler.

It is relevant to ask: What does “as simple as possible” mean and how can it be
quantified in mathematical terms? The traditional mathematical approach to physics is

*"Eotw yap aitn 1) anédeiéic PeATiowv TGV dMwV TAV adTdv vmapyévtwy, 1) €€ é\attévav aitnudtwv f
vmoBéoewv 1} mpotdoewv (Avalutikd Yotepa, I, 25).

T davepov 811 uakpd Pédtiov memepaocuévag motelv Tag dpyag, kal tadtag we ElayioTag mdvTwy ye T@V adT@dVv
UeA OVTwV SeikvvaBal, kabdamep aéloliol kal ol €v Toig pabnuactv (Mepi Ovpavoy, 111, 4).

¥ See: https://quoteinvestigator.com/2011/05/13/einstein-simple/.
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based on writing equations, which mostly express conservation laws. However, these
govern just a few quantities:

e mass (scalar equation);

e linear momentum (vector equation);

e angular momentum (vector equation);
e energy (scalar equation);

e electric charge (scalar equation).

On the other hand, to find states or paths which are “as simple as possible”, it seems
more natural to formulate the problem in terms of using optimization rather than
equations. Mathematically, extremizing is much more powerful than equating. Indeed, a
system of equations

g@s) =0 (1.1)

where s is a vector of variables and g is a vector function, can work if the number of
equations equals the number of unknowns. However, a single (scalar) extremizing
expression such as

maximize f(s) (1.2)

can work irrespective of the number of unknowns: it is equivalent to as many equations
as needed. In other words, the mathematical representation of the phrase “as simple as
possible” should be sought in extremization terms.

It is also relevant to think what the mathematical meaning of the phrase “but not
simpler” is. One may think that this puts some constraints represented in terms of a vector
function h(s) and some thresholds h;, and hy for this function. Hence, a general line of
thought would follow the following motif:

maximize f(s)

(1.3)
subject to h;, < h(s) < hy

where the inequality constraints reduce to equalities in the case that h;, = hy (for some
of the vector function coordinates).

All that is about the epistemological part, i.e, the models—the mathematical
constructions—that we make. But as we discussed, parsimony may also be viewed as an
ontological principle and hence the formalization in equation (1.3) represents the way
that Nature works. Were Nature not parsimonious, it would be difficult to understand her,
and life would be hard. In this respect, we may say that Nature per se is an extremizer—
not an equalizer. This is illustrated by two examples, the simplicity of light trajectory in
Digression 1.A, and the simplicity of the trajectory of a body in Digression 1.B. Despite the
apparent diversity in the natural behaviours in the two cases, eventually they can be fully
described by a single variational principle, the principle of extremal action.
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Digression 1.B: The simplicity of trajectory of a body (principle of extremal
action)

Our previous example is the easiest possible as light has constant velocity in a certain medium.
There is no acceleration. However, if we have a body with mass and there is gravity, then we also
have acceleration. Let us examine the motion of such a body, e.g., the tennis ball shown Figure
1.11.

To solve this problem solution we need to generalize Fermat’s principle to the principle of
extremal action (also known as the principle of least or stationary action), one of the most elegant
and universal laws of classical dynamics. It states that Nature selects, among all the possible ways
a system can evolve from one configuration to another, the path that makes a certain quantity
called the action stationary—usually, but not exclusively, a minimum.

z
Initial conditions (time t = 0)
Position: x=0,z=0
Velocity: u, = u,, u,=0

=%

X

o

Attime t:
Position x, z \
Velocity u,, u, \

|

Figure 1.11 Sketch of the motion of a tennis ball hit at time ¢ = 0 with a horizontal force so that it have
velocity u,, = ug,u, = 0.

The conceptual roots of this idea trace back to Gottfried Wilhelm Leibniz (1646-1716), who
laid important philosophical groundwork. Leibniz's metaphysics emphasized that the actual
world, chosen by God from all possible worlds, achieves the maximum of perfection, variety, and
order with the minimum "effort" or "resistance." His teleological "principle of the best" (or
principle of optimality) suggested that natural processes follow paths of greatest efficiency or
simplicity, minimizing unnecessary expenditure. Leibniz also introduced vis viva (mv? a
precursor to kinetic energy; Hecht, 2016) and proposed that bodies follow optimal paths
minimizing integrals involving kinetic quantities (e.g., time integrals of vis viva in some contexts).
These ideas prefigured variational principles, though he did not publish a precise mathematical
formulation for mechanics comparable to later versions. Some historical accounts credit him with
early suggestions that optimal motion minimizes certain action-like quantities, and a 1751
controversy even claimed (disputedly) that Leibniz had anticipated the principle ina 1707 letter.!

A more precise and geometrically intuitive account appeared in the work of Pierre-Louis
Moreau de Maupertuis (in 1744) and Leonhard Euler (also in 1744), building on similar
foundations and on earlier optical ideas like Fermat's principle. Considering a particle travelling
from point A to point B in space (fixed spatial endpoints), the action is the quantity

So=Jmuvds
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where ds is an infinitesimal distance element along the path, v is the speed of the particle at that
point, and m is the (constant) mass. Among all conceivable paths connecting these two points,
Nature chooses the one that minimizes the quantity

This integral can be thought of as a momentum-weighted path length or a quantification of
"accumulated effort." Like light in Fermat’s principle, the particle prefers routes where it can
move quickly over distance: high v contributes more per unit length, but to minimize the total
integral, the path arranges itself to favour regions of high speed and minimize time spent in slow
regions.

Under the assumption of energy conservation, the constant energy along the true path will be

E=T+V

with the two terms denoting kinetic and potential energy, respectively, where for the two-
dimensional setting we examine,
1 1
T = Emu2 = Em(u,zc +u2), V= mgz
where m and g denote the mass of the body and the gravitation acceleration, respectively, while
all other symbols are explained and Figure 1.11.
Since ds = v dt, by definition of speed, we have

So= mvds=[mv?dt=[2Tdt= [ (T +T)dt
Substituting T = E — V for the last term in the last integral we get
So=J (T+E-V)dt=E[dt+ [(T-V)dt =EAt+ [ (T —V)dt

Considering paths that have equal total time At = t, — t;, we can drop the term E At and minimize
the quantity

=det, L=T-V

The difference of kinetic and potential energy is known as the Lagrangian and its integral is again
the action, where for clarity we call S Hamilton’s action, and S, Maupertuis action. The actual
physical path is the one that extremizes the action. Using the variational operator §, we write:

65 =0

for small virtual variations of the path that vanish at the fixed times t; and t,. The parsimonious
law in this case is the principle of extremal action (or principle of stationary action or Hamilton’s
principle): From all possible motions between two points, the true motion has extremal action.

Applying the calculus of variations the solution yields the Euler-Lagrange equation (for its
derivation see e.g. Goldstein et al., 2002), a vector equation which for our two-dimensional system
is

i("’_L>_f’_L: E(OL)_O_LZO
dt\ou,/ adx dt\ou,/ o0z
Applying this solution to our example we find a single (global) minimum (least action):
U, = Uy (= constant), u, = —gt
from which we obtain:
gt* _ gx*®
X = ugpt, z=—-—-= Z_u(z)

The latter equation denotes a parabola (going down). The solution gives not only the geometry
(parabola) and direction (down) of the trajectory but the full description of the movement of the
weight.
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We note that when the velocity is constant, the Lagrangian is also constant and hence the
action becomes proportional to the travel time. Thus, in the case of light, the principle of extremal
action switches to Fermat’s principle.

The principle of extremal action unifies philosophical teleology (Leibniz's optimization of the
"best" world), geometric intuition (Maupertuis’ least action over paths), and temporal generality
(Hamilton's integral over time). The latter is more powerful because it does not require energy
conservation or fixed spatial endpoints. Instead, in Maupertuis’ formalization the conservation of
energy is a required condition. Under this condition, the two converge on the same equations of
motion.?

In its Hamiltonian form, the principle of extremal action not only yields the equations of
motion but also, through Noether's theorem (see e.g. Goldstein et al., 2002), accounts for the
fundamental conservation laws of classical physics whenever the action possesses corresponding
continuous symmetries. Time-translation invariance of the Lagrangian (no explicit time
dependence) implies conservation of energy. Spatial-translation invariance (no explicit position
dependence) leads to conservation of linear momentum. Rotational invariance (isotropy of space,
no preferred direction) produces conservation of angular momentum. These symmetries are not
imposed ad hoc; they emerge naturally from the structure of the action. Thus, the variational
principle elegantly unifies dynamics and conservation: the same global optimization that selects
physical paths also safeguards the great invariants—energy, linear momentum, and angular
momentum—revealing a profound harmony in the laws of Nature.

Thus, a single variational principle describes diverse phenomena in physics, including (but
not limited to) classical mechanics and optics. A single global optimization principle over paths
provides profound economy in classical and modern physics. But this works well only in simple
systems.

1 Pierre-Louis Moreau de Maupertuis (1698-1759) - Biography. MacTutor History of Mathematics,
https://mathshistory.st-andrews.ac.uk/Biographies/Maupertuis/.

Z Principle of least action - Scholarpedia, http://www.scholarpedia.org/article /Principle_of least action
#Relation_of Hamilton_and_Maupertuis_Principles

1.4 From simple to complex systems

The illustrations of trajectories of simple/single objects that are studied in Digression 1.A
and Digression 1.B are actually not within the scope of this book. We do not need
stochastics to study them. Here we are interested in more complex systems. When we
investigate a system of many “bodies”, e.g. molecules of water in fluid form (liquid or
gaseous phase; see Figure 1.12), we are not interested in the properties (position,
momentum, angular momentum) of each particular particle.

b D Dhras

Figure 1.12 Many molecules of water in fluid form.

Even if we were interested, it would be infeasible (and extremely non-parsimonious)
to know them. To see this, let us examine the total mass of a gas contained in a room of


https://mathshistory.st-andrews.ac.uk/Biographies/Maupertuis/
http://www.scholarpedia.org/article/Principle_of_least_action#Relation_of_Hamilton_and_Maupertuis_Principles
http://www.scholarpedia.org/article/Principle_of_least_action#Relation_of_Hamilton_and_Maupertuis_Principles
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volume 60 m3. We assume standard conditions of temperature and pressure, so that the
room contains 60/0.0224 moles of air or N = 6.022x1023 x 60/0.0224 = 1.61x102%7
molecules, where 6.022x1023 is the Avogadro number. Assuming that we wish to just
register in a book the properties of each one of the molecules at a single time instance and
that we need one line per molecule (9 numbers, i.e., 3 coordinates for each of the
properties position, momentum, angular momentum), 60 lines per page and 1000 pages
for one book, we can register 60 000 molecules in one book. Hence we will need 1.61 x
1027 / 6 x 10% = 2.69 x 1022 books. A 1000-page book weighs about 1.5 kg, and thus the
total weight of all books needed would be 2.69 x 1022 ~ 4 x 1022 kg. This is of the same
order of magnitude of the Moon’s mass (7.35 x 1022 kg). Assuming that we have a very
fast printer with a capacity of 2 pages per second, we will need 2.69 x 102> /2 s 4 x 1017
years to print all books, which is about 30 million times the age of the universe (x 1.5x10°
years).

Therefore, only macroscopic (else known as thermodynamic) properties of the system
are of interest and are feasible to study. Macroscopic properties are state variables such
as pressure, internal energy, entropy, temperature, and characteristic constants such as
specific heat and latent heat. Inevitably—albeit often not stated explicitly—macroscopic
descriptions rely on probability and involve uncertainty. However, when the system
components are very many and identical (as in Figure 1.12), due to the applicability of the
probabilistic laws (e.g., law of large numbers), uncertainty at a microscopic level,
macroscopically becomes near certainty.

In brief, when we move from simple to complex systems, parsimony demands
replacement of microscopic with macroscopic properties and of deterministic with
probabilistic descriptions. Now the main question is: What does Nature extremize in
complex systems? Since we have omitted the system details, these will be replaced by some
degrees of freedom. This will imply uncertainty. The quantified metric of both freedom
and uncertainty is called entropy and will be formally defined in section 2.3. The concept
of entropy is accompanied by the principle of maximum entropy, whose formulation will
also be given in section 2.3.

Hence, in complex systems the quantity that gets extremized is the entropy—or it
could be the entropy production when time is involved (Koutsoyiannis, 2011b). As will be
clarified in section 2.3, entropy is a fully stochastic concept. Even its proper definition
relies on stochastics. The general meaning of the latter term is discussed in Digression 1.C
and formally clarified in Chapter 3.

If we consider a die’s outcome, the principle of maximum entropy, or maximum
uncertainty, yields the simple result that all outcomes are equiprobable, i.e. it yields a
global maximum with equal probabilities of the different six outcomes: P; = P, = -+ =
Pg; = 1/6 (see derivation in Digression 2.L). Likewise, if we consider again the above
example of the room of volume 60 m3 and assume a partition into six slices, 10 m3 each,
again the probability that a molecule is found in one of the six slices, say the front sixth, is
again 1/6. The case that all N = 1.6x1027 molecules are in the front sixth and all other
slices are empty is not impossible; it just has very low probability, which, assuming
independence is (1/6)N = 10-1 255000000000 000 000000000000, Here we note that, even though
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we have not formally defined independence yet (this will be done in section 2.2 and 3.5
and Digression 3.B), we intuitively know that the probability of independent events
occurring all together equals the product of the probabilities of the separate events—and
we have used this simple rule to calculate the probability as (1/6)V. Assuming that each
nanosecond (1077 s) the molecules are rearranged and that the age of the universe is
1.5 x 10° years = 4.7 x 102° ns, we must wait 2 X 101 254 999 999 999 999 999 999 999 974 times
the age of the universe to see this unlikely event happen.

Furthermore, according to the principle of maximum entropy, the number of air
molecules M in each of the six slices will be uniformly distributed, so that each slice has

an expected number of molecules E[M | = (1/6)N = 2.7 x 102°. The standard deviation

of the number of molecules is easily found (see Chapter 2) to be (N (1/6)(5/6))0'5 =
1.5 x 103, which is only 5.6 X 10~** times the mean E[M |. Such a small variation (of the
order of 1071%) can be neglected and, thus, the high uncertainty at the microscopic scale
becomes almost certainty at a macroscopic level. This enables description of the
conditions in the entire room with a few state variables, such as density, pressure,
temperature. In other words, parsimony was re-established at the macroscopic level.

Stochastic descriptions of phenomena do not neglect deterministic laws. Rather they
fully incorporate them into the stochastic dynamics, primarily as constraints. For
instance, in entropy extremization the energy conservation is imposed as an equality
constraint. And as discussed above, energy conservation itself can be derived from the
principle of extremal action and symmetries of space-time. The principle of maximum
entropy does not appear to be a generalization of the principle of extremal action. Rather
these two powerful principles seem complementary to each other, enabling effective
descriptions of both simple and complex systems:

e Simple systems are studied in deterministic terms, with the basic principle being
the extremization of action.

e Complex systems are studied in stochastic terms with the basic principle being
extremization of entropy. The principle of extremal action is nonetheless
accounted for, primarily through its consequential conservation laws, thus
providing the deterministic core of the entropy extremization.

Many believe that there are additional deterministic laws, simple or complex, which do
not fit the above categories—for example the laws of thermodynamics or fluid dynamics
(Navier-Stokes equations). However, this reflects a misconception of what constitutes a
deterministic law. As we shall see in Chapter 6, the laws of thermodynamics are
fundamentally stochastic, closely related to the principle of maximum entropy. The
Navier-Stokes in their original formulation are deterministic, but are applicable as such
only in laminar flow. When turbulence is present (i.e. in almost all real cases except trivial
ones) the equations become stochastic. For example, in the Reynolds-averaged Navier-
Stokes equations, apparent stresses arise from the fluctuating velocity field (generally
known as the Reynolds stresses). These are inherently stochastic terms. Hence, the
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atmosphere, for instance—whether in its equilibrium state or in flowing motion—can
only be effectively studied in stochastic terms.

Digression 1.C: The meaning of stochastics

Literally, stochastics is a term of Greek origin, stemming from the adjective ‘stochasticos’
(otoxaoTKoG), or better its feminine gender, ‘stochastice’ (otoxaotwkn). It is generated from the
verb ‘stochazesthai’ (otox&lecBal), which in turn comes from the noun ‘stochos’ (otdxog),
meaning the target.

Aristotle, in his treatise Nicomachean Ethics (written ~350 BC) uses the term stochastice in
its original meaning, related to the target, which, according to him, is the mean: “virtue, therefore,
is a balance [‘mesotes’], in the sense that it is able to hit [as a target - ‘stochos’] the mean”1.
Furthermore, in his treatise Rhetoric he uses the term with a metaphorical meaning, which could
be translated into English as guessing or guesswork: “men have a sufficient natural instinct for what
is true, and usually do arrive at the truth. Hence the man who makes a good guess at truth is likely
to make a good guess at probabilities [stochastically].”2

However, it was Plato who used the term with a meaning closer to the modern one, i.e.,
related to uncertainty. In his dialogue Philebus (written ~360 BC) he contrasts “arithmetic and the
sciences of measurement” to stochastics and parallels the latter with music, which “attains harmony
by guesswork [...] so that the amount of uncertainty mixed up in it is great, and the amount of
certainty small.”3

The contrast between stochasticity and precision is made clear later by Galenus using the
example of a city’s clock: “When a city is being built, let the following problem be set before those
who will inhabit it: they want to expertly know, not stochastically but precisely, on an everyday basis,
how much time has passed, and how much is left before sunset.”*

The connection of stochastics with prediction or forecast becomes evident in an excerpt from
Basilius Caesariensis who contrasts a prophet to a ‘stochastes’ (6toxaotng, a noun usually trans-
lated incorrectly into English as diviner): “On the one hand, a prophet is he who foretells the future
by revelation of the Spirit; on the other hand, a stochastes is he who infers the future by prudence,
comparing similar states, and by the experience of forefathers.”s It seems that this comment has
influenced later scholars (e.g. Procopius) and perhaps determined the meaning of stochastic in
modern Greek, which is imaginative, insightful, thoughtful, cogitative, contemplative, meditative.

The transplantation of stochastics, as an international scientific term, to the modern
vocabulary is due to Jacob Bernoulli, evidently aware of the Greek language and literature, and in
particular of the passage from Plato’s Philebus mentioned above. In his famous book Ars
Conjectandi (written in Latin in 1684-89 but published after his death; Bernoulli, 1713) he writes:
“To conjecture about something is to measure its probability. Therefore we define the art of
conjecture, or stochastics, as the art of measuring the probabilities of things as exactly as possible,
to the end that, in our judgments and actions, we may always choose or follow that which has been
found to be better, more satisfactory, safer, or more carefully considered. On this alone turns all the
wisdom of the philosopher and all the practical judgment of the statesman.”6

The term was revived by Bortkiewicz (1917; Russian economist and statistician of Polish
ancestry) and also by Slutsky (1925, 1928a,b, 1929; Ukrainian/Russian/Soviet mathematical
statistician and economist). It appears that the prevalence in USSR of the more sophisticated term
stochastic (over the term random) must have been related to political and ideological reasons
(incongruence of randomness with the dialectical materialism: models beyond strict determinism
were considered with a priori suspicion; see Mazliak 2018).

But it was Kolmogorov (1931) who made the term popular and widespread, as he introduced
the term stochastic process, also clarifying that process means change of a certain system.
Additionally, he used the term stationary to describe a probability density function that is
unchanged in time (while at the same time the system state changes). Soon after, Kolmogorov
(1933) introduced the modern and consistent definition of probability in an axiomatic manner,
based on the measure theory (see section 2.1).
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1 «uecdtng TIg dpa 0TIV 1) dpeTr, TOYAGTIKY ye oUoa ToD péoovy (Aristot. Nic. Eth. 1106b, translation into
English adapted from that by H. Rackham. Cambridge, MA, Harvard University Press; London, William
Heinemann Ltd. 1934). The notion of ‘mesotes’ (pecdtng), loosely translated as balance, middle, mean
between a respective ‘too much’ and ‘too little’, is a key concept in Aristotle’s ethical philosophy and thus
to hit it as a target is important for him.

2 «ol @vBpwToL TPOG TO AANOEg TEPUKATLY iKavd¢ Kal Ta TAslw TUYyavoval Tij¢ aAnbBelag: 510 Tpog Ta Evdoéa
OTOYAOTIKGG Exely TOU ouolwg éxovrog kal mpog v aAnbeidav éotiv» (Aristot. Rh. 1.1, translation into
English by W. Rhys Roberts, http://classics.mit.edu/Aristotle /rhetoric.1.i.html).

3 The complete passage is: XQKPATHZ: «olov Tac@v mov Texv@dv &v Ti¢ dptOuntikny ywpiln kai peTpnTIkny
Kal oTaTIKIV, W6 £T0G EITETV PATAOV TO KATAAELTTOUEVOV EKAOTNG AV YiyvoLrTo. [...] TO yoiv ueta tadt’ eikadety
Aeimoit” Qv kal Ta¢ aioOnoels kKataueAeT@v Eumelpiq kal TvL TPIPT], TALS TG OTOXAGTIKIG TTPOCYXPWUEVOUS
duvaueoty ag moAdol TEyvag Emovoualovatl, UEAETY Kal TOVQ TNV POUNY ATEPYATUEVAC. [...] 0UK0DV ueatn
UEV TTOV UOVGLKT) TIPDTOV, TO GUUPWVOV APUOTTOVCA 0V UETPW GAAX UEAETNG GTOXAGUD, KAl cUUTAcA AV THG
aUANTLKY, TO HETPOV EKAOTNG X0POTiS TG OTOYXA{ETOaL pepousvns Onpevovoa, WOTE TTOAD UEUELYUEVOY EXELV
TO U1 OaPES, OULKPOV O TO BELatov.»

(SOCRATES: “For example, if arithmetic and the sciences of measurement and weighing were taken away from
all arts, what was left of any of them would be, so to speak, pretty worthless. [...] All that would be left for us
would be to conjecture and to drill the perceptions by practice and experience, with the additional use of the
powers of guessing, which are commonly called arts and acquire their efficacy by practice and toil. [...] Take
music first; it is full of this; it attains harmony by guesswork based on practice, not by measurement; and flute
music throughout tries to find the pitch of each note as it is produced by guess, so that the amount of
uncertainty mixed up in it is great, and the amount of certainty small” (Plat. Phileb. 55e, translation by Harold
N. Fowler; Cambridge, MA, Harvard University Press; 1925.)

4 «modews kTilouévng mpokeioBw Tolg olkjoovav autny émiotacOal BovAsabOal, U GTOXAGTIKGSG AL’
akpLBac, £’ Exdotne NUEPAG, 0mooov Te TapeAAVOeV 1idn Tol ypovou Tod kat’ avTiv, 0méoov O’ VTTEAoLTGY
oty dypt Svoewg nAiov.» (TaAnvol Ilepl Aayvoews kal Ogpameiag T@v €v T £kdotov Wuxi
Apaptnuatwv —  De  Dignotione et Curatione cujusque Animi  Peccatorum, 80,
http://www.poesialatina.it/_ns/greek/testi/Galenus/De_animi_cuiuslibet_peccatorum_dignotione_et_cur
atione.html).

5 «OvKkoDV TpoPnTNg Uév é0TLV, 0 Kata dmokdAvv Tod Ivebuatog mpoayopevwv 0 UEALoV' GTOXAGTIIGC 8¢,
0 O ovveoww €k Ti¢ TOU opolov mapabécews Ol TNV TEpAV TOV TPoAafoviwv, TO UEAAOV
ovvtekuaipouevos.» (Basilius, Epunveia €ig tov mpoentv Hoalav —Enarratio in prophetam Isaiam,
3.102.26).

6 “Conjicere rem aliquam est metiri illius probabilitatem: ideoque Ars Conjectandi sive Stochastice nobis
definitur ars metiendi quam fieri potest exactissimé probabilitates rerum, eo fine, ut in judiciis & actionibus
nostris semper eligere vel sequi possimus id, quod melius, satius, tutius aut consultius fuerit deprehensum; in
quo solo omnis Philosophi sapientia & Politici prudential versatur” (Bernoulli, 1713).

1.5 Stochastics as a merger and generalization of probability and statistics

A consistent theory for complex systems should necessarily be based on probability—but
in an enhanced setting. The mathematical tool to reconcile the complexity of natural
systems with parsimony is stochastics. The meaning of the latter term is the following:

Stochastics = Probability theory + Stochastic processes + Statistics

These three pillars of stochastics are detailed in Chapters 2, 3 and 4, respectively.
The probability theory provides the theoretical basis for:

e moving from a microscopic to a macroscopic view of phenomena by mapping sets
of diverse elements and events of complex systems to single numbers (a
probability or an expected value);

¢ making deduction when there is uncertainty;

e making induction.


http://classics.mit.edu/Aristotle/rhetoric.1.i.html
http://www.poesialatina.it/_ns/greek/testi/Galenus/De_animi_cuiuslibet_peccatorum_dignotione_et_curatione.html
http://www.poesialatina.it/_ns/greek/testi/Galenus/De_animi_cuiuslibet_peccatorum_dignotione_et_curatione.html
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Stochastic processes and Monte Carlo simulations provide the means for:

e probabilistic prediction;
e uncertainty estimation;
e design and management of complex systems.

Statistics provides the empirical basis for:

e summarizing data;
e making inference from data;
e supporting decision making.

It is worth highlighting that, while stochastics provides the way to make reasonable
induction from data (observations), it also enables powerful deduction (without data) in
particular cases dominated by uncertainty, as will be shown in Chapter 5 through Chapter
7.

Classical probability and statistics are based on the prototype of independence and
repeatability (the die-throw prototype). This prototype works well for systems with many
identical particles for which independence can be assumed (this is the case e.g. for ideal
gases). However, more complex natural (real-world) systems evolving in time may
behave differently from the classical prototype (e.g. turbulent flows, hydrometeorological
and climatic processes). In such cases, stochastic models admitting dependence in
time/space/state are necessary. Typical stochastic models (particularly the multivariate
ones) are often not parsimonious themselves. Therefore, a more advanced stochastic
approach is necessary to make models more consistent with (a) the observed natural
behaviours, and (b) the principle of parsimony. Such approach will be discussed in
Chapter 3.

Digression 1.D Practical difference between dependence and independence

Using observational data of river discharge, we have concluded that the probability of the event
that the mean daily discharge at a certain location of a river exceeds 500 m3/s is small, equal to
1073, Practically, this means that this event happens on average once every 1000 days or once
every 2.74 years. What is the probability that this event occurs for five consecutive days?

Even though we have not yet defined what independence formally is (this will be done in
section 2.2 and 3.5, and in Digression 3.B), we intuitively know that the probability of independent
events occurring all together equals the product of the probabilities of the separate events. Thus,
under independence, the probability sought is simply (1073)> = 107>, This is an extremely low
probability: it means that we have to wait on the average 10'° days or 2.74 trillion years, or about
200 times the age of the universe, to see this event happen. However, such events (successive
occurrences of extreme events for multiday periods) have been observed in several historical
samples. This indicates that the independence assumption is not a justified assumption and yields
erroneous results. Thus, we should avoid such an assumption if our target is to estimate
probabilities for periods longer than the reference period. Methodologies admitting dependence,
i.e.,, based on the theory of stochastic processes, are more appropriate for such problems and will
result in probabilities much greater than 10~*%; these will be described in subsequent chapters.

Now let us assume that for four successive days our extreme event has already occurred, i.e.,
that the mean daily river discharge was higher than 500 m3/s in all four days. What is the
probability that this event will also occur in the fifth day?
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Many people, based on an unrefined intuition, may answer that the occurrence of the event
already for four days will decrease the probability of another consecutive occurrence, and would
be inclined to give an answer in between 10~3 and 10~1°. This is totally incorrect. If we assumed
independence, then the correct answer would be exactly 10~3; the past does not influence the
future. If we assume positive dependence, which is a more correct assumption for natural
processes, then the probability sought becomes higher, not lower, than 1073; it becomes more
likely that a flood day will be followed by another flood day.

Similar things happen if we move from the daily scale of the above example to the annual
scale, or to even larger scales. For example, if several warm winters have occurred in a series, then
the probability that the next winter would also be warm is increased—not decreased. Ignorance
of this simple truth may have severe consequences for those who aspire to predict the future and
those who believe their predictions. A didactic historical example is the failed prediction of
Hitler’s meteorologist Franz Baur about the 1941-42 winter in Russia, which marked the Battle
of Moscow. Quoting a fascinating paper by Neumann and Flohn (1987)%:

Baur was requested by the headquarters of the German Air Force to distribute his long-range
forecasts to about 25 military offices. A forecast for winter 1941-42 was issued by him, probably
at the end of October 1941, based on regional climatology and (supposed) sun-spot-climate
relationships. The prediction called for a normal or a mild winter. Baur’s main justification for
this rested with the assertion that never in climatic history did more than two severe winters
occur in a row. Since both of the preceding two winters, 1939-40 and 1940-41, were severe in
Europe, he did not expect that the forthcoming winter would also be severe.

However, that winter, in which the first major Soviet counteroffensive of the war was launched,
turned out to be one of the coldest in record:

The cold outbreak of early December, coming after a cool to cold October and November |...]
gravely hit the German armies that were not appropriately clothed (Hitler expected to break
the resistance of the USSR before the coming of winter) and which were not equipped with
armaments, tanks, and motorized vehicles that could properly function even in a “normal”
winter in the northern parts of the USSR, let alone in a winter as rigorous as that of 1941-42.
On or about 8 December, K. Diesing, chief of the CWG and scientific adviser to the chief of the
Weather Service of the Air Force (General Spang), asked Flohn to listen in on a second earphone
to a telephone call to Baur. In the call, Diesing cited to Baur the reports of very low temperatures
in the East and asked him if he maintains his seasonal forecast in face of the reports. Baur’s
response was “the observations must be wrong”.

Those who interact with deterministic modellers of today may recognize in the last phrase in
quotation marks a pretty modern attitude.

1 A more detailed account about Baur’s infamous prognosis, which is now public, can be found in Wiuff
(2023).

1.6 Change, randomness and predictability

Itis trivial to say that physics and geosciences deal with change. Actually, change has been
studied very early, at the birth time of science and philosophy. Most of the Greek
philosophers had something to say about it. Heraclitus summarized the dominance of
change in a few famous aphorisms, in which he used simple notions to describe change:
the flow and the river. Most famous is an aphorism no longer than two words, magically
put together:

Everything flows (better known in its original Greek version, “Ildvta pel”’)".

* Quoted in Plato’s Cratylus, 439d, 440c.
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Alternative expressions of the same idea are listed in the motto at the beginning of the
book.

Also, Aristotle (particularly in his Meteorologica) not only understood the scale and
extent of change:

all changes in course of time.”

but he also tried to find invariant properties within change, something that is quite
important in modern science. Namely, he understood and aptly expressed the
conservation of mass within the hydrological cycle (cf. Koutsoyiannis and Mamassis,
2021):

Thus, [the sea] will never dry up; for [the water] that has gone up beforehand will return
to it.t

Even if the same amount does not come back every year or in a given place, yet in a
certain period all quantity that has been abstracted is returned.*

The hierarchical chart of Figure 1.13 tries to classify change with respect to its
predictability. In simple systems (left part of the graph) the change is regular. The regular
change can be aperiodic such as the motion of a weight examined in Digression 1.B, or
periodic, such as in the motion of Earth with daily and annual period. Whatever it is, using
equations of dynamical systems, regular change is predictable.

But this type of change is rather trivial. More interesting are the more complex
systems at long time horizons (right part of the graph), where change is unpredictable in
deterministic terms, or random. Pure randomness, like in classical statistics (e.g., dice
throws), where different variables are identically distributed and independent, is
sometimes a useful model, but in other cases it is inadequate. A structured randomness,
characterized by dependence in time and emergence of patterns, should be assumed
instead. As will be seen in Chapter 3, the structured randomness, typically characterized
by Hurst-Kolmogorov dynamics and maximization of entropy production, is enhanced
randomness, expressing enhanced unpredictability of enhanced multiscale change.

It should be clarified that the concept of randomness is used here in a sense quite
different from the most common one. According to the prevailing dichotomous view,
natural processes consist of two distinct, usually additive, components: a deterministic
part (signal) and a random part (noise). Over large time scales, the randomness averages
out and does not produce net change. Thus, under this view, only an exceptional external
forcing can produce sustained long-term change.

In contrast, the perspective adopted here (better explained in Koutsoyiannis, 2010,
2013, and Dimitriadis et al, 2016) regards randomness as none other than
unpredictability. In macroscopic systems—even those governed by fully deterministic

* petafdArel o) xpdvew mavra; Meteorologica, 1.14, 353a 16.

T dote 0v8émote Enpaveltar mdhw yap ékeivo pOioeTal katafav ic TV avTHV TO TpoaveAOdv; ibid., 356b
26.

¥ k@v un kat’ éviautov dmosidd kai kad’ éxdotnv ouoiws ydpav, dAX’ &v yé tiow TeTayuévois xpovolg
amodidwot m@v o Anebév; ibid., 11.2, 355a 26.
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dynamics without any random excitation—unpredictability (i.e., randomness) emerges
intrinsically. Depending on the time horizon and time scale of the prediction, there can be
either predictability or unpredictability, i.e. randomness, which is not mere noise but the
voice of Nature itself (cf. rain falling or water flowing). With the exception of very simple
systems—mostly idealized or imaginary—all natural systems, from dice to planets,
behave in this way. The specific time length at which the transition from predictability to
unpredictability occurs can vary widely: from about a tenth of a second for dice, to tens of
millions of years for the solar system. At long time horizons (longer than this
characteristic time length) all is random—and far from static.
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Figure 1.13 Classification of change. (Source: Koutsoyiannis 2013b.)







Chapter 2. Basic concepts of probability

2.1 Definition of probability

For the proper understanding and use of probability, it is very important to insist on the
definitions and clarification of its fundamental concepts. Such concepts may differ from
other, more familiar, arithmetic and mathematical concepts, and this may cause confusion
or even collapse of our cognitive construction, if we do not base it on solid foundations.
For instance, in our everyday use of mathematics, we expect all quantities to be expressed
by numbers and the relationship between two quantities to be expressed by a function,
which to a numerical input quantity associates (maps) another numerical quantity, a
unique output. Probability is also a mapping, but instead of a number, the input quantity
is an event, which can be represented mathematically by a set. Probability is then a
quantified likelihood that the specific event will occur. This type of representation was
proposed by Kolmogorov (1933). There are other probability systems different from
Kolmogorov’s axiomatic system, according to which the input is not a set. Thus, in Jaynes
(2003)" the input of the mapping is a logical proposition and probability is a quantification
of the plausibility of the proposition. The two systems are conceptually different, but the
differences lie mainly on interpretation rather than on the mathematical results. Here we
follow Kolmogorov’s system, which we complement with an important addition, a new
axiomatic definition of entropy (section 2.3).

Kolmogorov was an outstanding member of the Moscow School of Mathematics,
which gave importance to definitions and to clarity, following the Aristotelian tradition of
sapheneia (Digression 2.A). His approach to probability theory is based on the notion of
measure, which maps sets onto numbers. The theory of measure is a very important
development in mathematics and was founded by Emile Borel (first c-additive measure)
and Henri Lebesgue (Lebesgue measure and integral) in the turn of the 19th to 20th
century, with Giuseppe Vitali (non-measurable sets) following soon after. In the next two
decades, the subject was advanced by the Moscow School of Mathematics, Dmitry Egorov
(Egorov’s theorem), Nikolai Luzin (measurable functions, analytic sets, descriptive set
theory) and Mikhail Suslin (analytic sets, Suslin’s problem), while at the same period it
was explored by Constantin Carathéodory (outer-measure approach). Kolmogorov
understood that probability is simply a normalized measure.

The objects of probability theory, the events, to which probability is assigned, are
thought of as sets. For instance, the outcome of a roulette spin, i.e. the pocket of the wheel
into which the ball falls is one of 37. (In a European roulette wheel, pockets are numbered
0 to 36 and coloured black or red except 0 which is green). Thus, all sets {0}, {1}, ... {36}
are events (also called elementary events). But they are not the only ones. All possible
subsets of (, including the empty set @, are events. The set 2 := {0, 1, ..., 36} is an event
too. Since any possible outcome is contained in (2, the event 2 occurs in any case and is
called the certain event. The sets ODD :={1, 3, 5, ..., 35}, EVEN := {2, 4, 6, ..., 36}, RED =
{1,3,5,7,9,12, 14, 16, 18, 19, 21, 23, 25, 27, 30, 32, 34, 36}, and BLACK := 2 - RED - {0}

* Jaynes’s book cited here was published posthumously (he died in 1998).
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are also events (and also bettable). While events are represented as sets, in probability
theory there are certain differences from set theory in terminology and interpretation,
which are shown in Table 2.1.

Table 2.1 Terminology correspondence in set theory and probability theory (adapted from
Kolmogorov, 1933).

Set theory Events

A=0 Event A is impossible

A=10 Event A is certain

AB = @ (or A N B = @; disjoint sets) Events A and B are incompatible (mutually
exclusive)

AB---N=0 Events A4, B, ..., N are incompatible

X:=AB-N Event X is defined as the simultaneous occurrence
ofA,B, ... N

X=A+B+--+N Event X is defined as the occurrence of at least one

(orX:=AUBU--UN) ofthe events 4, B, ..., N

X=A-B Event X is defined as the occurrence of A and, at the
same time, the non-occurrence of B

A := (0 — A (the complement of A) The opposite event A consisting of the non-
occurrence of A

B € A (Bis asubset of A) From the occurrence of event B follows the

inevitable occurrence of event 4

According to Kolmogorov’'s (1933) axiomatization, probability theory is based on
three fundamental concepts and four axioms. The concepts form the triplet (£, 2, P), called
probability space, where:

1. Q is a non-empty set, which will be referred to as the ground set or certain event,
whose elements w are called outcomes (also known as states or elementary events,
but it is better to use the latter term for singleton sets {w}). Kolmogorov called 2
the basic set, while sometimes is also called sample space.

2. Yis aset known as o-algebra (or o-field) whose elements E are subsets of (2, known
as events. 2 and @ are both members of X, and, in addition, (a) if E is in 2 then the
complement (2 - E is in 2; (b) the union of countably many sets in X' is also in 2.

3. P is a function called probability that maps events (i.e., sets) to real numbers,
assigning to each event E (member of X) a number between 0 and 1.

The four axioms, which define the properties of P, are the following:

[. Non-negativity: For any event A, P(A) = 0.
I[I. Normalization: P(Q2) = 1.
IIl. Additivity: For any incompatible events A and B (i.e.,, AB = @), P(A+ B) = P(A) +
P(B).
IV. Continuity at zero: If A1 2 A2 > ... 2 An D ... is a decreasing sequence of events, with
A A, - Ay, - = @, then lim,_,,, P(4,) = 0.

We note that in the case that 2 is finite, axiom IV follows from axioms I-1II; however, for
infinite ground sets it should be put forward as an independent axiom. We note that
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Kolmogorov’s numbering of axioms is different as he also put the basic notions 1-3 as
axioms. Modern texts merge axiom III and IV forming an axiom of additivity of infinite
events, but here we prefer the original formulation as it is more intuitive and useful (see
an example later in section 2.3)

Digression 2.A: What is sapheneia?

[t is stunning that before Kolmogorov, the concept of probability was in wide use for almost three
centuries, since its introduction by Jacob Bernoulli, without a proper definition. Earlier definitions
were problematic (e.g. affected by circular logic). For this reason, they are not referred to here,
but the interested reader can find them in any probability book.

One may notice the modern world’s recent disrespect for clarity in science, which also affects
definition. This disrespect is “theorized” in the following statement by Mandelbrot (1999, p. 14):

Let me argue that this situation [absence of a definition] ought not create concern and steal
time from useful work. Entire fields of mathematics thrive for centuries with a clear but evolving
selfimage, and nothing resembling a definition.

Perhaps the reason why modern science prefers a pace of fuzziness over that of clarity is its
strengthening links to politics and finance. Fuzziness indeed better serves contemporary politics.
On the other hand, fuzziness per se has been theorized by the modern fuzzy set theory, which
however is one of the several modern reinventions of probability.

Probability and stochastics try to replace fuzziness with rigour in fields where uncertainty
dominates. Therefore, it needs a rigorous definition per se, and this has been provided by
Kolmogorov. The Moscow School of Mathematics, and in particular its founders Dimitri Egorov
and Nikolai Luzin (the latter being Kolmogorov’s mentor) had a different approach, opposite to
Mandelbrot’s. This is vividly expressed by the following Luzin’s note, quoted by Graham (2011):

Each definition is a piece of secret ripped from Nature by the human spirit. I insist on this: any
complicated thing, being illumined by definitions, being laid out in them, being broken up into
pieces, will be separated into pieces completely transparent even to a child, excluding foggy and
dark parts that our intuition whispers to us while acting; only by separating into logical pieces
can we move further, towards new successes due to definition.

In fact, Luzin’s approach was formed much earlier, in the first steps of the development of
science. Aristotle promoted sapheneia (ca@nvelat), which includes clarity and is also related to
the accurate accounting of the phenomena and the attainment of accurate scientific knowledge
(Lesher, 2010). Aristotle clearly linked sapheneia with truth:

We must always endeavor, from statements that are true but not clearly [0V ca@&g] expressed,
to arrive at a result that is both true and clear [ca@®g] (Aristotle, Eudemian Ethics 1220a).2

The importance Aristotle gave to sapheneia can be seen in the way he equated untrained soldiers
to those who do not practice it:

These thinkers [...] seem to have grasped [...] the causes [...] only vaguely and indefinitely
[dpudpdrs xal oVBEV capdg]. They are like untrained soldiers in a battle, who rush about and
often strike good blows, but without science; in the same way these thinkers do not seem to
understand their own statements, since it is clear that upon the whole they seldom or never
apply them (Aristotle, Metaphysics 985a).3

The introduction of terminology, i.e., of sophisticated terms (which either do not exist in the
colloquial language or exist with a loose meaning) and their definitions, is another reflection of
the sapheneia desideratum. Note that, in Greek, the names term and definition have common
origin (6pog and oplopdg, respectively), and Aristotle sometimes used the two interchangeably,
perhaps reflecting the fact that a term without a definition is not a proper term. He emphasized
the need to name scientific concepts:

Now most of these [concepts] have no names, and we must try [...] to invent names ourselves
for the sake of clarity [copnvela] and ease to follow (Aristotle, Nicomachean Ethics, 985a).4
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Furthermore, Aristotle gave credit to Socrates for the introduction of definitions and
emphasized that the need for them is linked to the use of abstract theoretical concepts rather than
of sensible things:

Socrates, disregarding the physical universe and confining his study to moral questions, sought
in this sphere for the universal and was the first to concentrate upon definitions [0plou&Vv].
[Plato] followed him and assumed that the problem of definition is concerned not with any
sensible thing but with entities of another kind; for the reason that there can be no general
definition [0pog] of sensible things which are always changing (Aristotle, Metaphysics
1.987b).>

The importance of names, especially in mathematics, has been emphasized by Graham
(2011), who asserted that naming plays an essential role because mathematical objects that have
not yet been named are difficult to work with. For mathematicians naming is the path to gaining
control over the objects they conceive. In their book Naming Infinity, Graham and Kantor (2009)
gave a detailed account of how the naming of abstract concepts contributed to the development
of the Moscow School of Mathematics and the founding of descriptive set theory, which gave birth
to the modern definition of probability and the development of stochastics.

1 Greek words related to the noun oca@rnveia (sapheneia) are the adjective capric/oapés (saphes), the
adverb ca@pdg¢ (saphos) and the verb oapnviletv (saphenizein).

ZAel S1a TGV dAnO@ ¢ uev Aeyouévawy ov capds 8¢ mepdoBat AaBelv kal 1o aAn6d¢ kal aapds. (ApLoTOTEANG,
'HOwca Evdna, 1220a).

3 0dtor pév odv [..] nuuévol paivovta, [...] duudpdc pévrol kal ovOV capds dAL” olov év taic udyaig oi
ayvuvactol mololotv: kal yap EKEIVOL TEPLPEPOUEVOL TUTTTOVTL TTOAAAKLS KAAAS TIANY &G, dAA” 0UTE EkelvoL amo
émotiung olite oUTol éoikaowy ibévar § TL Aéyovowv: oxeSov yap ov0Ev ypuevol paivovtal ToTows dGAX fi
Kata uikpov (AplototéAng, Metd ta Puoikd, 985a).

4 Eiol pév odv kal Todtwv 1 mAelw dvavoua, mewpatéov 8’ [...] adtovs dvouaromolelv capnveiag éveka kai
T0U evTapakxoiovOrtov (AplototéAng, 'HOuka Nukopdyewa, 1108a).

5 Zwkpdtoug 68 Tepl UEV Ta NOIKA TPAYUATEVOUEVOU TEPL OE THIG OANG PUTEWS 000V, v uévtol ToUToLS TO
KaBoAov (nTolvTog kal TEPL OPLOUGY ETLOTHOAVTOS TPWTOU TNV Stdvoiay, [[TAdtwv] ékeivov amodeéauevog
Sia 70 TotoiiTov VédaPev we mepl ETépwv TODTO YiyvéuevoV kal 00 T@V aioOnTdv: dSvvartov yap eivar Tov
KOOV GpoV T&V aloOnNT@V TIvdg, del ye uetafarloviwv (AplototéAng, Meta ta Puoikd, 1.987Db).

Digression 2.B: An elementary illustration of probability

For clarification of the basic concepts of probability theory, we give the following example of
hydroclimatic interest. Specifically, we study: (a) the occurrence of rainfall at a particular site and
a specific time of the year, and (b) the rainfall depth at that site and time.

In (a) we are interested in the mathematical description of the possibilities that a certain day
in the specified site and time is wet or dry. These are the outcomes or states of our problem, so
the ground set is:

0 = {wet, dry}
The o-algebra 2 contains all possible events, i.e.:
2 = {0, {wet}, {dry}, 2}

To fully define probability on 2 it suffices to define the probability of one of the two states, say
P{wet}. In fact, this is not easy. Usually it is done by induction, and it needs a set of observations
to be available and concepts of the statistics theory (see Chapter 4) to be applied. For the time
being let us arbitrarily assume that P{wet} = 0.2. The remaining probabilities are obtained by
applying the axioms. Clearly, P(2) = 1 and P(<) = 0. Since wet and dry are incompatible, P{wet}
+ P{dry} = P({wet} + {dry}) = P(©2) = 1, so P{dry} = 0.8.

In (b), the state is described by the rainfall depth which can be zero or positive. Therefore,
the ground set is the set Rt U {0}. We will see how we can assign probabilities in this case in
Digression 2.].
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2.2 Conditional probability, independent and dependent events

By definition (Kolmogorov, 1933), conditional probability of the event A given B (i.e. under
the condition that the event B has occurred) is the quotient:
P(AB)
P(B)

=: P(A|B) (2.1)

Obviously, if P(B) = 0, this conditional probability cannot be defined (except in limiting
cases by applying the I’'Hopital’s rule). It follows that:

P(AB) = P(A|B)P(B) = P(B|A)P(4) (2.2)

From this it follows that:
P(B|A —PBP(AlB) 2.3
(Bl4) = P(B)—5 s (23)

Equation (2.3) is known as the Bayes theorem.

Ifithappens that P(A|B) = P(A),i.e., the probability of A does not depend on whether
or not B has occurred, then the events A and B are called (stochastically) independent. In
this case from equation (2.1) it follows that:

P(AB) = P(A)P(B) (2.4)

Otherwise, A and B are called (stochastically) dependent.
The definition can be extended to many events. Thus, the events A;, A4,,... are

independent (or mutually independent) if for any finite set of distinct indices iy, iy, ..., i:
P(A;A;, Ay ) = P(A) P(A) .. P(A;) (2.5)

Thus, handling probabilities of independent events is easy. However, this is a special case
because often macroscopic natural events are dependent. In handling dependent events
the notion of conditional probability is vital.

It is easy to show that the generalization of (2.5) for dependent events takes the
forms:

P(Ay ... A1) = P(Ay|An_q ... A1) - P(A,]A1)P(4) (2.6)

P(A, ..A{|B) = P(A,|Ap—q ...A1B) --- P(A,|A1B)P(A{|B) (2.7)

which are known as the chain rules. It can also be proved (homework) that if A and B are
mutually exclusive, then

P(A+ B|C) = P(A|C) + P(B|C) (2.8)
P(C|A)P(A) + P(C|B)P(B)
P(A) + P(B)

and ifA+ B = ,sothat P(A + B) = 1, then
P(C) = P(C|A)P(A) + P(C|B)P(B) (2.10)

P(C|A+B) = (2.9)
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Digression 2.C: An example of the dependence of probability on information

We assume that at a certain place on Earth (say, in a city in the United Kingdom) and a certain
period of the year, a dry and a wet day are equiprobable and that on different days the states (wet
or dry) are independent. What is the probability that two consecutive days are wet in the
following cases? (a) Unconditionally. (b) If we know that the first day is wet. (c) If we know that
the second day is wet. (d) If we know that one of the two days is wet.

We assume that the probability spaces in the two days are identical. We denote £, and 25 the
ground sets for the first and second day,respectively. The ground set for the two consecutive days

is the Cartesian product £, x Q5. Further, we denote A := {first day wet}, 4 = {first day dry}, B :=
{second day wet}, B := {second day dry}. Then, 2, = {A, Z} and Qg = {B,E}. The ground set
2, X g can be written as {AB,AE, AB, E}

(a) We want to find P(AB). Obviously, given the independence assumption, P(AB) = P(A)P(B) =

(1/2)? = 1/4. Because of equiprobability and independence, each of the four events has
probability 1/4.

(b) Now the probability sought is P(AB|A). Using the chain rule in equation (2.7) we find
P(AB|A) = P(A|AB)P(B|A) =1x1/2=1/2.

(c) Like in (b), we find P(AB|B) = 1/2.

(d) The condition that one of the two days is wet corresponds to the composite even AB + AB +
AB. Thus, the probability sought is

4 A T = P(AB(AB + B +48)) P(AB) R
"~ P(AB+AB+AB)  P(AB+AB+4B) 3/4 3

where we have used the definition of conditional probability and the fact that AB, AB, AB are
mutually exclusive.

To connect the example to the real world, let us assume that a friend travelled to this city for
a specified couple of days. If we do not have any information except the specific dates, then to the
event that she used her umbrella on both days we will assign probability 1/4. If we knew that she
went there without an umbrella and she was forced to buy one, then to the same event we might
assign a probability of 1/3. If, during the first day of her trip, we saw (e.g. in her social media
posts) a photo showing her in the city holding an umbrella, then we would change the probability
to 1/2. In other words, the information we have for a problem may introduce dependencies in
events that are initially assumed independent. More generally, the probability is not an invariant
quantity, characteristic of physical reality in absolute terms, but a quantity that depends on our
knowledge or information about the examined phenomenon. It may seem paradoxical that the
probability depends on information, but it is not. The rules according to which we are assigning
probabilities are objective and theoretically consistent. Yet it may not always be direct to assign
probabilities and also the assigned values may depend on the way the information was obtained
(see relevant discussion for the particular problem examined here in Bar-Hillel and Falk,1982).
We may additionally recall that even in classical deterministic physics we are dealing with similar
situations. For instance, the location and velocity of a moving particle are not absolute objective
quantities. If we change the coordinate system, the numerical values of the coordinates and the
velocity will also change (see also Digression 6.A).

Digression 2.D: An example of dependent events

The independence assumption in the problem in Digression 2.C is often a poor representation of
physical reality. To construct a slightly more realistic model, let us assume that the probability of
today being wet (B) or dry (B) depends on the previous day’s state (A or A). It is reasonable to
assume that the following inequalities hold:
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P(B|A) >P(B)=05 P(B|A)>P(B)=05

Now, the problem becomes more complicated than before. Let us arbitrarily assume that
P(B|A) = 0.6. Then the probability that both days are wetis P(AB) = P(B|A)P(A) = 0.6 X 0.5 =
0.3 > 1/4. For the sake of completeness, we also calculate the probabilities of the other

combinations. From (2.10), we get P(B) = P(B|A)P(A) + P(B|Z)P(Z), from which we find:

[P(BIA) P(B|Z)] [P(A)] B [P(A)] [P(AIB) P(B|§)] [p(B)] B [P(B) [P(B) B [P(A)
p(Bla) P(B|A)l [P(A)] [P(A)]" [p(B|A) P(BJA)I P [P(B)|" [P(B)] |P(4)
where for convenience we have used matrix/vector representation. Thus,
P(B) — P(B|A)P(A) 05-0.6x05 -

P(A) B 0.5 -
Hence, P(ZB) = P(B|Z)P(Z) = 0.4 % 0.5 =0.2 < 1/4. Because of symmetry P(E) = 0.3 and
P(AE) = 0.2. Thus, the dependence resulted in higher probabilities that the consecutive events

are similar and smaller probabilities that they are dissimilar. This corresponds to a typical natural
behaviour (see also Chapter 3).

P(B|A) =

2.3 Enrichment of the probability system: Entropy and the principle of
maximum entropy

While Kolmogorov’s system to define probability is a major step to rigorous science, it
does not help to determine probability in real-world problems, as it is too general.
Typically, assignment of probabilities is done by induction, usage of data and statistical
tools (see Chapter 4). Yet deduction is possible in stochastics and the best tool for it is the
principle of maximum entropy. This principle can assign probabilities to events, even if we
know nothing about them, and modify the initial assighments in cases where information
becomes available.

The definition of entropy requires reference to partitions of the ground set 0 =
{wi, Wy, ...y}, where m may be infinite. A partition is a set of nonempty mutually
exclusive sets (events) whose union equals 2. Symbolically, A = {44, 4,, ...,4,} (or A =
[A;]), with A + A, + -+ Ay = 0, AjA; = @,i,j = 1...,n. The sets (events) Ay, Ay, ..., A,
are the elements of the partition. Here are some basic properties of partitions:

e The coarsest partition has one element, A = {02}

e The finest partition is composed of elementary events, each being a singleton set
containing a single outcome, i.e., A = {{wl}, {wsy}, ..., {wm}} =:V.

e A partition with two elements, A = {4, 4} is called a bipartition.

e Arefinement of a partition A is a partition B such that each element B; of B is a
subset of some element A4; of A.

e A common refinement of two partitions is a refinement of both.

e Given two ground sets £,0',and partitions thereof A = [4;],A' = [A]’-], their
product partition, denoted as A ® A’, is a partition of the cartesian product 2 x ',
consisting of all events 4; x A}, A; € A, A; € A’ for all i, j. Since the occurrence of
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the event 4; X A; is equivalent to the occurrence of both 4; and A;, we can simplify
the notation A; X A; by omitting ‘X’ and writing A;A;.
e For afinite £2 with n elements, the number of elements (cardinality) of X, the set of
subsets of (2, is 2" and that of I1, the set of all partitions, is much greater (for n >
4), known as Bell number, B, and given by the recursive formula
n
n
By=1, By, = z () B (2.11)
k=0
e For ) equivalent to the set of natural numbers (i.e. for a discrete {2, or a continuous
one with interval partitions) the cardinality of either X or T is infinite, 2%, where
X, (aleph-zero) is the cardinality of the set of the natural numbers. If all partitions

0
of an £2 composed of real numbers are considered, then the cardinality is Z(ZN )

While probability is a function P(A) that maps an event (i.e. subset of the ground set
0) to areal number in the interval [0,1], entropy, which we will denote by the Greek letter
®," maps a partition A of the ground set to a real number. Figure 2.1 provides a schematic
that helps intuition about the concepts involved.

If the ground set has finite or countably many elements, that number is nonnegative
and bounded from above. Hence, entropy has a maximum value, whose determination can
be used to assign probabilities. This is the idea behind the principle of maximum entropy.
For a non-countable ground set, entropy can diverge to infinity, but again there are two
formal ways to make it finite. The first is to adhere to a countable number of partition
elements, so that entropy remains nonnegative with a finite maximum value. The second
is to use the notion of relative entropy, which is described below. The latter concept can
take on negative values but has a finite upper bound, a maximum (relative) entropy.

By incorporating entropy into probability theory, we extend Kolmogorov’s triplet
(02,2, P) to the pentad (2, 2,11, P, ®), where the meanings of the five symbols are:

0): the ground set;

21 the o-algebra that contains subsets of (2;

IT: the set of all partitions of (), where each element of any partition A (where A is
an element of IT) should be an element of X;

P: the probability function, P: X = [0,1] ;

@: the entropy function, @: [T - R* (or R for relative entropy).

This pentad enables deductive probability assignments via maximum entropy, as
detailed in section 2.11. Probability measures the degree of certainty about a single event
A,i.e.asubsetof 2, so thatavalue of P(A) close to zero or one suggests a nearly impossible
or a nearly certain event, respectively. On the other hand, entropy refers to a collection of

* In classical thermodynamics, entropy is denoted by S (the original symbol used by Clausius—see
Digression 2.E), while probability texts use the symbol H. Here @ was preferred as a unifying symbol for
probabilistic and thermodynamic entropy, under the interpretation that the two are the same thing. One of
the reasons for this preference is historical: for long time, entropy used to be denoted by @ (Perry, 1903;
Swinburne, 1904; Ewing, 1920), as echoed in the term tephigram (T-®-gram) used in meteorology.
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events covering the entire ground set £2, instead of a single event. If 2 = {4, A} with P(4)

close to zero or one (equivalently, P(Z) close to one or zero), then the entropy @ is close
to zero in both cases.

(00]

O(A) == ) PAIINPUY
i=1

A

x > Entropy axis

0 & ®(A) = @p(P(A1), P(42), P(43), P(A))
SR > Py =1
P(Ay) " & B i=1
] G— < 2 ] > Probability axis
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Figure 2.1 Schematic for the basic concepts required for entropy definition: ground set, outcomes,
events, partition, and probability and entropy as functions.

Below we will introduce and define entropy in a manner different from that common
in literature, even though the final formula does not differ from the commonly used. The
reasons for not following the literature are explained in Digression 2.E, along with the
historical context. Specifically, here we incorporate the principle of maximum entropy
into the definition. Put it differently, we first posit that principle and then we set the
required postulates for an entropy definition that materializes the principle. We interpret
entropy as quantification of uncertainty and express the principle of maximum entropy
as follows:

Principle of maximum entropy: Uncertainty will not be lower than its maximum
possible value without a reason.

Such a reason, if it exists, would be expressed mathematically as a constraint, but the
definition of entropy should be independent of constraints. It is stressed that, as is typical
of first principles, the principle of maximum entropy, with its above formulation, is
posited axiomatically and not derived or proved. Hence, its validity is not subject to proof,
but is confirmed (or refuted) by the richness, reliability and consistency of the results it
yields. Here we posit the principle in a mathematical framework but in next chapters we
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will regard it as an ontological, and hence physical principle. This is contrary to the usual
epistemological interpretation.

Our definition will be based on partitions A of the ground set £2. It will also use the
notion of independence and the intuitive assumption that independence between two
events 4, A’ results in maximum uncertainty as the occurrence of A does not contain any
information about the occurrence of A'. Two elements A;, A; of a partition A are mutually

exclusive, so P(AiAj) = 0. Therefore, in order for independence to be meaningful, we
need more than one partition. As the most parsimonious case, here we consider two

independent partitions. With these ideas, we now form the following postulates which
can define entropy as a function of the probabilities P(4;) of the events A;.

Postulate 1, continuity: Given a partition A = {4, ..., 4,,} of the ground set 2, its
entropy @ (A) is a twice continuously differentiable function @, () of the probabilities
of the events A; that form the partition. Namely, ®(A) = &, (P(Al), ...,P(An)), i.e,
®p: R" > RY,®p € C2.

Postulate 2, zero at certainty: The entropy of the coarsest partition is
zero, ®({N}) = 0.

Postulate 3, non-interaction: There is no interaction between any two elements of
a partition: 92®(A) /9P (4;)0P(4;) = 0,i # j.

Postulate 4, maximization at independence: If 2, 2’ are two identical ground sets,
and A, A’ are partitions thereof, then the entropy of the product partition AQ A’ is
maximized when each pair of events 4; € A, A; € A’ are independent, i.e. P(AiA]’-) =

P(A)P(4;).

In addition to these four postulates, we state the following useful property, which is a
direct consequence of the fact that a partition is a set and so the order of its members is
indifferent.

Property 5, symmetry: @ (A) is permutation-invariant: if (i) is any permutation of
i =12,..,n, then ®(A) = @p(P(41), .., P(4s)) = Dp (P(Arry), - P(Aniy) )

Based on the four postulates we specify the form of @p, completing the entropy
definition, as

B(A) = —ZP(Ai)lnP(Ai) (2.12)

We readily observe that, as P(4;) is a dimensionless quantity, so will also be entropy
®(A). As the material presented in this section is new, not contained in literature, we
chose to present it formally, by means of theorems and corollaries. The result in equation
(2.12) is obtained by means of two theorems (1 and 2) and a corollary (2.1) listed below.
Additional theorems and corollaries, also listed below, give important properties of
entropy. The proofs of the theorems are given in Appendix 2-I, while those of the
corollaries are direct.
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Theorem 1: There exists a univariate function ¢ (P) such that

n

®(A) = z o(P(4)) (2.13)

=1

Theorem 2: The function ¢ (P) in equation (2.13) is uniquely determined as
@(P) =—kPInP (2.14)

where k > 0 is a constant.

Corollary 2.1: The entropy is determined by equation (2.12) uniquely up to a
constant multiplier.

Corollary 2.2: ¢(x) = 0 (with ¢(x) = 0whenx = 0 orx = 1).

Corollary 2.3: #(A) = &, (P (A1), ..., P(An)) is a concave function of P(4,), ..., P(4,).
Corollary 2.4: For independent A, A’, the entropy of the product partition is

DA QA" = d(A) + d(A") (2.15)
Corollary 2.5: For any ground sets (2, 2" and partitions thereof A, A’,
DARA) < d(A) + P(A) (2.16)

with equality holding when A, A’ are independent.

Note: Corollary 2.4 is often called additivity (or additivity property or additivity
principle) and verbally expressed as “the total entropy of two or more independent
systems is equal to the sum of their individual entropies”. According to corollary 2.5,
that sum is the maximum that a product partition can reach.

Theorem 3: If B is a refinement of A, then
?(B) = P(A) (2.17)

Corollary 3.1: From all partitions of (, the finest partition, V = {{wl}, {wy}, ..., {wm}}
has the largest entropy.

Theorem 4: Without any constraint on P(A4;), the maximum entropy is obtained for
equal probabilities P(4;) = 1/n and is @(A) = Inn =: ¢g(n) (with the subscript ‘E’
standing for equiprobability).

Note: Theorem 4 expresses what is known as the principle of insufficient reason
(attributed to Bernoulli and Laplace). This principle is clearly a direct result of the
principle of maximum entropy, so there is no need to positit as an independent logical
principle.

Corollary 4.1: Unconstrained maximization of the entropy of the finest partition V
results in entropy

PV)=@g(n) =Inm=1Inn (2.18)

Note: If the ground set has infinite elements, then unconstrained maximization of the
entropy will result in zero probabilities and infinite entropy. This is meaningless and
hence in such cases constraints are necessary to derive meaningful results.
Corollary 4.2: (V) = Inm is a monotonic increasing function of m.



36 CHAPTER 2 - BASIC CONCEPTS OF PROBABILITY

Corollary 4.3: If 2 = 2, X 02, X ... X 2y, where (); are identical, each containing m
equiprobable events and the events are independent among different (2;, then

(a) the probability of each event in the finest partition is 1/m",

(b) the entropy is ®(V" ) = NInm, and

(c) the quantity @(V" )/N is constant.
Note: Case (c) of corollary 4.3 is known as extensivity; more generally, extensivity is
defined via the 1\1}1_1)120 @ (V" )/N, which must be finite and nonzero in order for a system

to be characterized as extensive (Tsallis, 2022).

Extension to degenerate partitions: We consider the case 4 = (2, A= @, which does not
constitute a genuine bipartition but a degenerate one. Yet, when considering an infinite (2,
the degenerate bipartition could be thought of as a limit of a sequence of genuine
bipartitions {Al,zl}, ...,{Ai,Zi}, .oy With4; 2 -2 A4; 2 - and 4, ... 4; ... = @. Combining
the probability’s property of continuity at zero and the continuity of entropy (Postulate
1), we infer that the entropy of the degenerate partition will also exist and be given by the
same formula, ®(A) = @(1) + ¢(0) = ¢(0). Since ¢(0) = }Ci_r)%(—k xInx) =0, we get

®(A) = 0.This can be extended to degenerate partitions of any dimension, so that ®(A) =
0 whenever an element is {2} (and all other elements are {@}). This can also be written as
®5(1,0,...,0) = 0.

Relative entropy: A useful concept, particularly for continuous variables, is the relative
entropy, which is defined in terms of a background measure B, either normalized (so that

*1B(4;) = 1) or not. If not, the most typical (but not exclusive) case for continuous
variables is the Lebesgue measure, which for an interval [a, b] (or (a, b)) equals the length
b — a. For any background measure B, the relative entropy is defined as:

. P(A;
®(A||B) = — Z P(4)In (BEA;)
i=1 L

It is noted that other names (e.g. Kullback-Leibler divergence) have also been in use for
the same concept, while Shore and Johnson (1980) used the term cross-entropy for the
same concept but with changed sign. Basic properties of relative entropy are given by the
following theorem and corollaries:

(2.19)

Theorem 5: The maximum possible relative entropy is ®(A||B) = In };i~, B(4;).
Corollary 5.1: For constant B(4;) = B, the maximum possible relative entropy is
®(A||B) = In(nB).

Corollary 5.2: If B(+) is a normalized measure, so that }}/-; B(4;) = 1, the maximum
possible relative entropy is zero, ®(A||B) = 0.

Conditional entropy: The event-conditional entropy of a partition A = {4,,...,4,},
conditional on the occurrence of an event B is by definition:

®(A[B) = —ZP(Ai|B)lnP(Ai|B) (2.20)
i=1
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Given the partitions A := {4;,...,4,} and B := {Bl,...,BnB} we define the partition-
conditional entropy of A given B as the weighted sum:

npg

®(A|B) = ZP(B]-) ®(A|B)) (2.21)

j=1

Theorem 6: If partitions A and B are independent, then

®(A|B) = ¢(A), P(B|A) = &(B) (2.22)

Theorem 7: For any partitions A and
P(AQRB) =2(A) + 2(B|A) = o(B) + 2(A|B) (2.23)
Corollary 7.1 (resulting from inequality (2.16) and Theorem 7):
P(A|B) < ®(A) (2.24)

Theorem 8: If A is a refinement of B then

®(B|A) = 0 (2.25)

Corollary 8.1: If A is a refinement of B then
?(A) = (B) + (A|B) (2.26)
Corollary 8.2: If the partition A = {4, ..., A, } is a refinement of the bipartition B :=
{B, E}, the following relationship holds true:
®(A) = &(B) + P(B)®(A|B) + P(B)®(A|B) (2.27)

Corollary 8.3: For any partition element 4; of A, the entropies of A and A; := {Aj, Zj}
are related by

?(A) = o(A;) + P(4;)2(Al4)) (2.28)
Note: Equation (2.28) is the Shannon’s grouping rule, posited by him as a postulate
to define entropy (see Digression 2.E). In our framework this is just a corollary.
Mutual information: The mutual information of two partitions A and B is by definition:
I(A,B) =®(A) +o(B) —P(A R B) (2.29)
and has the properties
I(A,B) = ®(A) — ¢(A|B) = ¢(B) — @(B|A), I(A,B) =0 (2.30)
Connection of the entropy definition with the principle of maximum entropy: As
already mentioned, it is intuitively understood that Postulate 4 reflects the principle of
maximum entropy: Independence between two events A,A’ results in maximum
uncertainty as the occurrence of A does not contain any information about the occurrence

of A’. Postulate 3 is another manifestation of the same: If for some reason we get to know
the probability of one of the partition elements, say 4;, then maximum uncertainty would
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mean that the probabilities of any other event 4;, i # j would remain unknown and this is
expressed by the condition azcb(Ak)/aP(Ai)aP(Aj) = 0. Had this second derivative been
nonzero, the knowledge of P(A4;) would provide some information on P(Aj) and therefore
would decrease uncertainty—without a reason. As a final note, the fact that entropy is a
quantity that gets maximized implies concavity for its functional expression—a fact
formally expressed in Corollary 2.3. In turn, this implies that the second derivative for
each variable would necessarily be negative, while the joint second derivatives cannot be
positive. The joint second derivatives being zero is the extreme and most intuitive case,
fully consistent with Postulate 3.

It is evident that the postulates are abstract and general in order to characterize
uncertainty and its maximization in the most abstract and broad way possible. No
reference is made to any specific field of application, let alone to the specific constraints
of a particular system. As already noted, the definition of entropy should be independent
of constraints.

Digression 2.E: Historical overview of entropy definition and the need for a
new one

Entropy is etymologized from the ancient Greek word évrpomia (from the verb évrpémery, to turn
into, to turn about) but was introduced as a scientific term by Rudolf Clausius only in 1865,
although the concept appears also in his earlier works (as described in Clausius, 1872). The
rationale for introducing the term is explained in his own words (Clausius, 1867, p. 358, which
indicate that he was not aware of the existence of the word évtpomia in ancient Greek):

We might call S the transformational content of the body |[...]. But as I hold it to be better to
borrow terms for important magnitudes from the ancient languages, so that they may be
adopted unchanged in all modern languages, I propose to call the magnitude S the entropy of
the body, from the Greek word tpomn, transformation. I have intentionally formed the word
entropy so as to be as similar as possible to the word energy; for the two magnitudes to be
denoted by these words are so nearly allied in their physical meanings, that a certain similarity
in designation appears to be desirable.

In addition to its semantic content, this quotation contains a very important insight: the
recognition that entropy is related to transformation and change and the contrast between
entropy and energy, where the latter is a quantity that is conserved in all changes. This meaning
has been more clearly expressed in Clausius’ famous aphorism (Clausius, 1865):

Die Energie der Welt ist konstant. Die Entropie der Welt strebt einem Maximum zu.
(The energy of the world is constant. The entropy of the world strives to a maximum).

In other words, entropy and its ability to increase (as contrasted to energy and other
quantities that are conserved) is the driving force of change. This property of entropy has seldom
been acknowledged (Hill and Holman, 1986; Atkins, 2003, 2007). Instead, in common perception
entropy epitomizes all “bad things”, as if it were disconnected from change, or as if change can
only have negative consequences, always leading to deterioration (Koutsoyiannis and Sargentis,
2021; see also Digression 2.G).

Mathematically, thermodynamic entropy, S, is defined in the same Clausius’ texts through the
equation 8S = 6Q/T, where Q and T denote heat and temperature. The definition, however,
applies to a reversible process only. The fact that in an irreversible process 8S > 6Q /T makes the
definition imperfect and affected by circular reasoning, as, in turn, a reversible process is one in
which the equation holds (see details in section 6.11).
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A decade later, Ludwig Boltzmann (1872, 1877; see also Swendsen, 2006) gave entropy a
statistical content as he linked it to probabilities of statistical mechanical system states, thus
explaining the Second Law of thermodynamics as the tendency of the system to run toward more
probable states, which have higher entropy. In particular, Boltzmann (1872; English translation
Boltzmann, 2003) did not literally write the entropy formula in its expression (2.12) but reached
at a very similar one. Denoting f(x,y, z, {1,141, ... w;-)dx dy dz dé; ... dw,. the number of molecules
in a volume element dx dy dz at (x,y,z) at time t and at states described by the remaining
variables, in his equation (78) he used (without naming it) the quantity

E= ff ...fflnfdx dy dz d&, ...dw, (2.31)

Then he showed that this quantity cannot increase. If we change sign (i.e. substitute —In f for In f)
we have the entropy in its modern definition, which cannot decrease.

The probabilistic concept of entropy was advanced later in thermodynamics by Gibbs (1902),
while Planck (1906, 1914) used a quantification of entropy identical to the modern one. The next
important step was made by Shannon (1948) who used a definition essentially similar to Planck’s
to describe the information content, which he also called entropy, at von Neumann'’s suggestion
(Robertson, 1993; Brissaud, 2005; Koutsoyiannis, 2011b). According to the latter definition,
entropy is a probabilistic concept, a measure (as Shannon calls it) of information or, equivalently,
of uncertainty. In the same year, in his famous book Cybernetics,! Wiener (1948a) used the same
definition for information, albeit with the opposite sign (p. 62) because he regarded information
as the negative of entropy (p. 11).

A few years later, von Neumann (1956) obtained virtually the same definition of entropy as
Shannon, though in a slightly different way. Notably, as von Neumann, in addition to being a
mathematician and computer scientist, was also a physicist, engineer and polymath, he clearly
understood the connection of the probabilistic definition of entropy with its pre-existing physical
content. Specifically, he wrote:

An important observation about this definition is that it bears close resemblance to the
statistical definition of the entropy of a thermodynamical system. [...] Pursuing this, one can
construct a mathematical theory of the communication of information patterned after
statistical mechanics.

He also cited an earlier work in physics by Szilard (1929), who had implied the same definition of
entropy in a thermodynamic system. Perhaps he was not aware that mathematical expressions
similar to Shannon’s and Szilard’s had already appeared in a thermodynamic context in
Boltzmann (1872, 1896/1898), Gibbs (1902) and especially Planck (1906, 1914).

The last fundamental contribution to the entropy concept was made a year later by Jaynes
(1957), who introduced the principle of maximum entropy, which he formulated in a somewhat
different way from that in section 2.3, namely:

in making inferences on the basis of partial information we must use that probability
distribution which has maximum entropy subject to whatever is known.

Since then, this principle has been used for logical inference as well as for modelling physical
systems. The tendency of entropy to become maximal (Second Law of thermodynamics), which is
the driving force of natural change, can result from this principle (see Chapter 6). Also, the same
principle equips the entropy concept with a powerful tool for logical inference.

Turning to the mathematical details in the history of the entropy definition, we first observe
that Shannon derived the entropy formula (2.12) by positing three postulates (or properties, as
he calls them). Here we quote relevant passage noting that he uses the symbol H for entropy:

If there is such a measure, say H(py, P2, ---,Pn), it is reasonable to require of it the following
properties:

1. H should be continuous in the p;.
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2. Ifall the p; are equal, p; = 1/n, then H should be a monotonic increasing function of n. With
equally likely events there is more choice, or uncertainty, when there are more possible events.

3. Ifa choice be broken down into two successive choices, the original H should be the weighted
sum of the individual values of H. The meaning of this is illustrated in Fig. 6. At the left we have
three possibilities p; = 1/2,p, = 1/3,p3 = 1/6. On the right we first choose between two
possibilities, each with probability 1/2, and if the second occurs make another choice with
probabilities 2/3,1/3. The final results have the same probabilities as before. We require, in this
special case, that H(1/2,1/3,1/6) = H(1/2,1/2) + (1/2)H(2/3,1/3).The coefficient 1/2 is
because this second choice only occurs half the time.

We observe in this passage that the term “measure” was incorrectly used by Shannon (and
also by all others except Khinchin, as detailed below). For, strictly speaking, entropy is not a
measure, because it does not satisfy the properties defining a measure. Specifically, a measure
should satisfy the axioms of probability, as stated in section 2.1, except for the normalization one,
as probability is none other than a normalized measure. With respect to additivity (Kolmogorov's
axiom III), this cannot be applied to entropy, simply because the union of two partitions is a set
that is not a partition per se. Even if we interpret it loosely, we will have difficulty in identifying
disjoint sets in a “mixture” of partitions so as to apply the axiom of additivity.

What is more, Shannon did not write down the mathematical form of his property 3
(“weighed sum” or grouping of events in consecutive steps)—not even in the proof of his theorem
2 (which he gives in his Appendix 2). This was done later, implicitly by Khinchin and explicitly by
Jaynes as will be seen below. Quantification of his postulate 3 was also given in Robertson (1993,
p. 3) and Uffink (1995; theorem 1), and is related to refinement of partitions to which the
probabilities P; refer.

Khinchin (1957) initially introduced entropy by its mathematical form, equivalent to the
entropy formula (2.12), and proceeded to demonstrate a “Uniqueness Theorem” about it. In this,
he used a different variant of Shannon’s postulates as follows:

1. For given n and for Y;}_, px = 1 the function H(py,ps, -, Pn) takes its largest value for p; =
1/n(k=1,2,..,n).

2. H(AB) = H(A) + Hy(B).
We add to these two properties a third, which obviously must be satisfied by any reasonable
definition of entropy. Since the schemes

(Al A, .. An) _ <A1 A, .. A, An+1>
P1 P2 - DPn pr P2 - Pn O

are obviously not substantively different, we must have
3. H(py,p2 P, 0) = H(py,p2, -, Pn) (Adding the impossible event or any number of
impossible events to a scheme does not change its entropy.)

He then went on to prove his theorem that gives the entropy expression as in equation (2.12), also
assuming that “for any n this function is continuous with respect to all its arguments”. We note that
in his postulate 2 he used the notion of conditional entropy, H,(B). This does not seem
appropriate if the aim is to define entropy for the first time. (In our framework conditional
entropy has been defined after entropy.) What he called a scheme looks similar to a partition, but
includes impossible events (empty sets), which deviates from our partition-based approach by
allowing P = 0 explicitly—potentially leading to inconsistencies. In his definition of a (finite)
scheme, he stated that it is a “complete system of events A4, A,, ..., A, [...] such that one and only
one of them must occur at each trial”, along with their probabilities p;,py, ..., p,- There may be
imperfection here as the impossible event never occurs. Furthermore, in his proof he essentially
used Shannon’s “weighting sum” technique, which in essence is reflected in his property 2.
Jaynes, (2003, p. 347) reformulated Shannon'’s postulates as follows:

(1) We assume that some numerical measure H, (p4, P2, .-, Pn) €Xists; i.e, that it is possible to set
up some kind of association between ‘amount of uncertainty’ and real numbers.
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(2) We assume a continuity property: H, is a continuous function of the p;. Otherwise, an arbitrarily
small change in the probability distribution would lead to a big change in the amount of
uncertainty.

(3) We require that this measure should correspond qualitatively to common sense in that, when
there are many possibilities, we are more uncertain than when there are few. This condition
takes the form that in the case that the p; are all equal, the quantity h(n) = H,(1/n,1/n, ...,1/
n) is a monotonic increasing function of n. This establishes the ‘sense of direction’,

(4) We require that the measure H,, be consistent in the same sense as before; i.e, if there is more
than one way of working out its value, we must get the same answer for every possible way.

Like Shannon, Jaynes used the term “measure”. His postulate (4) looks too verbal, but later
on he quantifies it, essentially mathematizing Shannon’s graphical depiction, in the following
manner (equation (11.7) in his text, slightly modified here):

P2 P3 ) 2.32)

P2 +P3 D2+ D3
It can be seen that this equation is a special case of equation (2.28) in our Corollary 8.3. Jaynes

(2003, p. 351) was fully aware that his last postulate and its mathematical expression are not
satisfactory. Specifically, he wrote:

H3(p1,02,p3) = Hy(p1,p2 +p3) + (P2 + p3)H; (

Although the above demonstration appears satisfactory mathematically, it is not yet in
completely satisfactory form conceptually. The functional equation (11.7) does not seem quite
so intuitively compelling as our previous ones did. In this case, the trouble is probably that we
have not yet learned how to verbalize the argument leading to (11.7) in a fully convincing
manner. Perhaps this will inspire others to try their hand at improving the verbiage that we
used just before writing (11.7).

Perhaps a better idea would be to abandon the postulate altogether and replace it with a more
satisfactory one, as hopefully was done in section 2.3 above.

Furthermore, Jaynes continued presenting the “Wallis derivation” which is not a rigorous
one—it is rather algorithmic that uses the Stirling approximation. He also cited a different
approach by Shore and Johnson (1980), which is more interesting, but perhaps too complicated.

Another approach worth mentioning is that by Papoulis (1991, p. 533). Like others, Papoulis
used the incorrect term “measure”. Like our approach, Papoulis’s was based on partitions of the
ground set. He claimed that he used Shannon’s postulates, whom he cited, after rephrasing them
as follows:

1. H(A) is a continuous function of p; = P (4;).
2. Ifp, =-py =1/N, then H(A) is an increasing function of N.
3. Ifa new partition B is formed by subdividing one of the sets of A, then H(B) = H(A).

He continued stating:

It can be shown that the sum [as in our equation (2.12)] satisfies these postulates and it is
unique within a constant factor. The proof of this assertion is not difficult but we choose not to
reproduce it. We propose, instead, to introduce [the entropic expression as in equation (2.12)]
as the definition of entropy and to develop axiomatically all its properties within the framework
of probability.

While it was correct to introduce the entropic expression from the outset as a definition of
entropy, his previous statement is clearly incorrect. There is not a unique function that satisfies
his, rather too loose, postulates. As a counterexample, we consider the function:

N
DA) = 1 —Zpiz (2.33)
i=1

This is a continuous function, satisfying his postulate 1. At the case of equiprobability, we have
®g(N) = 1 — 1/N, which is an increasing function of N with maximum value 1, thus satisfying his
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postulate 2. Furthermore, its second derivatives are ?®(A) /dp? = —2,0°®P(A)/0p; dp; = 0 (i #
J), thus assuring concavity of @ (A), which in turn ensures that his postulate 3 is satisfied.

As a second counterexample, we consider another function which violates even our non-
interaction postulate, yet it fully satisfies Papoulis’ postulates. This is:

W) =1-) > pipy (234)

i=1 j=i
Again, this is a continuous function, satisfying his postulate 1. At the case of equiprobability, we
have @ (N) = (1 — 1/N)/2, which is an increasing function of N with maximum value 1/2, thus
satisfying his postulate 2. Furthermore, its second derivatives are 0%®(A)/dp? = —2,
0?®(A)/0p; 0p; = —1 (i # j), thus assuring concavity of @(A), which in turn ensures that his
postulate 3 is satisfied.

We will finally give two additional counterexamples, which are well known in literature as
generalized entropies and both satisfy Papoulis’ postulates. The first is the so-called Rényi entropy
(after Rényi, 1961):

N

1
— qlnz P! (2.35)

i=1

HR (1, ... P) =

The second is the so-called Tsallis entropy (after Tsallis, 1988, who however was preceded by
Havrda and Charvat, 1967):

1 n
i=1

Both have been introduced heuristically and contain the standard entropy (equation (2.12)) as a
special case when g — 1. Notice that equation (2.36) yields (2.33) when g = 2. Rényi and Tsallis
entropies have been used in several applications but here we avoid their use preferring standard
entropy, sometimes using a non-Lebesgue background measure to produce effects similar to
those resulting from these generalized entropic forms but using the standard form.

The problems of the earlier approaches, as listed above, make room for a better introduction
of entropy, which was attempted here.

1 Interestingly, Wiener formed the celebrated term Cybernetics from the Greek word kvfepvritng, meaning
steersman, pilot, skipper, or governor, albeit incorrectly spelling it in his book (p. 11) as yvBepvijTng.

Digression 2.F: Entropy in stochastics vs. entropy in thermodynamics

More than one and a half century after the introduction of entropy, its meaning is still debated
and a diversity of opinion among experts is encountered (Swendsen, 2011). In particular, despite
having the same name, probabilistic (or information) entropy and thermodynamic entropy are
still regarded by many as two distinct notions having in common only the name. The classical
definition of thermodynamic entropy (as in Digression 2.E) gives no hint of similarity to
probabilistic entropy. The fact that the latter is a dimensionless quantity and the former has units
(J/K) has been regarded as an argument that the two are dissimilar. Even Jaynes (2003), the
founder of the maximum entropy principle, states:

We must warn at the outset that the major occupational disease of this field is a persistent
failure to distinguish between the information entropy, which is a property of any probability
distribution, and the experimental entropy of thermodynamics, which is instead a property of a
thermodynamic state as defined, for example by such observed quantities as pressure, volume,
temperature, magnetization, of some physical system. They should never have been called by the
same name; the experimental entropy makes no reference to any probability distribution, and
the information entropy makes no reference to thermodynamics. Many textbooks and research
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papers are flawed fatally by the author’s failure to distinguish between these entirely different
things, and in consequence proving nonsense theorems.

Here one may notice that there is no “experimental entropy” nor “observational entropy” as
others call it in the context of thermodynamics. There is no instrument to measure entropy.
Entropy is an abstract quantity, inferred by measurement of other variables, such as temperature
and pressure. Furthermore, the units of thermodynamic entropy are only an historical accident,
related to the arbitrary introduction of temperature scales (Atkins, 2007). In a recent book, Ben-
Naim (2008) has attempted to replace the concept of entropy altogether with the concept of
information. Such a replacement is unnecessary, even meaningless (and opposite to von
Neumann’s suggestion to Shannon) if we accept that the two concepts are identical. As has
recently been shown (Koutsoyiannis, 2013a, 2014a) and as will be discussed in detail in Chapter
6, the thermodynamic entropy can easily be produced by formal probability theory without using
strange notions (like the indistinguishability of particles). The logical basis of the latter study
includes the following points:

e The classical definition of thermodynamic entropy is not necessary. It can be abandoned and
replaced by the probabilistic definition.

¢ Defined in this way, entropy is the fundamental thermodynamic quantity which supports the
definition of all other derived ones. For example, the temperature is defined as the inverse of
the partial derivative of entropy with respect to the internal energy (see section 6.8).

e Entropy retains its dimensionless character even in thermodynamics, thus rendering the unit
of kelvin an energy unit.

* Entropy retains its probabilistic interpretation as quantified uncertainty, leaving aside the
traditional but obscure ‘disorder’ interpretation (see Digression 2.G).

e Entropy is intrinsically related to the principle of maximum entropy, which expresses its
tendency to reach its maximum permitted value given the available information about the
system. The latter is incorporated into maximization in the form of constraints.

¢ The tendency of entropy to reach a maximum is the driving force of natural change. This
tendency can be regarded as both a physical (ontological) principle obeyed by natural
systems, and as a logical (epistemological) principle applicable when making inferences
about natural systems.

Examples of deductive reasoning used in deriving thermodynamic laws from the formal
probabilistic principle of maximum entropy have been provided in Koutsoyiannis (2014a) and
Koutsoyiannis and Tsakalias (2025). These are further discussed in Chapter 6, where, notably, by
maximizing entropy, i.e. uncertainty, at the microscopic level, we obtain physical laws that are
virtually certain at the macroscopic level.

Digression 2.G: On different interpretations of entropy

In the public perception, entropy is a negative notion, typically identified with disorganization,
disorder, decadence, decay, deterioration etc. (Koutsoyiannis and Sargentis, 2021). This
misleading perception has its roots in the scientific community, albeit not with the founders of
the concept (except one, as we shall see below). Boltzmann did not identify entropy with disorder,
even though he used ‘disorder’ in a footnote appearing in two of his papers (Boltzmann, 1897,
1901) speaking about the

agreement of the concept of entropy with the mathematical expression of the probability or
disorder of a motion.

Clearly, he referred to the irregular motion of molecules in the kinetic theory of gases, for which
his expression makes perfect sense. Boltzmann also used the notion of disorder with the same
meaning, in his Lectures on Gas Theory (Boltzmann,1896/1898). On the other hand, Gibbs (1902),
Shannon (1948) and von Neumann (1956) did not use the terms disorder or disorganization at
all.
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One of the earliest uses of the term disorder is in a paper by Darrow (1944), in which he
stated:

The purpose of this article has been to establish a connection between the subtle and difficult
notion of entropy and the more familiar concept of disorder. Entropy is a measure of disorder,
or more succinctly yet, entropy is disorder: that is what a physicist would like to say.

Epistemologically, it is interesting that a physicist preferred the “more familiar” but fuzzy concept
of disorder over the “subtle and difficult”, yet well-defined at his time, concept of entropy.

However, it appears that Wiener (1948b) was the most influential scientist to support the
disorder interpretation. In his keynote speech at the New York Academy of Sciences he declared
that:

Information measures order and entropy measures disorder.
Additionally, in his influential book Cybernetics (Wiener, 1948a, p. 11), he stated that
the entropy of a system is a measure of its degree of disorganization

wherein he replaced the term “disorder” with “disorganization”, as in this book he extensively
used the former term for mental illness.

Even in the 21st century, the disorder interpretation is dominant. For example, Chaitin
(2002) stated:

Entropy measures the degree of disorder, chaos, randomness, in a physical system. A crystal has
low entropy, and a gas (say, at room temperature) has high entropy.

More recently, Bailey (2009) claimed:

As a preliminary definition, entropy can be described as the degree of disorder or uncertainty in
a system. If the degree of disorder is too great (entropy is high), then the system lacks
sustainability. If entropy is low, sustainability is easier. If entropy is increasing, future
sustainability is threatened.

[tis relevant to remark that in the latter quotations disorder was used as equivalent to uncertainty
or randomness—where the latter two terms are in essence identical (Koutsoyiannis, 2010).
Furthermore, the claim that a high-entropy system lacks sustainability is puzzling, given that the
highest entropy occurs when a system is in the most probable and hence the most stable state (cf.
Moore, 2002).

Interestingly, Atkins (2003) also explained entropy as disorder. Additionally, he noted:

That the world is getting worse, that it is sinking purposelessly into corruption, the corruption
of the quality of energy, is the single great idea embodied in the Second Law of thermodynamics.

Inevitably, the notion of entropy is hard to grasp, the main reason being that our education is
based on the deterministic paradigm and produces a mindset reluctant to incorporate stochastic
concepts. The determinist mindset regards order as a friendly concept. Thus, whatever is defined
as the opposite appears in a negative light.

However, the notions of order and disorder are less appropriate and less rigorous as scientific
terms, and more appropriate for describing mental states (as in Wiener’s use described above; cf.
personality disorder, stress disorder, bipolar disorder, mental disorder), and even more so in
describing socio-political states. The latter is manifest in the frequent use of expressions such as
“world order”, “new order”, “new world order”, “global order”, etc., in political texts
(Koutsoyiannis and Sargentis, 2021).

In one of the earliest critiques of the disorder interpretation of entropy, Wright (1970) made
a plea for moderation in the use of “intuitive qualitative ideas concerning disorder”. More
recently, with a more absolute tone, Leff (2012) stated:

The too commonly used disorder metaphor for entropy is roundly rejected.

Furthermore, in an even more recent article, Styer (2019) stated:
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we cannot stop people from using the word “entropy” to mean “disorder” or “destruction” or
“moral decay.” But we can warn our students that this is not the meaning of the word “entropy”
in physics.

Styer attributed an excessive contribution to the misconception of entropy as disorder to the
autobiographical book “The Education of Henry Adams” (Adams, 1918). As he asserted, that book
proved to be enormously influential, as it won the 1919 Pulitzer Prize for biography, and in April
1999 was named by the Modern Library the 20th century’s best nonfiction book in English. As
quoted by Styer, Adams disliked chaos and anarchy, and stated:

The kinetic theory of gas is an assertion of ultimate chaos. In plain words, Chaos was the law of
nature; Order was the dream of man.

This is a very strong statement, contrasting Nature with man and also implying that there is only
one type of order that dreamt up by man—a rather naive idea.

Those viewing entropy as disorder have difficulty understanding the concept of life. In early
20t century, the Swiss physicist C.-E. Guye (1922) asked the question: How is it possible to
understand life, when the whole world is ruled by such a law as the second principle of
thermodynamics, which points toward death and annihilation? He was followed by many other
scientists who were puzzled by the existence of life. As insightfully discussed by Brillouin (1949),
scientists of the era wondered if there was a “life principle”, a new and unknown principle that
would explain life as an entity countering the Second Law of thermodynamics. A year later,
Brillouin (1950) coined the term negentropy as an abbreviation of negative entropy. In this, he
used information theoretical concepts to express the idea that every observation in a laboratory
requires the degradation of energy, and is made at the expense of a certain amount of negentropy,
taken away from the surroundings.

The term negative entropy had earlier been used by Schrodinger (1944) in his famous book
“What is life?”. Specifically, he argued that “What an organism feeds upon is negative entropy”
without providing another “life principle” additional to the Second Law that would drive life and
evolution.

There is no general agreement about the meaning of negative entropy or negentropy. Some
(e.g., Lago-Fernandez and Corbacho, 2009) use them as technical terms referring to the difference
between the entropy of any variable and that of a variable with normal distribution, with the same
mean and variance (distance to normality). However, others, in a rather metaphysical context and
assuming a non-statistical definition of negentropy (e.g., Larouche, 1993) saw a negentropic
principle governing life, the biosphere, the economy, etc., because these convert things that have
less order into things with more order.

Today it makes sense to ask: Has this question been answered yet? Or is it even relevant, one
hundred years after? Perhaps it is relevant to quote here Atkins (2003), who, as we have seen,
explained entropy as disorder. Yet he neatly remarked:

The ceaseless decline in the quality of energy expressed by the Second Law is a spring that has
driven the emergence of all the components of the current biosphere. [...] The spring of change
is aimless, purposeless corruption, yet the consequences of interconnected change are the
amazingly delightful and intricate efflorescences of matter we call grass, slugs, and people.

Apparently, if we abandon the disorder interpretation of entropy, we could also stop seeking
a negentropic “life principle”, which was never found and probably will never be. For, if we see
entropy as uncertainty, we also understand that life is fully consistent with entropy maximization.
Human-invented steam engines (and other similar machines) increase entropy all the time, and
are fully compatible with the Second Law, yet they produce useful work. Likewise, the biosphere
increases entropy, yet it produces interesting patterns, much more admirable than steam engines.
Life generates new options and increases uncertainty (Sargentis et al., 2020; Koutsoyiannis and
Sargentis, 2021). Compare Earth with a lifeless planet: Where is uncertainty greater? On which of
the two planets would a newspaper have more events to report every day?
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However, if entropy is not disorder, what is its consistent interpretation? This question is not
as difficult to answer as the above discussion seems to imply. According to its standard definition
(section 2.3), entropy is uncertainty quantified. Hence, maximum entropy means the maximum
uncertainty that is allowed in natural processes, given the constraints implied by natural laws (or
human interventions). It should be stressed that, with this general definition, entropy and its
maximization do not apply only to physics—in particular to thermodynamics—but also to any
natural (or even uncontrolled artificial) process in which there is uncertainty necessitating a
(macroscopic) probabilistic description. This application is not meant as an “analogy” with
physics. Rather, it is a formal application of the general definition of entropy, which relies on
stochastics.

Unsurprisingly, if “disorder” is regarded by many as a “bad thing”, the same could be said for
uncertainty. The expressions “uncertainty monster” and “monster of uncertainty” appear in about
250 scholarly articles registered in Google Scholar (samples are van der Sluijs, 2005, and Curry
and Webster, 2011, to mention a couple of the most cited with the word “monster” appearing in
their title). However, if uncertainty is a monster, it is thanks to this monster that life is liveable
and fascinating. Uncertainty is not an enemy of science or of life. Rather, it is the mother of
creativity and evolution. Without uncertainty, life would be a “universal boredom” (to borrow a
phrase by Saridis, 2004, and reverse its connotation), and concepts such as hope, will
(particularly, free will), freedom, expectation, optimism, etc., would hardly make sense. A
technocratic system wherein an elite of super-experts who, using super-models, could predict the
future without uncertainty, would also take full control of the society (Koutsoyiannis et al., 2008).
Fortunately, this will never happen because entropy, i.e., uncertainty, is a structural property of
Nature and Life. Hence, in our view, uncertainty is neither disorder nor a “bad thing”. How could
the most important law of physics (the Second Law) be a “bad thing”?

In a deterministic worldview there is no uncertainty, and therefore no point in speaking
about entropy. If there is no uncertainty, each outcome can be accurately predicted, and hence
there are no options. In contrast, in an indeterministic world, there is a plurality of options. This
corresponds to the Aristotelian idea of Uvaui¢ (Latin: potentia—English: potency or potentiality).
The existence of options entails there is freedom. Thus (cf. Figure 2.2):

entropy < uncertainty < plurality of options < freedom

evipomia dvvapug / potentia

®[x] = E[-In P()]

en t 4 Opy uncertainty plurality of options freedom

Figure 2.2 An attempt at an artistic representation of the notion of entropy from Koutsoyiannis and
Sargentis (2021). The entropic formula shown on the left is justified in section 2.10; uncertainty is depicted
by Marc Chagall's Palette (adapted from https://www.metmuseum.org/art/collection/search/493731)
and freedom by Marc Chagall’s Self-Portrait with Seven Fingers (https://en.wikipedia.org/wiki/Self-
Portrait_with_Seven_Fingers); duvauig (Greek) or potentia (Latin) is the Aristotelian idea of potency or
potentiality.

To conclude this Digression: When discussing entropy, we should always bear in mind that
entropy per se is a probabilistic concept based fundamentally on a macroscopic view of
phenomena, rather than focusing on individuals or small subsets, and hence temporal or spatial
scale is important to consider. Analysing a particular die-throw, we may say that it was irregular,
uncertain, unpredictable, chaotic, or random. However, macroscopization, by removing the
details, may also remove irregularity. For example, the application of the principle of maximum
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entropy to the outcomes of a die-throw results in equal probabilities (1/6) for each outcome (see
Digression 2.L), and the average outcome after many throws tends to be 3.5. This is a regular
macroscopic result. In precisely the same manner, the maximum uncertainty in a particular water
molecule’s state (in terms of position, kinetic state and phase), on a macroscopic scale results in
the Clausius-Clapeyron law (see sections 6.20 and 6.21). Again, we have perfect regularity, as the
accuracy of this law is so high that most people believe that it was a deterministic law.

2.4 The concept of a stochastic variable

A stochastic variable or random variable” is a function that maps outcomes to numbers, i.e.
enumerates the ground set (. More formally, according to Kolmogorov’s (1933)
definition, a real single-valued function x(w), defined on the ground set (, is called a
random variable if for each choice of a real number a, the set {x(w) < a} for all w for which
the inequality x(w) < a holds true, belongs to 2. With the concept of the stochastic
variable, we can conveniently express events using basic mathematics. In most cases
enumeration is done almost automatically. For instance, a stochastic variable that takes
values 1 to 6 is intuitively assumed when we deal with a die throw experiment. If the
phenomenon we study is related to the physical world and the quantity being studied is
represented as a real number, then this real number (e.g. a) has some dimension (e.g.
length) and hence a physical unit (e.g. m) associated with it. It is convenient to extend the
notion of the stochastic variable to also include the same unit, so that {x(w) < a} become
meaningful.

We must be attentive to the fact that a stochastic variable is not a number but a
function. Intuitively, we could think of a stochastic variable as an object that represents
simultaneously all possible outcomes and only them. The following analogy may help us
to develop intuition about stochastic variables. Let us consider the equation x3(x — 1)? =
0. This has five roots, three of them being x = 0 and two being x = 1. What do we mean
when we say “a root of this equation”? Probably we mean both x = 0 and x = 1 and also
we have in mind that there is no symmetry between the two; rather we would give a
weight 3/5 on the former and 2/5 on the latter. Similar is the situation for a stochastic
variable which takes on the values 0 and 1 with probabilities 3/5 and 2/5, respectively.
In other words, the function NR(x), which yields the relative multicity of roots of the
above fifth-order equation at the point x, can readily be compared to the function P(x),
which assigns values of probabilities in the probabilistic example.

While formally a stochastic variable is a function x(w), we usually omit the reference
to its argument w and keep the symbol x. However, in this case we need to distinguish it
symbolically from a common variable. The best notation devised for this, and used here,
is the so-called Dutch convention (see Hemelrijk, 1966, who mentions that it was
introduced by D. Van Dantzig in 1947, i.e., later than Kolmogorov’s foundation of
probability). According to it, stochastic variables are underlined, i.e. x. In this case the
inequality {x(w) < a} used for the formal definition of the stochastic variable is written
as {x < a}. Accordingly, {x < a} denotes an event (a subset of 2), and therefore it has a

*The two terms stochastic variable and random variable have identical meaning. Here we prefer the former,
even though the latter is more common.
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probability, P({g < a}). For simplicity, in the latter notation we drop the parenthesis and
we write P{g < a}. Some texts drop the curly brackets instead of the parentheses, but this
practice misrepresents the important point that the argument of probability is a set. The
notation is further explained in Digression 2.H, along with its importance.

From a practical point of view, compared to a common variable, a stochastic variable
is a more abstract mathematical entity which we use when a quantity of interest is
something uncertain, unpredictable, unknown; this is the meaning of stochastic and
random (cf. Koutsoyiannis, 2010; Dimitriadis et al., 2016). While a common variable takes
on one value at a time, a stochastic variable can be thought of as taking on all of its possible
values at once, but not necessarily in a uniform manner. Therefore, a probability
distribution function, to be defined in section 2.5, should always be associated with a
stochastic variable. A stochastic variable becomes identical to a common variable only if
it can take on only one value.

When an observation of a quantity that is modelled as a stochastic variable is made,
then this observation is usually a common variable. For example, we model a die throw
with a stochastic variable x with possible values 1 to 6. After a specific throw of the die
and before we observe the outcome, we still have the same uncertainty as described by
stochastic variable x. When we observe the outcome, it becomes a common variable x (e.g.
x = 5). The particular value is called a realization of x and is denoted by the non-
underlined symbol x. This happens when our observation is exact. Sometimes the
observation is contaminated by error—our observations are not always exact
(particularly those of real valued variables). Then we can use another stochastic variable
to describe the uncertain outcome. For example, if an observer has presbyopia combined
with astigmatism (like the author) he may not be sure whether the outcome was 5 or 4
and he could model it as a stochastic variable z with possible outcomes 4 and 5.

Considering a certain (deterministic) function y = g(x), mapping the common
variable x to the common variable y (e.g. y = g(x) = x?), we can extend its meaning to
apply to stochastic variables, i.e, y = g(g) (eg. y= g(g) = x?). As implied by the
notation, when the function’s argument x is a stochastic variable, the result y is also a

stochastic variable (formally, it is the composite function y(w) = g(x(a))). In other
words, functions of stochastic variables are stochastic variables.

Digression 2.H: The importance of notation

The following simple example shows that the common practice of not distinguishing the notation
of common and stochastic variables is bad practice. Let x and y represent the outcomes of each of

two dice. What is the probability of the following cases?

@{x<y}, <y, @<y @<

(a) First, we clarify that the event {x < y}includes all oucomes (x,y) in which x < y." There are
6% = 36 different possible combinations of outcomes of x and y- In six of them x = y. Due to
symmetry, in half of the remaining 30, x < y. Thus:
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15 5
Pla<yt=5=1

(b) Now y is a number, not a stochastic variable. For convenience we assume that y is an integer,
even though it can also be assumed to be real. If y > 6 then obviously the event {g < y} is certain.
If y = 6 then the probability of {g < y} is 5/6. Continuing like this we conclude that:

P{& < y} = max (O, min (1,%) )

(c) Thinking as in (b) and noting that x is a number, an assumed integer, and y a stochastic
variable we find that:

P{x<y}= max(O,min(l,l—g))

(d) As both x and y are numbers, the expression {x < y} does not denote an event and therefore,
strictly there is no probability associated with this expression. Loosely we may say that
P{x <y} = 1ifx < y and 0 otherwise.

Obviously, if we did not distinguish y from y, we would not even be aware of the fact that
P {g < y} is a number while P {x < y} is a function of x.

Many texts (research articles and probability theory books) make the notational distinction
between stochastic and common variables, but they use upper case letters for stochastic variables
and lower case ones for common variables. This practice may also be inadequate. If in our context
we used another quantity denoted by the Greek letter y (and actually y is quite common in
statistical texts—cf. the chi and chi-squared distributions), how would we distinguish the
stochastic variables corresponding to x and y? (In both cases the upper case letter is X, while in
our convention x and y are distinguishable.) Furthermore, this would be too restrictive in our use

of mathematical symbols. For example, the symbol H typically used to denote the Hurst parameter
would be an incorrect notation if we adopted the upper- vs. lower-case notation. Another
convention was used by Papoulis (1990, 1991), who denoted stochastic variables in bold letters.
However, the typical use of bold letters is to denote vectors. Therefore, the Dutch convention of
underlining the stochastic variables is the most convenient, clearest and safest.

* More generally, here we interpret an event {g < y} as equivalent to the event {g < 0}, where z = x — y.
For a more formal discourse on stochastic inequalities and ordering see Shaked and Shanthikumar (2007).

2.5 Distribution function, tail function, odds function and quantile

According to Kolmogorov’s (1933) foundation® of probability theory, the function of the
real variable x,

F(x) = P{x < x} (2.37)

where x is a stochastic variable, is called the distribution function. We notice that the
stochastic variable with which this function is associated is not an argument of the
function. Even though we use the same letter for both x and x, the two are fundamentally
different. For example, in a die throw, the stochastic variable x represents the whole
numbers 1 to 6 and the common variable x takes on any real value from -co to +co. (The
domain of F(x) is not identical to the range of the stochastic variable x; rather it is always

* We note that Kolmogorov used ‘<’ in his definition but modern literature uses ‘<’ as in (2.37).
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the set of real numbers.”) If there is risk of confusion (e.g., if we study a problem with
many stochastic variables), the stochastic variable should also appear in the notation of
the distribution function. Usually, it is denoted as a subscript: Fg(x).

Typically, F (x) has a mathematical expression depending on some parameters. It is a
non-decreasing function of x obeying the relationship:

0 = F(—») < F(x) < F(+») = 1 (2.38)

As it is a non-decreasing function, in the English literature F(x) is also known as
cumulative distribution function, but here we adhere to Kolmogorov’s (1933) original
terminology, which did not contain the adjective cumulative. In practical applications the
distribution function is also known as non-exceedance probability. Likewise, the non-
increasing function:

F(x) =P{x>x}=1-F(x) (2.39)

i.e., the complement of F(x) from 1, is called here the distribution function complement. It
is also known as tail function, survival function, or survivor function, and represents
exceedance probability.

The distribution function is always continuous on the right. However, if the ground
set Qs finite or countable, F (x) is discontinuous on the left at all points x; that correspond
to outcomes w;, and it is constant between them (staircase-like). Such a stochastic
variable is called discrete. If F(x) is a continuous function, then the stochastic variable is
called continuous. A mixed case is also common. Here, the distribution function has some
discontinuities on the left, but is not staircase-like. These are better explained in
Digression 2.].

A useful derived function is the so-called odds function:

W) = f(x) __F
F(x) 1-F(x)
Like F(x), ¥ (x) is a nondecreasing function. For continuous stochastic variables, the
inverse function F~1() of F() exists. Consequently, the equation u = F(x) has a unique
solution for x, called u-quantile of the variable x, that is:

x, = F1(u) (2.41)

(2.40)

Digression 2.I: The concept of return period

In several applications to geophysics and in engineering applications the concept of return period
is widely used. This is closely related to probability and it offers some advantages in terms of more
intuitive probability plots and engineering design procedures. The return period T of an event,
which has probability P to occur in a time interval D, is related to P and D by the almost obvious
relationship:

* A generalization for a complex stochastic variable z := x + iy is possible and useful in some cases (see
section 5.4). In this case, z does not have a distribution function because the inequality x + iy < x + iy does
not have a meaning. Instead, we use the joint distribution function of x and y (see section 2.15). Nonetheless,
other types of statistical characterization of z (e.g. expectation) are meanir:gful.
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P=c (2.42)

Apparently, T has dimensions of time. If the event of interest is the exceedance of a threshold
value x (e.g., a value whose exceedance results in some risk as in a heatwave or a flood), i.e. the
event {x > x} occurring within a time interval D, then

b D
F(x) 1-F(x)
Conversely, if the event of interest is the non-exceedance of a threshold value x (e.g., a value whose

non-exceedance results in some risk, as in a cold wave or a drought), i.e. the event {x < x}
occurring within a time interval D, then

T(x) = (2.43)

— D
T(x) = FoO) (2.44)
The concept offers an easy means of empirical estimation of T provided that there is a sample
of n observations taken at equidistant times D. Even though we have not formally introduced yet
the concepts of sample and estimation (this will be made in Chapter 4) we provide here the
following equations for easy estimate of T of the sample value x;.,), which is the ith smallest of
the n values. For positively symmetric distributions:

T(x@my) _n+e'™—1  n+0526

= (2.45)
D n—i+e’ n-—i+0.561
and for symmetric distributions
T(xgm) n+2eY—1  n+0123 (2.46)

D n—i+eY mn—i+0561

where y = 0.5772 is the Euler constant and the caret (*) denotes an estimate. This gives an
unbiased estimate of the logarithm of T, as well as for the distribution quantiles of distributions
of exponential type, and was developed in Koutsoyiannis (2025a). We will give more details in
section 4.12.

2.6 Probability mass and density function

In discrete stochastic variables, the probability of each event:
P = P(xj) = P{g = xj} = F(xj) - F(xj_l), j=1..,] (2.47)

where J is the number of possible outcomes (which can be infinite), is the probability mass
function. It is easy then to see that the step (discontinuity) of the distribution function
F(x) at point x; equals P;.

In continuous variables there are no discontinuities and hence any particular value x
has zero probability of occurring. However, we can still tell which of two outcomes is more
probable and by how much, by examining the ratio of the two probabilities. As this is a
0/0 expression, bearing in mind I'Hopital’s rule, we need to examine the ratio of
derivatives of probabilities.

The derivative of the distribution function is called the probability density function
(PDF) or simply density:

dF (x)
dx

f) = (248)
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and its basic properties are:

f(x) =0, foof(x)dx =1 (2.49)

Obviously, the probability density function does not represent a probability and,
therefore, it can take on values higher than 1. Its relationship with probability is described
by the following equation:

P{x < x < x + Ax}

=] 2.50
fO = Jim =5 20
The distribution function can be calculated from the density function, i.e.:
X
P = | fody (2.51)

In discrete stochastic variables, the density is a sequence of Dirac § functions (see
definition of § in equation (3.52)), while in mixed distributions Dirac § functions appear
at the points of discontinuity. This text mostly deals with continuous variables.

Some of the most common distributions of discrete and continuous variables are
shown in Table 2.2. Additional continuous distributions are shown in Table 2.3, along with
their moments, while the derivation of these and other distributions in terms of the
principle of maximum entropy is discussed in section 2.11 (see also Table 2.4 and Table
2.5).

As already discussed (section 2.4), the one-to-one mathematical transformation of x,

y = g(g) defines a new stochastic variable y. If the function g(x) is invertible, then the
event {y < y} is identical to the event {x < g~'(y)} where g~? is the inverse function of

g- Consequently, the distribution functions of x and y are related by:

KO =Ply<y}=Plx< g0} = E(g7' ) (2.52)

In the case that the variables are continuous and the function g differentiable, it can
be shown that the density functions of x and y are related by:

fe(g7* ()

g2 2.53
lg'(g71 )| (2:53)

fz(y) =

where g’ is the derivative of g.
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Table 2.2 Some of the simplest and most common distributions.

Name (and Probability mass function or Probability distribution function
parameters) probability density function

Discrete variable x with values x; = j

. . 1
Jrcjetenmiiorm - p(y) = ; F(x) = max(0, min(|x]//, 1))
Geometric 1 wo/ TR
. )= — F(x) = 0,1—(—
j=on >0 PO = Tl 2 maX( (77
Poi W ST

oisson _ - [x+1]

L) = H__ — u - = 7
i=01.@u>0 P& =e I Fy=e™ 7! x)!
]=

Continuous variable x

Uniform in [0, /] f(x)

1/], for0<x <
{ /], for0=x<]j F(x) = max(0, min(x/J, 1))

0, otherwise
i e/, x>0 — o X/H
Exponential Flx) = /u F(x) = {1 e */H,  forx >0
(w>0) 0, x <0 0, forx <0
Normal 1 (x — p)? 1 xX—U
x) = exp| ———— F(x =—erfc<— )
(L E€R, 0 > 0) f6) =7~ p( 202 ®) =3 N

Note: | x| denotes the floor of the number x (the greatest integer less than or equal to x).

Digression 2.]: Illustration of distribution function by an example

Here we continue the example in Digression 2.B to illustrate the notion of the stochastic variable
and its distribution function. Again we study: (a) the occurrence of rainfall at a particular site and
a specific time of the year, and (b) the rainfall depth at that site and time.

(a) The ground set is 2 = {wet, dry} and we define a stochastic variable x based on the rule
x(dry) =0, x(wet) =1
We can now easily determine the distribution function of x. For any x < 0,
F(x) =P{x<x}=0
(because x cannot take negative values). For 0 < x < 1,
F(x) =P{x < x} =P{x=0}=08
Finally, for x > 1,
F(x) =P{x<x}=P{x=0}+P{x=1}=1

The graphical depiction of the distribution function is shown in Figure 2.3 (left). The staircase-
like shape reflects the fact that the stochastic variable is discrete.
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Figure 2.3 Distribution function of a stochastic variable representing events related to rainfall on a given
day in a certain area and at a specific time of the year: (left) the dry or wet state; (right) the rainfall depth.

(b) The ground setis 2 = R* U {0} and the stochastic variable x is given by the rule x(w) = w.
Again, the distribution function of x will be F(x) = P{g < x} = 0 for x < 0 with a discontinuity at
0, so that F(0*) = P{x = 0} = 0.8. For x > 0 the distribution function will be continuous and
increasing, approaching 1 as x — o. To construct a plausible distribution function, without
examining observations, we make an assumption that smaller values are more probable than
higher and specifically that for two values x; and x, > x;, the ratio of densities (expressing the
ratio of probabilities according to I'Hopital’s rule) depends on the difference x, — x4, i.e.,

;g:; =g(x; —xq)

where it is easy to see that the function g(:) should be given as g(x) = f(0)/f (x). In turn, it can
be shown (homework) that f(x) = A exp(—Bx) where A and B are constants. By integrating
(according to equation (2.51)) we find:

F(x) = g(l —exp(—Bx)) +C

and, since F(0") = 0.8 and F(») = 1,C=0.8and A/B = 0.2, thus:
F(x) =0.2(1 — exp(—Bx)) + 0.8

where B can be any positive number. An example is depicted in Figure 2.3 (right) for B = 1. The
resultis a modified exponential distribution (see Table 2.2), where the modification resulted from
the fact that the distribution is not continuous everywhere but mixed. The same result could be
derived by maximizing entropy (see Digression 2.L)

[f this mathematical model is to represent a physical phenomenon, we must keep in mind that
all probabilities depend on a specific location and a specific time of the year. So, the model cannot
be a global representation of the wet and dry state of a day, nor of the rainfall depth. The model
as formulated here is extremely simplified. It does not make any reference to the succession of
dry or wet states on different days. This is not an error; it simply diminishes the predictive
capacity of the model. A better model would describe separately the probability of a wet day
following a wet day, a wet day following a dry day (we anticipate that the latter should be smaller
than the former), etc. In addition, while the assumption made for the rainfall depth leading to a
mixed exponential distribution seems plausible at a first glance, it does not fully correspond to
the empirically observed behaviour. There are better models than the exponential.

2.7 Random number generation for stochastic simulation

One of the important scientific advances offered by stochastics in the last several decades
is the Monte Carlo method, else known as stochastic simulation. It was originally
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developed for the numerical solution of integro-differential equations in Los Alamos in
the framework of the Manhattan Project (Metropolis and Ulam, 1949). It can easily be
shown (e.g. Niederreiter, 1992) that in high dimensional numerical integration (specifi-
cally for a number of dimensions d > 4), a stochastic (Monte Carlo) integration method (in
which the function evaluation points are taken at random) is more accurate (for the same
total number of evaluation points) than classical numerical integration (based on a grid
representation of the integration space).

This gave importance to the much older concept of random numbers, whose first
appearance in a scientific publication was Tippett's (1927) table, with 41 600 random
digits taken from a 1925 census report. Before that (and even after; see Digression 3.G)
random sampling was performed by means of dice and cards. Thus, Galton (1890)
invented a set of three modified dice to generate samples from a normal distribution.
“Student” (pseudonym of W.S. Gosset) in 1908 performed simulation experiments using
3000 cards (in 750 groups of size 4) to find the distribution of the t-statistic and of the
correlation coefficient (see more information in Stigler, 2002).

A sequence of random numbers is a sequence of numbers x; whose every statistical
property is consistent with that of realizations from a sequence of independent identically
distributed stochastic variables x; with specified distribution function F(x) (definition
adapted from Papoulis, 1990). In turn, a random number generator is a device (typically
computer algorithm) that generates a sequence of random numbers x; with given
distribution F (x). Random number generation is also known as Monte Carlo sampling.

The basis of practically all random generators is the uniform distribution in [0,1] (see
Table 2.2). A typical procedure for that distribution is the following:

e We generate a sequence of integers q; from the recursive algorithm gq; =
(kq;_1+c)modm wherek, cand m are appropriate integers (e.g. k = 69 069,
c =1, m = 23 = 4294967 296 or alternatively k = 7° = 16807, ¢ = 0,
m = 231 —1 = 2147 483 647; Ripley, 1987, p. 39).

e We calculate the sequence of random numbers u; with uniform distribution in
[0,1] as u; = q;/m.

Obviously, this is a simple algorithm, purely deterministic. Why are the numbers it
generates regarded as random? The answer is simple: Because if we do not know the
algorithm and the initial condition (g, or g; _ 1) we cannot predict these numbers. As most
algorithms, like this one, are purely deterministic, sometimes the numbers are called
pseudorandom. But this implies the idea that there exists another category of true or
genuine random numbers. Even though in the literature references to true random
numbers abound, this may reflect a misunderstanding of the notion of randomness and a
dichotomic view of natural processes (cf. Koutsoyiannis, 2010; Dimitriadis et al., 2016).
In any process of the macroscopic world, if we were able to know the “algorithm” (the
system dynamics), and the initial conditions with full precision, the situation would be the
same as with the simple algorithm described. That we are unable to know precisely the
algorithm of a physical process and the initial conditions does not make the numbers of
different type.
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A more recent algorithm for the generation of random numbers with uniform
distribution is the so-called Mersenne twister, which is better due to its longer period (it
is based on the Mersenne prime 219937 - 1) and has better equidistribution properties
compared to linear congruential generators. It is available in most computer languages
and software packages”.

Once we have a random generator for the uniform distribution, we can make one for
any distribution F(x). A direct (but sometimes time demanding) algorithm to produce
random numbers x; from any distribution F (x) is given by:

x; = F~'(w;) (2.54)

where u; is the sequence of random numbers with uniform distribution in [0,1]. This is
very easy to apply in any computational environment.t However, for the most common
distributions, there are much faster algorithms than this, which the interested reader can
find in relevant probability books (e.g. Papoulis, 1990).

2.8 Expectation

Expectation is a key concept of stochastics, enabling a macroscopic view of a phenomenon
or process in which the details are intentionally neglected. It converts a stochastic
variable into a common one.

For a discrete stochastic variable x, taking on the values x;, x, ..., x; (where J could

be o) with probability mass function P; = P(x;) = P{x = x;}, if g(x) is an arbitrary
function of x (so that g(x) is a stochastic variable per se), we define the expectation or

expected value or mean ofg(g) as:

Elg(x)] - Zg(x])P(x,) (2.55)

Likewise, for a continuous stochastic variable x with density f(x), the expectation is
defined as:

E[lg(x)] = f g(Of (x)dx (2.56)

Expected values are common variables: for example, E[g] and E[g (g)] are
constants—neither functions of x nor of x. That justifies the notation E[&] instead of E(g)
or E(x), which would imply functions of x or x.

* For example, for Excel (which by default includes the function rand) the Mersenne twister algorithm, called
NtRand, can be found in www.ntrand.com/download/.

T For example, in Excel the function normsinv(rand()) generates random numbers from the normal
distribution.


http://www.ntrand.com/download/
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2.9 C(lassical moments and cumulants

For certain types of functions g(g) we get very commonly used statistical parameters, as
specified below:

e The noncentral moment of order q (or the qth moment about the origin):

g(x) = x9,  pg=E[x9] (2.57)
e The mean (or the first moment):
g(x)=x  w=u =Ex] (2:58)
e The central moment of order q:
g(x)=@x-w9  ug=Ex—w] (2.59)

For ¢ = 0 and 1 the central moments are respectively 1 and 0.
e The variance:

g(x)=@x-w? vy =E[x-w? =0’ (2.60)

The variance is also denoted as Var[g]; its square root o (also denoted as std[g]) is
called the standard deviation.

To distinguish the above quantities from other types of moments to be introduced
below, we call them classical moments. Most used amongst the moments of order higher
than two, are the third and fourth. If we standardize them by appropriate powers of o to
make them dimensionless, we get, respectively, the coefficients of skewness and kurtosis:

_ M3 C _ Ha

CS = g, kK *— F (2.61)
Other dimensionless indices are the ratios:
U o
=, —=C .
p P v (2.62)

where the latter is called coefficient of variation (meaningful for nonnegative variables).
Central and noncentral moments are related to each other by:

q q

Hq = Z (CLI) Wy, pg = Z (CLI) (=) "y (2.63)

i=0 i=0
where uy = uy = 1, 4, = 0,u; = u. (For proof of these relationships see Koutsoyiannis,
2025a). For small q they take the following forms:

pp=0%+p?  py=upz+30Pu+p, ph =+ Ausp + 60tp +ut o (2.64)
and can be inverted as follows:
0% =y —u?  uz=p3—3upp+ 213, ug = pg — 4usp + 6ppu® —3u* (2.65)

For ready reference, Table 2.3 provides the analytical expressions of the moments of
some common distribution functions.
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Table 2.3 Some common distributions of continuous variables and their moments (and
cumulants when their expressions are simple).

Name, parameters, Probability density or Moments and cumulants
domain distribution function
Uniform in [a, b], 1 , _a+tb _(h-a)? , b7 —qi™
a<x<bh A N = ke T v -

-1 -1
Beta,0 < x < b ) (1 _g)c i = r¢+9r@+9 ., _Bl@+49)
{>0,6>02>0 fO) =" TN+ +9) B({,¢)
Exponential il wi=uo m=pt up=qlul,
©>0,x>0 f(x)=7 Ky =(q— Dipd

x , , g+

Gamma (x/N)° e m=3¢A  pp =02, g = Tc)ﬂq;

{(>01>0x=20 f@) = AT kg ={(q— 121

1 2 1\2
. w=T(1+=]4, y=<l‘ 1+=)-T(1+= >/12
‘éve>lb01T1/11>0.x20 F(x)=1—exp<—(%)z> “;=r((1 +%>),1q 2 ( Z) ( ()

m=p = u—{o' a0dd
1= H 2= 05 a7~ g9(g —
Normal o (_ (x — H)Z) , ~ o%(qg— 1!, geven
HER,U>0, f(x): p 202 W =K q=
x €R V2o Kg =107 q=
0 q>2
Lognormal (Inx is ( 1 x\\2
- exp|—5=(In(5 ) ¢2 q2¢?
N(n2,¢)) Fx) = ZCZ( (/1)) wo=erl, pp=e(e"—1)2, pi=ez A
¢>01>0x>0 V2mgx
A A2
Pareto! x -% =Ty 7 1-6€)2*1-29
§>o,/1>o,xzoF(x)=1—(1+fi) , 1 A
g = B(E—q,q+ 1){‘1“
Pareto-Burr- 1 q
Feller! (PBF)? W\ =B (l_ a4, 1) A
{>06>0, F@=1-(1+(3) A s
A>0,x=>0
Dagum! 1 -t —¢
¢>0,6>0, F(x) = (1 +=(3) f) Hy = (G6)' % B(1 - £q,6(q + )7
A>0,x>0 ¢\
Extreme value x 212
type I (EV1) F(x) = exp (—e_z) wi = vyAa, o =—p— Kq = (—D)apla-D(1)29
A>0,x€eR
threIrInFE‘\,/azl;e F(x) ( (x)_%> py =T(A = Apu, = TA-28) -TA-HA?
ype x)=exp|—(= ,
£>0,1>0x20 A up =T(1 - gé)Ae

1 The moments exist (have finite values) only for order g < 1/¢; for larger q they are infinite.
2 Also known as Pareto 11l and 1V, Burr XII and Feller; for justification of the name PBF see Koutsoyiannis et al. (2018).
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Another useful expectation is formed by choosing g(g) = e'X for any t. The logarithm
of the resulting expectation is called the cumulant generating function:

K(t) == InE[e*¥] (2.66)
The power series expansion of the cumulant generating function i.e.:
K(t) = Z Koy (2.67)
q=1

defines the cumulants k,. These are related to noncentral moments of similar order by
(Smith, 1995):

q-1 q-1
Mg = Z ( . 1) Kgoilll,  Kq = Uy — Z (4 B 1) " (2.68)
=0 i=1

For small g they take the following forms:

Ko = U1 =0, Ky =H =W K2 = Uz, K3 = Uz, Ka = flg — 343 (2.69)

The importance of cumulants lies in their homogeneity and additivity properties. Namely,
for a stochastic variable that is the weighted sum of r independent variables v;, i.e,, x =
a;v; + -+ a, v, the qth cumulant of x is given as

kg = af Kévl) + -+ a K((Ivr) (2.70)
where Kévl) is qth cumulant of v,. This property is quite useful in stochastic simulation

(see Koutsoyiannis and Dimitriadis, 2021; Koutsoyiannis, 2025a).

Digression 2.K: Illustration of the first four classical moments and related
statistical characteristics

The geometrical meaning of the first four classical moments is visualized in Figure 2.4. Essentially,
the first moment, i.e. the mean, describes the abscissa of the centre of gravity of the shape defined
by the probability density function and the horizontal axis (Figure 2.4a). It is also equivalent to
the static moment of this shape about the vertical axis (given that the area of the shape equals 1).
Often, the following quantities are alternatively used as location parameters:

¢ The mode, or most probable value, x,, is the value of x for which the density f(x) becomes
maximum, if the stochastic variable is continuous, or, for discrete variables, the probability
mass becomes maximum. If f(x) has one, two or many local maxima, we say that the
distribution is unimodal, bimodal or multi-modal, respectively.

¢ The median, x s, is the value for which P{g < x0.5} = 1/2 and P{g = x0.5} > 1/2. Thus, for a
continuous stochastic variable, a vertical line at the median separates the graph of the density
function into two equivalent parts each having an area of 1/2.

Generally, the mean, the mode and the median are not identical unless the density has a
symmetrical and unimodal shape.

The variance of a stochastic variable and its square root, the standard deviation, which has
the same dimensions as the stochastic variable, quantify the scatter or dispersion of the
probability density around the mean. Thus, a small variance shows a concentrated distribution
(Figure 2.4b). The variance cannot be negative; its lowest possible value is zero. This corresponds
to a variable that takes one value only (the mean) with absolute certainty. Geometrically, the
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variance is equivalent to the moment of inertia about the vertical axis that passes from the centre
of gravity of the shape defined by the probability density function and the horizontal axis.

Alternative measures of dispersion are provided by the so-called interquartile range, defined
as the difference xq 75 — x5, i.€., the difference between the 0.75 and 0.25 quantiles (or upper
and lower quartiles) of the stochastic variable (which define an area in the density function equal
to 0.5).

The third central moment is used as an indicator of skewness. A zero value indicates that the
density is symmetric. This can be easily verified from the definition of the third central moment.
If the third central moment is positive or negative, we say that the distribution is positively or
negatively skewed respectively (Figure 2.4c). In a positively skewed unimodal distribution, x,,, <
Xo.5 < U; the reverse inequality holds for a negatively skewed distribution.

The fourth central moment is used as an indicator of kurtosis, a term which describes the
“peakedness” of the probability density function around its mode. A reference value for kurtosis
is provided by the normal distribution, which has €y = 3. Distributions with kurtosis greater than
the reference value are called leptokurtic (acute, sharp) and typically have a heavy upper tail (see
below), so that most of the variance is due to infrequent extreme deviations as opposed to
frequent modestly-sized deviations. Distributions with kurtosis less than the reference value are
called platykurtic (flat; Figure 2.4d).

f(x) f(x)
06 + 0.6
B ) (a) | (b)
04 + 0.4 + (0)
02 + 02 + (1)
0 \M; 0 g i —
0 2 4 6 8 0 2 4 6 8
X X
f(x)
0.6 1 1 @ (o
0.4 +
0.2 f 0)
0 1 |
0 2 4 6 8 8
X

Figure 2.4 Graphical illustration of the geometrical interpretation of moments of a stochastic variable: (a)
Effect of the mean. Curves (0) and (1) have means 4 and 2, respectively, whereas they both have standard
deviation 1, coefficient of skewness 1 and coefficient of kurtosis 4.5. (b) Effect of the standard deviation.
Curves (0) and (1) have standard deviation 1 and 2 respectively, whereas they both have mean 4, coefficient
of skewness 1 and coefficient of kurtosis 4.5. (c) Effect of the coefficient of skewness. Curves (0), (1) and (2)
have coefficients of skewness 0, +1.33 and -1.33, respectively, but they all have mean 4 and standard
deviation 1; their coefficients of kurtosis are 3, 5.67 and 5.67, respectively. (d) Effect of the coefficient of
kurtosis. Curves (0), (1) and (2) have coefficients of kurtosis 3, 5 and 2, respectively, whereas they all have
mean 4, standard deviation 1 and coefficient of skewness 0.
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2.10 Entropy as expectation

The enumeration of the ground set and hence the definition of a stochastic variable entails
arbitrary choices and one could think of different options. In turn, expectations and
moments depend on the option chosen. One may think of defining the function g(-) whose
expectation is sought, in terms of the probability per se, i.e. g(g) = h(P (g)) for a discrete

variable or g(x) = h(f(g)) for a continuous variable, where h(-) is any specified

function. Among the several choices of h( ), most useful is the logarithmic function, which
may render entropy as an expectation. Namely, the entropy of a stochastic variable is
defined to be the entropy of the finest partition V.

Specifically, for a discrete stochastic variable x taking integer values x,=1,..,]

(where J could be infinite) with P; = P{g = xj} the entropy is:

o[x] = E[-In P(x)] = zplnp (2.71)

j=1

For a continuous stochastic variable x taking real values x in (—oo, o) the definition
of the entropy of x is possible by means of the relative entropy. First, we take the finest
partition for intervals of size §x, form the relative entropy for measure B(x) = [ b(x) dx,
and make the partition with elements 4; = [(i — 1)6x, i6x],

(AIIB)s = — Z P(A)In (B(A‘i)

i=—o00

(2.72)

_ . _ (F(iﬁx) —F((i- 1)5x))
=— izz:m (F(qu) —F(G - 1)8x)) In (B(i&x) v 1)5x))

where F () is the distribution function. Then we take the limit of @ (A||B)s, as 6x — 0 and
set F(i8x) — F((i — 1)8x) = f(x)8x, B(i6x) — B((i — 1)8x) = b(x)8x:

f@]_ [ @

Jim @(A|[B)s; =: : P[x] =E [ In b(x) [o In e )f(x)d (2.73)
It is reminded that the background measure density b(x) can be any density of a
measure, such as a proper probability density (with integral equal to 1) or an improper
one (meaning that its integral diverges). Most commonly, it is assumed to be an
(improper) Lebesgue density, i.e. a constant with dimensions [b(x)] = [f(x)] = [x"1], so
that the argument of the logarithm function be dimensionless. It can easily be shown that
for b(x) = b = constant, equation (2.73) can be expressed in a simpler manner in terms

of the derivative of the quantile function x(F) as:

1

x| = J In(b x'(F)) dF (2.74)

0
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This is useful for the numerical evaluation of @ [E]' particularly when the quantile function
is estimated empirically, provided that the estimated x(F) is smooth, so that its derivative
can be reliably estimated.

Entropy maximization is typically performed for the finest partition and for
constraints suitable for each case. The standard constraints for all cases are:

e For discrete stochastic variables x:

]
z P =1 (2.75)
j=1

e For continuous stochastic variables x:

f fx)dx =1 (2.76)

Digression 2.L: [llustration of the principle of maximum entropy

Here we illustrate the maximum entropy (ME) principle in a few simple cases. The examples may
look trivial. However, we must have in mind that, as already mentioned in Digression 2.F, with the
same reasoning we can infer more interesting things, such as the laws of thermodynamics
(Chapter 6). The logic is the same: we maximize the uncertainty with respect to the state of a die
or a water molecule.

(a) We thus start from the simple example of determining the probabilities of the outcomes of a
die throw. These probabilities can readily be inferred by Theorem 4 in section 2.3, but here we
will derive them from scratch for illustration. For the die the entropy is:

® = E[-InP(x)] = —P,InP, —P,InP, — P;InP; — P,InP, — PsInP5 — PgIn Pg
Considering also the equality constraint:
Pi+P,+P3+P,+P;+P=1
we form the objective function to maximize as:
L:=—P;InP; —P,InP, —P;InP; — P,InP, — P5sInP5 — PgIn Pg
+a(Py+P,+P;+P,+Ps+P;—1)
where a is a Lagrange multiplier. We find the partial derivatives with respect to each of the
variables and equate them to zero, obtaining:
oL oL

e 1-Pta=0, ., =
9P, nhta=0 9P,

—1—1In P6 +a=0
Obviously, the solution of these equations yields the single maximum:
P1=P2:P3=P4=P5=P6=1/6

The entropy is @ = -6 (1/6) In (1/6) = In 6. In general, the entropy for / equiprobable outcomes
is:
® =InJ (2.77)

It is noted that entropy and information are complementary to each other. When we know
(observe) that the outcome is i (P; = 1, P; = 0 for j # i), the entropy is zero.
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In the above case of a fair die throw, the application of the ME principle is equivalent to the
principle of insufficient reason. However, while the former is a variational law (equivalent to the
solution of an optimization problem), the latter is formulated in terms of equations. As already
stated in section 1.2, a single variational law is much more powerful than very many equations.
Actually, from a variational law we derive as many equations as there are unknowns (even an
infinite number of equations). And as we showed, in this case the variational ME principle entails
the principle of insufficient reason, and thus there is no need at all to postulate the latter as an
additional philosophical or scientific principle.

(b) To illustrate that the variational ME principle is more powerful than the principle of
insufficient reason, we consider the following variant of the problem in which uniformity is a
priori excluded. Specifically, we assume that the die is loaded and that we have prior information
that P, = 2P;. What is the probability that the outcome of a die throw will be i in this case?

For the ME optimization we only need to take into account the additional constraint, by
adding to the objective function the term b(P; — 2P;) where b is an additional Lagrange
multiplier. The solution of the optimization problem is a single maximum, P, = P; = P, = P; =
0.1698 (slightly >1/6), P; = 0.1069, P; = 0.2139. The entropy is @ = 1.7732, smaller than in the
case of equiprobability, in which @ =1n6 = 1.792. The decrease of entropy in the loaded die
derives from the additional information incorporated in the constraints.

(c) In another example we consider a roulette wheel which is not divided into pockets, but its
outcome is a real number measured on a circular scale graded 0 to J. In this case our stochastic
variable x is of continuous type. Assuming background density b(g) = 1, the entropy is

J
d)[g] == f In f(x) f(x)dx
0
Considering also the constraint (2.76) with a Lagrange multiplier a, we should maximize:
J J
L:=— f In f(x) f(x)dx — a ff(x)dx -1
0 0

Finding the partial derivative with respect to fand equating it to zero we obtain:

oL

ﬁ =
Hence f = exp(—1 — a) = constant and from the constraint we find that the entropy maximizing
density is:

—1-Inf—-a=0

1
f&) = i (2.78)
and the entropy is:
® =Inj (2.79)

This is the uniform distribution, given in Table 2.2. Notice that the expression of maximum
entropy for a discrete stochastic variable (equation (2.77)) is identical to that of a continuous
stochastic variable (equation (2.79)).

(d) If in the uniform distribution the upper bound J tends to co (while the lower bound remains
0), it becomes improper (f(x) = 0). Therefore, in this case we need an additional constraint to
find a proper distribution. The simplest one that we can think of is that the distribution has a
specified mean g, i.e.:
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o]

[ xfeax =
0
The expression of the entropy is the same as in the example (c), but the objective function to
maximize becomes:
A= —f Inf(x)f(x)dx —a f f)dx—1]—»b f xf(x)dx —pu
0

0 0
Thus,

04 _ 1-1 bx =0
ﬁ_ nf—a—bx=
and

f(x) = B exp(—bx)

where from the two constraints we find, after the algebraic operations, that B= b = 1/u. This is
the exponential distribution given in Table 2.2. It is very common in physics, as the mean
constraint, from which it results, is omnipresent. For example, if x represents the Kinetic energy
of one of many particles moving in a box, we do not know the exact energy of each particle (which
may change due to collisions, assumed to be elastic) but we may know the average y, which is
preserved according to the related physical principle (energy conservation). Consequently, the
distribution of kinetic energy is exponential.

(e) If in the above example of moving particles we limit the motion to a straight line, and we
choose not the kinetic energy but the velocity as our stochastic variable x, which can be either
positive or negative, the kinetic energy constraint is written as

fx%@ﬁx=y
0

where y is twice the average kinetic energy per unit mass. The objective function to maximize
becomes:
A= —f Inf(x) f(x)dx —a f f)dx—1]—»b f x2f(x)dx —y
0 0 0
Thus,
a—A=—1—lnf—a—bx2 =0
af

and
f(x) = Bexp(—bx?)

where from the two constraints we find, after the algebraic operations, that B = /2mny, b = 1/2y.
This is the normal distribution given in Table 2.2, with u = 0 and standard deviation o = +/y.

In fact, all distributions of Table 2.2, except the Poisson distribution, turn out to be entropy
maximizing distributions, either without a constraint or under a simple constraint in each case.
The results are summarized in Table 2.4.
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Table 2.4 Entropy of the most common distributions of Table 2.2, which turn out to be entropy maximizing
distributions for Lebesgue background density (b(x) = 1) with simple constraints.

Name (and  Probability mass, density and Corresponding entropy for unit background
parameters) distribution function measure density

Discrete variable x with values x;

Discrete _ P(x) =1/, o[x] = InJ - _ _
uniform, x; = ) (the maximum among all distributions with x; =

F(x) = max(0, min(|x]/J, 1))
1,..,] 1,...))

1 u \J
P(x;) = —|——
_ (%) 1+ (1 + u) (u+1H*t
Geometric (D[g] =In — = 1+ In(u+1/e)
x;=01,.. F(x)=max <0,1 : ! e .
(the maximum among all distributions with x; =

(1 >0) 1

_ ( U )lxl 0,1, ..., and mean u)
1+u\l+pu

Continuous variable x

1
— < < =
Uniformin  f(x) = {J for0<x<J ?[x] 11.1] o . .
[0,]] 0 otherwise (the maximum among all distributions with domain
F(x) = max(0, min(x/J, 1)) [0, a])
==
e H
= J— >
= x=0 o[x] =1+Iny
Exponential 0 0 ~ ) o ; )
(> 0) xx < (the maximum among all distributions with domain
Flx) = {1 —e# forx>0 [0, c0) and mean u)
0 forx <0
1 (x — p)? 1
fG) = exp| ———5—
Normal Pt p oL <D[§] =3 (1+In(2m)) +Ingc = 1419+ Ino
(u ER, : o : :
> 0) 1 X—U (the maximum among all distributions with domain
F(x) = 5 erfc (— V2o ) (—00, ), mean y and standard deviation o)

Note: | x| denotes the floor of the number x.

2.11 Maximum entropy distributions

In Digression 2.L we illustrated several simple cases of entropy maximization, in which
we determined the entire probability mass or density function based on one or two
constraints. We can generalize the result for a number of constraints of the form:

Elg(®)] =vi & J gi()f )dx —y; = 0 (2.80)

and for any background measure density b(x). In this case, after incorporating the
constraints to the entropy with Lagrange multipliers, the expression whose maximization
is sought is:
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__.0[1 ZE ;f(x)dx a(ff(x)dx—l) i bi(_[o gl-(x)f(x)dx—)/l-> (2.81)

Taking the partial derivative with respect to fand equating it to zero we find

f(x)
—1In m‘i‘l—a—zbi‘gi(x) =0 (282)

and, thus, the entropy maximizing density is:

fx) = Ab() exp (— > bigioc)) (283)

where A := e!~% is a constant.

As we have seen in Digression 2.L, some of the most typical distributions which are
used in a variety of scientific fields can be derived from entropy maximization using a
simple constraint. Here we will try to get a plethora of distributions again using a single
constraint but both with a Lebesgue background measure and a generalized one.

The background measure density b(x) shows how we measure the distances d
between values of x. The Lebesgue measure corresponds to the Euclidean distance,
d(x,x") = |x — x'|. However, most geophysical variables are non-negative physical
quantities unbounded from above (e.g., precipitation, streamflow, temperature—
absolute, expressed in kelvins). With positive physical quantities, often the Euclidean
distance is not an ideal metric and so sometimes we use a logarithmic distance d(x, x") =
|In(x’/x)|, as shown in the example below referring to precipitation depth:

Euclidean distance Logarithmic distance

x=0.1mm, x =0.2 mm 0.1 mm In2 =0.693
x =100 mm, x' = 100.1 mm 0.1 mm In 1.001=0.001
x =100 mm, x" = 200 mm 100 mm In2 =0.693

Which of the second and third pairs of points is equidistant from the first one? In an
attempt to merge (or unify) the Euclidean and logarithmic distance, we heuristically
introduce (see Koutsoyiannis, 2014a) the following background measure density for
nonnegative variables:

1

b(X) = “—x (2.84)

where A is a characteristic scale parameter, which also serves as a physical unit for x.
According to this, the distance of any point x from O is:

Bys(x) = J Ab(s)ds = 21n (1 + ;) (2.85)

We will refer to B;s(x) as the log-shift measure. An example plot for Byg(x) is given in
Figure 2.5. Its limiting properties are:
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. Bis(x) . Bis(x) . Bis(x) \ . Brs(x) \ _
Im— “fm—r—=1  lm <m>‘£‘§é (/1 ln(x//1)>_1 (2.86)

This means that for large A or small x B;s(x) behaves like the Lebesgue measure and for
small 4 or large x it behaves like a logarithmic transformation.
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Figure 2.5 Illustration of the log-shift measure y = B(x) = By s(x); the example plot is for A = 10
and shows that for small x (< A/10) B(x)is indistinguishable from x, while for large x (> 101), B(x)

becomes a linear function of In x.

The distance between any two points x and x’ is:

d(x,x") = |B(x') — B(x)| = A|In <M>‘ (2.87)

1 +x/2

For small x values, i.e, x < x" < 4, the distanceisd(x,x) = Aln(1+ (x' —x)/(1 + x)) =
x" — x (Euclidean distance). For large values, 1< x <x',d(x,x") = Aln(x"/x)
(logarithmic distance). We notice that both B(x) and d(x,x") have the same units as x

(physical consistency).
We further generalize this measure to the following form:

Bus@ =An(14(3) ), Blest) =2b() = ¢ (%)C_1 /(1+())  ess

and we call this the log-power-shift measure. We note that the dimensions are [Byps(x)] =
[x] = [A] and so b(x) = Bj ps(x)/A with the derivative B] ps(x) being dimensionless.
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Now, in the general solution (2.83) we use the background measure B(x) = Byps(x)
with a single constraint, that is E[(B(x)/1)%] = y and from (2.83) we get:

B'(x) BO\Y\ 4 B(x)\* ,
fx)=A T exp (—b( p = exp —b 0 +1n(B'(x)) (2.89)
After the algebraic operations we find the generalized maximum entropy distribution as:
Ac pxy (=D x\\ 1 0\ \\?
f(x) = T(Z) (1 + (Z) ) exp <—b (ln (1 + (Z) )) ) (2.90)

As a special case, as 4 = oo, the log-power-shift background measure approaches the
power measure Bp(x), and the quantities in (2.88) become:

X c , X c—-1
Bp(x) = A (I) . Bh(x)=c (I) (2.91)
This is justified by the fact that }Lim B(x)/Bp(x) = 1. Hence, the density of (2.89) becomes
Ac sx\ (1) x\ €4

fG) =~ (I) exp (—b (1) ) (2.92)

Furthermore, when ¢ = 1 we get the Lebesgue measure and obtain:

A x4

flx) = - exp (—b (Z) ) (2.93)

The densities (2.92) and (2.90) contain as special cases the most common
distributions used in stochastics. These special cases are listed in Table 2.5 in terms of
their densities f(x) and distribution functions complements F(x) = 1 — F (x).

In particular, the density (2.92), which is derived from the power background
measure, corresponds to a generalized gamma distribution, also listed in Table 2.5, after
suitable transformation of its parameters. The density (2.90), which is derived from the
log-shift background measure, does not yield a closed expression for F(x) in its general
case, and therefore is not listed in Table 2.5.

The distributions and the special cases resulting from equations (2.92) and (2.90)
correspond to nonnegative stochastic variables, x > 0. However, in some of the cases, in
which the variable x appears in Table 2.5 raised to power 2, the extension to the whole
real line is direct. The distributions of this type are earmarked as “half” in the table, and
their “full” versions (valid for all real numbers) are derived by dividing the expressions
given in the table by 2; these include the normal distribution.

Some additional distributions, resulting from entropy maximization with two
constraints are given in Appendix 2-11.

One may wonder if it would be possible to derive all distributions listed in Table 2.5
using the Lebesgue background measure alone, along with simple constraints based on
classical moments and some additional constraints on boundary conditions, such as
specifying the tail indices ¢ > 0,¢ > 1. This question is examined in Appendix 2-III and
the answer turns out to be negative: The density functions in question are not even local
(letalone global) maximizers of entropy if that is based on Lebesgue background measure.
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However, as seen above, with a different background measure, we can derive all
distributions of Table 2.5.

Table 2.5 Maximum entropy distributions derived by equations (2.92), (2.93) and (2.90).
(Expressions not to be used at face as different parameterizations are used throughout the book.)

Name Parameters f(x) F(x)=1-F(x)
Lebesgue background measure (c = 1)

. L 1 x x
Exponential b=d=1 7 exp (— I) exp (— z)
Halft | d=2,b=1/2 2 ( 1(x)2) erfc( ad )

alf! norma =2,b= exp|—=(= —
PNZRRANAY) V22
Power background measure
d=1/c,b =1, 1 61 x Tes2($)
G 2 Z Z
T ¢=c g @ e (3) )

_ o _ ¢ x\$1 2\S x\S
Weibull3 b=d=1{=c 1 (Z) exp (— (X) exp| — (z)
Extended b=1,d=2/c, 2 X\ 2 -3 w2y () B (f)z
half! normal* ¢ =¢ AT(/2) <(I) ) exp (‘ (E) ) rQ’ Y=\
Generalized b=1,{=c, ¢ x\ 61 x\$/$ I, (5) xX\$/$

S e o) ee(-6G) TGRS,
gamma ¢={/c A¢T(¢) \1 A L'(s) A
Log-shift background measure (¢ = 1)

1 1
1 x\ "1 X\"F
Pareto® d=1,&=1/b — M ¢ A\ ¢
§=1/ /15(1+/1) (1+/1)
1 X\\?
—= ad 1
Lognormal d=2,b=1/2 2 exp( ) (ln (1 + /1)) ) erfc (_ In (1 + ;))
VZm 2 1+ /2 V2
Log-power-shift background measure
1 1
Pareto-Burr- d =1, =, 1 ,x:\$-1 oS\ 7t xS\ €
Feller (PBF)” ¢ = 1/bc E(X) (1 + (1) ) (1 + (;) >
< (1 (x)f ¢ FZ(1/§)

. exp| — ( n ( + (5 )) T(1/0)

Generalized b=1¢=cc=d {c A (1/¢)

log-gamma?® T(1/¢) 2 (%)1—5 (1 N Gf) L - <ln (1 . G)z»c

1 Distributions named “half” have their “full” version whose density f(x) and exceedance F (x) are obtained
by dividing those given in the table by 2. The “half” version corresponds to x > 0, while the “full” version is
supported on the whole real line. The lognormal distribution has also a “full” version for x > —A.

2 Special cases: Chi-squared and Erlang.

3 Special case: Rayleigh. Antisymmetric case (in which F(x) « F(x)): Fréchet.

4 Also known as Chi.

5 Special cases: Maxwell-Boltzmann, Maxwell-Jiittner, Nakagami. Antisymmetric: Inverse-chi-squared,
Inverse-gamma, Lévy.

6 More precisely, Pareto Il or Lomax.

7 Also known as Pareto 11l and IV, Burr XII and Feller. Antisymmetric: Dagum (often referred to in hydrology
as kappa (Mielke, 1973; Mielke and Johnson, 1973; Hosking, 1994) but it is totally different from the kappa
distribution used in other fields—see Appendix 2-I1.).

8 For d = 1 it becomes PBF with upper-tail index £ = 1/c. For d>1, £=0 (all moments exist). Ford<1, & =
oo (no moment exists).
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2.12 Tails: heavy-tailed and light-tailed distributions

There is a substantial difference between the distributions corresponding to equation
(2.92) and (2.93) on the one hand and (2.90) on the other. Specifically, the former are
light-tailed and the latter heavy-tailed. In heavy-tailed distributions for any ¢t > 0 (however
small) the following limit diverges to infinity:

lim e™F(x) = (2.94)

X—00

In turn, a heavy-tailed distribution is characterized by the so-called upper-tail index
(or, if there is no risk of ambiguity, simply tail index), defined as that number ¢ for which
the following asymptotic equation holds true:

lim x$F(x) = I, (2.95)
X—00

where [, is a nonzero and finite constant. The distributions listed in Table 2.5 under the
titles Log-shift background measure and Log-power-shift background measure are heavy
tailed. Those distributions in which a parameter ¢ appears have upper-tail index ¢ (e.g.,
Pareto, Pareto-Burr-Feller). The remaining (e.g., lognormal) have upper-tail index zero
(except a specific case of the generalized log-gamma, shown in the table footnotes, whose
upper-tail index is infinite). At the same time, the moments of heavy-tailed distributions
also diverge beyond a certain order, i.e,, E[gq] = oo for all g > 1/&. The distributions with
zero upper-tail index, such as the lognormal distribution, have all their moments finite.
For that reason, they are often regarded as light-tailed. However, the lognormal
distribution clearly satisfies (2.94) and therefore according to this definition is heavy
tailed.

In a similar manner, we can define a lower-tail index. Whenever the domain of the
distribution is the entire line of real numbers, we must replace co with -co and x1/$with
(—x)'/¢. However, usually we deal with nonnegative quantities (lower bounded by 0) and,
in this case, we need a different way to define the lower-tail index. Specifically, the lower-
tail index is that number ¢ for which the following asymptotic equation holds true:

. _{ —
limx~* F(x) = I3 (2.96)

where [; is again a nonzero and finite constant”. Those distributions listed in Table 2.5, in

which a parameter ¢ appears, have lower-tail index { (e.g., Gamma, Weibull, Pareto-Burr-

Feller). Using I'Hopital’s rule, we see that lim x~SF(x) = lim x1=$f(x) /¢. Thus, if { < 1,
xX— xX—

the density f(x) should necessarily be a decreasing function, at least close to the origin,

with lirré f(x) = oo. In contrast, when ¢ > 1, the density f(x) is an increasing function
xX—

close to the origin, with f(0) = 0, and is usually bell-shaped. The particular case { = 1 is
characteristic of the exponential and Pareto distributions, where f(0) is finite and the
density f(x) is a decreasing function.

*It would be more natural to use 1/ instead of {in (2.96) so that it be more consistent with (2.95). However,
we have used that convention so that the parameterization of common distributions, such as Gamma and
Weibull, be similar to the one dominating in the statistical literature.
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Table 2.6 summarizes the above cases and extends them to all possible upper and
lower tails and their indices. Notice that a single function, namely the odds function, ¥ (x),
can be used to calculate and visualize (on a log-log plot) both tails.

Table 2.6 Definitions of tail indices for the different cases of tail behaviour.

Characteristic Definition of tail index? Determination of tail index?
Upper bounded by cy, tail index ¢’ xllglu (cv—0)CF) =1 {'= Ffu (0) = —%f (0)
Upper unbounded, tail index § ~ lim XMEF(x) =1, &= —1/f#(oo) = 1/¥# ()
Lower bounded by ¢y, tail index ¢ J}i_)rglL(x — o) CF(x) = I3 ¢ =F}(0)=%4(0)

Lower unbounded, tail index &’ xl_i)r_rloo(—x)l/E’F(x) =1, §'=—1/F¥ () = —=1/¥f (0)

11;,i = 1,...,4 are nonzero and finite constants.
2 F#(c) is the log-log derivative (LLD; see section 3.6) of the function F(x) at the point x = ¢ and F.(x) == F(x + c).
Likewise for ¥#(c).

Digression 2.M: The geophysical importance of heavy-tailed distributions

In classical statistical mechanics the Lebesgue measure is used as background measure. As a
consequence, a constrained mean results in exponential distribution which notably has coefficient
of variation o/u = 1. However, in several geophysical processes, most notably rainfall, when the
time scale is small (e.g., daily or hourly), the empirical o/ is greater than 1, which means that the
exponential distribution is not suitable. One may think that adding one more constraint would fix
the problem. The natural choice seems to be to constrain entropy maximization by both the mean
u and the variance o2. However, this does not work as, for nonnegative stochastic variables,
entropy maximization with Lebesgue background measure cannot yield o/u > 1. In other words,
the exponential distribution is the upper limit.

The next solution to try is either to use a trickier (less natural) constraint, to change the
definition of entropy (using a generalized definition; see Digression 2.E), or to change the
background measure. The first two cases have been studied in Koutsoyiannis (2005a) and
Papalexiou and Koutsoyiannis (2012) and the last one in Koutsoyiannis (2017). Whatever the
choice may be, the result is practically the same: a heavy-tailed distribution. The easiest way to
derive that distribution is by the framework described above, using the log-shift background
measure and a single constraint, the mean of the distance function. The resulting Pareto
distribution haso/u =1/,/1 —2&> 1.

In other words, by changing the background measure from Lebesgue to log-shift, the light-
tailed exponential distribution switches to the heavy-tailed Pareto one. The theoretical
framework otherwise remains unaffected—the same probabilistic definition of entropy is used in
both cases. But the change in the derived distribution may have important consequences in the
design and management related to extreme events.

We illustrate this based on real world data. Specifically, we use the daily rainfall data of
Bologna, Italy (44.50°N, 11.35°E, 53.0 m). The available dataset is one of the longest daily rainfall
records worldwide. The time series of observations is available online in the frame of the Global
Historical Climatology Network - Daily (GHCN-Daily; Menne et al., 2012)*. It is uninterrupted for
the period 1813-2007, 195 years in total. More recent daily data for 2008-2018 are provided by
the online data repository Dext3r of ARPA Emilia Romagna, Rete di monitoraggio RIRER.2 With
these additional data, the record length becomes 206 years.

Figure 2.6 depicts the daily time series as well the (right-aligned) moving averages and
moving maxima for a time window of 10 years, representing the 10-year climatic (time-averaged)
values. The most spectacular behaviour shown in the figure is the changing climate (see definition
of climate in Chapter 8): The 10-year climatic average daily rainfall has been changing between a
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minimum of 1.2 mm (having occurred in the 1820s) and a maximum of 2.5 mm (having occurred
at the decade ending in 1902)—more than twice the minimum. At the same time the 10-year
climatic value of the maximum daily rainfall has varied between a minimum of 48.5 mm (having
occurred in the 1820s) and a maximum of 155.7 mm (having occurred in the 1930s)—more than
three times the minimum. These changes do not follow a linear pattern but have the form of long-
term non-periodic fluctuations, up and down. In the most recent years, after 1950, there is a
roughly increasing trend in both climatic indices, but such increasing trends were also observed
before 1900, followed by drops thereafter. These trendy-looking behaviour reflects the Hurst-
Kolmogorov dynamics (see section 3.12), omnipresent in geophysics.
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Figure 2.6 Plot of the time series of daily rainfall in Bologna, along with moving averages and moving
maxima for a time window of 10 years (right-aligned, i.e., the value plotted at a specific year is the average
or the maximum of the previous 10 years). The lines in darker colour represent the GHCN time series while
those in lighter colour represent the newer data which are not included in the GHCN time series.

During the 206 years of observations there were 19 426 rain days, all of which are used in
the modelling. The nonzero rainfall depths of all 19 426 days are plotted against their empirical
return periods in Figure 2.7. The return period of an observed value x is related to the probability
of exceedance by T(x) = D/F(x) (equation (2.42)) where D would be 1 d if all days were
considered, while, after neglecting the zero rain days, D should be adapted to D = 365.25 x 206 /
19 426 = 3.87 d. The empirical return period for the sample of 19 426 daily rainfall values is
estimated from equation (2.45).

The 19 426 values range between 0.1 and 155.7 mm, with a mean of 7.2 mm. In the
exponential distribution the single parameter A equals the mean, which allows plotting of the
theoretical curve corresponding to it in Figure 2.7. Clearly, the comparison with the empirical
points of the figure indicates a bad performance of the exponential model. In contrast, the Pareto
model, also plotted in Figure 2.7 looks suitable. It is admirable that a model with only two
parameters (the upper-tail index £ and the scale parameter A1) can make such a good fitting on so
many observations made over 206 years. The parameter values, § = 0.11 and A = 7.78 mm (with
parameterization as in Table 2.3), have been estimated by a least squares method to minimize the
error between the empirical and theoretical return period. The empirical return period has been
assigned by the method described in Digression 2.I. The good performance of the Pareto
distribution suggests that the hypothesis of a log-shift background measure, along with the
principle of maximum entropy, leads to a good predictive capacity.
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Figure 2.7 Rainfall depth vs. return period for Bologna based on 19 426 daily rainfall depths observed
throughout the observation period of 206 years.

Now, comparing the behaviour of the light-tailed exponential distribution with the heavy-
tailed Pareto distribution, and both with the empirical distribution, we clearly see that the former
severely underestimates the magnitude of the extremes. Notably, for a return period of 10 000
years, which is typically used in the engineering design of major projects such as dams, Figure 2.7
shows that the exponential distribution predicts a rainfall depth of ~100 mm, a value that was in
fact exceeded seven times in the 206-year available record. On the other hand, the Pareto
distribution predicts a value of ~250 mm, 2.5 times higher (and it becomes even higher if we also
take into account the dependence structure of rainfall; Koutsoyiannis, 2025a). Thus,
inappropriate model selection based on inappropriate theoretical considerations can have
substantial consequences when it comes to practical application. Sooner or later, Nature will
expose how the inappropriate they are (e.g. by frequent exceedances of design values). In such
cases, one could re-examine the theory (even though an alternative and more popular practice is
to blame external agents and find good scapegoats).

Indeed, in the 20t century, the light-tailed distributions constituted the dominant theoretical
model in research and engineering practice. And given the substantial underestimation of
extremes by this model, its failure (and its severe consequences) should not come as a surprise.
By now, both theoretical advances and accumulated empirical evidence have shaken this model
and pointed to heavy-tailed distributions.

In addition, Koutsoyiannis (2004a, 2005a, 2007) discussed several theoretical reasons that
favour the heavy tailed distributions over the exponential case, which are consistent with the
above considerations related to the log-shift background measure. Furthermore, as already
discussed (Chapter 1, the omnipresence of change and the non-static climate are consistent with
heavy-tailed distributions, as will be further illustrated in Digression 3.1.

1 GHCN Version 3; data retrieved on 2019-02-17 from https://climexp.knmi.nl/gdcnprcp.cgi?WMO=
ITE00100550.

2 Data retrieved on 2019-02-17 from http://www.smr.arpa.emr.it/dext3r/. In particular, the data from the
station Bologna Idrografico (coordinates 44.499883°N, 11.346156°E, 84.0 m, practically the same as those
given for the GHCN station (except a 31 m difference in the elevation, perhaps indicating that this particular
station is located at the roof of a building), were used except for year 2008 for which no data are provided
for this station. For this year, as well as for very few days with missing values in other years, the daily
precipitation values of the station Bologna Urbana (44.500754°N, 11.328789°E, 78.0 m) were used instead.


https://climexp.knmi.nl/gdcnprcp.cgi?WMO=%20ITE00100550
https://climexp.knmi.nl/gdcnprcp.cgi?WMO=%20ITE00100550
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2.13 Two variables: joint distribution and joint moments

The above sections have been devoted to concepts of probability pertaining to the analysis
of a single variable x. Often, however, the simultaneous modelling of two (or more)

variables is necessary. Let the pair of stochastic variables (g, X) defined on two ground
sets ({2, 2,), respectively. The intersection (simultaneous occurrence) of the two events
{g < x} and {X < y}, denoted as {g =Xy < y} is an event of the sample space (2, =
2, X (1,,. Based on the latter event, we can define the joint probability distribution function

of (g, y) as a function of the real variables (x, y):

Fﬂ(x, y):= P {g Sxy < y} (2.97)

The subscripts xy can be omitted if there is no risk of ambiguity.

If Fzy is differentiable, then the function:

azFﬂ(x, y)

2.98
dx dy ( )

fgz(x: y) =

is the joint probability density function of the two variables. Obviously, the following
equation holds:

x Y
Fﬂ(x,y)z f ffﬂ(u,v)dudv (2.99)

—00 —00

The functions:
F(x) = Plx<x}= lim By (oy),  BO) =P {X S y} = lim Fyy (x,y)  (2.100)

are called the marginal probability distribution functions of x and y, respectively. Also, the

marginal probability density functions can be determined as

@ = [ fotundy,  f0)= [ fyGndx (2.101)

Similar to the univariate case, we can define the expected value of any given function

g (g, y) of the stochastic variables x and y by

E[g(&z)]= J Jg(x,y) fey (%, y)dxdy (2.102)

In this manner, we define the (noncentral or about the origin) joint moment of orders p, q
as:
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Hpq = E [Epzq] = f f xPy? fiy(x, y)dxdy (2.103)

—00 —O00

as well as the joint central moment of orders p, q:

o o

g = B =) (v =)= | [ =) (y-m)" fytunidxdy 2108

If p=0 or g =0, we get the marginal moments (e.g., means, p, = [jg, iy = Uo1;
variances, var|x]| = E [(g - ux)z] = lyo = Y, = 02, var [y] = Loz = ¥y = 0y, etc). The

lowest-order joint central moment is the covariance:

covfxy| = B|Ge— ) (- )] = 11 = oy = Elxy] - ElE[y]  (2105)
A dimensionless index derived from covariance is the correlation coefficient:

Oy

Ty = (2.106)

B 050y
which obeys the inequality:
-1<n,=<1 (2.107)

where the values -1 and 1 indicate fully anti-correlated (fully negatively correlated) and
fully (positively) correlated variables. Here is the mathematical proof about why this

happens: We start from the obvious relationship E [(g + X)Z] = E[KZ] +E [XZ] +

2E [z y], observing that terms involving squares are nonnegative quantities. We assume,
without loss of generality, E[x| = E [y] = 0, so that E[x?] = 02, E [yz] = 0Z,E [g y] = Oyy.
Thus, we get 02 + 07 + 20y, = 0 or 0y, /0,0, = —(1/2)(0y /0y + 0, /0,) = —(1/2) (a +
1/a), where a := 0, /0, = 0.t is easy to see that (a + 1/a) has minimum value 2, so that
2
Oxy/0x0y = —1. Furthermore, E [(g — y) ] = E[x?] +E [yz] — 2E [g y] and, likewise,
Oxy/ 020y < (1/2)(0x/0y + O'y/O'x) =(1/2)(a+1/a) < 1.
The particular case where:

Oxy =Ty =0 E [gz] = E[g]E [X] (2.108)

defines uncorrelated variables. Independent variables are necessarily uncorrelated, but
independence is a stricter concept whose definition is:

Fy(,y) = BB, fiyltuy) = LOL0) (2.109)

The joint entropy is defined in an analogous manner with that in the univariate case
(section 2.10) and corresponds to the product partition (section 2.3). For discrete
stochastic variables the entropy is:
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(p[&ﬂ: E[ lnP xy ZP-jlnPij (2.110)

where P;; := P {g =x,y = yj}. For continuous stochastic variables it is:

@[&X] = E —lnzgiig = — f ln]lzgzgf(x,y)dxdy (2.111)

2.14 Conditional densities and expectations

Of particular interest are the so-called conditional probability distribution function and
conditional probability density function of x for a specified value of y = y; these are given

by:
I fey (& y)dE fey (6 9)
Fxlz(xb’) = }j(y) ) fglz(xb’) = _])_C;T

respectively. Switching x and y we obtain the conditional functions of y.

(2.112)

The conditional expected value of a function g(g) for a specified value of y=yis
defined by

(0]

E[g(x)ly] = E|g(@)|y =] = J 90 fy (xly)dx (2.113)

— 00

An important quantity of this type is the conditional expected value of x:

(o]

E[xly] =E x|y =y| = J x fpy (xly)dx (2.114)

— 00

Likewise, the conditional variance is

(o]

var[x|y] = E [(g - E[§|y])2|z = y] = J(x - E[§|y])zfz|z(x|y)dx (2.115)

— 00

and can also be written as

var[x|y] = E[x?[y] - (E[x]y])” (2116)

[t is obvious from the definition (2.113) that the conditional expectation E[g (§)|y] is

a function of the real variable y, call it h(y), rather than a constant. If we do not specify the
value y of the stochastic variable yin the condition, then the quantity E [g (§)| X] =h (X)
becomes a function of the stochastic variable Y- Hence, it is a stochastic variable itself. Its

own expected value is:
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E[E[a@)y]| = f [9()Iy]f, 0y = fm f 9O fy(xy)dxdy  (2117)

—00 —O00

where we have utilized (2.113) and (2.112). As a result,

E[E[9@)]y]| = Elo@)] (2.118)

This can be readily generalized for a function of two stochastic variables, i.e.,

E [E [9 (& X) |X” =E [9 (E' X)] (2.119)

The entropy of the finest partition, as derived in section 2.10 and for the bivariate
case in equations (2.110) and (2.111), is an expectation and thus we can also define
conditional forms of entropy which are quite useful. Thus, for a specified value of y =y

and for a discrete stochastic variable the entropy is:
®[x|y] = E[-InP(x|y)] = ZPLU In P; (2.120)

where Py; :=P{§ = xily = yj}. This corresponds to the event-conditional entropy

(section 2.3). For a continuous stochastic variable it is:

) ‘m TORMAE

These quantities depend on the specified conditioning value y of y. However, we can

o[xly] = l f(xly) L LG (2.121)

define a global conditional entropy for an unspecified value of y:
<D[x|y] —E[ [ lnP(x|y |y” —E[—lnP x|y ZZP”] InPy; B (2.122)

Here we have simplified the notation to @ [§|y] instead of the more accurate E [CD [£|y”.

This corresponds to partition-conditional entropy (section 2.3). For continuous stochastic
variables it is:

f (x1y)
b(x)

f(xly)
b(x)

qﬁ[x|y] =E|E[=1In | =E|—=In

(2.123)
_ f(xly) _ f(xly)
- [o | 5y sy - [o | 5y sy
From inequality (2.24) we have
@ [zlz] < @[] (2.124)

Another distinction we have to stress is that:
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@ |xly| # @[x]y] (2.125)

because the quantity on the right-hand side is generally a function of y while that on the
left is not. An interesting exception is the case of a bivariate normal distribution in which
(D[gly] turns out to be a constant rather than a function of y (@ [gly] =: @, [g] < cp[ﬂ)_
Generally, we should stress that:

¢ conditional expectations like E[x|y] are deterministic functions of the conditioning
value y;
e conditional expectations like E[x|y] are stochastic variables, depending on y;

e expectations of conditional expectations, as in E [E [g (g, y) |y” and @ [gy], are
constants.

These remarks have to be added to the notes of Digression 2.H about the importance of
notation.

Digression 2.N: Does information decrease entropy?

It is intuitive to think that, if a stochastic variable x has some relationship with another stochastic
variable y then observation of the value of y would decrease our uncertainty on x. (The contrary

of this, referred to independent variables, has been used to define entropy). As entropy is a formal
quantification of uncertainty, this can be formally stated as follows: the conditional entropy of x
given information on y cannot be greater than the unconditional entropy of x. However, this

simple truth is sometimes contradicted in scientific texts, the reason being the inattentive use of
concepts and notation. We will illustrate them with the following example.

In Digression 2.C and Digression 2.D we studied the probabilities of the dry and wet (rain)
state in an area. Continuing this study, we now introduce the stochastic variables x and y for

today’s and yesterday’s state, respectively, with {x = 0} and {x = 1} representing a dry and wet
state of today, respectively, and likewise for yesterday. We assume for illustration the conditional
probabilities:

P{£=1IX=1}=0.4, P{£=1|X=O}=O.15
from which it directly follows that
Plx=0ly=1}=06 P{x=0]y=0}=085

and after some simple calculations (see Digression 2.D) we also find the marginal probabilities to
be

P{x=0}=08  P{x=1}=0.2
Hence the unconditional entropy is:
®[x] = E[-InP(x)] = —0.81In0.8 — 0.2In 0.2 = 0.500
while the entropy conditional on yesterday being dry is:
@ |xly = 0] =E[~InP(x|y = 0)] =-0851n0.85 - 0.150.15 = 0.423
and that conditional on yesterday being wet is:

@ |xly=1]=E[-InP(z]y =1)] =-0.61n0.6 - 0.41n0.4 = 0.673
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These correspond to the event-conditional entropies (section 2.3). It is true that the added
information that yesterday was a wet day increased the entropy from 0.5 (when there was no
information) to 0.673. This happened because the probabilities of the two states, which initially
were 0.8 vs. 0.2, far from the equiprobability (0.5) in which the entropy is maximized, have now
approached each other (0.6 vs. 0.4). That is why the event-conditional entropy has increased.

However, this happens for that particular value, y = 1. When we consider all values (we have

two here), on the average the conditional entropy (partition-conditional entropy) is
@ [x|y| = 0423 x 0.8 +0.673 x 0.2 = 0.473 < 0.500

In other words, the reply to the question in the above title is: Yes, information decreases entropy,
but we must be attentive about the correct use of the probabilistic concepts.

2.15 Many variables

All the above theoretical analyses can easily be extended to more than two stochastic
variables. For instance, the distribution function of the n stochastic variables x;, ..., x,, is

Fepyoen Oty s Xn) = Plxy < 24,00, %5 < %0} (2.126)

and is related to the n-dimensional probability density function by

Fro (1o ) = f j Forn (£ €06, - dEy (2.127)

The variables x4, ..., x,, are independent if:
Fgl,...,gn (Xq, ey ) = Fgl (1) - an (xn) (2.128)

A useful rule to mention is the so-called chain rule, which allows for the expression of
joint densities as products of conditional densities:

f(le ---;xn) = f(xnlxn—ll ---,X1) f(lexl)f(xl) (2129)

where for notational brevity we have omitted the subscripts of functions f(), as these
resemble the arguments of the functions. A direct consequence that allows the evaluation
of entropy is

P[x1, o, 2] = P[2n|2Xno, s X1] + o+ Plxa|21] + @[x4] (2.130)

The expected values and moments are defined in a similar manner to the case with
two variables, and all properties discussed in section 2.13 are likewise generalized for
functions of many variables.

If we integrate f(xy, ..., x,) with respect to some of the variables, we obtain the joint
density of the remaining variables. For example

0 oo

f(xl,x3) = f f f(xlfo'xS'xél—) dedx4— (2131)

—00 —00

and since

f(x1)x2'x3'x4) = f(xl,x3|x2,x4)f(x2,x4) (2132)
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we obtain

oo oo

f(x1,%3) = f f f (1, x31%2, x4) f (2, %4) dxpdxy (2.133)

—00 —00

which can also be written as an expected value, i.e.,
fxy,x3) = E[f(xl,x3|§2,§4)] (2.134)
where the conditioning variables x,,x, are taken as stochastic variables and the
conditioned ones are taken as values.
2.16 Linear combinations of stochastic variables
A consequence of the definition of the expected value is the relationship
E[c191(x1,%2) + €292(x1, %2)| = c1E[ g1 (20, 22)] + 2E[ g2 (21, x2)] (2.135)
where ¢; and ¢, are any constants, and g; and g, any functions. This property can be
extended to any number of functions g;. Applying it to the weighted sum of two variables
we obtain
E[algl + azgz] = alE[gl] + aZE[gz] (2.136)
Likewise, we can calculate the variance of the weighted sum. After some algebraic
operations we get
var[a,x; + a,x,| = a?var|x; | + ajvar[x;] + 2a,a;cov[xy, x, | (2.137)

It is more difficult to calculate the probability distribution function of such
combinations. As an example, for the simplest case, the sum z =x; + x, of two
independent variables x; and x, has density:

f(2) = j fo. (2 = %) fi, (x2)ds (2.138)

The right-hand side is known as the convolution integral of f, (x) and f,,(x). For

nonnegative variables it takes the form:

fz(2) = ff£1 (z = x3) fr, (x2)dxs, z>0 (2.139)
0

2.17 Variance-based correlation and the climacogram

While covariance and its equivalent standardized form, i.e., correlation, have been the
most customary tools to characterize dependence, they are neither the only nor the most
effective ones. Assuming two stochastic variables x; and x, (possibly representing
different physical quantities) with means y; (i = 1,2), standard deviations o;, covariance
01, and correlation coefficient ry,, we may form a different type of a correlation coefficient
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and covariance by examining a weighted sum of the two variables. Namely, we examine
the average of the variables x; after standardizing them with their standard deviations o;,
which is necessary if they represent different physical quantities, in order to make them
compatible for addition. From (2.137) we obtain the variance of this average which is:

1/x; 52) 1 1 X1 Xo 1
— | = e — = — —_ __’__ =_E
var[2<01+(72 ] 2+2cov[01 o 1

+

2.14
o P (2.140)

(El —Hr Xo— U >Zl

where we can recognize in the middle term the correlation coefficient r;,. Defining

1/x; x; 1 |o 01
P12z = var [E (0—1 + 0—2)] ) Y1z = 0102P12 = Val |5 0_1& + G_2£2 (2.141)

we find from (2.140) that

147, 0,0, + 01,
P12 = 2 Y12 = — 2 (2.142)

Obviously, the same information as in ry, is contained in p;,, which lies in the interval
[0, 1] with the values 0, 1/2, 1 representing fully anti-correlated, uncorrelated and fully
correlated variables, respectively. Consequently, y;, lies in the interval [0, 0,0, ] with the
values 0, 010, /2, 0,0, representing fully anti-correlated, uncorrelated and fully correlated
variables, respectively.

The power of the notion of p,, and y4, is in the fact that, unlike r;,, they can be readily
expanded to many variables to provide a macroscopic (or bulk) indicator of correlation
among all of them. Considering a number x > 0 of stochastic variables, in the customary
case where all have identical variances y; = 02, we write:

X X
Py = var [K—K_G] = )}:—K, Y, = var [_YK] = Y1Pw Xy =X + -+ x5 (2.143)
1

The quantity y, as a function of the time scale k is termed the climacogram, and p,. is
a dimensionless (standardized) climacogram. They range in the intervals (0,y;) and (0,
1), respectively, with the highest value representing full correlation (x; + -+ + x,, = kx; +
¢, where cis a constant) and the lowest representing deterministic linear dependence, i.e.
the condition that x; + --- + x, = c). In the case of independence, y, == y,/x and p, =
1/k.

2.18 Limiting distributions and the central limit theorem

As we have seen in section 2.16, it is rather difficult to calculate the distribution function
of the sum of two stochastic variables from the distributions of the constituents. This
difficulty increases as the number of constituents increases. However, if this number
becomes quite large, paradoxically the problem becomes easier—this is the ease of
macroscopization. A central role in resolving this paradox is played by the central limit
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theorem®, one of the most important in probability theory. It concerns the limiting
distribution function of a sum of stochastic variables-constituents, which, under some
conditions (irrespective of the distribution functions of the constituents) is always the
same: the celebrated normal distribution. This is the most commonly used distribution in
probability theory as well as in all scientific disciplines and, as we have seen in section
2.11, it is also derived from the principle of maximum entropy.

Let x; (i = 1, ...,n) be stochastic variables whose sum z,, := x; + --- + x,, has mean p,
and variance ¢2. The central limit theorem states that, under some general conditions (see
below), as n tends to infinity, the distribution of z will tend to the normal distribution
(also known as Gauss or Gaussian distribution and denoted as N(u,, g,)), i.e.,

Z

| @ f 1 _%(M)z
imE, (z) = e Oz
n—co Zn o,V2m

— 00

(2.144)

and in addition, if x; are continuous variables, the density function of z,, also has a limit:

— 2
%)

lim £,,(2) =~ Nor (2.145)

We observe in (2.144) and (2.145) that the limits of the functions F, (z) and f; (z) do
not depend on the distribution functions of x;, that is, the result is always the same. Thus,
provided that the conditions for the applicability of the theorem hold, (a) we can know
the macroscopic behaviour (the distribution function of the sum) without knowing details
of the constituents, and (b) precisely the same distribution will describe any variable that
is a sum of a large number of components. Here lies the great importance of the normal
distribution in all sciences (mathematical, physical, social, economic, etc., as well as
stochastics per se). Additionally, we recall (Digression 2.L and Table 2.4) that the normal
distribution also emerges from the principle of maximum entropy: for constant
(Lebesgue) background density and for domain (—oo, o), it yields the maximum entropy
among all distributions with specified (constrained) mean and standard deviation.

Therefore, we can consider the central limit theorem to be another manifestation of
the principle of maximum entropy. As a system grows to involve many degrees of
freedom, uncertainty increases towards its maximum possible value, resulting in a normal
distribution.

In practice, the convergence for n — o can be regarded as an approximation if n is
sufficiently large. But how large does n need to be to ensure that the approximation is
satisfactory? Generally, the literature suggests that a value n =30 is satisfactory.
However, this varies depending on the (joint) distribution of the constituents x;. Figure
2.8 gives a graphical illustration of the convergence to the normal distribution of the sum
of n independent variables. Clearly, if the distribution of x; is symmetric (left panel, with

* The term was most likely introduced by Pélya in 1920. A first version of the theorem was formulated and
proved by Laplace in 1810 while at about the same time Gauss studied the normal distribution in
characterizing measurement or model errors. Earlier, in 1733, de Moivre had introduced the normal
distribution as an approximation of the binomial distribution (Fischer, 2010).
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uniform distribution of x;), the convergence is rapid (even for n =3) but if it is
asymmetric (right panel, with exponential distribution of x;) a value higher than 32 (the
highest n shown in the plot) is needed for a satisfactory convergence. In case of dependent
x; with positive correlation, the convergence is slower and a much larger n is needed.

1 1
fl2) n=1 flz)

8 b—— n=2 0.8
n=3
——-n=4

0.6 0.6

0.4

0.2

0

3 2 1 0 1 2 3 3 2 1 0 1 2 3

Figure 2.8 Convergence of the sum of independent identically distributed stochastic variables to
the normal distribution (thick line). The thin continuous lines represent the probability density of
the constituent variables x;, which have mean 0 and standard deviation 1. In the left panel the

density is uniform on the interval (—\/§, \/§) with f(x) = % and in the right panel exponential,

f(x) = e*1,x > —1 (the parameters are chosen so as to have mean 0 and standard deviation
1). The dotted lines represent the densities of the sums z,, = (51 + -+ gn)/\/ﬁ for the values of

n indicated in the legend. (The division of the sum by vn improves the presentation of the curves,
as all z,, have the same mean and variance, 0 and 1, respectively, and does not affect the essentials
of the central limit theorem.) Equations (2.53) and (2.138) were used to produce the graph.

The conditions for the validity of the central limit theorem are general enough and
are met in many practical situations. Conditions with particular interest are the following
(e.g. Papoulis, 1990, p. 215):

a. the variables x; are independent identically distributed with finite third moment;

b. the variables x; are bounded from above and below with nonzero variance;

c. the variables x; are independent with finite third moment and the variance of z,
tends to infinity as n tends to infinity.

The theorem has been extended for variables x; that are interdependent, but each one
effectively dependent on a finite number of other variables. Gnedenko and Kolmogorov
(1949) proved an extended version of the theorem, according to which the sum of n
stochastic variables with heavy tailed distributions with upper-tail index & > 1/2,
therefore having infinite variance, will tend to the so-called Lévy alpha-stable
distribution, as n — oo. If £ < 1/2, the standard central limit theorem holds, i.e., the sum
converges to the Gaussian distribution, which is a special case of the Lévy alpha-stable
distribution. In geophysics, the standard theorem suffices because we can justifiably
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assume that those processes have finite variance: an infinite variance would presuppose
an infinite quantity of energy to materialize, which is absurd.

Most geophysical processes (e.g., rainfall and streamflow) have skewed distributions
at fine time scales, and therefore the normal distribution is not a suitable model at these
scales. However, the normal distribution describes with satisfactory accuracy those
variables which refer to longer time scales such as the annual. Thus, the annual rainfall
depth in an area with wet climate is the sum of many (e.g., 50-100) rainfall events during
the year. However, this is not valid for rainfall in dry areas. Likewise, the annual runoff
volume passing through a river section can be regarded as the sum of 365 daily volumes.
These are not independent, but the central limit theorem can be applicable again.

Nonetheless, it should be stressed that the convergence to the normal distribution
concerns the body of the distribution. For example, what is depicted in Figure 2.8 is about
the body of the distribution. What happens to the upper tail behaviour, i.e., to the
extremes? Apparently, once the theoretical conditions of validity are satisfied, the
theoretical result should hold true. However, this may not be of any help in practice as the
convergence in the tail is much slower. Figure 2.9 (left) shows that the convergence in the
tail is indeed slow for the exponential distribution, much slower than that of the body of
the same distribution shown in Figure 2.8 (right). The coefficient of skewness for the sum
of 32 x; israther small (0.35) indicating a rather satisfactory approximation by the normal
distribution. However, Figure 2.9 (left) shows that for F = 0.001 the distribution of the
sum of 32 x; is by an order of magnitude larger than that of the normal distribution.

0.1 ; ; ; 0.1
— N=1  cecceeeeens n=2
1-F(z) 1-F(z2) n=4 ——-n=8
2 \ —-—-n=16 n=32
, i N(0,1)
0.01 0.01 ){\.,:%
N T
NN
NN
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Figure 2.9 Convergence of the sum of independent identically distributed stochastic variables to
the normal distribution (thick line) with focus on the upper tail. The thin continuous lines
represent the exceedance probability of the constituent variables x;, which have mean 0 and
standard deviation 1. In the left panel the distribution is exponential with density f(x) =
e *"1,x > —1 as in the right panel of Figure 2.8) and in the right panel Pareto with upper-tail

index 1/4 and exceedance probability F(x) = (4/3 + x\/Z/3)_4, x = — 1/~/2 (the parameters are
chosen so that the mean is 0 and standard deviation 1). The dotted lines represent the exceedance
probability of the sums z, = (gl + 4 gn)/\/r_l for the values of n indicated in the legend. The
left graph was produced from equations (2.53) and (2.138), and the right graph by a numerical
(Monte Carlo) method (as analytical integration is impossible beyond n = 2), and this is the reason
for the curly shape of the curves.
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For heavy tailed distributions, there are differences of several orders of magnitude as
shown for the Pareto distribution in Figure 2.9 (right). The upper-tail index of this Pareto
distribution is 1/4, which means that the moments below the fourth order exist and
therefore the necessary conditions for the central limit theorem are satisfied. Despite that,
the approximation of the distribution upper tail is unsatisfactory. Actually, it can be easily
understood that, as the moments for order = 4 of x; are infinite, the same will hold for the
sum of any finite number of x;, while all the moments of the limiting normal distribution
are finite. This conflict, along with the fact that the behaviour of extremes is closely
connected to the high order moments of a distribution (see Koutsoyiannis, 2025a)
suggests that we must be very attentive in the application of the theorem to geophysical
processes, particularly because these processes seem to exhibit heavy tails and long-
range dependence.

2.19 Limiting extreme value distributions

By analogy with the central limit theorem referring to the sum or the average of many
variables, limiting distributions may also arise, as n — oo, for the maximum of these
variables, y,, = max(gl, ...,gn), whose exact distribution function for independent and

identically distributed x,, is:

F = (E®) (2.146)

The relevant theory was developed in the 20t century. Fréchet (1927) was the first
to identify one of the asymptotic distributions of maxima, which bears his name. Fisher
and Tippett (1928) showed that there are only three possible limiting distributions for
extremes, while von Mises (1936) identified sufficient conditions for convergence to the
three limiting laws. Gnedenko (1943) established solid foundations for the asymptotic
theory of extremes providing the precise conditions for the weak convergence to the
limiting laws. In this respect, it is worth noting the celebrated book by Gumbel (1958),
who was one of the pioneers promoting and applying the formal theory to geophysical
and engineering practice. The theory is concisely presented in a review paper by Davison
and Huser (2015). Assuming that x; are independent and identically distributed, there
exist a real number £ and sequences of real numbers 4,, > 0 and ¢,, such that the rescaled
maximum y, = max(gl, ...,gn)//ln — &, has limiting distribution, as n — oo:

-1/¢
H<y>:=FX;°(y)=exp(—(1+f(%—e)> ) fyzf/l(e—%> (2.147)

Here A > 0 is a scale parameter, € is a dimensionless location parameter and £ is a shape
parameter, identical to the upper-tail index.

The parameter ¢ has a unique value, which is precisely the same with the upper-tail
index of the parent distribution, but the parameters A and € are not unique. They can be
chosen as per convenience (different choices will lead to appropriate modification of the
sequences A, and &,). A natural choice is e = 0,A = 1. Amore customary option is to choose
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a large n for which convergence has been achieved to a satisfactory degree, for that n set
An =1land &, = 1 (so that y; =y, = max(xy, ..., x,, ) without any rescaling) and calculate

A and ¢ from equation (2.147). With this aim (and given that, for finite n, (2.147) is an
approximation and not an exact relationship) we choose two points x; and x, and equate
F(x)™ with H(x) at these points. For mathematical convenience we can choose the two
points so that —x; /1 + e =0,—x,/A+ & = —1, or x; = A&, x, = Ae + 1. Hence, F(1e)™ =

1

e LF(le + )" = e (1+) ¢ Solving for A and & we find:
1
(e
A=F1|e tdfn | _p-1 (e— z), PR S (2.148)

where for £ 0, (1 + £)~'/¢ - 1/e. This is usually done unconsciously, for example when
we study annual maxima of daily values and fit H(y) of equation (2.147) on the annual
maxima directly, without even deriving it from F (x).

Depending on the value of ¢, the limiting distribution in equation (2.147), known as
the generalized extreme value (GEV) distribution, is a compact expression including three
cases with different behaviours:

e For ¢ = 0, GEV takes the following form, known as the Gumbel distribution or
extreme value type [ (EV1) distribution:

H(y) = exp(—exp(—y/A + ¢)) (2.149)

This is a light-tailed distribution without an upper or lower bound.

e For &> 0, the distribution is known as Fréchet or extreme value type Il (EV2) and
has a lower bound at A — A/£. This is a heavy-tailed distribution with upper-tail
index ¢&.

e In case that £ < 0 the distribution is known as the reverse Weibull or the extreme
value type III (EV3) distribution. This has an upper bound for y at Ay — A /¢.

The GEV has the property to be max-stable, meaning that maxima from this
distribution, after linear transformation, have the same distribution. More formally,
Fréchet’s necessary condition for max-stability is this: Forany n € N and y € R, there exist
real numbers a,, > 0 and b,, such that:

(H(any +by))" = H®) (2.150)

In fact, GEV is the only distribution satisfying this condition.

A specific parent distribution F(x) belongs to the so-called (max-)domain of
attraction of one of the three limiting laws, in the sense that the distribution of rescaled
maxima from this parent distribution is this particular limiting law. Formal mathematical
conditions determining a parent distribution’s domain of attraction were formulated by
von Mises (1936) and Gnedenko (1943). The practical result is that heavy-tailed
distributions with upper-tail index £ > 0 (e.g., Pareto, Pareto-Burr-Feller, Student and its
extensions, generalized log-gamma and generalized beta prime) belong to the domain of
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attraction of EV2. Light-tailed distributions (e.g. exponential, gamma, Weibull, normal and
their generalizations) as well as heavy-tailed distributions with upper-tail index £ =0 (e.g.
lognormal) belong to the domain of attraction of EV1. In the domain of attraction of EV3
belong distributions bounded from above (e.g. uniform).

Because of its upper bound, EV3 is not an appropriate model for geophysical
extremes, for Nature has no upper limits (unless dictated by a conservation law). The
values of £ which we expect to see in geophysical processes are in the range (0, 1/2) so
that the variance be finite, as already discussed in section 2.18. The exact value of the
upper-tail index is important to specify in engineering design. The major question in this
regard is how the value of an extreme quantity y grows as the probability of exceedance
H(y) decreases tending to zero. To put the question the other way, at which rate does y
tend to infinity as the probability of exceedance tends to zero? The Gumbel distribution
represents the mathematically proven lower limit to the rate of this growth. The
alternative is the Fréchet law which represents a higher rate of growth. The two options
may lead to substantial differences in design quantities for high return periods. As already
discussed, the Fréchet law which has a positive upper-tail index is the more realistic
option.

When we are interested in minima, we can follow the same procedure observing that
z, =min(xy, ..., x,) = —max(—xy, ..., —x,). Consequently, we have P{z, <z}=1-

P{max(—gl, . —gn) < —Z} and hence the limiting distribution is

G(2) =Fy(y) =1—exp <— <1 +¢ (‘% - 8)>_1/€>, £z < &M (% - e) (2.151)

Again, we have three cases: (a) ¢ = 0, corresponding to the Gumbel (EV1) distribution of
minima, i.e.,

G(z) =1—exp(—exp(z/A+¢)) (2.152)

(b) € > 0, corresponding to the reverse Fréchet distribution, which has upper bound
A(1/& —€) and a heavy lower tail, and (c), ¢ <0, corresponding to the Weibull
distribution, which has lower bound A(1/¢ — €) and a light upper tail.

While most of the above mathematical developments have assumed independent
stochastic variables, the results can be approximately valid even in the case of variables
dependent in time. Specifically, Leadbetter (1983) demonstrated that, under mild
conditions, maxima of dependent series follow the same form of distributional limit laws
as those of independent series. However, the dependence changes the location and scale
parameters (Davison and Huser, 2015) in such a manner as if H(y) was replaced by

(H(y))e, where 0 € (0,1] is the so-called extremal index. It can be seen that this
replacement is equivalent to a change of the parameters A and ¢, while £ remains the same.
Also, the rate of convergence to the limit becomes slower in the case of dependence.
Phenomenologically, dependence in time of a process causes clustering or grouping of
extreme events. Unfortunately dependence in time is quite often misinterpreted as
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nonstationarity. This may explain the recent increase in the number of publications
detecting nonstationarity in extremes (cf. Koutsoyiannis and Montanari, 2015).

Here it should be stressed that, if compared to the central limit theorem, which is
characterized by a fast convergence to the limit (except in the extremes, as seen in Figure
2.9), the convergence to the max-stable distribution may be much slower in certain cases.
The rate of convergence to the limit of distributions belonging to the domain of attraction
of EV2 is generally satisfactory. However, for those belonging to the domain of attraction
of EV1, such as the normal and lognormal distributions, the rate is desperately slow. The
meaning of a slow convergence in real-world applications, where n is finite and often
small, is that the approximation of EV1 to the actual distribution of maxima is not
satisfactory. Thus, it may be preferable to approximate the actual distribution of maxima
of variables with distributions belonging to the domain of attraction of EV1 by the EV2
distribution, as illustrated in Digression 2.0.

Digression 2.0: How well do limiting distributions approximate exact
distributions?

For independent identically distributed variables, the exact distribution of maxima is F(x)"
(equation (2.146)). To approximate the exact distribution by the GEV we use equation (2.148). As
an example, for the maxima from the standard normal distribution, Fy, approximated by the EV1

we get:
_1 _1 1 _1
/'l:FI\Tl(e en)—FI\Tl(e n), s=iF§1<e n)

As a second example, for the Pareto distribution, F(x) = 1 — (1 + x)~/¢, approximated by the

EV2 we get:
1\ 1\ "¢ 1 1\ "¢
1= <1—e n(1+s)1/f> —(1—e_ﬁ) , e=I<(1—e_ﬁ> —1)

We have applied this approximation for n = 10, 100 and 1000 for the normal and the Pareto
distributions which belong to the domain of attraction of EV1 and EV2, respectively. The results
are shown graphically in Figure 2.10, along with the case n = 1, i.e., the parent distribution per se
for the sake of comparison.

The results are very good for the Pareto distribution and very bad for the normal distribution.
Even for n = 1000, the EV1 severely overestimates the actual probability of exceedance. One may
think of using the EV3 instead of EV1 for the approximation of the normal distribution. However,
this is not advisable because the EV3, despite giving a better approximation, entails an upper
bound to extremes which distorts a fundamental characteristic of the modelled phenomenon.

Likewise, Figure 2.11 provides similar information for the lognormal distribution with mean
and standard deviation of In x equal to 0 and 1, respectively (denoted LN(0,1)). Like the normal,
it belongs to the domain of attraction of EV1. Here the approximation is even worse than in the
normal case but now the EV1 underestimates the exact probability of exceedance. For that reason,
we could use EV2 as a better approximation (without having the problem of artificially inducing
an upper bound). As seen in the right panel of Figure 2.11 this latter approximation is quite
satisfactory.
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Figure 2.10 Approximation of the true distribution of the maximum of n independent identically
distributed variables (continuous lines) by the limiting extreme value distribution (dashed lines). (left) The
parent distribution is the standard normal, N(0,1), and the approximating distribution is the EV1. (right)
The parent distribution is the Pareto, F(x) = 1 — (1 4+ x)"'/¢, with & = 0.25 and the approximating
distribution is the EV2 with the same ¢&.
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Figure 2.11 Approximation of the true distribution of the maximum of n independent variables with
lognormal distribution LN(0,1) (continuous lines) by the limiting extreme value distribution (dashed lines),
which is (left) EV1 and (right) EV2 with & = 0.3/n%%7, which was found after a numerical investigation and
fitting a power function of n by minimizing the fitting error.

2.20 Relationship of parent and extreme value distribution

Because of problems originating from the slow rate of convergence of the actual
distribution to GEV (particularly EV1), it may be a good idea not to use the limiting
distributions in practical applications but, instead, to model the tails of the parent
distribution or even the entire parent distribution. Yet the theory of max-stable
distributions retains its usefulness for inferring the tail behaviour of the parent
distribution.

Specifically, the upper tail behaviour of the parent distribution is described by the
conditional distribution function:
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F(x) — F(u)

ey (2.153)

Fx|[x>u)= P{x <x|x>u}=

for a value of the threshold u that is sufficiently large. Now, assuming that the
parameterization of H (x) with regard to A and € has been made with reference to a specific
large n, as described for the derivation of (2.148), we choose u so that the exceedance
probability 1 - F(u) equals 1/n. (This is a very common choice as will be discussed in
Digression 2.P). Thus, F(x|x > u) = n(F(x) — 1) + 1 or:

1-F(x|x>u)=n(1-F(x)) (2.154)
On the other hand, we can write for F(x) approaching 1,

~InH(x) =~ —In(F(x))" = —nInF(x) =~ n(1 - F(x)) (2.155)

because InF(x) =In(1—(1-F(x))=—(1—-F(x)) - (1 - F(x))2 — - and for F(x)
approaching 1 we can keep the first term only. Hence, combining (2.154) and (2.155) we
find:

-1/¢
F(x|£>/’l£)=1+lnH(x)=1—<1+€G—e)> , x = Ae (2.156)

where we equated u with Ae for consistency (i.e. to make F(u|x > u) = 0). This is the
Pareto distribution for ¢ > 0 while for £ = 0 we get the exponential form:

F(x|§>/1€)=1+lnH(x)=1—expG—e), x = e (2.157)

Furthermore, for values of x large enough to make H(x) approach 1, we can use the
same logic to getIn H(x) = H(x) — 1 and hence

F(x|x > 2e) ~ H(x) (2.158)

This approximation error does not exceed ~1% for H(x) > 0.99 and ~5% for H(x) > 0.9.

We can generalize the above analysis for different values of the threshold u. In this
case the resulting functional form remains the same, with the same upper-tail index, but
the location and scale parameters differ, i.e. (Davison and Huser, 2015):

1
3
F(x|£ > u) =1- (1 +¢& (% — gu>> (2.159)
where
u
Ay =A1+EW/A—¢€), &= T (2.160)

It is readily confirmed that if we set u = A¢ in (2.159) and (2.160) we recover (2.156).
However, this equation is valid only for large values of u (unless the unconditional F (x)
is Pareto, in which case it is valid for any u).



RELATIONSHIP OF PARENT AND EXTREME VALUE DISTRIBUTION 91

A final note that may be relevant in some analyses is this. If the value of n in y, =

max(gl, ...,gn), is not constant but a stochastic variable with Poisson distribution with
mean v, while x; are independent, then the conditional distribution of y, on specified n

n
remains E, (y|n) = (Fz(y)) but for unspecified n the unconditional distribution

becomes (Todorovic and Zelenhasic, 1970):

BG) = exp (~v(1-F()) (2.161)

This resembles (2.155) with the difference that it is now exact rather than approximate.

As already discussed above and in section 2.19, due to the problems of the limiting
extreme value distributions, it is preferable to focus the studies of extremes on the parent
distributions and primarily their upper tails. From the above theoretical discussion, we
have reasons to expect a parent distribution upper tail of Pareto type, or at least
exponential, but each time this should be verified by observations. Nowadays, there is an
abundance of geophysical data on daily and subdaily scales and there is no need to extract
annual or seasonal maxima. Instead, we should use the entire observational record or at
least the values over some threshold. If the available observations are originally given in
terms of time-block (e.g., annual) maxima, it may seem pertinent to refer to extreme value
distribution. However, again it is possible to model the parent process, estimating its
parameter from time-block maxima (see Koutsoyiannis, 2025a; section 6.22). Advantages
of studying the distribution of the parent variable rather than the distribution of maxima
are discussed in Digression 2.P

Digression 2.P: Block maxima vs. values over threshold vs. complete record

Traditionally, geophysical records have been analysed in either of two ways. The most frequent
is to choose the highest of all recorded values for a given time period or “block” (typically one
year) and form a statistical sample (commonly referred to as “block maxima”) with size equal to
the number of blocks (typically years) of the record. The other is to form a sample of values over
a threshold (here abbreviated as VOT but sometimes referred to as “peaks-over-threshold”—
POT) with all recorded values over a certain threshold irrespective of the time they occurred.
Usually, the threshold is chosen high enough, so that the sample size is again equal to the number
of years of the record. This however is not necessary: it can well be set equal to zero, so that all
recorded values be included in the sample (the complete sample). However, a high threshold
simplifies the study and helps focus attention on the distribution upper tail. In addition, this
choice simplifies the mathematical expression (compare equations (2.156) and (2.159)), leading
to the identity of the parameters of the distributions of block-maxima and values over threshold.

Furthermore, studying the complete series of observations has the advantage of utilizing the
entire information that is available (Volpi et al, 2019). Indeed, extracting maxima over some
period results in waste of information because other extreme observations should also be
informative about extremes. Such information (e.g., the second-largest value of a period, which
can be higher than another period’s largest value) is retained even if we use the values over
threshold instead of the entire series of observations.

Furthermore, design quantities should naturally correspond to the parent distribution,
rather than the artificially induced maxima over an arbitrarily defined time period. This favours
the use of the parent distribution. As we have seen (equation (2.158)) the two are almost equal
for large design values, but for lower ones there are differences. Thus, even if our analyses are
based on time-block extremes (H(y)), the results should eventually be converted to the parent
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distribution (F(x)) before they are used for design. The above considerations provide the
necessary mathematical support for such conversion.

The most important reason favouring the study of the complete record over that of block
maxima and VOT is that only the former provides faithful information about time dependence of
the underlying process. Such dependence may be marked and possibly of long-range type.
Neglecting dependence results in underestimation of extremes. On the other hand, the procedure
of extracting block maxima leads to severe distortion of the dependence structure (Illiopoulou and
Koutsoyiannis, 2019; Koutsoyiannis, 2025a), whereas the concept of taking values over threshold
relies on a tacit assumption of time independence, which may be inappropriate, particularly for
the streamflow process (Lombardo et al., 2019).

Appendix 2-1: Proof of theorems for the entropy definition
Proof of Theorem 1

Step 1.1 For didactic purposes, in this step we examine the simplest case of a bipartition. Let U
c R? containing the line x + y = 1, and a function @ € C2(U) with properties of symmetry and
non-interaction:

0%p
=0 (2.162)

P(x,y) = @(y,x), 9xdy

Non-interaction implies that d,,®(x,y) depends only on x: d,,®(x,y) = g'(x) for some function
g(x). We integrate in x, with an arbitrary function of y, H(y), as constant of integration, to get
®(x,y) = g(x) + H(y). By virtue of symmetry, setting x = x, we may write g(xy) + H(y) =
g(y) + H(xy) whichyields H(y) = g(y) + ¢, where ¢ := H(xy) — g(x,). Hence

P(x,y) = @) + o) (2.163)
where ¢(x) = g(x) + c/2.
Step 1.2 We will prove the general case, (x4, ..., x,) = Z?zl ¢(x;), where @ € C2(U), U c R"
containing the hyperplane x; + ---+ x,, = 1. For each j # n, 62F/6x]- 0x, = 0, and so 0, F does

not depend on any x;. Therefore, we can write d, @ (xy, ..., Xp) = gn(xy). Integrating in x,,, with

an arbitrary function of the remaining variables, H,,_; (x4, ..., X,—1), as constant of integration, we
get

D (X1, e, Xp) = Gn(Xp) + Hpe1 (X4, o, Xn—1) (2.164)
Taking joint partial derivatives in the above forany 1 <i < j <n — 1, we find
0%H,,_ %P
nol =0 (2.165)

axi axj B axi ax] -

Thus H,_; satisfies the same vanishing mixed-partial postulate in dimension n — 1 and, in a
similar manner, we can write

Hy1(X1, s Xn-1) = Gn-1(Xn-1) + Hn—2(X1, .., Xn—3) (2.166)

Proceeding inductively, we find
D (x1, s Xp) = Gn(Xn) + gn-1(xp_q) + -+ g1 (1) (2.167)
where g;(x1) = H{(x1). Enrolling symmetry, we conclude that g,,(x) = g1 (x) = = g, (x) =

@ (x). Setting x; = P(A;) we conclude in Theorem 1.

Proof of Theorem 2
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Step 2.1 We start with the observation that, since Postulate 4 holds for any pair of partitions A, A,
it also holds in the simplest nontrivial case of bipartitions. Let A = {A, Z} be a bipartition of (2,
with probabilities P(4) =: x and P(Z) = 1 — x. The entropy is

O[A] = p(x) + (1 —x) (2.168)
We consider two identical ground sets £2, ', and two identical partitions thereof, A = {A, Z}, A =
{A’,Z’} with A" = A. The product partition is A Q A’ = {AA’,AZI,ZA’,EI} and constitutes a
partition of the set 0 x . Let y = P(AA"). Since P(AA")+P (A4 )= P(A) = x,P(AA") +
P(ZA’) =P(A")=x, we have P (AZ,) = P(ZA’) = x —y. Furthermore, since P(ZA’) +
P (ﬂ’) = P(Z) =1 — x, we have P (ﬂl) =1—-x—(x—y) =1-2x+ y. Hence the entropy of
the product partition is

PARA) =) +t20(x—y)+o(l—2x+y) (2.169)

Step 2.2 The probability y which extremizes @ (A @ A') has derivative zero, i.e.
DA Q A)

3y ='W - 20'(x-y)+9'1-2x+y)=0 (2.170)

Step 2.3 By Postulate 4, for independent 4,4’,y = P(AA") = P(A)P(A’) = x2. Hence:
@' (x®) =20 (x —x*) + 9" (1 -x)*) =0 (2.171)
We note here that independence of 4, A" implies independence of all other pairs. Specifically, we
have
P (AZ') = P(AA") = x — x? = x(1 — x) = P(A)P (Z') = P(A)P(4),

P(AA)=1-2x+x*=(1-x)?=P(A)P(4) (2172)

Step 2.4 The functional equation (2.171) should be valid for any x in [0,1]. Consequently, a
solution to this equation will also be a solution to equation
@' (x*) —2¢'(x) +9'(1) =0 (2.173)
The latter is obtained by taking a very small x in (2.171), so that we can omit all but the least order
polynomial terms, and is easier to handle (for an analogy, cf. Apostol, 1967, chapter 6). By setting
x=¢e7%g(s) =f'(e™) — ¢'(1), we get the linearly homogeneous functional equation
g(2s) =2g(s) (2.174)
whose solution is
gs)=ks (2.175)

where k is any real. Pathological discontinuous solutions of the equation are excluded by virtue of
Postulate 1. By inverting the transformation, we get
X
o'(x)=¢'(1)—klnx, p(x) = jq)’(q)dq =x(p'(1)+k—klnx) (2.176)
0

From Postulate 2, we have @(2) = ¢(1) = 1(¢'(1) + k) = 0, so that ¢'(1) = — k and finally:
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@' (x)=—-k—klnx, o(x)=—-kxlnx (2.177)
Step 2.5 We verify that the thus determined ¢ (x) satisfies the original functional equation in step

2.3. We have

@'(x?) = 29" (x —x*) + 9" (1 = x)?)
= (=k —kInx?) + 2k + 2kIn(x — x%)) + (=k — kIn((1 — x)?))

e B i =
x%(1 —x)?
which validates the solution.
Step 2.6 By virtue of Theorem 1, the entropy of A is
PA)=px)+9o(1—x)=—-kxInx—k (1 —x)In(1—x) (2.179)

Since (by Postulate 1) @(A) > 0, we must set k > 0. We check whether the extremum ®(A) is
maximum or minimum. The second derivative is ¢ (x) = —k/(x(1 — x)) < 0, which means that
we have a maximum.

Step 2.7 We consider two arbitrary partitions A, A’ of 2, 2’ with n,n" elements, respectively, and
we will show that that the uniquely defined function ¢(x) = —k x In x for bipartitions satisfies
Postulate 4 for any A, A'. Specifically, we will show that entropy maximization with this ¢(x)
results in independent partitions. If x; = P(4;),x; = P(A]'-),yl-j = P(4;4}) then

n' n
=Yy, =)y (2.180)
j:l i=1

The total entropy is

i=1j=1

The functional that maximizes @ (A @ A") with constrained probabilities as above and Lagrange

multipliers A;, 4} is

n n' n n'
L= _kzzyijlnyij_z;{i xi_zyij
Jj

!
i=1j=1 i=1 =

n
1

=1 J

i

n
=1

and has derivatives

E)L—k(1 Iny;)—24,—-2;=0 oo +i —o, 2o +zn: =0 (2.183)
0yij - e R A " j=1yij Rz Y i=1 e |
Hence

B ( Ai> A = ( Ai 1) VY| 5184
Yij = exp P exp P exp(—1) = exp 32 exp 2 (2. )

Setting
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1 1
Ai =—k (lnxi + E) , )l]’ =—k (111)6]{ + E) (2-185)
we find that
Vij = X% (2.186)

which means that the partitions A, A’ are independent. It is easy to see that the constraints are
satisfied with these values of 4;, /1]'~ and hence the values set for 4;, /1]'~ are the correct ones.

Step 2.8 The constant k can be any positive real, but by convention (and for convenience) we set
k = 1. This completes the proof of Theorem 2.

Proof of Theorem 3
We take the first element A; of A = {4;,4,, ..., A,} and partition it into two, B, A; — B, so that
B ={B,A; — B,A,, ..., A,}. The two entropies are

() = p(P(4D) + ) 0(P(AD),
i=2

n (2.187)
2®) = ¢(P(B)) + ¢(P(Ar — B)) + ) 0(P(AD)
i=2
and hence
®(B) — ?(A) = p(P(B)) + ¢(P(4; — B)) — ¢(P(41) (2.188)

The right-hand side is non-negative, because ¢ is a concave function (corollary 2.3).

Proof of Theorem 4
If all P; are unknown and no constraint is imposed on them, except that their sum is 1, the
Lagrangian to be extremized is

L= —;P(Ai) InP(A;) —,1<1 —;P(Ai)) (2.189)

Then dL/0P(A;) = Oresultsin —1 —InP(4;) + A = 0 or P(4;) = exp(4 — 1). Hence all P(4;) are
equal to each other, P(4;) = 1/n.

Proof of Theorem 5
For any positive numbers q;, b;, such that a; +--+a, =1, by + -+ b, <1, the following
inequality holds true (Papoulis, 1991, p. 548):

n n

—Zai Inag; < —Zal- In b; (2.190)

i=1 i=1

with equality corresponding to the identity a; = b;. Hence, if })7-; B(4;) < 1, then

®(A||B) = —ZP(Ai)ln <Z€:l;> = —ZP(Ai)ln P(A;) + ZP(Ai)lnB(AL-) <0 (2191
i=1 ' i=1 i=1

with equality if B(A;) = P(4;). In other words, if Y], B(4;) = 1 the maximum possible relative
entropy @ (A||B) = 0 and if for some i, B(4;) # P(4;), ®(A||B) < 0.
However, if 7 B(4;) > 1 (solnY™; B(4;) > 0), then
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e PA) N N a
@(A||B) = ;P(A‘) <ln (B(Ai)/2?=1 B(Ai)> ln;B(Al)> (2.192)

<0- Zn: P(4;) (— lnzn: B(Ai)> = lnz B(A;)
i=1 i=1

i=1

Proof of Theorem 6
See proof of Theorem 2 in Papoulis (1991, p. 550).

Proof of Theorem 7
See proof of Theorem 4 in Papoulis (1991, p. 551).

Proof of Theorem 8
See proof of Theorem 1 in Papoulis (1991, p. 550).

Appendix 2-11: Entropy maximizing distributions with two constraints

To get a different family of distributions from those in Table 2.5 we add a second constraint,
namely E [ln (B’(g))] = y,, while in order not to increase the number of parameters we set d =

1. Then equation (2.89) switches to

A B(x
flx) = 7P (—b% +1n(B'(x)) + b, ln(B’(x))> (2.193)
which can be written as
A B(x)
fx) = ~ €xXp —b — + In(B'(x)¢) (2.194)
where e := 1 + b,. After the algebraic operations we find the maximum entropy distribution as:
Ac® sxy(c=De x\6\Pe
= - - 2.195
fw=7G  (+G) (2199

This is listed in Table 2.7, after reparameterization, as the generalized (power transformed) beta
prime distribution (where the standard beta prime corresponds to ¢ = 1). Two special cases of it
are also listed there. The generalized gamma and the generalized beta prime distributions were
also studied in Koutsoyiannis (2005a,c, where additional information for some of their
characteristics are provided) and Papalexiou and Koutsoyiannis (2012).

Appendix 2-III: Irreconcilability of heavy tails and Lebesgue measure

We will prove that maximizing entropy with the Lebesgue measure and constrained mean cannot
result in heavy tails. First we develop a method to check if a specified density is a local maximum
of entropy under constrained mean. Then we check it with the exponential distribution (light
tailed) to see that it works. Subsequently, we apply it to the Pareto distribution to prove that this
is not a local entropy maximizer for a Lebesgue background measure.

Step 1: We consider a probability density f(x) and a perturbation g(x) of it close to its mean,
namely in the interval (u — §,u + §) with a small § so that it does not affect the asymptotic
behaviour at the tails (because it is local at the neighbourhood of the mean). Furthermore, we
choose g(x) so as not to affect the integral constraints, i.e.:



APPENDIX 2-111: IRRECONCILABILITY OF HEAVY TAILS AND LEBESGUE MEASURE 97

Table 2.7 Special cases of maximum entropy distributions given by equation (2.195). (Expressions
not to be used at face as different parameterizations may be used throughout the book.)

Name Parameters f(x) F(x)=1-F()
Half 1.1 B (1’;L)

=2,e=0 2 x\2\ 2 2§ 2-\2"2¢ 2
Student! g _ 1/e(b te—1) @ (1 + (I) ) géﬁ’ Y= (%)
W gmenn, @) @) PR
extended C: ’(b_e+ ’ A A 1”’—1’ y:(f)
Student §=1/b+e-1) AB(%,Z—lf) B %’2_5) *

i = ¢ 2 ¢1

e 26 pern, (@G Pslem)
(GBP)? E=1/(b+e—1) AB(%,%) B(g,§) A

1 Also known as Tsallis or 1-particle kappa distribution (Olbert, 1968; Livadiotis and McComas 2013). Special
case: Cauchy.
2 Special case: Beta prime (for ¢ = 1).

u+é u+é
j gx)dx =0, j xg(x)dx=0 (2.196)
u-=6 u—a8

Note that these also imply that for any constant ¢

u+é
f (x+0)gx)dx=0 (2.197)
)
The entropy of the perturbed distribution will be
u+é
Bylx] == [ (rG0+9@) () + g(0)dx
PO e (2.198)
= — f (lnf(x) +In (1 + %)) (f(x) + g(x))dx
T

Since g(x)/f(x) €« 1 (more precisely, for g(x)/f(x) - 0), we have In(1+ g(x)/f(x)) =
g(x)/f(x).Hence

u+é
@)
,[x] = - HL <lnf(x) + %) (F(0) + g(0))dx
s s (2.199)
- - f In £ () (FG0) + g(x0))dx — %(f(x) + 9(0)dx
u—=6 u==6

The first of the latter two terms equals
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u+és
?[x] - f Inf(x) g(x) dx (2.200)
u—=~6
and the second term equals
u+éd u+é 5 u+éd 5
g(x) g(x)
- x)dx — X = - dx (2.201)
J 9@ 7@ &)
u-=6 u—=~6 u—=~6
Finally, the perturbation in entropy is
u+éd u+éd
g(x)?
A = b, [x] - d[x] = — f InfG) g dx— | 2 (2.202)
u—=~8 u—=~6

Step 2: As we have seen, the exponential distribution maximizes entropy for constrained mean
and therefore no perturbation g(x) exists that could lead to A@ > 0. We check if the above method
confirms this. The probability density and its logarithm are
1 =
e

f(x)zz 1, —lnf(x)zln/1+f

2.203

- (2.203)
The first integral in the rightmost expression in (2.202) is

u+é

x
f (ln/l + z) g(x) dx (2.204)
u—=6

and because of (2.196) it evaluates to zero. Hence:

u+é
g(x)?

R R e5

u

dx <0 (2.205)

because g(x)? = 0 and f(x) = 0.

Step 3: A single counterexample suffices to show that distributions other than exponential are not
local extremes. To this aim we consider a Pareto distribution specified as follows:

fl)=21+x)73, —Inf(x)=3In(1+x)—1In2, u=1 (2.206)
Substituting these in (2.202) we get
148 1+6 "
AP = J 3In(1+x) g(x) dx — _[ &dx
s s 2(1 4+ x)3

= v (2207)

1

=3 _[ In(1+ x) g(x) dx—E j (1 +x)3g(x)%dx
1-6 1-6

We consider the power expansion of the function g(x):
g(x) = ag + a;x + ayx? + 0(x3) (2.208)

We neglect the high order terms, calculate the integrals in (2.196), equate them to zero and obtain
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g(x) = a <(x —-1)? - %2> (2.209)

where both a, and § are chosen to be small.
The first integral in the rightmost term of (2.207), is

1+8
3 f In(1+x) g(x) dx = gaz (8(82 —6)—3(6% —4)tanh™?! (g)) (2.210)
1-6
and the second integral is
146

1 8
—3 f 1+ x)3g(x)%?dx = ———a36°(28 + 1162) (2.211)
1-6

315

The latter is of higher order than the former for both a, and §, which are small, and thus it can be
neglected. Hence the sign of A® will depend on the signs of a, and of the quantity

é
A:=5(6%-6)—3(6%—4)tanh™? (5> (2.212)
The Taylor series expansion of 4 is
55 367 5°
A=———————+ 05" (2.213)

20 560 1344

[t is then evident that the sign of 4, and hence of A® can be either positive or negative, depending
on §, and hence the inequality A® < 0 does not hold true for any §.






Chapter 3. Stochastic processes and quantification of change

3.1 Definitions

A deterministic worldview is founded on the idea of sharp exactness. A deterministic
mathematical description of a system uses common variables (e.g. x) which are
represented as numbers. The change of the system state is represented as a trajectory
x(t), which is the sequence of a system’s states x as time t changes. Changes in time are
studied using the concept of a dynamical system with certain dynamics. The term
dynamics denotes a transformation S; which maps its initial state x(0) in the trajectory of
a dynamical system (at time 0) to its current state x(t) (at time t), that is, x(t) = S;(x(0))
(Lasota and Mackey 1994).

In an indeterministic worldview there is uncertainty or randomness, where the latter
term simply means unpredictability or intrinsic uncertainty. Thus, to study change
according to this approach we use the notion of a stochastic process. This is defined as an
arbitrarily (usually infinitely) large family of stochastic variables x(t) (Papoulis, 1991).
To each one of them there corresponds an index t, which takes values from an index set T,
most often referring to time. The time ¢t can be either discrete (when T'is the set of integers,
Z) or continuous (when T is the set of real numbers, R). Thus, we have respectively a
discrete-time or a continuous-time stochastic process. As natural time runs continuously,
the faithful representation of a natural process needs a model formulated for continuous
time in order to avoid the risk of making artificial constructs. Even so, the discrete-time
representation is necessary in simulation. Typically, the discrete time representation x,
is derived from the continuous time representation x(t) as the temporal average:

™0

1
X =g f x(t)dt (3.1)

(t-1)D

where 7 € Z represents the continuous-time interval [(7 — 1)D, D] and D is the time step.
Notice that we use different notation in the continuous and discrete time representation,
in the latter case denoting time as a subscript. Each of the stochastic variables x(t) or x;
can be either discrete (e.g. the wet or dry state of a day) or continuous (e.g. the rainfall
depth). Thus, we have respectively a discrete-state or a continuous-state stochastic
process.

The index set can also be a vector space rather than the real line or the set of integers.
This is the case for instance when we assign a stochastic variable (e.g. rainfall depth) to
each geographical location (a two dimensional vector space) or to each location and time
instance (a three-dimensional vector space). Stochastic processes with multidimensional
index sets are also known as stochastic (or random) fields.

A realization x(t) of a stochastic process x(t), which is a common (numerical)
function of time t, is known as a sample function. Typically, a realization can be known
(simulated) at countable time instances, i.e. in discrete time (not in continuous time, even
in a continuous-time process). Likewise, observation of a natural process is also made in
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discrete time. A sequence of simulated or observed values is called a time series. Clearly
then, a time series is a finite sequence of numbers, whereas a stochastic process is a family
of stochastic variables, infinitely many for discrete time processes and uncountably
infinitely many for continuous time processes. A large body of literature does not make
this distinction and confuses stochastic processes with time series (see Digression 3.F).

3.2 Distribution function and moments

The distribution function of the stochastic variable x(t) i.e.,
F(x;t) = P{g(t) < x} (3.2)

is called first-order distribution function of the process. Likewise, the second-order
distribution function is:

F(xq,x3;t,t5) = P{&(Q) < x1,x(tp) < xz} (3.3)
and the (multivariate) nth order distribution function is:
F(xy, X5, e, X ty, tyy ey ty) = P{g(tl) < xq,x(t3) < xp, 0, x(ty) < xn} (3.4)

A stochastic process is completely determined if we know the nth order distribution
function for any n. The nth order probability density function of the process is derived by
taking the derivatives of the distribution function with respect to all x;.

The moments (and quantities related to them) are defined in the same manner as in
sections 2.13 and 2.15. Of particular interest are the following:

1. The process mean, i.e. the expected value of the variable x(t):

o)

H©O = Elx®)] = [ 2 0ax (35)

—00

2. The process variance, i.e. the variance of the variable x(t):

(o]

Yo(£) = var[x(t)] = J(x - y(t))zf(x; t)dx (3.6)

— 00

3. The process autocovariance, i.e. the covariance of the stochastic variables x(t) and
x(t+ h):

c(t; h) = cov[x(0),x(t + W] = E |(x(®) — u(®) (x(t + ) —u(e +W)|  (3.7)

where c(t; 0) = y,(t).
4. The process autocorrelation, i.e., the correlation coefficient of the stochastic
variables x(t) and x(t + h)):

c(t; h)
NACIAGED

Additional characteristics will be given in section 3.5.

r(t; h) = corr[&(t),g(t + h)] = (3.8)
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3.3 Stationarity

The term process has been introduced into the scientific vocabulary as synonymous with
change, as evident in Kolmogorov’s (1931) pioneering paper, in which he introduced the
term stochastic process. This paper starts by stating “A physical process [is] a change of a
certain physical system”.

It is common in science to try to identify invariant properties within change
(Koutsoyiannis 2011a). For example, in the absence of an external force, the position of a
body in motion changes in time but the velocity is unchanged (Newton’s first law). If a
constant force is present, then the velocity changes but the acceleration is constant
(Newton's second law). If the force changes, e.g. the gravitational force changing with the
changing distance of the orbiting planets, then the acceleration is no longer constant, but
other invariant properties emerge such as the angular momentum (Newton’s law of
gravitation; see also Koutsoyiannis 2011a).

Evidently, the notion of a stochastic process was invented to describe the irregular
changes in natural systems which are more complex than the above, and which are
impossible to model deterministically or predict their future evolution in full detail and
with precision. Here, the great scientific achievement has been the invention of
macroscopic descriptions, which replace the modelling of the details. This is essentially
done using stochastics. Herein lies the essence and usefulness of the stationarity concept,
which seeks invariant properties in complex systems (Koutsoyiannis, 2011a, 2014a;
Koutsoyiannis and Montanari, 2015). Following Kolmogorov (1931, 1938) and
Khintchine (1934), a process is stationary if its statistical properties are invariant to a
shift of time origin, i.e. x(t) and x(t + h) have the same (multivariate) distribution for any
t and a specified h. Furthermore, following Kolmogorov (1947), a process is called wide-
sense stationary if its mean is constant and its autocovariance depends only on time
differences, i.e.:

E[x(t)] = u (= constant),  cov[x(t), x(t + h)] = c(h) (3.9)

A strict-sense stationary process is also wide-sense stationary, but the inverse is not true.

A process that is not stationary is called nonstationary. In a nonstationary process
one or more statistical properties are deterministic functions of time. A typical case of a
nonstationary process is a cumulative process whose mean is proportional to time. For
instance, let us assume that the rainfall intensity at a geographical location and time of
year is modelled as a stationary process x(t), with mean p. Let us further denote X(t) the
rainfall depth collected in a large container (a cumulative raingauge) at time t and assume

that at the time origin, t = 0, the container is empty, so that X(t) = fotg(s)ds. It is easy

then to understand that E[& (t)] = ut. This is a deterministic (linear) function of time t
and thus X(t) is a nonstationary process.

We should stress that stationarity and nonstationarity are properties of a process, not
of a sample function or time series. There is some confusion in the literature about this,
as a lot of studies assume that a time series is either stationary or not, or can reveal
whether the process is stationary or not. As a general rule, to characterize a process as
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nonstationary, it suffices to show that a specific statistical property is a deterministic
function of time (as in the above example of the raingauge), but this cannot be inferred
from a time series alone. A time series formed from observations of a natural process
cannot be stationary or nonstationary.

Stochastic processes describing periodic phenomena, such as those affected by the
annual cycle of Earth, are nonstationary. For instance, the daily temperature at a mid-
latitude location could not be regarded as a stationary process. It could be modelled as a
special kind of a nonstationary process with characteristics depending on time in a
periodical manner (as periodic functions of time). Such processes are called
cyclostationary processes.

3.4 Ergodicity

Stationarity is also related to another important stochastic concept, ergodicity.” Its
importance derives from the fact that ergodicity is a prerequisite to making inference
from data, that is, induction—the Aristotelian émaywyn (epagoge). This is a type of
inference weaker than deduction—the Aristotelian @mddeiéic (apodeixis) —albeit very
useful when deduction is not possible (see Digression 4.A).

In dynamical systems, by definition (e.g. Mackey, 2003, p. 48), ergodicity is the
property of a system whose invariant sets under the dynamic transformation are all trivial
(have zero probability). In other words, in an ergodic transformation starting from any
point, the trajectory of the system state will visit all other points, without being trapped
to a certain subset. The ergodic theorem (Birkhoff, 1931; Khintchine, 1933; see also
Mackey, 2003, p. 54), allows for the redefining of ergodicity within the stochastics domain
(Papoulis, 1991, p. 427; Koutsoyiannis 2010) in the following manner: A stochastic

process x(t) is ergodic if the time average of any (integrable) function g (g(t)), as time

tends to infinity, equals the true (ensemble) expectation, i.e.:

T T
lim % f g(x®)de =E[g(x®)], lim %Z) 9(x:) =E[g (x(®)] (3.10)
0 =

for a process in continuous or in discrete time, respectively.

The right-hand side in the above equations represents the true average, also known
as the ensemble average, whereas the left-hand side represents the time average, for the
limiting case of infinite time. The left-hand side in each of the two equations (3.10) is a
stochastic variable (as a sum or integral of stochastic variables) and is not a function of
the time t. Hence, the right-hand side should not be a function of the time ¢, i.e. the process
should be stationary. Furthermore, the right-hand side is a number, not a stochastic
variable. Equating a number with a stochastic variable implies that the stochastic variable

* The concept of ergodicity was first conceived by Boltzmann (1884/85), who coined the terms ergode and
isodic, both of which are etymologized from Greek words but which ones exactly is uncertain. Most
probably, ergodic comes from the Greek épyov (ergon = work) and 06d¢ (hodos = pathway). According to
another interpretation, the second noun is £i~60(; (eidos = form, kind, nature), or the whole word is a
transliteration of the Greek adjective £pywdnc (ergodes = laborious, troublesome; see Mathieu 1988).
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has zero variance. This is precisely the condition that makes a process ergodic. And this
allows the estimation (i.e. approximate calculation) of the true but unknown property

E [g (g(t))] from the time average of g (g(t)), that is, from the available data. Without

ergodicity inference from data would not be possible.
A stochastic process for which it can be shown that the property (3.10) holds true for

the particular case that g (g(t)) = x(t), whose expectation is the mean (E[g(t)] =), is
called mean-ergodic. The property could be extended to multivariate functions, e.g.
g(g(t),y(t) ), and thus we can speak about covariance-ergodic processes. Further

information, including conditions that should hold for ergodicity can be found in Papoulis
(1991).

Now, if the system that is modelled in a stochastic framework has deterministic
dynamics (meaning that a system input will give a single system response), then a
theorem applies (Mackey 2003, theorem 4.5 p. 52), according to which a dynamical
system with dynamics S;(x) has a stationary probability density if and only if it is ergodic.
Therefore, a stationary system is also ergodic and vice versa, and a nonstationary system
is also non-ergodic and vice versa. Here we note that even if a system has deterministic
dynamics, again it is legitimate to use a stochastic description, replacing the study of the
evolution of system states S;(x) with the evolution of probability densities of states
f(x; t). One reason to prefer the stochastic description over the purely deterministic
description is that the former includes quantification of uncertainty, whereas
deterministic dynamics does not eliminate uncertainty (Koutsoyiannis 2010).
Furthermore, we clarify that the deterministic description through the transformation
S¢(x) is fully compatible with a stochastic description that is stationary and ergodic,
according to the theorem stated above: While the system state is changing in time t
according to the transformation S;(x), its statistical properties (and the probability
density f(x;t)) can be constant in time (i.e. f(x)).

If the system dynamics is stochastic (a single input could result in multiple outputs),
then ergodicity and stationarity do not necessarily coincide. However, recalling that a
stochastic process is a model and not part of the real world, we can always conveniently
devise a stochastic process that is ergodic, provided we exclude nonstationarity. In
conclusion, from a practical point of view ergodicity can generally be assumed when there
is stationarity and the variance of the time averaged process tends to zero as the time of
averaging tends to infinity, while this assumption is fully justified by the theory if the
system dynamics is deterministic. Conversely, if nonstationarity is assumed, then
ergodicity cannot hold, thus disallowing inference from data. This contradicts the basic
premise in geosciences, where data are the only reliable information for building models
and making inference and prediction.

Digression 3.A: Misuses of stationarity and ergodicity

Despite having a central role in stochastics, the concepts of stationarity and ergodicity have been
widely misunderstood and broadly misused (Montanari and Koutsoyiannis, 2014; Koutsoyiannis
and Montanari, 2015). In an attempt to find trends everywhere, according to the popular motto
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“stationarity is dead” (Milly et al., 2008), trend analysis of hydroclimatic processes is more
fashionable today than ever before (Iliopoulou and Koutsoyiannis, 2020). The notion of a trend,
as a fundamental constituent of time series, is very old, but it is fundamentally problematic
(Koutsoyiannis, 2020a), despite its popularity.

Ironically, most of these studies use time series data to estimate statistical properties, as if
the process were ergodic, while at the same time their cursory estimates falsify the ergodicity
hypothesis. The correct tactic, even when dealing with provably nonstationary and nonergodic
processes and our study is based on data, is to convert the process to a stationary and ergodic one
before trying to make any inference from the data.

As an example, assuming that we deal with the cumulative rainfall process X(t), used as an
example of a nonstationary process in section 3.3, we convert the process into a stationary one in
discrete time by x; := X(zD) —K((T — 1)D), where D is a time step, and perform the same
transformation to the time series data. Then we can use the x,; data to make inferences.

As a second example related to trends, let us examine a statement such as: “By analysing the
time series x; (where 7 denotes discrete time), we concluded that it is nonstationary, and we
identified an increasing trend with slope b.” This is an incorrect statement and can be corrected
in the following manner: “We analysed the time series x; based on the modelling assumption that
the stochastic process x; — bt is stationary and ergodic, which enabled the estimation of the
slope b.” The latter statement respects the fact that we always need stationarity and ergodicity to
make inference from data. It also avoids using the vague term “trend”, which, despite being trendy,
has no scientific definition. Finally, it reveals the fact that the entire setting is just a modelling
assumption—not anything objective, related to physical reality.

3.5 Second-order characteristics of stochastic processes

Along with the definition of a stochastic process (section 3.1), we have also provided that
of the autocovariance function (section 3.2), an important characteristic of the second-
order distribution function of a stochastic process. However, there are other second-order
characteristics that are useful to study, as they have certain properties that help the
understanding and the simulation of stochastic processes.

Before defining them, starting with the process of interest x(t), we will better explain
the concepts of the cumulative process X (t) and the discrete-time process x;, which have
already been introduced. As graphically shown in Figure 3.1, the cumulative process is
defined as:

t
X(t) = j x(w)du (3.11)

0
where obviously X(0) = 0. If x(t) aims to represent a natural process, then X(t) should
necessarily be nonstationary. However, by time averaging (dividing the cumulative
process by time) and differencing, we may construct a stationary process over any time
scale D, provided that x(t) is stationary. With the help of the cumulative process, the

discrete-time representation of the process (equation (3.1)) can be written as:

(7%
oy, L f <(uydu = 2D —&D((r - 1)D)

[=

D= (3.12)
(t-1)D
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The superscript [D] in x I denotes the time step of discretization. In cases where we use
a single discretization step and there is no ambiguity we will omit it, writing x,. We can
also define discrete-time processes in multiples of D, say kD, where k is an integer:

TkD
O 1 f x(w)du = X(txD) — X((zr — 1)xD)

B kD kD

(t—1)kD

(3.13)

() is the time average (at scale k = kD), of the

Obviously, the discrete-time process x;
discrete-time process x; (at scale equal to the time step D):

TK

1
2 = - Z X; (3.14)
j=(t-1DKr+1
t) (instant ! ot
x(t) (instantaneous X(t) = fo x(u)du

A continuous-time process) (cumulative, nonstationary)

D

m\/ V/\\/\ N\ D x[D] == j g(u)du

A A o e
N \/ : \\/EV\/ _X@D) - X((x —1)D)
1 L

D

(averaged at time scale D)

t

0 D 2D w  (z-1)D D

Figure 3.1 Explanatory sketch for a stochastic process in continuous time and its representation
in discrete time. Note that the graphs display a realization of the process (it is impossible to
display the process per se) while the notation is for the process per se.

The variance of X(t) at time ¢, as a function of ¢, i.e.:
r(t):= Var[K(t)] (3.15)

is known as the cumulative climacogram. The variance of the time averaged process
X(k)/k at atime scale k, as a function of the time scale k, is the continuous-time variant of
the climacogram, already discussed in section 2.17:

IX (k) F (k)

y(k) = va (3.16)

k2
The square root /y (k) =: a(k) (standard deviation) is referred to as the o-climacogram.

The autocovariance function c(h) of the continuous-time process x(t) for time lag h,
already defined in equation (3.7), is related to the climacogram by (Koutsoyiannis 2016):
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c(h) = cov[x(t),x(t + h)] :% ddl;l(zh)

If we deal with two processes x(t) and y(t) we can define the cross-covariance:

(3.17)

Cxy(h) = cov [g(t),j_l(t + h)] (3.18)

This is a continuous-time metric. To also involve the time scale k of the averaged process,
we can define the cross-climacogram (Koutsoyiannis, 2019b):

X(k) Y((n+1k)—-Ymk
Yy (kM) = 0y0y, var l_k(ax) + _((77 l)caz, 140/ )l

(3.19)

where Y (k) = [ Ok y(t)dt and 7 is lag.
The structure function (also known as semivariogram or variogram), v(h), is another
second-order tool, defined as:

v(h) = %Var[g(t) —x(t +h)] = c(0) — c(h) (3.20)

The power spectrum (also known as spectral density), s(w), where w denotes
frequency is defined as the Fourier transform of the autocovariance function, i.e.:

[0e]

s(w) = 4] c(h) cos(2nwh) dh (3.21)
0

The power spectrum should necessarily be nonnegative at all w (s(w) = 0), and this
entails that the autocovariance c(h) should be a positive definite function. Also, the
climacogram y (k) should be a positive definite function (Koutsoyiannis, 2017).

The power spectrum has some analogies with another stochastic tool, the so-called
climacospectrum (Koutsoyiannis, 2017), which is directly given as a transformation of the
climacogram. Specifically, it is proportional to the difference between the variances of the
averaged process at time scales k and 2k:

In2

The climacospectrum can also be written in an alternative manner in terms of frequency
w=1/k:

1!1(]() =

1y y(w) —y(2/w)
Yw) =4y (W) T (n2)w

(3.23)

It is useful to note that the entire area under the power spectrum s(w), as well as that
under the curve 1)(w), are precisely equal to each other and to the variance y,,.

All definitions of second-order characteristics in continuous time are gathered
together in Table 3.1. Once any one of these characteristics is known in the continuous-
time representation, we can calculate all the others in continuous time as well as those in
discrete time, as shown in Table 3.2.
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Table 3.1 Summary of notation and second-order characteristics of a stationary stochastic
process in continuous time.

Name Symbol and definition Remarks Eqn. no.
Stochastic process of interest ~ x(t) Assumed stationary
Time, continuous t Dimensional
t
Cumulative process X(t) = f x(&)dé Nonstationary (3.11)
0
Variance, instantaneous Yo = var[g(t)] Constant (not a function of t) (3.6)
Cumulative climacogram r) = Var[g(t)] A function of t; I'(0) = 0 (3.15)
_ X(k)] Trk) A function of time scale;
Climacogram y(k) = var[ . ] =z 2(0) = yyask — 0 (3.16)
Time scale, continuous k Units of time
Climacospectrum Pk) = M
n
Autocovariance function c(h) = cov[x(t),x(t + h)] c(0) = vy, (3.17)
Time lag, continuous h Units of time
Structure function 1
(semivariogram, variogram) v(h) = Evar[g(t) EC h)] v(h) =yo —c(h) (3'20)
Power spectrum (spectral
s(w) :== 4 | c(h) cos(2nwh) dh s(w)dw =y, (3.21)

density)

0

0

Frequency, continuous

w = 1/k

Units of inverse time

Table 3.2 Summary of notation and second-order characteristics of a stationary stochastic

process in discrete time.

Name Symbol and definition Remarks Eqn. no.
(7

Stochastic process, discrete 1 X(@@D) - X((z—1)D

: b Xp = J x(wdu == A ) (3.12)
time D

(t-1)D
Length of ti
Discretization time step D ejng ol ime .
window of averaging
Time, discrete T:=1t/D Dimensionless
TK
Averaged stochastic 1
Bee . =~ x; (3.14)
process, discrete time )
j=(t-1k+1
Time scale, discrete k=k/D Dimensionless (3.24)
I'(xkD
Climacogram Yie = var[x® | = y (kD) = (;ED)Z) yi=var[x, | = y(D)  (3.25)
Climacospectrum Y, =Pk) = w
n
Autocovariance function ¢, = cov[gr, gﬁn] c=yD)=y;
Time lag, discrete n=h/D Dimensionless (3.26)
Structure function Uy = Y1 G (3.27)
1< w+j
Power spectrum sq(w) = D Z s <T]> sinc? (m(w + §)) (3.28)
j:—oo

Frequency, discrete w=wD=1/k Dimensionless (3.29)

Note: In time-related quantities, Latin letters denote dimensional quantities and Greek letters
dimensionless ones, as specified above.
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The reverse is not true, i.e,, from a model formulated in discrete time we cannot
precisely infer the characteristics of the continuous-time representation. It may be seen
in Table 3.2 that the expressions of the discrete time characteristics may differ
substantially from those in continuous time, and thus attention is needed to avoid
confusion and misuse.

The rule that continuous- and discrete-time characteristics are different has
exceptions: The climacogram and the climacospectrum are not affected by discretization
(they admit the same expressions for both continuous and discrete time). They also have
some additional advantages, such as simplicity, a close relationship to entropy (see
below), and a more stable behaviour than other common tools (Dimitriadis and
Koutsoyiannis, 2015; Koutsoyiannis, 2016; 2017). These make them the tool of
preference in stochastic modelling—even though they are less popular than other tools.
All these tools are transformations of one another, as listed in Table 3.3.

Table 3.3 Relationships between second-order characteristics of a stochastic process.

Related . .. Symbol and definition Inverse relationship Eqn.
characteristics no.
1
1 d?(h?y(h
y(k) o cth)  y(k) =2 f(l — c(xk)dy c(h) = > (dTyz()) (3.30)
0
s(w) oc(h) slw) = 4f c(h) cos(2nwh) dh c(h) = f s(w) cos(2nwh) dw (3.31)
0 0
y(k) o s(w) yk) = f s(w) sinc?(nwk) dw s(w) = ZI %cos@nwh} dh (3.32)
0 0
v(h) @ cth) wv(h) =y, —c(h) c(h) = v(0) —v(h) with v(w) =y, (3.33)
S p(2ik
y(k) = anle(zik )
i=0
Y o y(k) k) = k() —v2h)) - (339
In 2 ) -1 zzw(Z k)
- }/( ) n - Z_ik

Kk—1
1 n I'(kD) _
Ve = E(CO + 2;(1 _E) C") - (kD)2 ¢, = i(r(ln +1D) + I'(ln — 1ID)

= D) & D? 2
¥k = v (kD) / (3.35)
Cy where I'(0) = 0, I'(D) = c,D* and,
recursively, I'(kD) = = I'(InID)
2r((xk —1)D) — I'((x — 2)D) + 2¢j_, D?
) 1/2
Cy < sq(w) sq(w) = 2¢y + 42 Cy cos(2mnw) Cy = f sq(w) cos(2mwn) dw (3.36)
n=1 0
Uy © Cp v, =y(D) — ¢, ¢y =v(D) — vy, (3.37)

Digression 3.B: What is dependence in time?

Dependence can be simply defined as the absence of independence. With reference to equation
(2.5) defining independence and using equations (3.2)-(3.4), we define dependence in a
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stochastic process in time (also known as intertemporal dependence or simply time dependence)
by

F(x1, X2, ooy Xps ty, b, vy ty) # F(xg;t1)F (x5 t3) -+ F (x5 t)

It is typically expressed by the autocovariance or the autocorrelation function and its typical
(mis)interpretation is memory. This has been so common that in many texts the term memory has
replaced the term dependence—even in the titles of several publications, papers and books.
Perhaps the scientist who was most influential in establishing this interpretation was Mandelbrot
(for example, Mandelbrot and Wallis, 1968, speak about short and long memory, both of which
they contrast to independence), though other scientists had used the term before (e.g. Krumbein,
1968). Clearly, in stochastics the term memory is metaphorical, while in other disciplines
(neuropsychology, computer science) it is literal. In science there is no reason to use a
metaphorical term when we have a literal term, particularly when the metaphorical term has
another scientific meaning. The use of the metaphorical term memory distracts, rather than helps,
intuition and the understanding of time dependence in a stochastic process. In particular, the use
of its variant long memory is totally inappropriate as it stimulates people to imagine a mechanism
inducing long memory (e.g. hundreds of years) and of course it is difficult to conceptualize such a
mechanism. A better interpretation is a mechanism that produces change, rather than one that
recalls information (as is the meaning of memory). And indeed, changes produce dependence—
not the other way round. Furthermore, dependence and change need not be interpreted as
nonstationarity as many think.

Before discussing how change produces time dependence in a process that is stationary, we
will discuss how dependence manifests itself into a time series. In one word, this manifestation is
through patterns. In pure randomness, without time dependence (like in a sequence of dice
outcomes or in the sequence of digits of ) no patterns appear. To better illustrate such patterns,
we examine several time series with a small length, n = 16. For convenience we make these time
series two-valued, with values -1 and 1 and with an average of the 16 values equal to zero, which
means that eight values will be -1 and eight 1. The estimates of the variance, the lag-one
autocovariance and the lag-one autocorrelation coefficient will thus be, respectively:

16 16 .
A 1 2 n 1 A (1 A
V1=E xr =1, C1=E XeX141 ) T1=)7_=C1
=1 =1 E

where we set x;7 = x; in order to have 16 terms in the sum for ¢; and thus make possible values
up to +1. (Note, though, that this practice is not being suggested to use in analyses of time series).
The formal meaning of the term estimate is clarified in section 4.3.

Examples of such time series are shown in Figure 3.2. In the upper left panel, all eight ones
are grouped together so that Y18, x,x,,; =7+ 7 —2 =12 and # = 0.75. This is the highest
possible value that a particular arrangement of 16 items, each being +1, can give. Obviously, there
are 16 possible arrangements that will give #; = 0.75. If our time series had length N, the highest
7, would be (N —4)/N = 1 — 4/N and would approach the value +1 for large N. Consequently, a
large autocorrelation is caused by grouping together of similar (in our example, the same) values.
Such grouping has been termed persistence. If the grouping appears but is not that “perfect”, such
as in the lower left panel, then again, the autocorrelation will be positive but lower (#; = 0.5 in
this example).

In contrast, if the patterns appear to be of alternating, rather than grouping, type, then the
autocorrelation coefficient is negative. Thus, in the “perfect” alternating shape of the upper middle

panel of Figure 3.2 we have Y18, x,x,;.; = —16 and #, = —1. In the lower middle panel, alterna-
tion is not perfect and #; = —0.75. Finally, the upper right panel is free of patterns and 74 = 0.

Now, the effect of change is illustrated in Figure 3.3, where we plot a time series generated
from the normal distribution without time dependence. We now assume that the process is
affected by a mechanism producing change, namely shifts up and down, at random points in time.
As illustrated in Figure 3.3 and detailed in the figure caption, in this case patterns are produced
and (positive) autocorrelation is induced.
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Figure 3.2 Examples of arrangements of eight ones and eight minus ones in the form of time series with
length 16, mean zero and unit variance, along with the resulting estimate of the lag-one autocorrelation
coefficients r. In addition to the original time series (scale 1; continuous line), time-averaged time series are
also shown at scales 2 (dashed lines) and 4 (dotted lines). In the bottom right panel, the frequency
distribution of r for all 16!/(8!)? = 12 870 possible cases (permutations) are shown.
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Figure 3.3 Illustration of the fact that change causes autocorrelation using a time series of length 20,
generated from the normal distribution N(0,1) without time dependence; the estimates of the statistical
characteristics from the time series, plotted as full points connected with continuous lines, are ji =
—0.05,7, = 0.9%,7;, = 0.05. By shifting a time segment up (by +1, items 8-14) and another segment down
(by -1, items 15-20) we obtain a new time series (empty points connected with dashed lines) in which the
autocorrelation has become 7, = 0.59.
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Had such change been describable in deterministic terms, as a deterministic function of time,
that is, had it been precisely predictable in terms of location of times where it occurs and in terms
of magnitude of state shifts, we would speak about nonstationarity. But since, as we said, the
points of change are random points in time, they resist a deterministic description and the entire
process with the change-producing mechanism is a stationary stochastic process with dependence.
Unfortunately, this simple truth is not widely understood and therefore the inconsistent
interpretations of change as nonstationarity abound in geophysics literature.

3.6 Asymptotic power laws and the log-log derivative

It is quite common for nonnegative functions f(t) defined in [0, o) to be associated with
asymptotic power laws as t = 0 and o (Koutsoyiannis, 2014b, 2017). Power laws are
functions of the form

F(t) « tP (3.38)

A power law is visualized in a graph of f (t) plotted against t with logarithmic axes, so that

the plot forms a straight line with slope b. Formally, the slope b is expressed by the log-

log derivative (LLD):

d(n (&) _ tf'(8)
d(Int) f ()

We notice that f#(t) is a dimensionless quantity, irrespective of the dimensions of f(t). If

the power law holds for the entire domain, then f#(t) = b = constant. In this case we
speak about a simple scaling behaviour. Usually, however, f#(t) is not constant. Of

i) = (3.39)

particular interest are the asymptotic values for t - 0 and o, symbolically f#(0) and
f#(), which define two asymptotic power laws. We note that, if 0 < f(0) < oo, then
f#(0) = 0, which means that £(0) has to be either 0 or o in order for f#(0) # 0. Basic
properties of LLD are given in Table 3.4.

Table 3.4 Basic properties of LLD (from Koutsoyiannis, 2017).

Description Mathematical formula
Multiplication and addition by constants (1 f(t) + u)* = F#(¢t)

Sum of two functions (fl O+ £ (t))# = fi (t)];lcj Eg : ]]:z ngz#(t)
Product of two functions AG)E (t))# =)+ @)

Quotient of two functions (L®)/fa (t))# =) -

Raise to a power (f(t)’l)# = Af*(t)

Function composition ((f o g)(t))# = (f(g(t))# =¥ (g®) g*(®)

In particular, the asymptotic properties of the second-order characteristics of a
stochastic process for t — 0, where t now denotes time, characterize the local behaviour
of a process, while those for t — oo characterize the global behaviour. We will discuss
these properties in section 3.8, after introducing the related concept of entropy
production in section 3.7.
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3.7 Entropy production in stochastic processes

In a stochastic process the change of uncertainty in time can be quantified by the entropy
production, i.e. the time derivative of the entropy ®[X(¢)] of the cumulative process X(t)
(Koutsoyiannis, 2011b):

do[X(0)]
dt

A more convenient (and dimensionless) indicator is the entropy production in logarithmic
time (EPLT):

?'[X(0)] = (3.40)

do[x(0)]

5 (3.41)

?() = [X@®)] =@ [X()]t =

For a Gaussian process, the entropy depends on its variance I'(t) only (see Table 2.4) and
is given as:

o[x(0)] = In(2neb?r (1)) (342)

where b is the background measure density, assumed to be constant (Lebesgue). The
EPLT of a Gaussian process is thus easily shown to be:
roe oyt eyt

O=gm o2 T2

(3.43)

That is, EPLT is visualized and estimated by the slope of a log-log plot of the climacogram.
Note that, if the cumulative process were used and the background measure density were
taken as bt insteaf of b, the result would be practically the same (plus a constant 1).

When the past and the present are observed, instead of the unconditional variance
y(t) we should use a variance y.(t) conditional on the known past and present. This can
be expressed in terms of the differenced climacogram (Koutsoyiannis, 2017):

1

T (3.44)

ve®) =e(y() —y(2k), e=

We can subsequently define the conditional entropy production in logarithmic time
(CEPLT) in a manner analogous to (3.43). By also considering the definition of the
climacospectrum in (3.22) and (3.23), CEPLT can be written as:

2403 _ 1+ y*(t) _ 1-9*(1/0) (3.45)
2 2 2

Thus, for a Gaussian process the conditional entropy production is given in terms of log-

log slope of the process climacospectrum. We will use the same result as an
approximation for non-Gaussian processes too, even though in a non-Gaussian process
the entropy expression becomes more complicated than (3.42) with other terms
additional to variance.
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3.8 Asymptotic scaling of second-order properties

EPLT and the CEPLT are related to LLDs of second-order tools such as the climacogram,
the climacospectrum, the power spectrum, etc. With a few exceptions, these slopes are
nonzero asymptotically, hence entailing asymptotic scaling or asymptotic power laws
with the LLDs being the scaling exponents. Intuitively, one would expect that an emerging
asymptotic scaling law would provide a good approximation of the true law for a range of
scales.

If the scaling law were appropriate for the entire range of scales, then we would have
a simple scaling law. Such simple scaling sounds attractive from a mathematical point of
view, but in physical processes it turns out to be impossible (Koutsoyiannis, 2017;
Koutsoyiannis et al., 2018; see also below). It is thus physically more realistic to expect
two different types of asymptotic scaling laws, one in each end of the continuum of scales.
The respective scaling exponents are given in terms of two parameters, M (to give credit
to Mandelbrot) and H (to give credit to Hurst) according to the following relationships:

e The parameter M characterizes the local scaling or smoothness or fractal behaviour,
when k — 0 or w — oo:

# # # #

. 7@ _ 'O _pt@ -1 _ —sf(e) -~ 1 246
M:=d:(0)—1= = = > = > (3.46)
e The parameter H characterizes the global scaling or persistence or Hurst-

Kolmogorov behaviour, when k — o0 or w — 0:

#OO #oo #OO #OO
H==<f’c(°°)=1+yC( ) _ ) ) i)+
s 2 2 2 (3.47)
=S 0)+1
- =

These scaling behaviours have emerged from maximum entropy considerations, and
this may provide the theoretical background to the modelling of complex natural
processes using such scaling laws. Generally, scaling laws are a mathematical necessity
and could be constructed for virtually any continuous function defined in [0, o). In other
words, there is no magic in power laws, except that they are, logically and mathematically,
a necessity (Koutsoyiannis, 2014b).

3.9 Bounds of scaling: The global map of stochastic processes

Both parameters M and H take on values in the interval (0,1) (with the limiting cases M =
1and H = 0 being possible). This fact, combined with equations (3.46) and (3.47), defines
limits of the possible scaling laws in natural processes. These limits are not well known,
and several studies have reported values outside these limits. (See Digression 3.C for an
example about how to avoid such mistakes.)

For the global behaviour, it has been shown (Koutsoyiannis et al., 2018) that a process
with —s#(0) > 1 is nonergodic. As already explained, inference from data is only possible
when the process is ergodic and thus, claiming that —s#(0) > 1 based on data is self-
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contradictory. Steep slopes (—s*(w) > 1) are mathematically and physically possible for
medium and large w and indeed they are quite frequent in geophysical and other
processes. Because of the equality of slopes of power spectrum and climacospectrum, the
ergodicity limitation holds also for the slope of the climacospectrum, i.e., ¥*(o) =
—1*#(0) < 1 (cf. Digression 3.C). On the other hand, negative asymptotic slopes of the
climacospectrum that are too steep are also impossible. Indeed (because of (52)),
Y#(k) = —y*(1/k) < —1 would entail &.(k) < 0 and I (k) < 0 (Koutsoyiannis, 2017).
This means that the variance of the cumulative process would be a decreasing function of
time, which is absurd. This holds both for the global case (k = oo, where the conditional
variance [ (o) equals the unconditional I'(c0)) and for the local case (k — 0, for the
conditional variance I (0)).

For the local behaviour, there is another severe limitation imposed by physical
reasoning. The case ¥*(0) = —s*(00) < 1 would entail infinite variance. Infinite variance
would require infinite energy to emerge, which is physically inconsistent (see also section
2.18). Therefore, the physical lower limit for 1#(0) = —s#() is 1. A final—and quite
severe—limitation is an upper bound of the local scaling exponent, which is 3 for 1)#(0) =
—s%(o0) (Koutsoyiannis, 2017). If this limitation was violated, then the resulting
autocovariance function would not be positive definite or, equivalently, the resulting
power spectrum would not be positive for any frequency w but would take on negative
values for some w. However, by definition, the power spectrum should be positive for any
w. Likewise, in violation, the Fourier transform of the climacogram would take on negative
values for some w. Proof is provided in Koutsoyiannis (2017).

The above limits define the “green square” of admissible values of @¢, M and H in
Figure 3.4, which is also depicted in terms of admissible values of slopes ¥# and s# (noting
that s# can, by exception, take on values out of the square when @.(0) = 2 or @, (c0) = 0).
The reasons why a process out of the square would be impossible or inconsistent, as
discussed above, are also marked in the figure.

The centre of the square, with coordinates ®.(0) = 3/2, (o) = 1/2 represents a
neutral process, whose typical representative is the Markov process (to be examined in
section 3.11). Larger values of @.(0) (where M > 1/2) indicate a smooth process and
smaller ones (where M < 1/2) a rough process. Also, larger values of @, (o) (where H >
1/2) indicate a persistent process and smaller ones (where H < 1/2) an antipersistent
process.

A useful observation in Figure 3.4 is that the entire “green square” lies below the
equality line. This means that the same scaling exponent is not possible for both local and
global behaviour, or else, it is impossible to have a physically realistic simple scaling
process. There is one exception, the upper-left corner of the “green square”, which
corresponds to the so-called “pink noise” or “1/f noise”. This will be discussed further in
Digression 3.H.

On the left of the “green square” in Figure 3.4 another square is formed, which
represents processes that are mathematically feasible but physically unrealistic, because
they entail infinite variance. In particular, the centre of this square represents the white
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noise characterized by independence in time, which is discussed in section 3.10. One of
the diagonals of this square represents the Hurst-Kolmogorov process, discussed in
section 3.12.

¢#(0) = -s*(0)

-2 -1 0 1 2 3 4
2.5 —+ 4
g 8
%) o4
2 q6 .g Q Q g 3
3 S g N RS
= S 2 \{c\ )
S < > & N c
2s =3 X 8
2 = © Q -~ E
1.5 g 3] .&_’—.E > 2
o S g . <]
o .9 a ] ‘E -~ 8
R=gr = 1] o = Inconsistent: =
a: >-° o . . > 8
=c o ~Nonergodic proceps © =)
Il =5 2 ) o S
T T Ewe = 1%
) . c
~ £ = '% HK pe.r5|stent Rough  |Smooth s M
& 2 § s5|White noise Persistent|Persistentd & o 8
S E S 2 N
0.5 '—29—3 o 0
ED © Rou.gh quoth 228
Antiper- |Antiper- oy
. . i i 0o
0 HK antipersistent sistent sistent 22 1
Inconsistgnt:
Decreasing variancejof cumulative
process
-0.5 + : ! ! 22
-0.5 0 0.5 1 1.5 2 2.5

dc(0) =M+ 1

Figure 3.4 Bounds of asymptotic values of CEPLT, @:(0) and @(), and corresponding bounds
of the log-log slopes of power spectrum and climacospectrum. The “green square” represents the
admissible region; note that s* can, by exception, take on values out of the square when ®¢(0) =
2(M=1) or () =0 (H = 0). The reasons why a process out of the square would be
impossible or inconsistent are also marked. The lines @(0) = 3/2 (M = 1/2) and &, (o) =
1/2 (H = 1/2) define neutrality (which is represented by a Markov process) and support the
classification of stochastic processes into the indicated four categories (smaller squares within
the “green square”). (Source: Koutsoyiannis, 2017.)

Digression 3.C: Misuses of stationarity and ergodicity (2)

Continuing the examples of the misuse of the concepts of stationarity and ergodicity in Digression
3.A, we refer here to another example, whose standard formulation could be: “From the time
series x;, we calculated the power spectrum and found that its slope for low frequencies is steeper
than -1, which means that the process is nonstationary.” We note that a large number of studies
exploring several data sets have reported steep constant slopes of power spectrum, i.e. § < -1,
which are thought to confirm the nonstationarity of the process. The fact of the matter is, however,
that this entire line of thought is theoretically inconsistent. Such reported numerical results are
artefacts caused by insufficient data or inadequate estimation algorithms. Once we construct the
power spectrum of a process as a function of frequency only, we have tacitly assumed a stationary
process. In a nonstationary process, both the autocovariance and the spectral density, i.e. the
Fourier transform of the autocovariance, are functions of two variables, one being related to
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“absolute” time (see e.g. Dechant and Lutz, 2015). Thus, it is meaningless to use a stationary
representation (setting the power spectrum as a function of frequency only) and simultaneously
claim nonstationarity. Furthermore, once we use the power spectrum of a process for inference,
as we always do, we should be aware that inference from data is only possible when the process
is ergodic. As shown in Koutsoyiannis et al. (2018), in an ergodic process, the asymptotic slope on
the lower tail of the power spectrum cannot be steeper than -1. Thus, it is meaningless to report
slopes in empirical power spectra < —1 and at the same time make any claims about the process
properties (e.g. of nonstationarity) based on the power spectrum. Actually, such a steep slope,
when emerging from processing of data, does not suggest that a process is non-ergodic. Rather it
signifies inconsistent estimation. Nonetheless, we should be aware, that steep slopes (< —1) are
mathematically and physically possible for medium and large frequencies, as has already been
discussed.

Consequently, possible remedies for the above inconsistent statement could be the following:

e We cursorily interpreted a slope steeper than -1 in the power spectrum as evidence of
nonstationarity, while a simple explanation would be that the frequencies on which our data
enable calculation of the power spectrum values are too high.

e  We cursorily applied the concept of the power spectrum of a stationary stochastic process,
forgetting that the empirical power spectrum of a stationary stochastic process is a
(nonstationary) stochastic process per se (see section 4.10). The high variability of the latter
(or the inconsistent numerical algorithm we used) resulted in a slope for low frequencies
steeper than -1, which is absurd. Such a slope would suggest a non-ergodic process while our
calculations were based on the hypothesis of a stationary and ergodic process.

e  We cursorily applied the concept of the power spectrum of a stationary stochastic process
using a time series which is a realization of a nonstationary stochastic process, and we found
an inconsistent result; therefore, we will repeat the calculations recognizing that the power
spectrum of a nonstationary stochastic process is a function of two variables, frequency and
“absolute” time.

3.10 White noise: how natural and how white is it?

We are all familiar with the notion of independent events at discrete time, such as coin,
dice and roulette wheel experiments. If such an experiment is performed sequentially in
time, we can model it as a stochastic process v;,7 = 1,2 ... with mean y and variance y;.
For convenience we subtract its mean, defining the process v, := v; — u for which:

a?, n=0
E[w.] =0, var[y,| =E[vZ]|=0% ¢, =cov[r, vpy] = {0 Z IS (3.48)
It is easy to show that the time-averaged process:
1 TK
v = - z v (3.49)
i=(t—-Dxk

has the following properties:
o2 o?
E[p] =0, 19 =var|p¥]=—, f? = o[, uF)| =15 770 (350)
0, n+0
Is it legitimate to say that the discrete-time process v, originates from a continuous
time process v(t)? And if it is, what are the properties of the latter? The mathematical
answer to the former question is positive. To materialize the continuous-time variant it
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suffices to generalize the climacogram in (3.50) changing the time scale from an integer k
to areal number k := kD:
%D

y(k) = var[g(t)] = (3.51)

It is easily seen that if k — 0, the process variance tends to infinity. Thus, to express the
properties of the continuous-time process, we need to involve the Dirac delta function
8(t), whose properties are:

b
5(¢) = {8° izg, f&(t)dt —1 (3.52)

where [a, b] is any interval that contains the 0. To connect the discrete-time process v, to
the continuous-time process v(t), we assume that the former is the time-average of the
latter on the time interval of length D, as in equation (3.12). If we define v(t) as a
stationary stochastic process which has the following properties:

E[g(t)] =0, cov[g(t),g(t’)] = E[g(t)g(t’)] =0?D 8(t—t") (3.53)

then it results in a discrete-time process with the properties of equation (3.50). Indeed,
the variance of v, will be:

D 2

D
1 1
Var[gr] = Var[yl] =E|| = | v(O)dt = —ZE[ v(t)du | v(s)ds
4w - o] o

D

0 0
(3.54)

DD D D D

1 1 5 O.ZD ,

=EJJE[E(OE(S)] dtds=ﬁJJa D&(t —s) dtds=ﬁf1ds =0
00 00 0

The power spectrum of process v(t) is found (from equation (3.21)) to be constant:
s(w) = %D (3.55)

Because all frequencies w are present in the power spectrum with equal density (¢2D),
the process v(t) has been called white noise. This name has been given by analogy to white
light, which is a mixture of all visible frequencies. We note though that this is a misnomer
as the power spectrum of the white light is very different from flat.

While mathematically the white noise is a well-founded concept and useful for many
theoretical analyses, it is not physically realistic for several reasons, such as the following:

2
e Its variance is infinite: Var[g(t)] =E [(y(t)) ] =0?D §(0) = . If this

represented a natural process, this process would have infinity energy.

e Its autocorrelation for lags however small is zero. In a natural process, the
autocorrelation would be close to 1 for lags close to zero.

e Its spectral density is nonzero as frequency tends to infinity.
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In brief, white noise is great for math and terrible for physics. Its problems can be
remedied by applying some kind of filtering to the process v(t). An example would be to
set an upper limit w, to the frequency, beyond which the spectral density becomes zero
(a so-called low-pass or high-cut filter). The second-order characteristics of the thus
obtained stochastic process #(t) are:

o’D, w<w,

0, wow (356

Vo = 02D w, ¢(h) = 02D w, sinc(2mtw.h), s(w) = {

It may be readily seen that the above three inconsistencies have been remedied. On the
other hand, the process 7(t) does not precisely yield the process v; in discrete time.
However, if we choose w, > 1/D, we can obtain a good approximation.

Digression 3.D: Random walk, Wiener process and Brownian motion

Assuming that the discrete-time white noise process v; is two-valued, e.g. taking on the values +1
and -1 with equal probabilities of 1/2 (so that E[v;| = 0), the cumulative process ¥; := Y7_; v;,
which takes on values in the interval [—1, 7], is called a random walk. This is a nonstationary
process with its variance being proportional (actually equal in this simple case) to the time 7 that
has passed from the beginning of the walk, i.e. var[V;| = 7. Its mean is zero at all times.

If both the time t and the state v(t) of the white noise are continuous, then the resulting

cumulative process V(t) = fot v(s)ds is called the Wiener process. This is again a nonstationary

process with mean zero and variance proportional to the time ¢, i.e. var[K(t)] = ¢%t, where o?

has been defined above.

The quantity 62 /2 is known as the diffusion constant. The Wiener process is used to model
diffusion phenomena and the Brownian motion under free conditions, i.e., when there are no
bounds in the motion, nor a restoring force (e.g. gravity in atmospheric motion). However, in real
world systems the motion is not free (these conditions do not hold true) and the Brownian motion
is bound. In such systems the resulting process is not Wiener but a stationary process.

More information on these processes can be found in Papoulis (1991). An application of the
random walk process to derive a classical physical law is discussed in Digression 3.E.

Digression 3.E: Random walk, diffusion, Fick's first law and Fourier’s law

Here again we consider the random walk process with some modifications. We assume that the
process v; can take on three values, 0, +1 and -1, and represents the motion in time Az of a particle
sitting at a box at a position x to adjacent boxes in a unidimensional lattice with spacing Ax. The
value v; = 0 represents the case that after time Az the particle remained at the box x, while the
values v; = +1 and -1 represent the cases where the particle moved to the sites x + Ax and x —
Ax, respectively. We assign a probability p to the event that the particle moved and assume
symmetry in the direction of motion (a consequence of entropy maximization). Hence the
probabilities of v, =0, +1 and -1 are 1 — p,p/2 and p/2, respectively.

We assume that at time t many particles are sited at x and we denote c(x) the respective
concentration (number of particles per unit volume) at position x. The number of particles in the
volume defined by the increment Ax and unit vertical size is N(x) = c(x)Ax. We wish to find the
net flux q(x) between sites at x and x + Ax. The net flux q is the net number of particles crossing
a unit area per unit time and equals the algebraic sum of two quantities, g(x) = qgr(x) — q1,(x),
where qg (x) is the flux to the right direction from x to x + Ax and q;,(x) the reverse flux, directed
to the left. We have

gr(x) = (p/2)N(x)/At,  qr(x) = (p/2)N(x + Ax)/At
and thus
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q(x) = (p/Z)(c(x) —c(x + AX))AX/A‘L’

Assuming continuity, we take the Taylor expansion of c(x + A4x):
dc
c(x + Ax) = c(x) + (&) Ax + 0(Ax)?

Furthermore, assuming that Ax is small and omitting the high order terms, we get

p Ax? (OC) 3 ac _pAx? o

1W=-55 ) ="G) P=rm-7

where D is the diffusion constant. Notice that when Ax — 0,At — 0, the quantity Ax? /At equals
the variance o2 of the continuous time process in Digression 3.D, but now it is multiplied by p to
take account of the assumption that the particle is possible to stay in the same position (v, = 0
with probability 1 — p).

Equation (3.57) is known as the Fick’s first law of diffusion. We can also apply to gas
molecules’ motion, which transfers energy among particles, denoting g(x) the heat (temporal)
rate, and substituting temperature T for concentration ¢, and thermal conductivity k for the
diffusion constant. The resulting relationship, q(x) = —k(dT/dx), is the Fourier’s law.

2
(3.57)

3.11 The linear Markov process

We will now discuss a more interesting case of filtering of the white noise by means of a
stochastic version of a linear differential equation. To establish such an equation, we use
a simple hydrological system, a linear reservoir with inflow v(t) and outfow x(t). The
reservoir state is characterised by its storage S(t) and the change in outflow (reservoir
spill) is assumed (as an approximation) to be proportional to the change in storage, dx =
dS/a, where a > 0 is a constant with units of time. The continuity equation (corresponding
to mass conservation for an incompressible fluid) is dS/dt = v — x and if we make the
substitution dS = adx we find that the system dynamics is the first-order linear
differential equation:

dx(t)
dt

Now, let us assume that the inflow is a stochastic process and specifically a white
noise process. For convenience we subtract its mean so that v(t) has the characteristics

+ x(t) = v(t) (3.58)

a

given in equation (3.53). The output x(t) will be a stochastic process as well. Thus, we can
write the stochastic version of equation (3.58) as:
dx ()

a— x(t) = v(t) (3.59)

As simple as may it seem, the transition from the deterministic version in equation (3.58)
to the stochastic version in equation (3.59) involves mathematical troubles. In fact, the
process x(t) is hardly differentiable and the derivative dx(t)/dt does not generally exist.
Thus, stochastic differential equations require their own rules of calculus. Here we use
the following simple rule: We solve the differential equation as if it were deterministic
with well-defined derivatives. Naturally, the mathematical expression of the solution will
not contain derivatives. In that expression we replace the deterministic functions with
stochastic processes, thus bypassing the differentiability problem.
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In this manner, the linear differential equation (3.59) is easily solved to give:

t
f v(uw)e*/*du (3.60)
0

-t/a

x(6) = x(0)e~t/ + 5

We observe in equation (3.60) that:

1. The two additive terms on the right-hand side are independent as the outflow of
the present, x(0), cannot depend on the future inflows v(u),0 < u < t.

2. The outflow does depend on the outflow of the present, x(0), but not on other x(t)
of the past (t < 0).

A stochastic process that has the latter property is called a Markov process. More
generally, a Markov process is one in which the future does not depend on the past once
the present is known; symbolically:

P{g(t) < x|x(s) =x(s),s <0< t} = P{g(t) < c|x(0) = x(O)} (3.61)

The particular Markov process x(t) of equation (3.60) can be called the linear Markov
process and it is also known as Ornstein-Uhlenbeck process, while the stochastic
differential equation (3.59) is known as the Langevin equation (Papoulis, 1991). The mean
of the process is:

E[x(®©)] = E[x(0)]e~*/* (3.62)

Subtracting equation (3.62) from (3.60), squaring and taking expected values we get:
t
oD
var[x(t)] = var[x(0)] e72/% + ——e2t/a f e2u/ady,
a
0 (3.63)

a2D oD
= —_— e —Zt/(){
a + (Var[g(O)] o >e

From (3.62) and (3.63) we conclude that E[g(t)] and Var[g(t)] tend fast (exponentially)
to 0 and A? := 62D /2a, respectively, regardless of the values E[x(0)] and var[x(0)]. In
particular, if E[g(O)] =0 and Var[g(O)] = ¥o = A%, then the process has constant mean
(0) and variance (A?) at all times. Interestingly, if we take D = a, then A% = ¢2/2, that is it
equal the diffusion constant as in Digression 3.D.
It is easily seen that the following equation is a consequence of (3.60):

t+h

f v(uw)e*/*du (3.64)

t

—h/a
x(t+h) = x(D)e™" +

Multiplying this equation by x(t) and taking expected values we get:
c(t,h) = E[x(t + W)x ()] = E[x(t)?]e ™= (3.65)

and in the case where E[E(O)] =0, Var[g(O)] = A? this becomes:
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c(h) = A%e M« (3.66)

In other words, the autocovariance is a function of the lag h only and the process is wide-
sense stationary. The other second-order characteristics of the process in continuous and
discrete time, derived through the generic equations contained in Table 3.3, are
summarized in Table 3.5 and illustrated in Figure 3.5.

The celebrated linear Markov process is nothing more than filtered white noise
through a linear differential equation. The filtering eliminates the problems related to the
appearance of infinities discussed in section 3.10 and, thus, it is physically consistent.
Furthermore, the simplicity of the equations of its second-order properties makes it
attractive and easy to use. On the other hand, its Markovian property, i.e. the
independence of the future from the past once the present is known, may contradict our
perception that history always influences future developments. We may thus regard it as
too simplistic a model of natural reality. Furthermore, the fact that it minimizes entropy
production for large times (t = o) (Koutsoyiannis, 2011b; see also Digression 3.H) may
be another obstacle in accepting it as a good model to represent natural processes.

Table 3.5 Second-order characteristics of the Markov process at continuous and discrete time.

Property Formula Eqn. no.
Variance
Continuous-time process
=y(0) = c(0) = 4* 3.67
(instantaneous) Vo =7(0) = c(0) ( )
Averaged process at scale 272 1—ek/a
asea P y(k) = 1- (3.68)
k (climacogram) k/a k/a
Autocovariance function
Continuous-time,lagh  c(h) = 12e~ 1"/ (3.66)
2(4 _ o—D/a)?
) ) Cn = )/(D) C. = A (1 e ) e—(n—l)D/a
Discrete time, lagn = h/D -0 ’ n (D/a)? ’ (3.69)
n=1
Power spectrum
Continuous time, 4a)?
swW)=——7r—= (3.70)
frequency w 1+ (2maw)?

Discrete time,
frequency w = wD

sinh(D/a) 1 — cos(2Tw)
B D/a cosh(D/a) — cos(2mu)> (3.71)

sq(w) = 4al? (1

A discretized Markov process at time step D tends to be uncorrelated in time as D
increases. Therefore, at large time scales the Markov model is indistinguishable from
white noise: indeed, from equation (3.68) we conclude that for large k (or small a) the
variance is inversely proportional to the time scale, as in the white noise. Thus, even
though sometimes it is said that the Markov model reflects short-term persistence, it is
better not to use the term persistence in this case. Certainly, it entails short-range
dependence in time. However, its asymptotic properties (cf. equations (3.46) and (3.47))
are (Koutsoyiannis, 2017):
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M:%’ b¢(0) =%» y*(0) = ¢*(0) = 0, P*(0) = 2, s*(c0) = -2
(3.72)

N 1
H = Y (DC(OO) = EJ V#(Oo) = _11 C#(OO) = —o, ll}#(OO) = S#(O) =0

Thus, according to the classification of section 3.9, the process is neutral: neither
antipersistent nor persistent and neither rough nor smooth.

1 ﬁ\ 100 ~
\ \ 10 ;\
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Figure 3.5 Second-order characteristics of a linear Markov process with parameters A = 1,a =
20 and discretization time step D = 1. The climacogram and climacospectrum are precisely the
same for the continuous- and discrete-time representations. The autocovariance and the power
spectrum have some differences between the two representations which are invisible in the
former case and visible in the latter.

While the linear differential equation, on which the introduction of the Markov model
has been based, has some physical basis, the assumption that the inflow is white noise is
physically problematic, as we clarified in section 3.10. This is another reason making the
simple Markov model inappropriate for natural systems, except in simple systems where
independence is justified. Even though it is rarely noticed, this problem is also
encountered in most cases of stochastic differential equations that are deterministic
equations perturbed by white noise.

Related to the Markov process in continuous time is the discrete-time process:

Xy = aX;—q + U + bV (3.73)

commonly known as ARMA(1,1), which stands for autoregressive-moving-average
process of orders (1,1). Here v, is discrete-time white noise with variance ¢, and a and b
are parameters. It can be easily shown (homework) that its second-order characteristics
are interrelated by:

(a + b)Z 2 2 n-1
Co = 1+1——(12 gy, 61=a60+bav, Cn:a Cq, T]Zl (374)

Comparing with equation (3.69) we see that the ARMA(1,1) process is identical to the
discrete-time representation of the Markov process if we choose:
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(3.75)

_ ~—D/a — —
a=e , Co =V =
0=V =g D/a (D/a)?
Alternatively, if we know the first three terms of the autocovariance function in discrete
time, then, without referring to the continuous time formulation, the parameter a can be
found as the ratio

22 ( 1- e_D/“> A2(1 — e~D/a)?
J— , Cl —

a=cy/cy (3.76)

The remaining parameters b and ¢;2 can be found from the first two equations in (3.74) in
terms of ¢y = y; and c;. A rather involved but explicit solution can also be found
(homework).

The special case in which:

b=0&c/cy=a (3.77)

is known as the AR(1) process, standing for autoregressive process of order 1. This is the
limiting case as D/a — 0. It can also appear in a discrete-time representation of the
Markov process for finite time step D if, instead of time averages, we use instantaneous
quantities, thus obtaining the so-called sampled process defined in discrete time as:

x; = x(zD) (3.78)
(compare this with (3.12)). The AR(1) process is thus:
Xr =aXe1 T V¢ (3.79)
and its second-order characteristics are:

o2 A < 2 2a(1 — a"®)

=7 —_—] ) — &
=1 a7 = a7 % 4 k (1—a)? K

) (3.80)

It is worth mentioning one more process of similar type, the AR(2) process, which is:
Xr = Q1Xe 1+ X T U (3.81)

and has second-order characteristics interrelated by:
Co = aq€1 +azcy + 0,,2, €1 = aq€y + aycy, Cp = a1Cp1 +AxCpp, N2 1 (3.82)

Once the covariances ¢y, ¢4, c; are known (estimated from data or derived theoretically)
the three parameters a,, a,, 62 can be easily found as the system of equations is linear.
Additional information about similar discrete time processes is given in Digression 3.F.

Digression 3.F: The Time Series School and its processes

The AR(1), AR(2) and ARMA(1,1) processes discussed in section 3.11 are representatives of
bigger families of models developed within the Time Series School. Obviously, higher order AR and
ARMA models can be formulated, and actually are in common use, along with additional families
such as ARIMA(p,d,q) (standing for autoregressive integrated moving average models) and
ARFIMA(p,d,q) (with the additional ‘F’ standing for fractional). Equations such as (3.82) are called
Yule - Walker equations as they were introduced by Yule (1927) and Walker (1931), both British
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statisticians who, starting from an analysis of sunspot numbers, studied autoregressive processes
and in particular their periodogram and autocorrelation properties. However, we will not refer to
this type of processes here, preferring to base our analyses on the Stochastic School, pioneered by
A. Kolmogorov, which provides more solid grounds, both for foundation and application, than the
Time Series School. As discussed in Koutsoyiannis (2025a), useful tasks such as the application of
stochastics in simulation can be undertaken in a generic and simple manner without any
reference to the non-parsimonious models of the Time Series School.

We should note, however, that the Time Series School and its models are much more popular
than the Stochastic School in many disciplines, including geophysics. It appears that the former
was initiated by the American economist W.M. Persons. In studying the problem “When to buy or
sell”, Persons (1919) introduced the study of time series, which he called statistical series, and
asserted that they “result from the combination of four elements: secular trend, seasonal variation,
cyclical fluctuation, and a residual factor.” He also proposed methods for “Eliminating secular
trends” and “Eliminating seasonal variation”. Interestingly, the Ukrainian/Russian/Soviet
mathematical statistician and economist Slutsky (1927) demonstrated that what Persons (and
other economists) regarded as cyclical component is only a meaningless statistical artefact (see
e.g. Kyun and Kim 2006; Barnett, 2006). Subsequently, the notion of a cyclical component was
abandoned but the decomposition of a time series into the three other components, trends,
seasonal variation and residuals remains popular.

Perhaps the first definition of a time series was given by the American statistician Bailey
(1929):

A time serlies is a series of observations taken at different times and recorded with the time at
which they were taken.

The biggest progress in the Time Series School was made in Uppsala by the Norwegian-born
(with career in Sweden) econometrician and statistician H.0.A. Wold and the New-Zealand-born
mathematician and statistician P. Whittle, who in their doctoral theses provided the stochastic
foundation for time series analysis. Wold (1938, 1948) proved that a stochastic process (even
though he referred to it as a time series) can be decomposed into a regular process (i.e., a process
linearly equivalent to a white noise process) and a predictable process (i.e., a process that can be
expressed in terms of its past values). This has been known as Wold’s decomposition. Whittle
(1951, 1952, 1953) laid the mathematical foundation for autoregressive and moving average
models in univariate and multivariate settings. Later, in their influential book, Box and Jenkins
(1970) named these models with the above acronyms and they became popular with these names
and also with the name Box - Jenkins models (cf. Stigler’s law of eponymy, which states that no
scientific discovery is named after its original discoverer; Stigler, 2002).

Despite the wider influence of the Time Series School over the Stochastic School, there are
several problems with the former. First, the term time series is ambiguous, sometimes denoting a
series of observations as in the original definition of Bailey (1929) (or, equivalently, a realization
of a stochastic process), and at other times denoting the stochastic process per se (as in the
aforementioned use by Wold). As we have already emphasized, here the term time series is used
with the first meaning, a series of numbers, while for a series of stochastic variables we use the
term stochastic process. Second, with the exception of the simplest models of these families, such
as the AR(1) and ARMA(1,1), time series models are too artificial because, being complicated
discrete-time models, they do not necessarily correspond to a continuous time process, while
natural processes evolve in continuous time. Furthermore, their identification, typically based on
the estimation of the autocorrelation function from data (see Digression 4.C for an explanation),
usually neglects estimation bias and uncertainly, which in stochastic processes (as opposed to
purely random processes) are often tremendous (Lombardo et al., 2014).

Indeed, from the outset (Whittle, 1952), time series models have been closely associated with
a large number of parameters, and they usually become over-parameterized and thus not
parsimonious. These parameters are estimated from data, which usually are too few to support a
reliable estimation. The decomposition of a time series to components, trends, seasonal variation
and residuals, is fundamentally problematic, despite being popular. Remarkably, a meaningful
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definition of a trend has never been given. It is also hard to fathom how time per se could be
regarded as an explanatory variable for a complex process and on what logical basis the statistics
of a physical process could be expressed as a deterministic function of time. Accumulation of data
series with long time spans (cf. Koutsoyiannis, 2025a) has shown that, what have been regarded
as trends, are mostly parts of long-term fluctuations (and in accord with Slutsky’s work, they
could also be regarded as statistical artefacts). Finally, “deseasonalization” (or in Persons’s
original terminology “Eliminating seasonal variation”) is a delusion. We can hardly remove
seasonality in the multivariate distribution of a stochastic process. What we typically do is in the
marginal distribution only and so there is no elimination.

3.12 The Hurst-Kolmogorov process

The Hurst-Kolmogorov (HK) process in its continuous-time version is defined through its
climacogram:
2-2H

y(k) = A (%) (3.83)

By setting H = 1/2 we recover equation (3.51), which means that the HK process is a
generalization of the white noise. Its other second-order characteristics are given in Table
3.6 and illustrated in Figure 3.6. Their LLDs are constant for all time lags and scales and
all frequencies:

®(k) = dc(k) =H, y# (k) =c*(h) =2H -2, y*(k) = —s*(w)=2H—-1 (3.84)
including their asymptotic values at 0 and oo. Accordingly, M = H — 1.

Table 3.6 Second-order characteristics of the HK process at continuous and discrete time.

Property Formula Eqn.
no.
Variance
Continuous-time process
=1(0) = c(0) = 3.85
(instantaneous) Vo =y(0) =¢(0) = 4o ( )
Avgraged process at scale k Y (k) = 22(a/k)>2H (3.83)
(climacogram)
Autocovariance function
a~2-2H 1
2 _ -z Z
A2H(2H — 1) (h) , H >
h 1
Continuous-time, lag h c(h)y=42%6 (—), H= 3 (3.86)
a
a~2-2H h 1
AHQH - 1) (- 8”(—), H< -
( ) (h) * a 2
: 2H 4 ;i 2H
¢y = A*(a/D)*2H (U Sl AL Ijlz”)
Discrete time, lagn = h/D K 2 (3.87)
(fOI‘T] > 2' Cr] ~ H(ZH - 1)j2H_2y1J Y1 = /12 (a/D)Z_ZH)
Power spectrum?
' i 2aA’T(2H + 1) sin(nH)
Continuous time, s(w) = 211_1 (3.89)
frequency w (2maw)

1 The power spectrum of the discrete-time (averaged) process exists (it is finite for w > 0) but it does not
have a closed expression. However, for small frequencies (w = wD < 0.1), the continuous-time expression
is a very good approximation for the discrete-time process, i.e. sq(w) = s(w/D).
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Figure 3.6 Second-order characteristics of a HK process with parameters A = 1,a = 20,H = 0.8
and discretization time step D = 1. The climacogram and climacospectrum are precisely the same
for the continuous- and discrete-time representations. The autocovariance and the power
spectrum have some differences between the two representations, which are visible in both cases.

The Gaussian version of the process is also known as fractional Gaussian noise (FGN)
due to Mandelbrot and van Ness (1968), although these authors used a more complicated
approach to define it. Here we do not use the term FGN as the adjective fractional is not
quite informative (even white noise, in which H = 0.5, is fractional too), the adjective
Gaussian is too restrictive (non-Gaussian HK are also common; see Koutsoyiannis, 2025a)
and the noun noise is too negative and perhaps misleading when we try to describe
Nature’s processes. As already mentioned, a variant of that mathematical process had
been proposed earlier by Kolmogorov (1940), while Hurst (1951) pioneered the
detection in geophysical time series of the behaviour described by this process. Hence the
name HK, which we use for this process.

Because this process has infinite instantaneous variance, the sampled process in
discrete time is not meaningful (many characteristics take infinite values). However, the
averaged process is well behaving with all its characteristics (including its variance) finite.
This makes it quite useful in applications, once we exclude the very small scales.

The HK process is almost as simple and parsimonious as the Markov process; again,
it contains only one parameter, H, in addition to those describing its marginal distribution.
Notice that the process variance is controlled by the product A? ?~2#, so that A and q, are
not in fact separate parameters. Despite that, we prefer the formulation shown in Table
3.6 with three nominal parameters for dimensional consistency: @ and A are scale
parameters with dimensions [t] and [x], respectively, while H, the Hurst coefficient, is
dimensionless in the interval (0, 1).

For H = 1/2 the process reduces to pure white noise. For 1/2 < H < 1 the process is
persistent and for 0 < H < 1/2 antipersistent. Most of the expressions shown in Table
3.6 hold in all three cases. However, the autocovariance c(h) has different expressions in
the three cases, as shown in Table 3.6. Specifically, for H < 1/2, the autocovariance c(h)is
negative for any lag h > 0, tending to - as h —» 0. However, at h = 0,c(0) = +oo,
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because this is the variance of the process which cannot be negative. In other words, there
is an infinite discontinuity at h = 0. Consequently, the averaged process has positive
variance and all covariances negative. Such a process is not physically realistic because
real-world events at near times are always positively correlated, which means that for
small h, c(h) should be positive. Also, the infinite variance cannot appear in Nature. Thus,
the HK process can describe natural phenomena only for 1/2 < H < 1 and for time scales
that are not too small. Furthermore, values H > 1 that are sometimes reported in the
literature are mathematically invalid (Koutsoyiannis, 2014b, 2017; Koutsoyiannis et al.,
2018; see also Figure 3.4). They are the results of inconsistent algorithms. In terms of
entropy production, the process maximizes it for large times (¢t = oo) but minimizes it for
small times (t — 0).

Digression 3.G: Developments in stochastic modelling in geophysics before
and after Hurst

Hurst’s (1951) discovery of the natural behaviour named after him was triggered by a real-world
problem of engineering hydrology, the design of reservoirs. This gave hydrology a central role in
understanding such behaviour and subsequently in the dissemination process to other
disciplines. Hydrology has mostly been an importer of stochastic methods from other fields, but
Hurst’s research has been an exception marking a large-scale “export” to other fields (O’Connell
etal, 2016).

The understanding that hydrological processes could not be modelled effectively by
deterministic techniques did precede Hurst’s research. Techniques that could be classified as
applications of the Monte Carlo method had appeared in the hydrological literature much earlier
than the “official start” of the Monte Carlo method in 1949 and of Hurst’s (1951) paper. Hazen
(1914) did a pioneering study in which he introduced the reservoir storage-yield-reliability
relationship, a concept that would remain unexploited in Western hydrological literature, even
though it offered a scientific basis of modern reservoir design (Klemes, 1987). In that study he
proposed an empirical simulation technique and formed a synthetic time series by combining
historical flow records of different rivers ‘spliced’ sequentially together. Sudler (1927) extended
the work of Hazen by resampling from a sequence of historical river flows using cards, which he
shuffled to form new sequences of data. Obviously, this method heavily distorts the time
dependence of river flows whose importance was not known at that time.

For it was Hurst (1951) who understood that importance along with the omnipresence in
natural processes of a clustering behaviour of similar events in time, a behaviour that is now
understood as (long-term) persistence, long-range dependence (LRD) or Hurst-Kolmogorov
dynamics. In his attempt to compare natural and random events, Hurst performed physical
experiments to generate random numbers. Specifically, he tossed 10 coins (sixpences)
simultaneously and repeated this 1025 times (note that 10 binary digits are equivalent to about
3 decimal digits). As he notes, his rate was 100 random numbers per 35 minutes (while that would
be of the order of a microsecond in modern computer environments, even slow ones). He also
used another method, shuffling and cutting a pack of 52 cards, in which he improved the rate to
100 random numbers per 20 min.

The behaviour discovered by Hurst is now known to many disciplines, most prominently in
information sciences, biological and medical sciences, economics and finance, and geophysical
sciences—except the so-called climate science where it is hardly known. Even within the
hydrological community it took decades before Hurst’s discovery of persistence was assimilated
(O’Connell et al., 2016). Thus, the initial studies implementing primitive variants of stochastic
simulation did not reproduce LRD. Barnes (1954), in designing a reservoir in Australia, used a
table of random numbers from normal distribution to generate a 1000-year sequence of synthetic
annual data. Thomas and Fiering (1962) generated flows correlated in time, but using only the
lag-one autocorrelation, obviously neglecting LRD. Beard (1965) and Matalas (1967) generated
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concurrent flows at several sites. Chow (1969), and Chow and Kareliotis (1970) systematized the
use of time series models (in particular—and using their terminology—moving average models,
sum of harmonics models and autoregression models) and highlighted their value in the economic
planning of water supply and irrigation projects. It is evident from the above pioneering studies,
as well as from the myriads of subsequent studies, that geophysicists have followed (and today
still do) the Time Series School rather than the more rigorous Stochastic School.

3.13 The Filtered Hurst-Kolmogorov process

The HK process should not be regarded as a model of general validity, but one that it is
valid for large scales—and indeed, we shall use it since it is more physically plausible than
processes with exponential decrease of autocovariance (e.g. the Markov process). To this
end, we can filter HK appropriately to make it a physically consistent process for all scales.
This is the same as what we did to the white noise to make it physically consistent by
removing infinities.

Similar to the white noise process, if we filter an input v(t) that is now an HK process,
either by a moving average filter or by a linear differential equation system, then itis easy
to see that the filtered output is a physically realistic process with finite variance y(0),
practically an unaffected climacogram y(k) at large scales with y#(o) = 2H — 2 (as in the
original HK process), but a highly modified climacogram at small scales, thus having a
valid structure with M = &(0) — 1 = (#(0) —1)/2 = H.

However, to enrich the process we can make the parameter M independent of H, thus
making it more flexible in order to model real world data. For the model application it is
not necessary to specify the linear filter needed to convert the HK process into a filtered
Hurst-Kolmogorov (FHK) process. (In some cases this would be too involved). It suffices
to specify a convenient expression of the climacogram. Below we provide three such
expressions (from Koutsoyiannis, 2017). All expressions contain the dimensionless
parameters M and H with the meaning and values discussed in section 3.8.

1. The generalized Cauchy-type (FHK-C) climacogram:

H-1
y(k) = 22(1 + (k/a)*M)y ™ (3.89)
2. The generalized Dagum-type (FHK-D) climacogram:

M
y(k) = A2 (1 -(1+ (k/a)2<H-1>)H-1> (3.90)
3. The composite Cauchy-Dagum-type (FHK-CD) climacogram, derived by summing
an FHK-C with M = 1 and an FHK-D with H = 0:
y(k) =231+ (k/a)®) 1 + 231 — (1 + (k/ax)™*)™) (3.91)

4. A second form of FHK-CD (FHK-CD2), derived by summing an FHK-C with M = 1/2
and an FHK-D with H =1/2:

y() =21 + k/a)? 72 + 31 = (1 + az/k) ™M) (3.92)
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Figure 3.7 (upper) Climacograms and (lower) EPLT (&(t)) and CEPLT (@¢(t)) of the three
indicated example processes for neutral smoothness (M = 0.5). At time scale D = 1 all three

processes have the same variance y(1) = 1 and the same autocovariance for lag 1, cil) = 0.5. Their
parameters are: for the linear Markov process a = 0.8686, A = 1.4176; for the HK process a =
0.0013539, A = 15.5032, H = 0.7925 (equivalently, a = A = 1 but the former parameter set was
preferred in order to be comparable to the FHK); for the FHK process a = 0.0013539, A = 15.5093,
M = 0.5, H=0.7925. In the lower graph conditional and unconditional HK coincide (adapted from
Koutsoyiannis, 2016).

FHK-CD in either of the variants (3.91) and (3.92), is most convenient, as the first
additive term determines only the persistence of the process and the second one the
smoothness of the process. In addition, it is more flexible and richer than its constituents,
as it contains two couples of scale parameters. However, if parsimony is sought, then it
can take the same number of parameters as each of the constituents by setting a; = a, =
a and A; = A, = A (note that, for dimensional consistency, A and a are minimal parameter
requirements).

In the special case M = 1 — H both FHK-C and FHK-D result in the same expression:
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AZ

Y0 = TG ayaam (3.93)
For large k/a the FHK process tends to the HK one. This is illustrated in Figure 3.7, where,
in addition, the linear Markov model (for the same value of the lag-one autocovariance) is
plotted for comparison. We notice that, as time tends to zero, the Markov and the FHK
models have the same entropy production while the HK model is associated with minimal
entropy production. For intermediate times the Markov model gives higher entropy
production than the other two models, but this is done at the “expense” of giving too low
entropy production at large time scales, at which both the HK and the FHK give precisely

the same high entropy production.

Digression 3.H: Entropy production and time series patterns

The different patterns in time series generated by different M and H (specifically for the Cauchy-
type climacogram) are illustrated in the plots of Figure 3.8, also in comparison with two other
models, the white noise (panel (a)) and the linear Markov model (panel (b)). These two serve as
useful benchmark models for comparisons: the former is free of patterns as it reflects pure
randomness, and the latter is fully neutral (neither rough nor smooth as ®¢(0) = 3/2, and neither
antipersistent nor persistent as ®¢ () = 1/2).

The time series plotted in Figure 3.8 were generated by the symmetric moving average (SMA)
scheme described in Koutsoyiannis (2025a) with 1024 coefficients (weights) a. In all cases the
discretization time scale is D = 1, the characteristic time scale @« = 10, and the characteristic
variance scale A is chosen so that for time scale D, y(D) = 1. The mean is 0 in all cases and the
marginal distribution is normal. The FHK is implemented using the Cauchy-type climacogram.
Each of the panels shows the first fifty terms of time series produced by each of the model
implementations at time scales k = 1 and 20. In addition, each panel contains a “stamp” of the
specific model represented by the plot of CEPLT, @ (k). In this way the time series patterns can
be connected to the entropy production of the generating mechanism.

In panel (c) the CEPLT is close to the absolute maximum both for small and large scales (H =
M =0.97 so as to obtain @ (0) = 1.97 ~ 2 and @ () = 0.97 ~ 1); notable is the very smooth shape
at scale 1 and the large departures from the mean (which is 0) at scale 20. On the contrary, in
panel (d) the CEPLT is close to the absolute minimum for all scales (H = M = 0.05, so as to obtain
@c(0) = 1.05 = 1 and ¢¢(o0) = 0.05  0—for better visualization it was preferred not to use values
of H and M < 0.05). Furthermore, in panel (e) the CEPLT is close to the absolute maximum for
large scales (H = @¢(c0)= 0.99 ~ 1) and close to the absolute minimum for small scales (M = 0.01
resulting in @:(0) = 1.01 ~ 1). Finally, in panel (f) the conditions are opposite to those in (e) i.e.,
the CEPLT is equal to the absolute minimum for large scales (H = ®¢ (%) = 0.01 ~ 0) and to the
absolute maximum for small scales (M = 0.99 resulting in & (0) = 1.99 = 2).

The particular case of panel (e) is close to what is usually called “pink noise” or “1/f noise”,
as the power spectrum has almost constant slope -1 for the entire frequency domain (which is
the same in the climacospectrum). This means that using the FHK model we can theoretically
represent and practically produce even “pink noise” in a consistent stationary setting without
linking it to a nonstationary process (Keshner, 1982; Wornell, 1993), which involves several
theoretical inconsistencies. Indeed, the small change of slope from 0.99 to 1.01 is not actually
visible, especially considering the very rough shape of the empirical periodogram, which certainly
cannot support differentiation between 0.99 and 1. The FHK model can be used also in other ways
to produce “pink noise”, that is, by selecting a very large (small) parameter a so as to expel from
our field of vision the asymptotic behaviour on large (small) scales. And we can imagine that in
several cases of empirical exploration using observations of natural processes, the observation
resolution and length, compared to characteristic scale(s) of the process, would be such as to hide
the asymptotic behaviour of the process. We can use this as a trick to obtain virtually constant
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power spectrum slopes much steeper than —1. Specifically, we can use a large a that does not allow
viewing of the asymptotic behaviour at low frequencies or large scales and the slope (see example
in Koutsoyiannis, 2017). But this should not mislead us into interpreting the steep slopes as
indicators of nonstationarity (see Digression 3.C).
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Figure 3.8 The first fifty terms at time scales k= 1 and 20 of time series produced by various models, along
with “stamps” of the models (thick lines plotted with respect to the right vertical axes) represented by the
CEPLT, @ (k). The different models are (a) white noise; (b) Markov; (c) FHK, with CEPLT close to the
absolute maximum (H = M = 0.97); (d) FHK, with CEPLT close to the absolute minimum (H = M = 0.05;
notice the slow convergence of ®(k) to the limiting values 0 and 1); (e) FHK, with CEPLT close to the
absolute maximum for large scales (H = 0.99) and close to the absolute minimum for small scales (M =
0.01); (f) FHK with CEPLT close to the absolute minimum for large scales (H = 0.01) and to the absolute
maximum (M = 0.99) for small scales. (Source: Koutsoyiannis, 2025a.)

3.14 Dependence and behaviour of extremes

When we study extremes, we are usually satisfied by specifying the marginal distribution.
As analysed in Chapter 2, this is generally sufficient for design purposes, where the design
is based upon the concept of return period (see Digression 2.I). In this respect, the
dependence structure of the process of interest may not affect the design procedure per
se. However, the dependence in a stochastic process substantially alters the temporal
distribution of extremes. In a process with dependence there are patterns. Specifically,
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there are periods with clusters of extremes and periods without extremes or with
infrequent extremes. We should thus adapt our perception of the behaviour of extremes
to become consistent with this reality. Without such adaptation our perception will
probably continue to be guided by the “roulette-wheel” paradigm, in which there are no
patterns.

There is an additional, more severe, consequence of the presence of dependence.
Geophysical studies necessarily rely on data to make inferences. Data records are usually
inadequate, becoming worse when there are extremes. The latter problem also affects the
specification of the marginal distribution. This is illustrated by a simulation experiment
in Digression 3.1.

Digression 3.1: Relationship of persistence and distribution upper tail

To illustrate whether or not (and how) the persistence (or long-range dependence or just change)
affects the estimation of the marginal distribution of a discrete-time stationary process x; we
perform a simulation experiment. We assume that the marginal distribution of x; is exponential:
f(x|1) = 1 e**. Further, we make two alternative assumptions:

(a) that the parameter A is constant, A = 5, and
(b) that A varies slowly with mean pj =5and standard gamma distribution, f;(4) =

A5~te 4 T(Q) with { = puy = 5.

To simulate a slowly varying A we initially generate a time series of a stochastic process A’
with the same distribution as A from the HK process with a high H = 0.95. Then we form a time
series of A with the rule A; = 1; with probability 1/100, otherwise A; = A;_4. The latter rule
guarantees that each value A; lasts on average for 100 time units. The HK process used for 4;
guarantees that there is change on all scales, not just at scale 100. Koutsoyiannis (2004a) has
shown that the unconditional distribution of x in this case is Pareto rather than exponential, i.e.
fe() = ¢ 1+

With either of the two alternatives, once A is known at time step 7, we generate x; from the
exponential distribution independently of previous and next x;. In alternative (a), the resulting
process will be white noise. However, in alternative (b), the change of the parameter induces
dependence, while the process x; remains stationary (because the change is stochastic, resisting
a deterministic description).

Figure 3.9 (upper row) depicts two time series x;, each with length 10 000, generated with
alternatives (a) (left panel) and (b) (right panel). Moving averages for a time scale of 500, also
plotted in the two panels, indicate the absence of patterns (pure randomness, white noise) in
alternative (a) and the long-range dependence (not nonstationarity) in alternative (b).

Now let us assume that this time series represents a hypothetical geophysical process on an
annual scale. Let us further assume that a researcher has a record of fewer than 100 observations.
Most probably all of these refer to the same value of the parameter A;. Consequently, the
researcher would diagnose that:

e the process behaves like white noise—and indeed, the slope of the climacogram (Figure 3.9,
lower right) for scales < 10 (one tenth of the sample size) is -1;

e the marginal distribution is exponential—because it indeed is exponential conditionally on a
single value of A.

The two distributions for constant and varying A (cases (a) and (b)) are shown in the bottom-
left panel of Figure 3.9, along with the distribution of A in case (b), as empirically derived from the
simulations. The adoption of the former underestimates the design quantities for large return
periods. Furthermore, the bottom-right panel shows the dramatic differences in the climacograms
of the two cases. The climacogram in case (b) starts with a slope -1 for scales < 10, but for large
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scales this becomes -0.33, suggesting H = 0.84. The varying slope is consistent with the findings
of Markonis and Koutsoyiannis (2016) for the rainfall process. Overall, this simulation experiment
shows two things.

e Long series are needed to diagnose natural behaviours and in particular the multiscale
change in natural processes.

¢ The mechanisms producing change may also lead to thickening of the distribution upper tail,
thus enhancing the occurrence probability or the intensity of extremes.

These effects are particularly important when we study maxima, neglecting the small values
(below a high threshold), a practice that tends to hide the existence of long-range dependence
even in long records (see lliopoulou and Koutsoyiannis, 2019).

5 0.5
5 - 0.5 ——Time scale 1
Time scale 1 = \loving average, time scale 500
== VIQving averdge, time scale 500
4 0.4 4 0.4
— 8 =
) n n
‘© o 9 Q
33 03g &3 - 038
[0 [ a
= v ¢ [}
b= E E £
= s B 1] =
o 02%5 &2 02 %
=] o 9 ]
& l 2 3 3
> ‘ c O ‘ ‘ ©
> > >
‘H\\\H M 0.1 1 4 H 0.1
0 2500 5000 7500 10000 0 2500 5000 7500 10000
Time Time
0.1
10 B
a"-- \
-~
ey / N\
K \ s
1= < on o Jobes
<1 = = \
3 ¢ 5 N %
§ o N
= 0.001 N4
0.1 \ 4
- = x|for cons-tart A — — yforconstant A \\\
e x| for varying|A v for barying A ~
oo1 L | ====- A 0.0001 A
1 10 100 1000 10000 1 10 100 1000

Return period, T Time scale,

Figure 3.9 Graphs for the hypothetical example studied in Digression 3.I: (upper left) for constant A;
(upper right) for varying A; (lower left) plots of distribution functions; (lower right) plots of
climacograms (see text for further explanation).






Chapter 4. Fundamental concepts of statistics and their adaptation to
stochastic processes

4.1 Introductory comments

The first aim of this chapter is to serve as a synopsis (rather than a systematic and
complete presentation) of fundamental statistical concepts. It is well known that the aim
of statistics per se is to provide a methodology for drawing conclusions based on
observations. The conclusions are only inferences based on induction, not deductive
mathematical proofs (see Digression 4.A); however, if the associated probabilities
approach 1, they almost become certainties.

Classical statistical theory is entirely based on the assumption that observations are
from a sample, a concept (formally defined in section 4.2) whose very definition relies on
the independence of observations. However, when we deal with geophysical processes,
independence is infrequent at a macroscopic level. Instead of samples we have time series
and there is dependence in time. Even when we are interested in the spatial behaviour of
processes, again we have to deal with dependence in space. Hence, the second aim of this
chapter is to adapt and extend the classical statistical concepts and methodologies to
make them applicable to a universe in which there is dependence.

Two important tasks in statistics are estimation and hypothesis testing. Statistical
estimation can be distinguished in parameter estimation and prediction and can be
performed either on a point basis (resulting in a single value, typically the expectation; cf.
the Aristotelian mesotes), or on an interval basis (resulting in an interval where the
quantity sought lies, associated with a certain probability or confidence). The results of
an estimation procedure are called estimates. Uses of statistical estimation in geophysical
applications include the estimation of parameters of marginal probability distributions or
of the stochastic model describing the dependence in time, and of distributions quantiles.
All these concepts are briefly discussed both at a theoretical level, to clarify the concepts
and avoid misuses, and at a more practical level to illustrate the application of the
concepts.

Statistical hypothesis testing is also an important tool that constitutes the basis of
decision theory. In geophysical studies, it is useful not only in decision making, but also in
exploratory tasks, such as in detecting relationships between different processes.
Hypothesis testing is typically performed by the classical framework known as statistical
significance (related to a null hypothesis) or, alternatively, within a Bayesian framework.
These topics have been mostly developed on the basis of (independent) samples and,
therefore, are not covered in this text. On the other hand, we emphasize the concept of
order statistics (section 4.12), and the related to them knowable moments (K-moments;
section 4.13). Both of these are particularly useful in estimating distribution quantiles,
which in turn are useful in estimating model parameters and exploring the
appropriateness of models.
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Digression 4.A: Deduction and induction

The theory of probability has provided solid scientific grounds for philosophical concepts such as
indeterminism and causality. In many scientific and technological applications, probability has
provided the tools to quantify uncertainty, rationalize decisions under uncertainty, and make
predictions of future events under uncertainty, in lieu of unsuccessful deterministic predictions
(see Koutsoyiannis, 2010).

Probability has also provided the basis for extending the typical mathematical logic, offering
the mathematical foundation of induction. Thus, probability made it possible to incorporate into
mathematics the entire Aristotelian logic, which in addition to deductive reasoning or deduction
(the Aristotelian apodeixis) also includes induction (the Aristotelian epagoge).

In classical mathematical logic, determinism can be paralleled to the premise that all truth
can be revealed by deductive reasoning. This type of reasoning consists of repeated application of
strong syllogisms concerning the logical propositions A and B, such as:

(Premise) If A is true, then B is true; If A is true, then B is true;
(Evidence) A is true; B is false;
(Conclusion) Bis true. A is false.

Deduction uses a set of axioms to prove propositions known as theorems, which, given the
premises (based on axioms), are irrefutable, absolutely true statements. It is also irrefutable that
deduction is the preferred route to truth. The question is, however, does deduction have any
limits?

David Hilbert’s famous aphorism “Wir miissen wissen, wir werden wissen” (“We must know,
we will know”; see section 1.1), expressed his belief that there were no limits to deduction.
According to this belief, more formally known as completeness, any mathematical statement could
be proved or disproved by deduction from axioms. However, developments in mathematical logic,
and particularly Godel’s incompleteness theorem, challenged the omnipotence of deduction
suggesting the usefulness and necessity of induction.

Induction uses weaker inference rules of the type:

(Premise) If A is true, then B is true; If A is true, then B is true;
(Evidence) Bis true; A is false;
(Conclusion) A becomes more plausible. B becomes less plausible.

Induction offers no proof as to whether a proposition is true or false and may lead to errors.
However, it is very useful in decision making, when deduction is not possible, which is the case
quite frequently in the real world and everyday life (see Jaynes, 2003).

The important achievement of probability is that it quantifies (expresses in the form of a
number between 0 and 1) the degree of plausibility of a certain proposition or statement. The
formal probability framework uses both deduction, for proving theorems, and induction, for
inference with incomplete information or data. For the latter we use the branch of stochastics
called statistics.

4.2 Samples vs. time series

Loosely speaking, statistics draws conclusions for a population based on a sample.
Although the content of population is not strictly defined in the statistical literature, the
term describes any collection of objects whose measurable attributes are of interest. The
population can refer to the real world and be finite (e.g., the inhabitants of Europe or the
mean annual flows of year 2000 at the outlets of all river basins on Earth with size greater
than 100 km?). Population can also be an abstraction from a real-world entity referring to
the possible (typically infinite) outcomes of a real or a hypothetical experiment (e.g., the
population of all possible annual flows at a river cross-section). Here we deal with
populations of the latter type and, because of this, it is not necessary to use the term
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population at all—and hence to define it. Rather, the notions of a stochastic variable and
a stochastic process suffice. Therefore, we will not use terms like population mean to
distinguish from sample mean. Instead, we will refer to the former concept by the terms
true mean, ensemble mean or simply mean, where the term ensemble suggests all possible
outcomes of repeated experiments.

Unlike the term population, the term sample has a clear definition. Specifically, a
sample of size (or length) n of a stochastic variable x, defined on a ground set (2, with
probability distribution function F(x), is a sequence of n independent identically
distributed (I1ID) stochastic variables (51,52, ...,gn) defined on the sample space (2,, =
0 X .-+ x 0, each having distribution F(x) (adapted from Papoulis, 1990, p. 238). After
observation of the variables x;, to each variable there corresponds one numerical value.
Consequently, we will have a numerical sequence x4, x5, ..., X, called the observed sample.
It is clear from this definition that a sample is not a subset of the population, as some may
think, but a concept related to the Cartesian product of the population.

Thus, the concept of a sample is related to sequences of two types: an abstract
sequence of stochastic variables and the corresponding sequence of their numerical
values. It has been common practice to use the term sample indistinguishably for both
sequences, omitting the term observed from the latter. However, the two concepts are
fundamentally different and each time we should be attentive to distinguish to which of
the two cases the term sample refers.

The above definition (and in particular the IID specification) suggests that the
construction of a sample of size n, or the sampling, is done by performing n repetitions of
an experiment. The repetitions should be independent of each other and be performed
under virtually the same conditions. However, in dealing with natural phenomena
(outside the laboratory) it is not possible to repeat the same experiment, and thus literally
no sampling can be done. Instead, what is actually done is measurement of the natural
process at different times. As a consequence, it is not possible to ensure that independence
and same conditions hold. Actually, in most cases we can be sure of the opposite. Then
using classical statistics can become dangerous as the estimates and inferences may be
completely wrong.

Still, however, we can do our job in a reliable manner if, instead of using classical
statistics, we rely on stochastics and use the following correspondence between classical
statistical concepts the stochastic concepts:

Classical statistics (independence) — Statistics within stochastics (dependence)
Sample - Stochastic process (discrete or discretized)
Observed sample - Time series

Typically, the use of stochastics assuming dependence makes the mathematical
derivations and calculations more complicated, while the resulting uncertainty is greater
when there is dependence.
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4.3 Expectation and its estimation

As we have stressed in Chapter 2, functions of stochastic variables, e.g. z = g(g) are
stochastic variables and expected values of stochastic variables are common variables.
For example E[g] and E[g (g)] are constants and not functions of x or x, i.e.:

Elx] = f xf(dx =y, E[g(x)] = J g () f (x)dx, (4.1)
where f(x) is the probability density function. It should be stressed that these
expectations are not time averages. Sometimes to make it clearer we call them true or
ensemble means, variances, covariances, etc. For an ergodic process, true expectations
are related to time averages through the following asymptotic relationship (section 3.4):

T
G = lim % f g(x®)dt =E[g(x(t))| =6 (4.2)

We notice that the left-hand side, Q (°°), is a stochastic variable while the right-hand side,
G, is a common variable. Their equality implies that the variance of G (=) is zero.

When dealing with data from a process x(t) with a joint distribution function that is
unknown, neither the left- nor the right-hand side of (4.2) can be known a priori.
Assuming that we have a time series, at a time step D, with observations

= (1/D) f 1)Dx(u)du,T =1, ...,n (see equation (3.1)) we can approximate the left-
hand side by:

=290 (+3)

The common variable G is called an estimate of the true expectation G. Replacing in
equation (4.3) the values x; with the stochastic variables x, we define:

n

¢ =%Z (x) (+4)

The stochastic variable G is called an estimator of the true expectation G. In classical

statistics G is also called a statistic, where the latter term denotes a (scalar) function of
T

the sample vector x := [gl, X2, ee) gn] .

While the above procedure to form an estimator G of the true expectation G is useful
in many cases, we should bear in mind that many different estimators can be formulated
for a certain parameter G. An estimator is typically biased (with some exceptions, the most
notable being the estimator of the mean; see below), meaning that:

E[G]#G (4.5)

A formal definition of bias is:
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bi=E[C] -6

(4.6)

An estimator is also characterized by its variance and its mean square error, i.e.

o = var[G ],

An estimator is called:

e unbiasedif b = 0.
e consistent if, with probability 1, G — G - 0 asn — oo;

e Dbestif e; is minimum.
e most efficient if it is unbiased and best.

eq = E[(Q—G)z] =y + b?

(4.7)

The main takeaway and central point of the above discussion is this. When dealing
with quantification of uncertainty, for each parameter there are four different concepts,
with slightly different names but very different meanings and content. These are often
confounded in the literature with the same symbol and name being used for all of them,
which causes confusion and may result in wrong conclusions. Table 4.1 clarifies the four
different concepts using the variance as an example.

Table 4.1 Different variants of the variance of a stationary process in discrete time, x;, as an
example for clarifying the four different concepts.

Name Symbol and definition Type of variable Type of determination
: * _ Theoretical calculation
Variance 2 Common variable
yi= | (x —w)fe. (x)dx i from model (by
(true) =r (not depending on 1) i
s integration)
n
1 o
7= _Z(xT _ )2 Estimation from data—
_ née but model is also
Variance .
, here Common variable necessary (e.g. to
estimate n L
1 calculate the estimation
K= ;Z Xz bias and uncertainty)
T=1
=13 (s 1)
= — X, —
P=g 2 &k
Variance =1 . ) Theoretical calculation
_ where: Stochastic variable
estimator n from model
1
p=g)
T=1
T -
@ _ | 1 (o)) 2 Stochastic variable,
. 4 T (x(t) = ) dt which for an ergodic
Variance 0 . .
: process has zero Theoretical calculation
estimator where .
limit - variance and from model

becomes a common
variable, equal to y

From Table 4.1 we notice that the data can be used only with one of the variance
variants, namely the variance estimate, while a theoretical model is necessary to
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determine any of them. Even for the variance estimate, a model is necessary to estimate
the estimation bias and uncertainty (in classical statistics, that model is the IID
assumption). And before specifying that model, it is fundamental to ensure that the
assumptions of stationarity and ergodicity are valid for the process and the data we are
dealing with. If they are valid, then the four concepts become three because the variance
estimator limit becomes identical to the true variance. But if stationarity and ergodicity
do not hold, then one may use the data again, do the calculations and find a result.
However, this result is meaningless and cannot be called the variance estimate.

4.4 Moment estimators

The estimator of the noncentral moment (moment about the origin) of order g, ug, of a
stochastic variable x, formed according to the method described in section 4.3, is:

Al 1 - q
g = ;2 X; (4.8)
i=1
It can be proved (Kendall and Stewart, 1963, p. 229) that:
E|ag] = ug (4.9)

Consequently, the noncentral moment estimators are unbiased. If x; is a (IID) sample of
size n then the variance of the estimator is:

1
var[gg] = — (uoq = 07 (4.10)

[t can be observed that if the moments are finite, then the variance tends to zero as n —
oo; therefore, the estimator is consistent. However, if x; is a stochastic process (with time
dependence) then (4.10) does not hold, even for g as low as 1.

The estimator of the central moment g, is:

n

= %Z = E)q (4.11)

=1
where [i = fi; is the estimator of the mean. This is a biased estimator for any g > 1. Even

for relatively low g (e.g. 2-4), the bias can be substantial in the case that the process
exhibits long-range dependence (see section 4.6 about the variance). In the case of (1ID)
samples and low g, the bias is much smaller and can be easily quantified (see e.g.
Koutsoyiannis, 1997). For higher g the estimation of moments becomes almost
impossible. This applies not only to the biased estimators of central moments, but also to
the unbiased estimators of noncentral moments. The reasons are the high variance and
the extraordinarily high skewness of the estimators, which means that their expectation
can be different from the mode (the most probable value) by orders of magnitude.
Because of that, classical moments have been called unknowable (see Digression 4.B) and
their estimation from data is not recommended.



MOMENT ESTIMATORS 143

In the framework developed and followed in this text, we avoid estimation of classical
moments of order higher than 2. For this reason, in the following sections we will only
study the estimators of classical moments of orders 1 and 2. A different type of moments,
the so-called knowable moments, whose estimates are relatively reliable up to an order p
comparable to the sample size n will be discussed in section 4.13.

Digression 4.B: Are classical moments knowable?

The estimators of the noncentral moments /i, (or even the central ones if y is known a priori,

which however is almost never the case) are in theory unbiased, but it is impractical to use them
in estimation if g > 2 (cf. Lombardo et al., 2014).
It is well known that for large g and positive x; the following relationship holds as an

approximation:
n 1/q
q
X; ~ max (x;
<Z l> 1< isn( )

i=1
This is related to the well-known mathematical fact that the maximum norm is the limit of the g-
norm as q — oo. This result can be generalized for x; that are not necessarily positive but satisfy
the condition max;<;<,(x;) > |minj<;<p(x;)|. A numerical illustration of how fast the

convergence of the left-hand side to the right-hand side of the above equation is provided in Table
4.2.

Table 4.2 Illustration of the fact that raising to a power and adding converges fast to the maximum value.

Linear,g =1 Pythagorean, g = 2 Cubic, g =3 High order, g =8
3+4=7 32442 =52 33+43 =453 38 +48 ~ 48
3+4+12=19 32+ 4% 4122 =132 33+434+123=1223 38 + 48 + 128 ~ 128

Therefore, for relatively large q the estimate of g will be:

By = EZx? ~ (max ).

n \1sisn

(Note that for large g the term (1/n) on the right-hand side can be omitted with a negligible error).
Thus, for an unbounded variable x and for large g, we can conclude that EAZI while theoretically an

unbiased estimator of yi4, is in practice more an estimator of an extreme quantity than an estima-
tor of ug. (As seen in Koutsoyiannis, 2025a, section 6.11, the estimated quantity is related to K-
moments). This happens because the convergence of i, to yy is very slow, while the convergence

to the maximum value is fast.

This is further illustrated in Figure 4.1 for the eighth moment of a process specified in the
figure caption. Even for n as large as 64 000 the sample moment estimate continues to be smaller
than the theoretical value by several orders of magnitude. However, the proximity of the moment
estimate to the maximum value is evident even for n as small as 10. The jagged shapes of the
curves are a clear indication of the dominance of maxima in the moment estimation: The steps
occur when a new higher maximum value enters the sample, while the gradual decreases before
these steps are due to the increase of the sample size without a higher maximum value. The
ensemble simulation results in the right panel show that the 99% prediction limits (see their
definition in section 4.11) from 1000 simulations are unable even to envelop the true value.

As a result, unless q is very small, ug is not a knowable quantity: we cannot infer its value
from a sample. This is the case even if n is very large as in Figure 4.1. Also, the various EQI are not

independent of each other as they only differ in the power to which the maximum value is raised.
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Figure 4.1 [llustration of the slow convergence of the sample estimate of the eighth noncentral moment to
its true value, which is depicted as a thick horizontal line and corresponds to a lognormal distribution
LN(0,1) where the process is an exponentiated Hurst-Kolmogorov process with Hurst parameter H = 0.9.
(left) The sample moments are estimated from a single simulation of that process with length 64 000,
where parts of this time series with sample size n from 10 to 64 000 are used for the estimation. Subsetting
of the time series to sample size n was done either from the beginning to the end (thicker lines) or from the
end to the beginning (finer lines). Continuous lines in the two cases represent the eighth moment estimates,

™, x? /n, and dashed lines represent maximum values, (max15 isn(xl-))s/n. (right) Sampling distribution
of the eighth moment estimator Y., x® /n estimated from 1000 simulated series of length 1000 each and
visualized by the 99% prediction limits (percentiles), the median and the average, plotted as ratios to the
true value. Theoretically, the ratio should be 1, but it is smaller by many orders of magnitude, and the

convergence to 1 is very slow. The ratio to (maxlsisn(xi))s/n, also plotted, is close to 1. (Source:
Koutsoyiannis, 2019a.)

4.5 Sample mean estimator and effective sample size

According to equation (4.12), the estimator of the true mean u = y; is:

=
Sk

n
X (4.12)
=1

l

Another common notation of the mean estimator is x. The estimator is unbiased (E [ﬁ] =

E[x]| = w). Its numerical value /i := (1/n) ¥, x;, else denoted as ¥, is called the observed
mean or the average. If x; is a (IID) sample of size n then the variance of the estimator is:

var [p] = %[x—] = % (4.13)

regardless of the distribution function of x. However, if x; is a stochastic process (with
dependence) then combining (3.12) and (4.12) we conclude that:

i = = £BD) (4.14)

Z1 nD

where the superscript in parenthesis indicates that the discretization scale is nD (see
equation (3.14)). Consequently:

var [E] = var IKEZ)D)l =ynD) =y, (4.15)
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Both equations (4.13) and (4.15) suggest that the estimator is consistent (assuming
ergodicity) but they may result in quite different values of the variance. By means of these
two equations we can define the notion of the “equivalent” (or “effective”) sample size n’
in the classical statistics (IID) sense (Koutsoyiannis and Montanari, 2007). This is the
sample size of a hypothetical IID sample of a variable x with variance y; whose variance

of the mean equals y,,; symbolically:
Y1 , 1

—Izyn@n = —

4.16
n " (4.16)

As an example, in an HK process, (equation (3.83); y,, = A2(a/nD)? %), we will have:

n' =n?2H (4.17)
In white noise (H = 0.5), clearly n’ = n. However, if H = 0.9 and n = 1000 thenn' = 4 (a
big difference from 1000, highlighting uncertainty amplification). Thus, a time series of
1000 terms of that HK process is equivalent to a (classical, IID) sample of only 4 terms.
This example shows the dramatic increase of uncertainty where there is dependence.

4.6 Climacogram estimator and its bias

The typical variance estimator:

n
f = 21 = %Z (&r - E)Z (4.18)
=

is well known to be biased. It is also well known from elementary classical statistics books
that the replacement of n with n — 1 in the denominator on the right-hand side makes the
estimator unbiased. Thus, the classical variance estimator is:

> (x-p) == (419)

Zl:=n—1 n—1=

This is also known as sample variance or unbiased variance estimator. However, the latter
term is incorrect: In stochastic processes describing natural phenomena, this slight
change does not make the estimator unbiased. Here we use the term typical when we
divide the sum by n (equation (4.18)) and classical when we divide by n — 1 (equation
(4.19)). We will use the same terminology for covariances below and we will explain the
reasons why we prefer the typical over the classical.

In stochastic processes the bias can be determined analytically in terms of the
climacogram as follows (see also Koutsoyiannis 2003, 2011a, 2016):

E [74] =—E[Z (2 — 1) — (2 - ))2]
[Z()] |- Z(x—w

Since Y} 1(x — y) = n( () ,u) we find after the algebraic manipulations:

(4.20)
+E [ (m) _ 2]
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Yn 1
El&. | =v, — :(1__) :(1__) 4.21
[Zl] Y1~ ¥n 1 —n (4.21)
Note that in the IID case, y,, = y;/n, so the bias is (1 — 1/n)y;. On the other hand,
n 1—va/71 1-1/n
gl = _ _ — 4.22
[zl] —1 01— i S 1oimh (4.22)

Likewise, for the climacogram at scale k = kD, if the observation period is L = nk, the
estimators become:

2
(2-g),  m=p0=—70) (4.23)

and their expectations are:

y(L)

E[700)] = v00) — (1) = (1 _ _> o o] - L@

1—k/L

0 y(k) (4.24)

The above equations show that there is no gain in using the classical estimator (dividing
by n — 1) of variance 2{‘ (or Z*(k)). The equations are simpler if we use the typical
estimator y; (or f(k)) (dividing by n). As we will see below, the typical estimator is also

preferable when fitting distributional parameters. Whatever estimator we use, there is
estimation bias which should be taken into account in model fitting.
4.7 Covariance and autocovariance estimators

The typical and classical estimators of covariance, i.e.:

n

PN CR [ O CRy [CRV NS

=1

Lgﬁ)

respectively, are both biased if x; and y; are stochastic processes non identical to white

noise. For example, if they are HK processes with common Hurst parameter H, then the
expectation of ¢, is (Koutsoyiannis, 2003):

1 1
E[Exy] = (1 - ﬁ) Cxy = (1 - W) Cxy (4.26)

In the case of autocovariance estimation, it is common knowledge that there is
downward bias (Wallis and O’Connell, 1972; Salas, 1993, p. 19.10). The typical estimator
of the lag n autocovariance is:

n-n
& = %Z (2 = 2) (xen — ) (4:27)

and it has been common practice to prefer it over the classical estimator (with division by
n — 1 orn — n), particularly when we use autocovariance to estimate the power spectrum.
The expectation of ¢, is (see also Koutsoyiannis, 2003):
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n-n

E[é,] :%E ((xf 1) = (2™ - ))((&m ) — (=" - ))

=1

1
=-F Z (e — 1) (Resy — 1) (4.28)

1
- E &in) z (%, — )+(x,+n ,u) +E[ () _ ]

Since Yo (x; —u) = (n—1n) ( u) assuming that n is small in comparison to n

so that we can interchange n — 1 and n, and also expanding the corresponding sums, after
the algebraic manipulations we obtain:

A Yn Yn 1
E[g;] =y —vn = (1 - a) ey = <1 —%> ey = <1 - r,,n') o (4.29)

For positive lag-n cross-correlation (O <nr< 1), the relative bias (— 1/rn’) is higher

than that of the climacogram y, (i.e. —1/n'). An exact equation has been derived in

Dimitriadis and Koutsoyiannis (2015; Table 2).
If we estimate the autocorrelation coefficient by:

N
7= = 4.30
o=, (4.30)
then this will be biased again. An approximately unbiased estimator would be:
&y + Y1+ 7 1 1
N < R nz( _—,)ﬁn+—, (4.31)
VitV Vitwa n n

[t is stressed that the use of autocovariance and (even more so) of the autocorrelation
estimates should be avoided when identifying and fitting a stochastic model.
Identification and fitting are better served by the climacogram (see Digression 4.C).

Digression 4.C: The climacogram and the climacogram-based metrics
compared to standard metrics

The most popular procedure in time series modelling, is to construct the empirical
autocorrelogram of the time series using equation (4.27) and assess which stochastic process
(e.g., of AR or ARMA type) is suitable and how many autocorrelation terms should be preserved.
It is easy to illustrate how this technique can completely distort the underlying process. Figure
4.2(a) depicts the autocorrelogram of a time series with length 100, which does not seem to have
any relationship to the theoretical autocorrelation function of the model from which it was
constructed. Namely, the model is the FHK with parameters as in the caption of Figure 3.7. Clearly,
the empirical autocorrelation does not give any hint that the time series stems from a process
with persistence. With that autocorrelogram one would conclude that an AR(1) model with a lag-
1 autocorrelation of about 0.4 would be appropriate.

The reasons for the failure of the autocorrelogram to capture the real behaviour of the
process are two. First is the bias, as analysed in section 4.7. Second, from equation (3.30) it is seen
that the autocorrelation is by nature the second derivative of the climacogram standardized by



148 CHAPTER 4 - FUNDAMENTAL CONCEPTS OF STATISTICS AND THEIR ADAPTATION TO STOCHASTIC PROCESSES

variance. Estimation of the second derivative from data is too uncertain and makes a very rough
graph.

The alternative to using the periodogram (the estimate of the power spectrum, which is the
Fourier transform of the autocovariance; see section 4.10) is even worse as it entails an even
rougher shape and more uncertain estimation than in the autocovariance (see also section 4.10
and Dimitriadis and Koutsoyiannis, 2015).

Thus, for model identification, it is much more preferable to use the climacogram directly
instead of the autocorrelogram. For our example time series, this is illustrated in Figure 4.2(b),
which indicates that the long-term persistence is well captured by the empirical climacogram, and
the parameter H is correctly estimated (H = 0.79, based on the method presented in
Koutsoyiannis, 2003, and Tyralis and Koutsoyiannis, 2011). Additional advantages to using the
climacogram are (a) its intactness on discretization, (b) its close relationship with entropy
production and (c) its expandability to high-order moments.
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Figure 4.2 (left) Autocorrelogram and (right) climacogram of a time series of 100 terms generated from
the FHK model with parameters as in the caption of Figure 3.7. (Source: Koutsoyiannis, 2016.)

4.8 Parameter estimation of distribution functions - The method of
moments

Assuming a stochastic variable x with known distribution function but with unknown
parameters 0 := [04,6,, ...,0,,]7, we can denote the probability density function of x as a
function f (x, @). Here, we will examine the problem of the estimation of these parameters

based on a sample vector x := [&,&, ...,gn]T. In this section, we present one of the two
most popular methods in statistics, namely the method of moments. The other popular
method, the maximum likelihood method, we present in section 4.9. Several other general
methods have been developed in statistics for parameter estimation, e.g. the maximum
entropy method (e.g. Singh and Rajagopal, 1986) and the L-moments method (Hosking et
al., 1985a,b; Hosking, 1990). Moreover, in practical applications, other types of methods
like graphical, tabulated, empirical and semi-empirical, have been devised. Another
approach, which is based on K-moments, is preferable, particularly when we do not have
information about the true model for the marginal distribution function, and is detailed
in Koutsoyiannis (2025a).
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The method of moments is based on equating the theoretical moments of x with the
corresponding sample estimates of noncentral moments. Thus, as m is the number of the
unknown parameters of the distribution, we can write m equations of the form

Ug = g q=1,...,m (4.32)

where the theoretical moments p, are functions of the unknown parameters given by:

o)

Ug = fxq f(x,0)dx (4.33)

—00

Thus, the solution to the resulting system of the m equations gives the unknown
parameters (04, 05, ..., 0,,). In general, the system of equations may not be linear and may
not have an analytical solution, necessitating a numerical solution.

This method is easy to apply. However, for distributions involving more than two
parameters (m > 2), the problem of knowability of moments intervenes and makes the
method unreliable. Certainly K-moments are preferable for this task. Furthermore, when
dealing with extremes we must bear in mind that they are closely linked to high-order
moments and, thus, it is not the best practice to rely on the lowest-order moments.

Digression 4.D: Illustration of the method of moments

As an example of the implementation of the method of moments, we will determine the
parameters of the normal distribution. The probability density function:

1 ( (x — u)2>
exp| ————
\V2mo . 202
has two parameters, ¢ and o. Thus, we need two equations. Based on Table 2.3, these equations
are:

fx,u0) =

w=p o’ +p’ =g+ %= 0 =4

where we have used the identity p = u, + u?. Consequently, the final estimates are

1 1%
= — . 2:— — 02
u—né X, O nE(xr )
=1

This estimation y is unbiased but that of 62 (and o) is biased even in IID statistics (notice in
the latter equation that the result contains the typical, rather the classical estimate).

As we have seen in this example, the application of the method of moments is very simple and
this extends to many distribution functions.

4.9 Parameter estimation of distribution functions - The maximum
likelihood method

While the method of moments is an ad hoc method and has several weaknesses described
in section 4.8, the method of maximum likelihood has a strong logical background. We will
initially present the method in a Bayesian framework and then we will see that it also
stands outside that framework.

The problem that we have to solve is to find the parameter vector 8 from the known
observations x = x. Since the observations x are known while the parameters @ are
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unknown, we can regard the latter as stochastic variables 8. This allows us to assign 0 a
probability density function fy(8) and also express conditional densities using the Bayes

theorem (equation (2.3)). This can be written in terms of densities as:

_ f§|g(x|9)
fox(0]x) = TR fo(0) (4.34)

where we have replaced the events A and B with the vectors x and 8, respectively. The
terminology used in the Bayesian framework is:
e Prior (before observation) probability density for fo(8)
e Posterior (after observation) probability density for fg),(6]x)
e Likelihood for the conditional density fyg(x|8); this is the hypothesized model (i.e.
distribution for x) given the parameters 6.

According to this terminology, we can write (4.34) in the following form:
Posterior « Likelihood x Prior (4.35)

Since we have to assign @ a single value 08, the most rational choice for that value is
the mode of its distribution conditional on x = x, i.e,, the value that maximizes the
posterior fg,(8]|x). To find the mode we equate the derivative of the conditional density
to 0, i.e.:

401 L (dfae(x]6) dfe(6)
=0 (e O+ i) T =0

(4.36)

Since we know nothing about the prior fy(8), we can choose a so-called noninformative

prior, which does not change with 8, i.e. dfy(8)/d@ = 0. In this case from (4.36) we
obtain:

dfyp(x10)

o

which demands also that the likelihood be at maximum. In other words, we find 8,
demanding that the density fyo(x|@) have a value as high as possible at the point x = x.

(4.37)

If the vector x is part of a stochastic process, determination of fy(x|@) can be

laborious. However, in IID statistics, x is a sample vector with independent items and thus
the joint probability density function is:

fuo®10) = | | fuaoCl®) (4:38)

Thus, we seek a solution of:

dITis: frje(x:160)
de B

We can also convert the product to a sum by taking the logarithm off£|g(x|9):

(4.39)
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L(x]8) = In f19(x8) = Z In fyg(x;10) (4.40)

The function L(-) is called the log-likelihood function. In this case, the condition of
maximum is:

dL(x|0) ~~ 1 dfye(xi]6)
do _;leg(xiw) o (4.41)

Both (4.39) and (4.41) are vector equations equivalent to m scalar equations. Solving
either of them will give us the values of the m unknown parameters.

Digression 4.E: [llustration of the maximum likelihood method

We will determine the parameters of the normal distribution from a sample using the maximum
likelihood method. The probability density function of the normal distribution is:

1 ( (x — u)2>
exp| ————
\21mo g 20°
The likelihood function is:

1 1 v
f(x|p,0) = Wexp <_T‘2;(xi — H)2>

The log-likelihood function is:

fx|lp o) =

n 1 - 2
L(x|p,0) = —EIH(Z‘IT) —nlno — Tﬂz(xi — 1)
i=1

Taking the derivatives with respect to the unknown parameters y and o and equating them to 0
we find

n n
daL 1 dL n 1
— = —— P = _ —— e . — 2 —
o “Z-Z‘(xl w=0, - U+03Z(xl w*=0
1= 1=

and solving the system we obtain the final parameter estimates:
n n
1 . , 1 .
u=—zxi=u. o =—z(xi—u) = I,
n ] n .
i=1 =1
The results are precisely identical with those of Digression 4.D, despite the fact that the two

methods are fundamentally different. The application of the maximum likelihood method is more
complex than that of the method of moments. The coincidence of results found here is not the rule

for all distribution functions. On the contrary, in most cases the two methods yield different
results.

4.10 Estimation of power spectrum and periodogram

We assume that a stochastic process x(t) is observed on a time-average basis at
equidistant times 7D, 7 = 0, ..., n — 1, where D is a time step (a total observation time L =
nD). We have thus a time series with a finite number, n, of observations x; of the discrete-
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time process x;. If we study the process in the frequency domain, we have the following
characteristic frequencies, dimensional (w) or dimensionless (w = wD):

Sampling frequency wp =1/D =n/L wp =wpD =1
Nyquist frequency wy =1/2D =n/2L  wy =wyD = 0.5
Frequency resolution w; =1/L=wp/n w,=w;D=D/L=1/n

Half frequency resolution w, =1/2L =wp/2n w, = w,D =D/2L =1/2n

As we will see, the Nyquist frequency (wy = 0.5) is the maximum frequency on which we
can make estimates as beyond that the resulting spectrum estimates are repeated in a
cyclic manner.

We are interested in estimators of the power spectrum of the discrete-time process
x;. A first estimator can be established by utilizing the relationship between the power
spectrum and the autocovariance function (equation (3.36)). From n observations we can
estimate from equation (4.27) up to n autocovariance terms, ¢y, ¢y, ..., £,—1 (noting that
most of them will not be reliably estimated). Then, by truncating equation (3.36) to a finite
number of terms we can formulate an estimator of the spectrum in the form:

n-1
Sq(w) =26, +4 Z ¢y cos(2mnw) + 2&, cos(2mnw) (4.42)
n=1

where we have put a last term for ¢, with a weight 2 (instead of 4), which, as we will see
facilitates and accelerates calculations. If we have n data values x;, then ¢, = 0, but the
calculation should stand in cases where we use a fewer number of autocorrelations or in
cases where we process true values rather than estimates (in the latter case, c¢,, # 0).
While from first glance we can use this equation to estimate §4(w) for any w, the resulting
values are not always consistent and therefore it is advisable to make estimates for a finite
number of discrete frequencies w; = jw,, where w is either w; or w, with j taking integer
values as we will specify below.

The inversion of the formula to find the autocovariance estimates from the power
spectrum estimates is possible through the equation:

&y = wy Sa(0) + (_21)n$d(0'5) + Z Qd(a)j) cos(Znnwj) (4.43)

0<(4)]'<0.5

The estimation of $3(w) is streamlined and accelerated if we use the discrete Fourier
transform (DFT) and particularly its variant named fast Fourier transform (FFT), for which
the required software exists on all computational environments. For a sequence of
numbers x.,7 = 0, ..., N — 1, the DFT is defined as a sequence u;,j = 0, ..., N — 1, where:

u]'=

2|

N-1
Z x,e 2m/N =0, ,N—1 (4.44)
=0

The sequence x; is recovered from the sequence u; by the inverse DFT, which is:
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N-1
Xp = Z we?™WT/N 1 =0,..,N-1 (4.45)
j=0
The FFT is the DFT made by a fast computational algorithm; the fastest case is when n is
a power of 2.
To utilize DFT and FFT in determining §4(w) we write equation (4.42) as:

n n—-1
Sq(w) = Z 26, cos(2mw) + Z 2¢, cos(2mnw) (4.46)
n=0 n=1
Setting j = 7 for the first sum and j = 2n — 7 for the second sum we have:
n 2n—-1
Sq(w) = Z 2¢; cos(2mjw) + Z 265n—jcos(2n(2n — Hw) (4.47)
j=0 j=n+1

If w is an integer multiple of w, = 1/N where N := 2n, then 2nw will be an integer and
thus cos(2n(2n — j)w) = cos(2mjw). By setting:

= |26m-j, n<j<N-1 '
we can simplify (4.47) to:
N-1
Sq(w) = Z u;j cos(2mjw) (4.49)
j=0

Considering that the imaginary part of u; is zero, setting w, = 7/N, and comparing
equations (4.45) and (4.49), we conclude that §4(w,) is the inverse DFT of u;. If we have

taken care to choose n as a power of 2, N will also be a power of 2 and thus we can use the
inverse FFT to calculate estimates §4(w,) from estimates ¢, for frequencies w ranging
from 0 to 0.5 with a resolution w, = 1/N = 1/2n. The inverse of (4.49) is:
N-1
uj =26, = %Z 3a(wy) cos@mjw,), 0<j<n (4.50)
7=0
There is an alternative way to produce another estimator of the power spectrum
using the DFT in the discrete-time process per se, rather than in its autocovariance.
Specifically, the DFT of x; is:
n-—1
x.e izm/m o i=0,..,n—-1 (4.51)

7=0

uj =

S|

Assuming that x;,7=0,..,n—1, are real-valued stochastic variables, their
transformation u,j=0,..,n—-1, will be complex valued stochastic variables, i.e. u; =
g}‘ +i g}, where g? and g}- are real-valued. The inverse DFT of u; recovers the real-valued
X.. The sequence of the absolute values of u; multiplied by 2n:
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S; = 2nfuy|* = 2n (WR)” + (u})*) (4.52)

is real valued and, as a function of w; = i, is known as the periodogram of x;. It is another

estimator of s4(w) with a resolution w; = % (while in the estimator (4.49) this is w, =

1/2n). The two alternatives used for estimating the power spectrum are schematically
presented in Figure 4.3.

Stochastic process G . Time series
(Model) eneration (Realization of the process)

Standard
estimator

Empirical autocovariance or
autocorrelation function

Theoretical autocovariance
or autocorrelation function

I

Inverse
Finite FT

Theoretical power spectrum Periodogram

Figure 4.3 Schematic of the different paths to estimate the power spectrum.

For real-valued x; the stochastic variables u; and S; have the following properties of

symmetry:

B (4.53)

Unj=U, U=, Sp=S;, 1<jsn-1
In other words, the real component of u; and S; are symmetric with respect to n/2, while
the imaginary component is antisymmetric. Consequently, if n is even, then u} 2 =0.
Because of the symmetries, starting with n real numbers x; we end up with n/2 pairs of
real numbers g? and g}, and n/2 real numbers §;. The values of §; for frequencies w =
j/n < 0.5 provide all extractable information while larger frequencies do not add

anything of value.
Other interesting properties of the periodogram and the related quantities are:

n—1 n—-1
1 2 R 1 N\ 2 2 1 S /
el m=ry (wma) =Yl = Y s @y
=0 j=1

1<j<n/2
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where if n is odd, the last term §,,/, is set to zero. The latter equation allows us to

. . ~ . 2 .
decompose the variance estimate ¥; into partial components |uj| , each corresponding to

a particular frequency, which ranges from w; = w;D = 1/n to wy = wyD = 0.5. The
frequency 0 corresponds to the estimate of the mean and is not related to the variance.

Any prominence (peak) in one or more |gj|2 over the other is very often regarded as
evidence of a periodic behaviour of the process with a frequency j/n (period n/j).
However, claims of periodicities without a deterministic explanation are usually
meaningless. As evident from the notation in the entire section, all related concepts,
including the periodogram, are estimators, i.e. stochastic variables, which produce
estimates. Considered as a sequence of stochastic variables, the periodogram S; is a
nonstationary stochastic process indexed by j = 1, ..., [n/2]. The same happens with the
estimator ﬁd(a)j), which is a nonstationary stochastic process indexed by j = 1, ...,n, as
well as with the covariance estimator ¢,. The produced shapes in graphs of estimates
indicate high variability and roughness, and thus possible peaks are most probably
random effects. Note that by increasing the number of observations, the variability and

roughness do not necessarily decrease (cf. (4.52), where |gj |2 is multiplied by 2n).

An illustration is given in Figure 4.4 for a time series generated from the discrete-time
HK process, where several peaks appear, all of which are random effects. Simple
techniques that help to understand that these are random effects are (a) to slide the
starting point by a certain number of time steps forming different sequences with same
length (Koutsoyiannis and Iliopoulou, 2024), and (b) to split the time series into two
halves, three thirds, etc. (Koutsoyiannis and Georgakakos, 2006). Thes allow us to inspect
whether the peaks appear systematically in all cases. Splitting the time series and taking
the average of the different parts for the same frequency is a method of smoothing the
periodogram (for details and other smoothing methods see Papoulis, 1991).

The least square trend (power law) of the spectrum estimates from autocovariance is
also shown in the log-log spectrum plot of Figure 4.4 (bottom-right). The slope is —1.24,
an inconsistent value as theoretically the slope cannot be steeper than —1 (the slope of
the theoretical curve, also shown in the figure, is 1—2H = —0.6 > —1). This
inconsistency is not expected to be resolved by the aforementioned smoothing of the
power spectrum. For these reasons, the use of the climacospectrum, instead of the power
spectrum, is recommended for estimation of slopes (Koutsoyiannis, 2017).

4.11 Interval estimation and confidence intervals

An interval estimate of a parameter A of a distribution function is an interval of the form
(64,6,), where 8, and 0, are functions of the observed sample vector x, i.e.,, 8; = g,(x)
and 6, = g,(x). If we replace the observed sample with the sample (or the part of a
stochastic process), then the interval’s limits become stochastic variables, 8; = g, (g) and

0, = g»(x). The interval (6;,6,) is an interval estimator of the parameter A.
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Figure 4.4 (upper) A plot of a time series with n = 512 terms generated from the Gaussian HK
model with H = 0.8, 4 = 100, y; = 400. (middle) The autocovariance and power spectrum of the
generating stochastic process and their estimates. (lower) Same as middle but with logarithmic
axes. The least square trend (power law) of the estimates from autocovariance, with slope =
—1.24 is also plotted in the spectrum panel.

We say that the interval (9 , Qz) is a C-confidence interval of the parameter A if:
P{6, <21<8,} =C (4.55)

where C is a given constant (0 < C < 1) called the confidence coefficient, and the limits
01, 0, are called C-confidence limits. Usually, we choose values of C near 1 (e.g. 0.9, 0.95,
0.99, so that the probability in (4.55) become near certainty). In practice the term
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confidence limits is often (loosely) used to describe the numerical values of the statistics
61, 0,, whereas the same happens for the term confidence interval.

In order to provide a method for the calculation of a confidence interval, we will
assume that the statistic § = g(x) is a point estimator of the parameter A with
distribution function Fy (). Based on this distribution function it is possible to calculate
two positive numbers &1 and &2, so that the estimation error 8 — A lie in the interval (-¢1,
&) with probability C, i.e.:

PlA-& <8<1+&)=C (4.56)

and at the same time the interval (-£1, £&2) be as small as possible. If the distribution of 8 is
symmetric then the interval (-&1, &) has minimum length for & = &. For asymmetric
distributions, it is difficult to calculate the minimum interval and, thus, we simplify the
problem by splitting (4.56) into two equations, namely, P{§ <A1 —¢&}=P{6 > 1+
&} = (1 —C)/ 2.Equation (4.56) can be written as:

Plo-&<A<0+é&)=cC (4.57)

Consequently, the confidence limits we are seekingare 8; = 0 — ¢, and 6, = 6 — ¢;.

Although equations (4.56) and (4.57) are equivalent, their statistical interpretations
differ. The former is a prediction, i.e., it gives the prediction interval* of the stochastic
variable 8. The latter is an interval parameter estimator, i.e., it gives the confidence limits
of the unknown parameter A, which is not a stochastic variable.

Classical statistical texts provide expressions for interval estimators of some common
parameters, such as the mean and variance of the normal distribution of IID samples.
However, in most real-world cases we deal with problems much more demanding than
such idealized cases. The distributions may be non-normal, the parameter of interest may
not be the mean or the variance, and instead of a sample we may have a stochastic process.
Then analytical calculation of confidence limits becomes impossible. Naturally, the
method of choice for such (that is, most) cases is the Monte Carlo simulation. General
methodologies for tackling the problem have been proposed by Tyralis et al. (2013) and
Tyralis and Koutsoyiannis (2014).

4.12 Order statistics

Let x be a stochastic variable and x4, x5, ..., x, be IID copies of it, forming a sample. We
arrange them in increasing order such that x(;.,y be the ith smallest of the n, i.e.:

X(1:n) < X(2:n) < < X(n:n) (4-58)

The stochastic variable x(;.,y is termed the ith order statistic. It may seem puzzling that
stochastic variables can be ordered, as they are not numbers (but see also Digression 2.H).

* The terms confidence limits, confidence interval, confidence coefficient etc. are also used loosely for this
prediction form of the equation.
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To clarify this, we observe that given the numbers x;, x,, ..., x,, we can define the ith
smallest of them as a deterministic function, g(xy, x5, ..., X,):

X(im) = g(X1, X2, ..., Xn) = min (x]| Z’,}zll{xkzxj} = i) (4.59)

1<jsn
where I, is the indicator function (with value equal to 1 when condition A is satisfied or 0
otherwise). Now if we substitute the stochastic variables x4, x5, ..., x,, for the numbers
X1, X2, ) Xn, W€ get Xy = g(x1, Xy, ..., %), which, as we have seen, is a stochastic
variable. Additional insights on stochastic ordering and its application to order statistics
are provided by Shaked and Shanthikumar (2007).

The minimum and maximum order statistics are, respectively,

Xmy = MIN(X1, X5, s Xn),  X) = Xy = Max (x4, X3, 0, %) (4.60)

and represent special cases of the order statistics, the lowest and the highest.
For a continuous variable x, if f(x) and F(x) are respectively its density and its
distribution function, then the density function of y := x(;.,) is (Papoulis 1990):

f0) = famO =0—i+D (") (FO) T (1-F»)" O (4.61)

Now if we define the stochastic variable u := F (X) =F (g(i:n)), then according to (2.53):

f(F W) no\ A G T) L
= —1 1 . i-1 1-— n-t — 4.62
=T O L Ol s L
This is the density of the Beta distribution function and hence:
Brpn(i,n—i+1)
Fum () = P{imy < %} = P{u < F(0)} = —r (4.63)

B(i,n—i+1)
For the special cases of the minimum and maximum we have, respectively,

Br(1,n)
B(1,n)

BF(x) (Tl, 1

Famy(x) = =1-(1- F(x))n, Fnmy(x) = B(n 1) ) = (F(X))n (4.64)

As we will see in section 4.13, the order statistics form the basis for estimating knowable
moments and hence are quite important for studying extremes

4.13 Knowable moments and related estimations

As explained in Digression 4.B, classical moments are unknowable for orders p higher
than 2-4, even for very large samples. Koutsoyiannis (2019a) introduced the so-called
knowable moments (or K-moment), defined, after an adaptation by Koutsoyiannis (2025a),
as follows.

The upper knowable moment (K-moment) of order p is the expectation of the largest
order statistic x(;):

K, = E[xp)] = E[max(&,&, ,gp)] (4.65)
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and the lower knowable moment (K-moment) of order p is the expectation of the smallest
order statistic x(1.p):

Ezl? = E[x(1)] = E[min(x;, x;, ..., xp)] (4.66)

An important property, directly resulting from their definition, is that the K-moments are
ordered as follows:

—

Ky<-<Ky<K =K =p<Kkj<-<K (4.67)

These moments are noncentral, and we can also define central moments as

—_ —_ —_—

K, =K,—Ki, K,=K —K, KyK,=0 (4.68)
As shown in Koutsoyiannis (2025a, chapter 6), for a stochastic variable x of
continuous type, the upper K-moment of order p of x is theoretically calculated as follows:
oo 1
K =pE|(F@) " 2| =p [(F@Y " f@dr=p [xmyFrar @69)
—00 0
Likewise, the lower K-moment of order p is theoretically calculated as follows:
1
p-1 — —p-1
K —pE[ F(x) ] p f F(x)) xf(x)dx=pjx(F)F dF (4.70)
0
The latter two equations allow for the extension of the evaluation of K-moments for non-

integer order p for a stochastic variable x of continuous type. For discrete-type variables

as well as for generalizations of K-moments, the interested reader is referred to
Koutsoyiannis (2023, 2025a).
The unbiased estimator of the upper K-moment K, from a sample of size n is

n

Ky = ) binp X(im) (4.71)
i=1
and that of the lower K-moment is
., n
Kp Z binp X(n—i+1:n) — Z bn—i+1,n,p X(i:n) (4'72)
i=1 i=1
where
0, i<p
by =4 Tln—p+1) r'@) . (4.73)

, i>p>0
rn+1) TGi-p+D ‘=P

while I'(-) is the gamma function and x;.,) is the ith order statistic. Note that for p = 1,
bini = 1/n and K] is identical to the estimator of the mean. At the other end, for p = n,
binn = 0 for i <n and by, = 1, so that K, = X(n) = X(nn) = max(@,&, ...,gn), in full
compliance with (4.66). For integer moment order p and i = p = 0, this simplifies to
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= (1)

Based on the K-moments, we define the K-centre of order p, Cp, measuring central
tendency, and the K-spread of order p, D,,, measuring dispersion, as:

_ K+ Ky _ K- Ky (4.75)

Cp: — D, : >
where D, = 0. Their values for orders 1 and 2 are:

o Ky+K, K; -, _

In other words, the first and second order K-centre parameters are equal to each other
and equal to the mean, while the second order K-spread is equal to the second order
central K-moment. Geometrical depiction of these parameters for orders 1 to 4 is given in
Figure 4.5.

D, = (Ki—i;)/Z D, = (Ki—E;)/Z
é D3 = (Ké—E;)/Z é D; = (Ké_Kg)/Z é
D, = (K5~ K2) /2 ;Dz=(Kz’—E2)/2
K, K3 K

= (K3 +K3)/2) | |(K5 +K3)/2)| |(Ks + Kq)/2)

Figure 4.5 Explanatory sketch for the definition of summary statistics based on K-moments.
(Source: Koutsoyiannis, 2025a.)

Like the order statistics, K-moments offer a means to estimate probabilities from
observations in a sample. Koutsoyiannis (2025a) offers a detailed framework for this task
with several options, from rough approximations to fully accurate derivations. Here, we
reproduce a simple method which provides good approximations. This is based on the A-
coefficient of order p, defined as:
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1
(1 _ F( )) (4.77)

The coefficients A, happen to vary only slightly with p. Any symmetric distribution will

give exactly A;= 2 because K] is the mean, which will equal the median and thus yield
F(K,’,) = 1/2. Thus, a rough approximation is the rule of thumb:

Ay =2 (4.78)
Generally, the exact value 4, is easy to determine, as it is directly related to the mean:
1

AN =——— .
S TTRG) (4.79)
The exact value of A,, depends only on the tail index ¢ of the distribution:
rA-98Y%, &+0
Ay = 4.80
{ey, &E=0 ( )

where y = 0.577 is the Euler’s constant. The two values A; and A, enable the simple
approximation of A, and hence of the non-exceedance probability:

Ay~ ay + 27 b)) ~1 ! (4.81)
P r P Aop + (A1 — Ac) '
Hence, the estimate of return period of Ky, is
T(Ky) 1
= Aoop + (Al - Aoo) (482)

b 1-F(K)

For example, for the highest possible p = n and for distributions with exponential tail
(€ = 0) this yields T(K},)/D ~ 1.781n + A; — A, which is consistent with the equations
in Digression 2.1.
Conversely, for a given non-exceedance probability F, we can calculate the quantile x
as the K, that corresponds to:
1 Ay

pr——rc+1

R (4.83)

The estimate of K, based on the typical estimator Kp Yi=1 binp X(in) is more reliable
than that based on a single x ;. because itis derived from many data points (except when
i = n, where the two approaches are precisely identical). In addition, equations (4.82)-
(4.83) can give quantiles x for arbitrary values of F (not only the values contained in the
sample) as the value of p should not necessarily be an integer but can be a real number.
The only restriction is p < n.

Likewise, we can introduce the tail-based A-coefficient of order p as:

- 1

Ap = » F( (4.84)
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Zp has similar properties with A, and in particular varies only slightly with p. Forp =1
it is readily seen that

Ay =1/F(u) = A,/(A, — 1) (4.85)

For example, for a symmetrical distribution 4; = A, = 2. The limiting value Ao, depends
only on the lower tail index ¢ of the distribution:

Ao =T+ 1/ (4.86)

For example, for { = 1 (e.g. in exponential and Pareto distributions), Ay = 1.

A simple approximation of Zp and hence of the non-exceedance probability is:

y Iy St F(k}) ~ !
p = Aot P o+ (=)

Conversely, for a given non-exceedance probability F, we can calculate the quantile x as

(4.87)

J—
the K, that corresponds to:

1 A
pz_—+1—_—1 (4.88)
AF Ao

Combining the noncentral and tail moments we can produce estimates of quantiles for a
wide range of probabilities of non-exceedance, namely for:

1 1
— <F<1-
A+ Ap(n—1) A+ Ap(n—1)

(4.89)

Additional information on several aspects of K-moments, including the adaptation of
their estimators in the case that there is (long-range) dependence in the process of
interest, can be found in Koutsoyiannis (2025a).



Chapter 5. Stochastics as a tool to comprehend the microcosmos

5.1 Can common logic be reconciled with the quantum world?

The quantum world is considered to be incredibly weird, operating under rules that defy
everyday logic and experience. This perception is reinforced by the (unnecessarily) weird
mathematical notation adopted in quantum mechanics, which fosters the notion of
mysteries that are unique to the microcosmos. Among the several behaviours regarded as
weird, we examine in this chapter the two most prominent, the indistinguishability of
particles and their duality as both waves and particles. The aim is to show that the
weirdness disappears if we study them within a proper stochastic framework, similar to
that used for macroscopic phenomena.

The idea that particles in the microscopic world are indistinguishable,
interchangeable and without identity has been central in quantum physics. In quantum
mechanics, two objects are regarded as identical whenever they have the same
architecture and the same values of quantum numbers expressing their state. However,
the same idea has been employed in statistical thermodynamics even in a classical
framework of analysis (e.g. Wannier, 1987; Robertson, 1993; Stowe, 2007; Ben-Naim,
2008) to help make theoretical results agree with experience or perception, as well as
with pre-existing thermodynamic results. Namely, the indistinguishability hypothesis has
been central to determining the entropy in the kinetic theory of gases. In this case, the
idea has been accepted despite the absence of direct experimental evidence supporting it
(e.g., Papoulis, 1991, p. 11).

In the kinetic theory of gases, it is well known that the energy and momentum are
taken to be continuous variables, as in classical physics, rather than discrete variables
taking on a finite number of values as in quantum physics. Therefore, the probability that
any two particles in motion have the same velocity, momentum and energy is zero. This
can hardly justify their indistinguishability (even if the architecture of particles is
identical) and suffices to dismiss the idea of the indistinguishability of molecules within
the kinetic theory of gases. In Chapter 6 we will show that this idea resulted from
superficial application of the entropy definition and that it can be fully abandoned without
any problem. Rather, its dismissal resolves issues that are regarded as paradoxes—the
well-known Gibbs paradox (see also Koutsoyiannis, 2013a).

In quantum mechanics, it looks difficult to dismiss the indistinguishability hypothesis.
Also, the idea looks justifiable in typical quantum mechanical systems, as the number of
states (dimension of Hilbert space) that describe what may happen in a finite volume is
always finite (usually small) and therefore the probability of having particles in identical
states is non-zero. However, as will be shown in section 5.2, it is rather easy to dismiss the
indistinguishability idea and reestablish ordinary logic, as the related statistical
behaviours can be recovered by using proper stochastics and assuming dependence
among distinguishable particles.

The duality of particles as both waves and particles looks difficult to comprehend and
reconcile with common logic developed from macroscopic phenomena. This duality is
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exemplified by the famous double-slit experiment where particles act like waves (Figure
5.1).

Single-slit pattern

Double-slit pattern

Figure 5.1 Patterns from the double-slit experiment, namely from a single slit (one of the two slits
closed) vs. a double slit. Source: Wikimedia commons, https://commons.wikimedia.org/wiki/
File: Single_slit_and_double_slit2.jpg, licensed under the Creative Commons Attribution-Share
Alike 3.0 Unported license.

This experiment is one of the most famous in modern physics and several versions
thereof are described in experimental physics books (Beck, 2012; Prutchi, 2012), as well
as in popular science books (Ananthaswamy, 2019). Its importance is highlighted in the
following words by Feynman (1985):

[ will take just this one experiment, which has been designed to contain all of the mystery
of quantum mechanics, to put you up against the paradoxes and mysteries and
peculiarities of nature one hundred per cent. Any other situation in quantum mechanics,
it turns out, can always be explained by saying ‘You remember the case of the experiment
with the two holes? It’s the same thing.

But again we can tackle this paradox or mystery using probability. In the macroscopic
world we are familiar with a random experiment (e.g. a die throw) and we are not
surprised that initially there are many possibilities but eventually only one of them is
realized. As already discussed in section 1.1, this was theorized by Aristotle in his dipole
potentiality vs. actuality. This dismisses the deterministic dream that, given specified
causes, only one outcome is possible. Aristotle’s idea was adopted by Heisenberg (1962)
and other modern physicists.

Hence it takes accepting probability as an abstract reality, to reinstate consistency
and unity between the macroscopic random experiment and the behaviour of the
quantum world. Initially, an emitted photon is a potentiality, described in probabilistic
terms, and eventually it is realized as a particle. Not only does this glorify probability, but
also confirms its existence, along with the sensible and other abstract objects. And its
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existential properties are so strong that we must also accept probability in the form of
waves — waves that travel exactly like waves of physical quantities. This is precisely the
same logical structure we already used for macroscopic random experiments (section 1.1)
— only now the potentialities propagate as waves. We examine this probabilistic
explanation of the double-slit experiment in section 5.4, but before that we discuss the
meaning of existence in Digression 5.A.

Digression 5.A: From the physical world to an abstract world

Most people agree that the physical world exists. For example, most will agree that the apple and
the orange shown in Figure 5.2 exist, or did exist some time. Common-sense realism does not
question the existence of the apple and the orange, but, notably, there are philosophical currents
that do. For instance, solipsism would assert that only a person’s (the photographer’s or the
eater’s) experience was certain. Any “agreement” by another person (e.g. a reader of this text)
could be part of the former person’s dream or simulation or hallucination.

Figure 5.2 An apple and an orange on a table. This is not an image produced by artificial intelligence but a
photograph (taken by the author) of two real fruits, which no longer exist (they were eaten shortly after the
photograph was taken).

To continue, let’s dismiss solipsism and other related ‘-isms’, adopt the common-sense
realism, and examine in this light the statement “the picture shows two fruits”. Excepting those
who do not mix apples with oranges, others would agree that this statement is true. But now
either of the terms “fruit” and “two” describes not a physical but an abstract concept. Can we say
that concept “two” or the number 2 exists? And if yes, can we also say that the number =
3.14159... exists? What about the imaginary unit i and the complex numbers? Furthermore, does
an ideal circle, whose ratio of its circumference to its diameter is m, exist? All these questions have
diverse answers, depending on the ontology adopted. The replies that safeguard an easier life for
one who studies physics using mathematics are affirmative to all these questions.

All these exist as abstract, non-spatiotemporal, mind-independent entities. This idea goes
back to Plato’s teaching, according to which the real world is a world of ideal or perfect forms
(apxétuma, archetypes). It is unchanging and unseen, and it can only be perceived by reason
(voovueva, nooumena). The physical world is an imperfect image of the world of archetypes.
Physical objects and events are “shadows” of their ideal forms, are subject to change and can be
perceived by senses (@atvoueva, phenomena). By turning Plato’s theory upside-down we obtain
aview thatis more consistent with modern science: the physical world is the perpetually changing
real world, but abstract concepts are also necessary to comprehend the real world (Koutsoyiannis
and Montanari, 2015). Their indispensability to science pushes toward their existence—and this
is supported by the philosophical current called Mathematical Platonism, according to which
mathematical truths are discovered, not invented. Famous proponents of this current are Gottlob



166 CHAPTER 5 - STOCHASTICS AS A TOOL TO COMPREHEND THE MICROCOSMOS

Frege, Kurt Godel, René Thom and Roger Penrose. But of course, there are many other “-isms’,
which do not accept such existence.

Stochastic variables, as we defined them and discussed in section 2.4, signify a higher level of
abstraction. They are equivalent to a mathematical function, and as we prompted in section 2.4,
an intuitive way to comprehend them is to think that, unlike common variables, they take on the
entire set of possible values at the same time. The probabilities of taking on these values possibly
differ among the different values, and are specified by their distribution functions. Probability per
se is another concept of high-level abstraction, also a mathematical function, but one which maps
sets onto numbers. And entropy is a concept relying on probability, as defined in section 2.3. Do
stochastic variables, probability and entropy exist? Many would reply in the negative to this
question, particularly those embracing the subjective, also known as Bayesian interpretation of
probability. Others would agree about their existence—most prominently Popper (1982), who
connected probability to propensity, a notion analogous to Aristotelian potentiality.

On the other hand, many would accept entropy as a physical entity, a property of a
thermodynamic state that can be determined from observed quantities such as pressure, volume
and temperature (recall Jaynes’s view discussed in Digression 2.F). Without accepting entropy as
existing, physics would collapse, the Second Law of thermodynamics would disappear, and
engineering and technology would return to the pre-industrial era.

But is it possible for entropy to exist, if we refuse existence to its foundation, that is,
probability? Even if we bypass this question trying to ground entropy in different ways, similar
questions will emerge in quantum systems. In particular, the double-slit experiment (Figure 5.1)
and Schrodinger’s wavefunction would hardly be meaningful without invoking probability.

In this book we follow a pragmatic ontological approach based on the principle of parsimony:
we shape the minimum set of assumptions that makes the world comprehensible and our lives
easier (assuming that we live), both at an individual and a social level (assuming that others also
live and interact with each other). Our minimal pragmatic approach includes the following
premises:

o The physical world exists in an objective manner and its phenomena are mind-independent.

e Abstract concepts, which are not (but can be assigned to) physical entities, can exist, also
being mind-independent.

e From the possible abstract concepts we adopt a minimal set that helps us comprehend the
world.

e This minimal set includes natural, real and complex numbers, common variables and
probabilistic concepts, including stochastic variables, probability per se, and entropy.

Clearly, including probabilistic concepts in the last premise is tantamount to extinguishing
determinism. Most are reluctant to think outside of the deterministic framework (cf. Einstein’s
famous aphorisms in the beginning of this book) and it is reasonable to expect that theories trying
to save determinism would emerge. Several attempts at this were made, most of which have been
falsified by now. Currently, the most fashionable attempt is the multiverse hypothesis, in which a
universe “splits” into two or more all the time. Whenever a quantum particle (e.g. an electron),
which initially exists in multiple states at once (e.g., spinning both up and down), “decides” to
realize in one of these states, a universe splits. Hence, instead of assuming that a stochastic
variable realizes as a common variable, this hypothesis accepts that all possible realizations occur,
inflating the number of universes to infinity.

However, there is no need to consider this hypothesis at all, as it does not affect our study. If
it is false, we can disregard it from the outset. If it is true, we can continue our study while again
disregarding it, leaving other copies of ourselves in other universes to work on it.

5.2 Particle indistinguishability vs. dependence

The indistinguishability hypothesis is not about whether or not we can distinguish or label
particles. It goes far beyond the fact that the particles are identical, implying that this
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property affects the probabilistic behaviour of particles and the entropy of the system.
Thus, the hypothesis has resulted in different probabilistic behaviours or models, each
one labelled by two names of some of the most respected physicists in history. They
depart from standard probability and statistics, which we use in all sciences, including
physics of the macroscopic world. The typical probability-theoretic problem of placing N
particles into M boxes (representing particle states or locations) can serve as a basis for
defining the models and distinguishing them from each other and from the standard
probability model. Specifically, the number W of possible ways of placing the particles
according to the different models are (Papoulis, 1991, pp. 11, 61; Ben-Naim, 2008, pp.
259-264, 319-320):

e Standard probabilistic model (for distinguishable particles):
W(M,N) = MN (5.1)

e Bose-Einstein statistics (each of N indistinguishable bosons occupies each of M
states with no restriction on the occupation number in each state):

N+M—1)_(N+M—1)! 52)

Wap(M,N) = (V7T 7) = NT(M — 1)

e Fermi-Dirac statistics (each of N indistinguishable fermions occupies each of M >
N states with the restriction that no more than one particle can occupy a specific
state):

Wgp (M, N) = (N = NI = N1

M=N (5.3)
e Maxwell-Boltzmann statistics, lacking clear definition, but rather introduced as a
mathematical trick to modify the entropy of systems of gas molecules, in which the
standard model results in an entropic form that is non-extensive, while classical
thermodynamics demands that the entropy be extensive (Koutsoyiannis, 2013a;

see also section 6.6):
MN

= (5.4)

Wus(M,N) =
An interesting property is that for M >> N, both the Bose-Einstein and the Fermi-Dirac
statistics, become equivalent to the Maxwell-Boltzmann statistics, i.e.:

N

M 5.5
Weg(M, N) ~ Wep (M, N) ~ - = Wyp(M, N) (5-5)

To show this we take the limit of Wgg(M, aM) /Wyg(M,aM) as a — 0, which turns out to
equal 1. With a similar method, we can easily show that for N >> M:

M-1

N
WBE(M,N) zm:WMB(N'M_l) (56)

A relationship of this type for the Fermi-Dirac statistics is meaningless because by its
definition it requires N < M.
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The correctness of the above mathematical expressions is not questioned, except in
the case of equation (5.4), where even simple inspection shows that it cannot be
consistent. For example, taking M = 3 boxes and N = 2 particles, from (5.4) we obtain a
number of possible arrangements Wyg(3,2) = 4.5, which is absurd—this number cannot
be non-integer (see additional problems in Koutsoyiannis, 2013a). By increasing the
number of particles, i.e. N = 9 for M = 3, Wyg becomes lower than 1 (Wyg(3,9) = 0.054),
which is even more absurd, indicating a probability greater than 1 (1/Wws = 18.44).

Thus Wyg(M, N) is only useful as a numerical approximation for M > N, according to
equation (5.5) (or for N > M according to equation (5.6)). Otherwise it has no logical
basis, it does not describe anything logically consistent, and it creates confusion.
Therefore, we will not use it.

On the other hand, the Bose-Einstein and Fermi-Dirac equations are accurate and
useful. However, the idea of indistinguishability, which serves as these equations’ logical
basis, is a weird one and leads to the paradoxical perception that common logic does not
apply to the microcosmos. However, if microcosmos is logically different from
macrocosmos, the entire body of logic becomes problematic. A fundamental question
which reveals an inconsistency is this: What would be the threshold that distinguishes the
two cosmoses and hence the two different logics?

Here to avoid such interpretation and the implied problematic situations, we reject
the idea of indistinguishability and the different logics that it implies. Specifically, we
derive all three equations (5.1)-(5.3) using a very simple assumption related to the
dependence of particles, namely, zero, positive and negative dependence for equations
(5.1) (classical model), (5.2) (Bose-Einstein) and (5.3) (Fermi-Dirac), respectively. From
a physics point of view, zero, positive and negative dependence can be conceived as
neutrality, attraction and repulsion between particles, respectively, in terms of their
states. As dependence and independence are part of the standard logic and are quantified
in stochastics through the concept of conditional probability, there is no need to introduce
a new logic for microcosmos.

We consider the typical probability-theoretic problem of placing N particles into M
boxes, representing particle states or locations. Let nl}, < N denote the particular number
of particles that are contained in box numbered m,1 < m < M, out of N particles in total.
We consider the following event, which we call a configuration of N — 1 particles:

AV =l =nl, .0l =nd, .0l =nii} (5.7)

Assuming, of course, that the particles are distinguishable, as common logic dictates, there
are multiple arrangements, i.e. outcomes, corresponding to the configuration A". Their
number is given by the multinomial coefficient, which, by definition, is the number of ways
of partitioning N distinct objects into M sets of sizes ny, ..., Ny, ..., Ny This number is:

N!
CNy, ey Ny ey Nyy) = T ] (5.8)
1- en m:* M.

AN+1

We will study the transition of A" into the configuration , in which one box will

contain one more particle. We let this to be the mth box, so that
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ANFL = (V4L = N — N 41l = nlY) (59)

We make the fundamental assumption that the probability of the new particle choosing a
particular state (box) is linearly dependent on the number of particles that are already
there:

P(ANFYAN) o« 1 + knlY (5.10)

where k is a dimensionless parameter (we call it a quantum number here) which
physically encodes attraction (bosons, k > 0), neutrality (k = 0), or repulsion/exclusion
(fermions, k < 0) in state space. Specifically, we set:

k =4 0, independence — classical particles (5.11)

{—1, negative dependence — fermions
+1, positive dependence — bosons

There are M different configurations AN*?, each corresponding to m = 1, ..., M, with
conditional probabilities P{AY,*1|A¥} adding up to:

M
Z P(ANF[AN) = 1 (5.12)
m=1
Summing probabilities for all m options we find:
M
z P(ANF1[AN) o M + kN (5.13)
m=1
and hence:
1+ knd),

P(AN+1] AN = (5.14)

M + kN

This is our simple and fundamental equation, from which we can readily derive any
of the cases corresponding to equations (5.1)-(5.3). More specifically, for the case of
independence (k = 0), we have:

1
P(ANt1AN) = i (5.15)

For the case of positive dependence (bosons, k = 1), we have

1+nk

N+1)ANY) = m 5.16

P(ARHAY) = o (5.16)

Finally, for the case of negative dependence (fermions, k = —1), we have:
N+1| 4N 1-ny 0, nm =1
P(AyTAY) = = :

(Am" A7) = — 1 R, (5.17)

M—-N

The zero probability when n, = 1 is precisely the stochastic encoding of the Pauli
exclusion principle.
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Next we will see how this rule applies to the three different kinds of dependence.
Specifically, we will show that equations (5.15)-(5.17) imply equations (5.1)-(5.3).

Classical particles
In the independence case, it is readily shown that the probability of any arrangement of
the N particles in M boxes is independent of the arrangement and equal to:

() =
However, the probability of a configuration depends on ny, ..., n,y, ..., ny, i.e.:
N 1\" N! 1\"
P = o) (57) = 5 i ) (519

This is known as the multinomial distribution.

Bosons
We will show that the probability of each configuration is independent of ny, ..., n,,, ..., ny,
and only depends on their sum N = n; + --- + n,, + --- + ny; and the number of boxes M,
namely:

N'(M-1)! 1
(N+M—-1)! Wgg(M,N)

P(AN) = Pgg(M,N) = (5.20)

To show that equation (5.20) holds true for any N we use the complete (mathematical)
induction. Apparently, it holds for N = 1:

M-1) 1
P(AY) = Pgg(M,1) = ——=— 5.21
(A1) = Pag(M, 1) =~ = - (5:21)
We assume that it holds for N and we will show that it also holds for N + 1. We study the
configuration A¥*! as in (5.9). This can result from (5.7) by placing the additional particle

in box m. Its probability is

1+n), NI(M—1)! NI(M—1)!
MiN(N+ M=~ (e 4T mm (5:22)

P(ARHAV)P(AY) =

However, it can also result from other configurations AM. The configuration A’(Vl) =
{nf =nl —1,..,nl =n +1,..,n8 =nl} will also give the same AN*! if the new
particle is placed in box 1. As the total number of particles in A(l) is again N and since the
probability of a configuration for N particles does not depend on the particular

arrangement, but only on N and M, the probability for this case is

1+n¥ —1 NI(M - 1)! N'(M—l)'

P AN+1 A PlA 5.23
(4m**|Aty)P(Aty) = M+N (N+M-D! (N+M! " (523)
Likewise, we can have the cases of the configuration Ay, ..., Afyy = nf =nl = .. 0} =
n +1,. =nl — 1} and hence, adding the probabilities for all cases we get
N'(M —1)! N!'(M — 1)!
P(ANY) = ( ) MY +-+1+nl 4+ +n))= ( ) (N+1) (5.24)

(N + M)! (N + M)!
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or

(N + 1)! (M — 1)!

P(An™) = (N + M)!

(5.25)

Thus, we have proved that equation (5.20) holds true for N + 1 and hence for any N.

It is tempting to conjecture that the equality of probabilities of all configurations is
the reason why particles were long thought to be indistinguishable. But in our approach
the probability becomes perfectly uniform per configuration, even though the particles
themselves remain distinguishable.

Contrary to the independence case, in bosons the probability of a specific
arrangement, one of the many oucomes forming the configuration A", does depend on the
partitioning of N into ny, ..., n,y, ..., ny. It is readily found to be:

P(AN) _ NIM -1 nglang! iyt onglong!any! (M - 1)!

= = 5.26
Cny, e, Ny s my) (N+M—1)! N! (N+M-1)! ( )

Apparently, this is maximum when all N particles are placed in a single box (say n; =
N,n, = -+ = ny = 0, but irrespective of what the number of the box is). In this case the
configuration has only one arrangement (outcome) is equal to P(4Y) = 1/Wgg(M, N).

Fermions

For the case of Fermions, we will again show that the probability of each configuration is
independent of n4, ..., n,,, ..., ny. It only depends on their sum N =n; + -+ n,, + -+ +
ny and the number of boxes M, where now each n,, is either 0 or 1. It is given by:

MM-N_ 1 M>N 5.27
MI WM N S (5.27)

P(AN) = PFD(M:N) =

Again we use the complete (mathematical) induction. Apparently, equation (5.27) holds
for N = 1. We assume that it holds for N and we will show that it also holds for N + 1. We
study the configuration AY*L. If n,, = 0 then AY"! results by placing the additional
particle in box m. Utilizing equation (5.17), its probability is

1 N'(M-—N)! _N'(M—(N+1))!

PAN+1ANPAN=
(ml)()M_N T 7

(5.28)

Ifn,, = 1, there are N other configurations A", which can produce AY;*1. Each of them has
a 0 in one of the N elements in which AY¥*! has 1. The probability of each one is equal to
the above and hence:

N!'(M — (N + 1))!

- (5.29)

P(AR™) =(N+1)

or

(N + 1! (M — (N + 1))!
M!

P(AN+T) = (530)

Thus, we have proved that equation (5.27) holds true for N + 1 and hence for any N.
In other words, from the hypothesis of negative dependence and assuming
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distinguishable particles, we recovered the typical result of Fermi-Dirac statistics that is
given for indistinguishable particles. Again we have equality of probabilities of all
configurations, hence again giving a hint why particles were long thought to be
indistinguishable.

To calculate the probability of a specific arrangement, one of the many outcomes
forming the configuration AN, we observe that, since all n,, are 0 or 1 and since 0! = 1! =
1, the probability in question is:

P(4M) _NI(M-N)!' 1 (M—-N)!
C(Nyy ey My ey Npy) M! N!' M!

(5.31)

That is, it is precisely the same for all arrangements.

While the above proofs are general and hold precisely, for the sake of better
understanding we provide an illustration in Digression 5.B.

In summary, dismissing the artificial hypothesis of indistinguishability” and replacing
it with the natural concept of dependence (quantified by a single parameter k =
—1,0,+1) recovers Bose-Einstein, Fermi-Dirac, and classical statistics entirely within
standard probability theory. As per the Maxwell-Boltzmann statistics, its only meaning is
to view it as a limit of the Bose-Einstein and the Fermi-Dirac statistics. Common logic
therefore applies to the microcosmos exactly as it does to the macrocosmos — exactly as
we use it for planet orbits but also dice throws or gas molecules.

Digression 5.B: Illustration of probabilities by replacing indistinguishability
with dependence

We illustrate the stochastic framework presented above for the problem of placing N particles
into M boxes, with varying N = 1,2,3 and constant M = 3. For better illustration we depict the
calculations in figures, without applying the final formulae of section 5.2. Specifically, Figure 5.3
shows the calculations for positive dependence (bosons) and Figure 5.4 those for negative
dependence. Further explanations are provided in the figure captions.

For the bosons case (Figure 5.3) we have also summarized the resulting probabilities per
arrangement and per configuration for (M = 3, N = 3) in Table 5.1. It is seen that the most
probable configuration is all N particles occupying a single state. It is also seen that while the
probabilities per arrangement vary from 1/60 to 1/10 (contrasting with the case of independence
where they are constant, 1/27), the probabilities per configuration are constant. As already
mentioned this can perhaps be the reason why particles were long thought to be
indistinguishable.

The characteristic probabilities of each of the arrangements and configurations of all cases
examined (N = 1, 2,3, M = 3; with independent, positively dependent and negatively dependent
particles) are compared in Table 5.2. We notice the constant probability per arrangement in the
occasion of independence and the constant probability per configuration in the dependent cases.
It may have become apparent by now that the constant probability per configuration does not
imply indistinguishability of the particles.

* A probabilistic derivation avoiding the indistinguishability postulate also appears in Kolokoltsov (2021).
The present approach is distinct in retaining particle distinguishability and encoding dependence via
attraction/repulsion in state space.
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Figure 5.3 Illustration of calculating probabilities of all possible arrangements of placing N positively
dependent particles (bosons), designated as a, b, ¢, into M = 3 boxes, where N is progressively increasing
from 1 to 3. Each arrangement is assigned a particular label (B1, B2, etc.; upper left in each container of
calculations) accompanied with the label of the predecessor arrangement (lower left in each container of
calculations). In each calculation the first term is the conditional probability according to equation (5.16)
and the second term is the probability that the condition holds (from the predecessor arrangement, i.e. the
calculation is: conditional probability x predecessor probability equals probability of this arrangement).
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Table 5.1 Characteristic probabilities of each of the arrangements and configurations in placing N = 3
positively dependent particles (bosons) into M = 3 boxes. The probability of each distinct arrangement (D1
to D27) has been calculated in Figure 5.3, which was also used to count the number of arrangements in each
configuration (for example in configuration #2 there correspond the arrangements D2, D4, D10).

Characteristics of each Probability of each Probability of each
# configuration arrangement, configuration, Pgg (M, N) =
n, n, ng N C(ny,ny,n3) Pgg(M,ny,m,,13) Pgg(M,nq,m5,13)C (N1, Mz, n3)
1 3 0 0 3 1 1/10 1/10
2 2 1 0 3 3 1/30 1/10
3 2 0 1 3 3 1/30 1/10
4 1 2 0 3 3 1/30 1/10
5 1 1 1 3 6 1/60 1/10
6 1 0 2 3 3 1/30 1/10
7 0 3 0 3 1 1/10 1/10
8 0 2 1 3 3 1/30 1/10
9 0 1 2 3 3 1/30 1/10
10 O 0 3 3 1 1/10 1/10
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D: M =3,N=
0

= 3
bio_ _ Dzlo_1_ D30 _1_
—x0=0 a,b,c —x—-=0 b, c —x=-=0 b, c
[c1]1 [c2]1 6 [c3]1" 6
[D4] 1 -DSO 1 Dej1 1 1
[c1] 1 21" 6 [c3]1 76 6
o1 _ D81 _1_1 D3l _1_
—x0=0 a,b c =ri=== c —x-=0 ENe
[cT] 1 [CZ]1°6 6 (31" 6

Figure 5.4 Illustration of calculating probabilities of all possible arrangements by putting up to N = 3
negatively dependent distinguishable particles (fermions), designated as a, b, ¢, into M = 3 boxes. Each
arrangement is given a particular label (B1, B2, etc.; (upper in each container of calculations) accompanied
with the label of the predecessor arrangement (lower left in each container of the calculations). In each
calculation the first term is the conditional probability according to equation (5.17) and the second term is
the probability that the condition holds, as calculated in the predecessor arrangement (i.e. the calculation
is: conditional probability x predecessor probability equals probability of this arrangement).

Table 5.2 Characteristic probabilities of each of the arrangements and configurations in placing up N =
1,2 or 3 distinct particles into M = 3 boxes. Note the constant probability per arrangement in the
independence case of the constant probability per configuration in the dependence cases.

Total R re Positive dependence Negative dependence
number (bosons) (fermions)

N O_f Probability = Probability = Probability = Probability Probability Probability
cor¥f1gu- per per per per per per
rations* arrangement configuration arrangement configuration arrangement configuration

1 3 1/3 1/3 1/3 1/3 1/3 1/3

2 6(3) 1/9 1/90r2/9 1/120r1/6 1/6 1/6 1/3

1/270r1/9 1/600r1/30

3 10(1) 1/27 /or2/9/ /orl/lt{ 1/10 1/6 1

* In parentheses are given the numbers of legitimate configurations for Fermions.
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5.3 From water waves to probability waves

We start discussing water waves because they are the most familiar ones as they enable
avisual inspection (Figure 5.5). A disturbance at some point (e.g. due to a throw of a stone)
will propagate radially, forming cylindrical waves. The energy will eventually be
dissipated and the water surface will become calm again.

Figure 5.5 Realistic rendering of cylindrical (radially propagating) water waves (image generated
by Grok—xAl).

Here we consider a continuous disturbance in a form of a harmonic oscillation at a
single point (r = 0, where we use a polar coordinate system (7, 8) with r denoting the
radial distance and 6 the angle). We neglect energy dissipation and assume that the water
surface motion reached a steady state. For easy illustration we study the simplest case of
a wave with a single frequency, v, and wavelength, A (distance between two consecutive
peaks). We assume a simplified wave model—even though as we will see below, this can
only be used as a rough approximation for 2-dimensional waves. Specifically we assume
that the displacement from the water level at rest, h(r, t) at radial distance r and time t is
given by
r—ct

A

where a(r) is the amplitude whose form will be specified below, ¢ the phase with ¢, being
an initial phase r = 0, t = 0, and c is the wave velocity, also known as celerity. The latter
term is preferred when the water is in motion, where the water velocity V differs from the
celerity c. The fact that in the assumed model the amplitude is a function of only the radial
distance makes the waves cylindrical. Yet the waves shown in Figure 5.5 are more
complex than those described by equation (5.32), which have an element of randomness.

h(r,t) = a(r)cos ¢, Q=@+ 2n (5.32)

For waves in shallow water the wave velocity is

¢~ gy (5.33)

where g is the gravitation acceleration and y is the mean water depth. The period T and
the frequency v := 1/T of the wave are connected with the wave velocity through:

C=F=AV (534)
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When the wave at point r peaks, the kinetic energy is zero and the potential energy
for an elementary area dA is calculated as follows. The mass of the volume displaced is
phm, dA, where p is the water density. The average displacement of this mass is h,,/2 and
therefore the potential energy is (1/2)p g hZ, dA. Now, as we assumed a steady state, we
have accepted that the total energy does not change in time. At lower displacement,
kinetic energy is developed, being maximized when the displacement is zero, with
maximum value (1/2)p g hZ, dA.

As by virtue of equation (5.32) for t such that cos ¢ = 1 we have h,, = h(r,t) = a(r)
and hence the total energy per unit area is

e(r) = (1/2) p g a(r)? (5.35)

On the other hand, if we integrate the total energy per unit are at a circle of radius 7, it
should be constant:

2nr a(r)? = constant (5.36)

and hence we can rewrite equation (5.32) as

a r—ct
h(r,t) = Wcos (goo + 21 ) ) (5.37)

where a is now a constant with dimensions [L3/2]. In this, the energy per unit area is

(1/2) p g a?/r and that over the entire circle of radius r is ™wp g a®. A characteristic
depiction of the waves described by equation (5.37) is shown in Figure 5.6.

1
0.8
0.6
0.4
0.2

0

-0.2

-0.4

Displacement h (m)

-0.6
-0.8
-1
0 2 4 6 8 10
Radial distance, r (m)

Figure 5.6 Displacement as a function of radial distance for water waves described by equation
(5.37) for the indicated times. The assumed numerical constants are @, =0,c =3 m/s
(corresponding to water depth of about 1m),A = 4 m,a = 0.3 m%/?,sothatT = ¢/A = 0.755s,v =
1/T = 1.33 Hz. The total energy per unitradiusis 2nre(r) =2nr (1/2)pga(@)?> =npga® =
m1000 kgm™39.81 ms™20.32m3 =2773kgms~2 or 2.77 kJ/m.

From the standard theory of partial differential equations (e.g. Strauss, 2007), we
recall that the wave equation is
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0°%h
W - szzh =0 (538)

where in two dimensions and for cylindrical symmetry (i.e. dh/36 = 0, where 8 is the
angular coordinate), the Laplacian is

10/ oh
2h=——|r— 5.39
vh ror (r 6r> (539)
After the algebraic manipulations we find
d%h 16(16h)_ ac? ( o r—ct)
otz ror\ror) 4(\/?)5 COs | Po U 1 (5.40)

In other words, this is not zero (as it should), but tends to zero as r increases, at a rate of
r~5/2, The wave equation for large r is asymptotically satisfied, but not precisely. If we
want to find an accurate representation for two dimensional waves, the exact solution is
more complicated, involving Bessel or Hankel functions. However, for better illustration,
here we preferred the simple approximate solution which better serves our focus.

When we have more intricate problems, such as many frequencies or interfering
waves, it is too complicated to use trigonometric functions, and we replace them with
exponential functions of complex numbers. That is, using Euler’s formula, el = cosx +
isin x, where i is the imaginary unit, we rewrite equation (5.37) as

h(r,t) = Re (Y(r, 1)), Y(r,t) = \%exp <i ((po + 27 ! ;Ct>> (5.41)

We may call y(r, t) complex wave function and we note that:

e itsreal part Re () is the observable, in our case the displacement h(r,t); and
e its absolute square, ||? = Yy, which is the square of the coefficient of the

— 2
exponential function (in our case [|? = Yy = (a/\/ﬂ = a?/r) is related to the
energy per unit space (in our case, unit area), or energy density.

If we go to three-dimensional waves, like the propagation of sound the same toolbox
is applied with a slight modification. Namely, we should replace vr with r because the
waves are now spherical, rather than cylindical, and the energy at distance r should be
inversely proportional to 2. The mathematical representation now becomes
r—ct

A

where the observable h(r, t) now is the pressure amplitude in the carrying medium (air,

h(r,O) =Re (0, () ==e?, ¢ =g+ 2 (5.42)

water, etc.). The energy density is again proportional to [y|? = 1), in our case (a/7)2.

Unlike the case of water waves, in three dimensional waves the wave function is
precisely satisfied by equation (5.42). Specifically, for spherical symmetry (i.e. dh/06 =
0h/0n = 0, where 8 and n are the angular coordinates), the Laplacian is
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10 oh
2h=——|(r?— 5.43
vh r2or (r 61’) (543)
and after the algebraic manipulations we find
0*h 1 0 oh
—_——(r2=) = 5.44
ot? r?or (r 6r) 0 (>44)

When moving from sound to light, the differences are conceptual, rather than in the
mathematical treatment. We make the following points about them.

1. As we have discussed in Digression 1.A, light can simultaneously materialize
multiple trajectories, once there are pertinent conditions, for example, mirrors in
our experimental apparatus. This means that light fills the space, before
materializing a specific trajectory (which eventually satisfies Fermat’s principle).
We can then conceptually perceive the light propagation in spherical waves.

2. Light is observable only when photons are emitted or absorbed. In between,
nothing is observable. Therefore, if we express mathematically a quantity (7, t)
as an amplitude, then the quantity h(r,t) = Re (i(r,t)) is not observable and
therefore it must be an abstract quantity.

3. This abstract quantity should imply energy propagation, proportional to the

quantity ||2 = Y = (a/r)? and becomes arbitrarily low for large r. On the other
hand, a photon is a quantum that cannot be subdivided and has minimal specific
energy content, e = h, v, where h;, is the Planck constant. Given that there can be
no lower energy amount than e, while (a/r)? can take arbitrarily low values, we

understand that f = Y should be none other than a probability density that the
photon should reach a certain point (r, 8,n). This is like when many people are
vying for a car: Initially everyone has a probability of getting it, but eventually only
one will have it.

4. Therefore, the situation becomes similar to a macroscopic random experiment. Let
us consider for comparison a roulette wheel which is not divided into pockets, but
its outcome is the angle 8 measured on a circular scale, like in Digression 2.L (case
c). When the wheel stops, the observed outcome is an actuality, but before that,
when it spins, all possible outcomes are potentialities. The same happens with the
photon. When it is absorbed at a point (r,6,n), we have an actuality and a
realization of the energy e at a single point via a single photon. Before that, we have
infinite potentialities and the energy is probabilistically distributed to all
accessible points (7, 6,7), so that its integral over (8,7n) at any r be exactly e. A
deterministic distribution is impossible, for the explained reason that the photon
cannot be subdivided.

5. The difference with the random experiment is that the photon has also frequency
(reflected in its colour) and phase. Hence, we should also consider these in our
study. To do this we apply the same rules as in other waves discussed above.

6. Light has a constant speed ¢, in vacuum (with the subscript “,” denoting the
vacuum) independent of the reference frame and, for any observer, there is a lapse
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time between its emission and absorption. However, for the photon per se,
according to special relativity, the lapse time is zero. Hence, according to its own
frame, a single photon is emitted, propagated and absorbed instantaneously, and
atits instantaneous propagation fills the entire space as a potentiality. Considering
the open space admissible to it, a photon is an omnipresent and all-pervading
entity. This is the only mystery that remains—but it is more related to special
relativity than to quantum mechanics.

We will explain and implement these ideas in section 5.4 by studying the celebrated
double-slit experiment.

5.4 The double-slit experiment

In our study of the double-slit experiment on a stochastic basis we try to represent the
experimental results, as seen in Figure 5.1. Our aim is to make a simple conceptual model
of the behaviours observed and not an accurate mathematical model. In brief, these
behaviours, as seen in the experimental findings, are:

(a) when there are two options for a photon (or another particle, e.g. an electron) to
pass, materialized by the double-slit device seen in Figure 5.7, then an intermittent
pattern, known as interference fringe, appears on the screen collecting the
photons, which reflects a multi-modal distribution function;

(b) when there is just one option then a unimodal distribution emerges on the screen.

The latter case emerges when one slit is closed, as well as when a measurement is made
determining the slit from which the photon passed. As already noted, a photon cannot be
subdivided and, thus, if it is observed it will necessarily be found in only one of the two
slits. However, if it is not observed, it behaves like a stochastic variable with two options,
each of which has a certain probability.

Figure 5.7 provides a sketch of an idealized double-slit experiment and explains the
basic notation used. We denote f,(v") = f,s,/(x’,¥') the probability density that a
photon passes from point A with coordinates v' = (x’,y") and f,(v) = f;,, (x,y) the
probability density that the photon hits the screen at a point with coordinates v = (x, y).
For convenience, we will study the photons hitting the screen at the x axis (i.e., assuming
y = 0 like in point B in the figure), and we denote the corresponding density f, (x).
Actually, this is a conditional density, i.e., fi(x) = f(x|y = 0) = f,, (x,0)/£,(0). Finally,
we denote f |, (x|v') the conditional probability density that the photon reaches point B
(with coordinates v = (x,0)), once it is known that it passed from point A (with
coordinates v' = (x',y")). We emphasize that all these densities are abstract quantities
and the conditions like the latter one are not observable, because we cannot observe the
exact position v' = (x', y") where the photon passed from the slit.

Because light propagates in the form of spherical waves, as already discussed, it is
reasonable to assume that the conditional probability density is
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a? a?

' N=—= 5.45
Faw (x1¥) Iz LP+x—x")2+y"? (543)

where and [ is the Euclidean distance between A and B (see figure) and a is a
proportionality constant determined so that

f [ (x[v)dx =1 (5.46)

Itis readily recognized that f s (x|v") denotes a Cauchy distribution and it is easily found
that
2 12
2oy ty? L (5.47)
s s

where the approximation is justified if y’ < L.

Double slit Screen

N y
’

y

(x,0)

S (*‘*’)mez \&

Figure 5.7 Sketch of the setup of an idealized double-slit experiment and notation used.

Laser Light

Y %

On the other hand, a photon is characterized by its wavelength A, which we
understand as colour. For example, a photon with the green colour shown in the figure
has a wavelength of about 0.5 pm = 5 X 1077 m. According to equation (5.42), the phase
¢ propagates linearly in time and space. When the phase at 4 is ¢, (assuming this is the
same for any point of the slit device), then the phase at B is

2ml
Pxpp' = Pot @ @ =—r, [ =12+ (x —x')%+y"? (5.48)

The phase ¢ is not reflected in the probability density f but it is in the complex number
representation . The three quantities are related by:

v=\fe% f=WP=yYyPp=0, ¢=argy (5.49)
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where [ is the modulus (absolute value) of 1, ¥ is the conjugate of ¥ and arg is the
function giving the argument (phase angle) of .

Even if the point A with coordinates v’ = (x', y") is the only option for the photon to
pass, with probability 1, yet all points (x,y) on the screen are potential targets of the
photon, and therefore we have again a continuous probability density f,(v). If we are
interested only on the points that hit the screen on the axis y = 0, then

e(x) = a- eXp(1(<po+<p)) (5.50)

Because in this case there is just one option, the unconditional probability density equals
the conditional one, i.e.,

2

fel0) = Il = 75 =

a2

L2+ (x—x")2+y"?

(5.51)

Now let us make the problem more interesting assuming two options for the photon
to pass, namely points 1 and 2 with coordinates v; = (x3,y;) and v, = (x3,y;), and
probabilities P; and P, = 1 — P;, respectively. In this case we have

Yrp () = %eXp(i(q)o +91), Pupx) = —eXp(l(qoo +¢2)) (5.52)

The conditional probability density on the screen for a photon passing through point 1 or
point 2 will be, respectively,

2 a 2 a
fern () = [ (0| = 7 S = [ (0| = Z (5.53)

According to classical probability theory, the unconditional probability density
should be:

fx(X) = fx1(OP1 + frap(X)P, = a (1;1 + %) (5.54)
However, this classical result does not agree with physical reality if the distance of the
two points 1 and 2 is of the order of magnitude of the wavelength A. So, there must be
something wrong with this derivation. Tracing what is wrong, we may conclude that this
derivation did not consider at all the phase, which certainly plays a role. To remedy this,
we should take a different approach, considering additional variables (the phase angles)
in the conditional distributions (e.g., Papoulis, 1991, p. 193). Indeed, if there are variables
additional to x that affect the phenomenon, then that equation (5.54) does not hold.
We may observe that equation (5.54) calculates the marginal distribution as an
expected value (cf. equation (2.134)), i.e.:

fe () = E[fryw ()] (5.55)

where the stochastic variable w takes the values 1 and 2 with probabilities P; and P,,
respectively. To involve also the phases in the calculation, we may write in the analogous
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manner for the complex representation of the photon, which in addition considers the
phase angles:

Py (x) = E['»bxm(x)] = Y1 ()P + Py (X P, (5.56)

This corresponds to the case where we do not have information about which of the points
1 or 2 the photon (as an indivisible quantum), actually passed through. If we have such
information, say that it passed through point 1, then in equation (5.56) we simply set P, =
1, P, = 0. Otherwise, the form of equation (5.56) is exactly as if we assumed that the
photon, still a potentiality, passed “at once” through both points. Specifically, a part P; of
the energy of the photon, as a potentiality, passed through point 1 and the remaining part
P, passed through point 2. According to this consideration, when we do not have
information that a random event with two outcomes was realized, we treat both outcomes
as if they existed simultaneously with weights equal to the respective probabilities.
Equation (5.56) yields

P P
¥:(0) = a(Te(ipo + 1)) + 7 exp(iCpo +¢2))) (557)

The unconditional probability density, under these considerations will be (omitting the
coordinates in the notation for simplicity):

fr(x) = |1/’x|2 = wxﬁx = (¢x|1p1 + ¢x|2P2) ($x|1p1 + %ZPZ)

_ _ _ _ (5.58)
= P12¢x|1¢x|1 + P12¢x|2¢x|2 t PPyxy, + PiPodxp,

2 2
The first two terms denote |P;31|” and | Py 2|, respectively. The last two terms yield

P1P2¢x|1$x|2 + P1P2¢x|2$x|1

P p
= a’ l—lleXp(i(fpo + <p1))l—jeXp(—i(<po +¢3))

P , P _ (5.59)
+ a® exp(—i(go + 91)) 7-exp(i(po + ¢2)) =
1 1
P, P
= a’ 1—111—22 (exp(i(p1 — 2)) + exp(=i(@; — ¢2)))
This simplifies to
_ — PP
P1P2¢x|1¢x|2 + P1P2¢x|2¢x|1 =2a Z_E cos(p; — ¢2) (5.60)
1
Hence,
) P\* ( P\ _ PP,
£ = o2 = (a2) +(a72) +202 2 cos(ps - 0) (5.61)
1 2 1 2

and finally
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PN*> (P> PP, 2r(ly — 1)
fx(x) = |¢x|2 = a? ((Z) + (E> + ZEECOS <T>) (5.62)

We notice that this result does not depend on the phase at the slit device, ¢, but only
on the phase difference ¢; — ¢, and eventually on the travel time difference l; — L,.
Characteristic maximum and minimum values emerge when the cosine is 1 and -1,
respectively. These are

P P P

R = (24 %), peo= (B2 (563)

It can easily be verified that these occur when [y — 1, = kA and |; — 1, = (k+ 1/2)4,
respectively, where k is any integer. Setting x; = +(D + W /2),y; = 0 (the centres of the
two slits), the distance difference is I, —l, =12+ (x —D —W/2)% —
JI% + (x + D + W /2)2. Peaks occur when the cosine in equation (5.62) becomes 1, which

happens when [l; — [, = kA, where k is an integer. Solving for x and neglecting kA
(assuming small k) over the much larger L, we find

1 L z kAL
_ - _ ) . 5.64
* 2“]”(D+W/2) 2D+ W (>64)

The distance between two consecutive peaks is found by setting k = 1 in this equation.
In the case that P, = 1, P, = 0, it is readily seen that from equation (5.62) we recover
equation (5.51) of the single option case. If P, = P, = 1/2, then

a? ((1\* [1\* 2 2n(ly — 1)
fr(x) = W)xlz = I((Z) + (E) + ECOS <T>> (5.65)

We refer to equation (5.65) as the simplified representation of the double-slit experiment.

Now returning to the real case, in which the options for a photon to pass through the
slit device are uncountably infinite, namely the entire area S which is open for the light to
pass, similar to (5.52), we write

a
VIZ+ (x —x')2 4y

lpx|v’ (X) =

2
exp <i ((po + TE\/L2 +(x—x")?+ y’2)> (5.66)
with

Fror () = [ GO (5.67)

Generalizing equation (5.62), we will have for the unconditional case
l/)x(x) = E[lpxh;’ (x)] = flpxh;’ (x)fv’ (U’)d‘l?’ (5.68)
s

or
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exp (iZTH\/L2 +(x—x")2+ y’z)
JIZ + (x — x)2 + y'2

lpx(x) =a

(x',y"es

fx’y’(x,' y’)dx’dy’ (5.69)

where for simplicity we have set ¢, = 0 because, as we have seen, the initial phase is
eliminated in the calculation of |y, |. Hence

exp (iZTn\/L2 +(x—x")2+ y’z)

x = A
fex) VIZ+ (x —x)2 4y

(x',y"es

Fay @,y drdy’|  (5.70)

If fryr(x',¥") is uniform, we have

exp (iZTn\/L2 +(x—x")2+ y’z)

() = A
v VIZ+ (x —x")2 4y

(x',y"Hes

dx'dy’ (5.71)

where A = a/Ag and Ag denotes the area of S. Hence, the final equation in our detailed
framework is:

exp (iZTn\/L2 +(x—x")2+ y’z)
JIZ+ (x—x)2+y7?

felx) = A? dx'dy’ (5.72)

(x"y"es

Putting the above considerations in a pure stochastic framework we may summarize
as follows, under the condition that the photon reached the screen at point (x,y = 0).

1. The point at which the photon passed through the slit device is a stochastic
variable v’ = (g’,)_/’) with probability density f,/(v") = f,r,r (x', ¥").

2. The position where the photon hits the screen is also a stochastic variable, x with
probability density f, (x).

3. The two densities are generally related by equation (5.70).

4. To calculate f,(x) it suffices to specify f,,(x’,¥'), which is based on the
knowledge that we have about where the light passed through the slit device.

5. In the absence on specific knowledge, except for the area S available for a photon
to pass, we may assume a uniform f,+,(x’, y") over that area. In this case we use
equation (5.72) instead of (5.70).

With respect to point 5, we may distinguish the following cases.

e Ifboth slits are open and we know nothing about the position in which the photon
has passed through the slit device, then we may assume uniform distribution over
the area defined as —H <y'<Hand —-D —W < x' < -D,D < x' <D + W with
As = 4AWH.

e If we know that the photon has passed through one of the slits, say the rightmost
one, then we may assume uniform distribution over the area definedas —H < y' <
Hand D < x' < D + W with Ag = 2WH.
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e For simplification we may assume an exact coordinate y’ = 0 of the photon at the
slit device and nothing about the coordinate x', i.e, ¥' = (x’,0), and uniform
distribution over the unknown coordinate, i.e. over the intervals (=D — W, —D)
and (D, D + W), replacing the double integral with a single one and setting A =
2W (the length of the intervals).

These are realistic cases, while the ones examined before (equations (5.51) and
(5.65)) are purely hypothetical because it is impossible to measure the exact position of a
photon. Note that in the case where the slit through which the photon has passed is
known, the way in which this knowledge was acquired does not matter. It could result
from the fact that in our experiment we have closed one slit or from a measurement, if
both slits are open. Also, the above framework is the same whether the emitted photons
are one at a time or more than one simultaneously.

In equations (5.70) and (5.72), the double integral is difficult to determine
analytically, but numerical integration is easy (using mathematical software). The
constant A appearing in the above equation can be easily calculated a posteriori, so the

fjoooﬂc(x)dx =1.

Replacing the double integral with a single one (assuming y’ = 0 as discussed above)
speeds up the calculations without discernible cost in accuracy. In this case, equation
(5.72) becomes:

0 = A2 fexp(iZTn\/L2+(x—x’)2)d , (5.73)
fel) = \/L2+(x—x’)2 g -

x'es

Another fast method is to replace the integration with stochastic simulation—a choice
fully consistent with our stochastic framework. In this we generate a (large) number N of
points v' = (x', y") from the uniform distribution over the admissible area S. Then from
equation (5.66) we calculate ¥,,, (x) which now equals the unconditional ¥, (x), because
v’ is known for each generated point v'. Finally we take the average ¥, (x) over the N
points and the modulus square of it, which is the required f,(x). This can be expressed
mathematically as

£ = 42 B[ )| (5.74)

where the random variable over which the expectation is taken is v'.

We illustrate the framework using several examples depicted in the figures that
follow. In all examples we assumed monochromatic green light with a wavelength A = 0.5
pum =5 X 1077 m. In most of the examples, the slit width W and the half distance between
the slits D are chosen close to their lower technically feasible limits, i.e. of the order of a
few micrometers, because in this case the results are easier to visualize. We also include
examples with much larger sizes for comparison. The particular sizes for each of the
examples are noted in the figure captions.

In Figure 5.8 we compare the four computational methods described above. It is
reasonable to assume that the two-dimensional numerical integration (equation (5.72)),
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which is least affected by assumptions, is the most accurate. At the other end, the
simplified representation (equation (5.65)) is far too inaccurate. It correctly captures the
interference fringes, correctly locating them in time, but not their number and intensity.
[t is reminded that this assumes that the photons passed through two sharp positions, the
centres of the slits. If this sharp locating of these positions would be possible, the extent
of the interference fringe produced would be much wider, as seen in the figure. However,
interference has another effect, the focus of the light in a narrower area, which the
simplified representation is unable to capture.

The other two methods, the one-dimensional numerical integration (equation (5.73))
and the stochastic simulation (equation (5.74)) give accurate results, practically
indistinguishable from those of the two-dimensional numerical integration, as seen in
Figure 5.8.

’ Simplified representation
2D numerical integration
6 - = = = 1D numerical integration
------------- Stochastic simulation
5

fdx) (m™)
——.

=
—

x (m)

Figure 5.8 Comparison of different computational methods for the probability density f, (x) that
a photon hits the screen at point v = (x, 0). The numerical constants are A = 0.5 um = 5 x 1077
m (wavelength; green light), W =41 =2pum =2 X 107® m (slit width), D = 2W = 4 um =
4 x 107 m (half distance between slits), H = 0.1 mm = 0.0001 m (slit half height) and L = 2 m
(distance between slit device and screen). The simplified representation is based on equation
(5.65), the 2D numerical integration on equation (5.72) and the 1D numerical integration on
equation (5.73). The stochastic simulation (equation (5.74)) used N = 2000 photons, equally
distributed to each of the slits and uniformly distributed across the area of the slits. Aside from
the simplified representation, the curves of the other methods are virtually identical.

Figure 5.9 makes a comparison of the case where both slits are open vs. the case
where only one is open. The former case is the same as shown in Figure 5.8 with a
multimodal distribution, while in the latter case, the distribution is clearly unimodal.
Notice that, because of the chosen very small slit width and half-distance between slits,
the peak of the distribution appears almost at the axis origin and there is no practical
difference whichever of the two slits is open. The simplified cases of fixed coordinates of
the photon at the slit are also shown in the figure which are similarly multimodal if the
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two slits are open (equation (5.65)) or one is closed (equation (5.51); Cauchy
distribution). Both simplified cases magnify diffraction (high extent of the lit area) and fail
to represent the interference’s effect to focus the light in a narrow area.

5

Numerical integration: Nothing known Numerical integration: Known slit (right)
= Simplified, two point sources — = =Simplified, one point source
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Figure 5.9 Numerical example for the probability density f,(x) (with x in m) that a photon hits
the screen at point v = (x, 0) for the indicated cases (see also text). The numerical constants are
the same as in Figure 5.8. (upper) Cartesian plot; (lower) double logarithmic plot for positive x.

[t is interesting to examine the distribution tails, which in all cases are of power type.
These are shown in the lower panel of Figure 5.9. In the hypothetical case where the
emission is from one or two single points, the slope is -2, as implied by equation (5.51)
(Cauchy distribution). However, in the realistic cases where there is uncertainty (different
options within an interval) along the x’ direction, the slope is steeper than -2, namely -6.
This again means larger concentration of the photons at the part of the screen that is
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nearer to the slits and fewer photons at more distant points. Interestingly, this happens
irrespectively of whether one or both slits are open.

It is important to note that these results emerge when both the slit width W and the
half-distance between slits D are of the order of magnitude of the wavelength, i.e.
extraordinary small. If we increase D to a typical macroscopical value, keeping W small,
then the multimodality becomes so exceptionally high that it practically cancels itself. This
isillustrated in the upper panel of Figure 5.10 for D = 1 cm. From a practical point of view,
it is impossible to observe the small-scale fluctuations and what we observe if both slits
are open is a locally averaged f, (x). This will be the same with the smooth curve when
one slit is open.

If both W and D take typical macroscopical values (e.g., of the order of a cm, as
specified in the example of the lower panel of Figure 5.10), then the pattern becomes quite
different, and closer to our everyday macroscopic experience. As shown in the figure, the
result would practically be two light beams behind the slits or a single beam if one slit is
closed.

In other words, if the dimensions in the slit experiment are of macroscopic order of
magnitude (compared to the wavelength) then we could build a macroscopic model that
would not take into account the detailed representation of wave phases. Yet that would
not be as simple as equation (5.54), because this would fail to represent the focused light
beams seen in the lower panel of Figure 5.10. This illustrates that consistent
macroscopization, in which all constituent uncertainties at a microscopic level are taken
into account, results in a logical macroscopic picture, consistent with our experience from
our senses. Therefore, there might be no meaning in isolating one microscopic element
and treating it separately with equations pertinent to the microscopic behaviour, while
macroscopizing all other constituents.

This is the case in the famous thought experiment of Schrodinger’s cat, in which a
random subatomic event (decay in a radioactive atom) is treated with full quantum detail,
while the affected cat is treated as purely macroscopic. The paradox may result just from
this inconsistency. It may be easy to make a Schrédinger’s equation for a random
subatomic event but impossible to make an “equation” of the same precision for the cat.
Lacking such “equation” it is pointless to speculate about the cat’s states or superposition
thereof.

Another absurdity in the imagination of Schrédinger’s cat, which is presumably alive
and dead simultaneously (in a superposition) until observed, is the idea that it is the
observation and perhaps the consciousness of the observer that makes the realization of
a potentiality happen. This has triggered profound discussions on several dilemmas (e.g.
“Is the moon there when nobody looks”, Mermin, 1985). However, the slit experiment
helps us understand that it is not the observer that causes the realization of the light as
photon on the screen. It is the screen. Were it absent and the space behind the slit device
open, the light would travel as potentiality until it perhaps reached another galaxy
somewhere far away. In contrast, when the screen is there with two slits open, even if
nobody observes the experiment, the fringes will be formed. If an observer visits it days
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after the experiment, he will see them. If the experiment is done repeatedly several times,
the result will be the same.

This treatment of the quantum world and the pragmatic ontological premises it rests
on also serve as the foundation for the thermodynamic derivations that follow in Chapter
6.

4.5
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e Known slit (right)

T
£
=
=
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
x (m)
300
Nothing known
e Known slit (right)
250
200
T
£
— 150
¢
=
100

50

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02
x (m)

Figure 5.10 Numerical example for the probability density f,.(x) (with x in m) that a photon hits
the screen at point v = (x, 0) for the indicated two cases (see also text). The numerical constants
are 1 = 5 X 1077 m (wavelength; green light), W = 2 um = 2 x 107° m for the upper panel and 5
mm = 0.005 m for the lower panel (slit width), H =5mm = 0.005 m (slit half height), D =
10 mm = 0.01 m (half distance between slits) and L = 2 m (distance between slit device and
screen). The seemingly solid area in the upper graph is in fact a curve filling the entire surface via
oscillations with a period of 50 pm.






Chapter 6. Atmospheric thermodynamics deduced by stochastics

6.1 Premises

In the modern period and up to the 19t century, heat was interpreted as the flow of the
caloric fluid, assumed to be a weightless substance flowing from hotter to colder bodies,
passing through pores of matter. In the mid-19t century this view was replaced by a
mechanical theory of heat. This is marked by the introduction of the entropy concept in
mechanical terms, and the development of thermodynamic principles (Zeroth, First,
Second and Third Law; see section 6.28). As already mentioned in section 1.1, near the
end of the 19t century, Boltzmann explained entropy in statistical terms. Despite the
subsequent development of statistical thermophysics, still the dominant perception of
thermodynamics remains mechanistic and deterministic, and in some respects still
caloric.

In this chapter we highlight the fact that all thermodynamic laws concerning gases,
with focus on the atmosphere, are stochastic laws. We deduce these laws using
stochastics—and in particular the principle of maximum entropy—and without using the
thermodynamic principles at all. We show that thermodynamic laws are stochastic laws—
typically relationships of expectations of stochastic variables. We derive these laws by
maximizing entropy, i.e. uncertainty, at a microscopic (molecular) level. Interestingly,
though, they turn out to macroscopically express near certainties and are commonly
misinterpreted as deterministic laws. The explanation of near certainty relies on these
two facts:

e Typical thermodynamic systems are composed of hugely many identical elements:
N, = 6.022 x 1023 per mole of material (N, is the Avogadro’s number).

e The random motion of each of the system elements makes their state practically
independent of the others’.

As a consequence, a stochastic variable x expressing a macroscopic state of 1 mole of

material, will have a coefficient of variation std[g]/E[g] x 1/\/Fa = 1.3 X 10712 (see also
section 1.4). The fact that the macroscopic variability is practically zero should not
mislead us to interpret the laws in deterministic terms.

We stress that here we do not assume the thermodynamic laws as first principles, nor
do we dispute them. Rather, we derive them from the principle of maximum entropy plus
conservation laws. These are our first principles.

6.2 The uncertain motion of a single monatomic molecule

We consider a motionless cube with edge a (volume V = a3) containing spherical
particles, namely monatomic molecules of mass m,, moving rapidly”. Their exact position

*

See 2D animations at https://commons.wikimedia.org/wiki/File:Translational_motion.gif and
https://www.itia.ntua.gr/en/getfile /2537 /50/documents/UnsettlingSupplementaryMaterialVideoLowRe
s.mp4. The latter is a simulation in a gravitational field.


https://commons.wikimedia.org/wiki/File:Translational_motion.gif
https://www.itia.ntua.gr/en/getfile/2537/50/documents/UnsettlingSupplementaryMaterialVideoLowRes.mp4
https://www.itia.ntua.gr/en/getfile/2537/50/documents/UnsettlingSupplementaryMaterialVideoLowRes.mp4
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and velocity are unknown: actually, as illustrated in section 1.4, it is infeasible to know
them. Here we focus on one of these particles. Its state is described by 6 variables, 3
indicating its position x; and 3 indicating its velocity u; with i = 1,2,3, all represented as
stochastic variables, forming the vector z = (xy, x5, X3, Uy, Uy, U3 ). The constraints for the
particle’s position are:

0<x;<a (6.1)

We use a non-relativistic framework and therefore we do not constrain velocity. The
feasible space, £2, is thus (0, a) for each x; and (-0, ) foreachu; (2 = {0 < x; < a,—0 <
u; <oo;i=1,2,3})

The container (cube) as a whole is at rest, and therefore conservation of momentum
demands that E[mou;| = m, [ o Wif (z)dz = 0, where f(z) denotes probability density, or:

Elw]=0, =123 (6.2)
We note that, in general, the expectation E[gi] represents a macroscopic motion, while
u; — E[gi] represents fluctuation at a microscopic level.

The conservation of energy demands that : E [m0||g||2/2] = (my/2) fn”g”Zf(z)dz =
¢ where ¢ is the energy per particle and ||g||2 = u? + uZ + u3. Hence, the energy
constraint is

2 2¢
e [l = oo 63
We note that if E[gi] # 0, then the macroscopic and microscopic kinetic energies should
be treated separately, the latter being ¢ = E [mo ||g - E[E] ||2/2]—see also Digression 6.A.

This is known as internal (or thermal) energy of the system.

Now we form the entropy of z as in equation (2.73), recognizing that the background
density b(z) in In(f(z)/b(z)) should have units [z-1] = [x3] [u3] = [L-¢ T3]. To form this,
we utilize a universal constant, i.e., the Planck constant h, = 6.626 x 10-3* | s, whose
dimensions are [L2 M T-1]. If we combine it with the particle mass m,, we observe that the
quantity (mg/h,)? has the required dimensions [L-6 T3], thereby giving the entropy as

®[z] =E|-1In f(z) ‘ f In f(z) f(z)dz (6.4)

Application of the principle of maximum entropy with constraints (2.76), (6.1), (6.2) and
(6.3) will give the distribution of z as:

=) () e

To understand this, we recall that the entropy maximizing distribution is given by
equation (2.83) and hence its density will be an exponential function of a second order
polynomial of (u;,u,,uz) involving no products of different wu;, ie, f(z)=

p(- T2 l?),  0sx<a (65)
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A (mgy/hp)3exp (—A1uy — Auy — Azus — A, (uf + u3 + u3)). Indeed, f(2) in (6.5) is of this
type, and thus it suffices to show that it satisfies the constraints. The inequality constraint
(6.1) is not considered at this phase but only in the integration to evaluate the constraints.
Denoting fn a(z) dz the integral of a(z) over the domain (2, it is trivial to show that:

ff(z) dz =1, ful-f(z) dz =0, f (u? + uz + u3) f(2)dz = 2 (6.6)
0 ) ) m

0

Thus, all constraints are satisfied.
To find the marginal distribution of each of the variables we integrate over the

domain of the remaining variables. Thus, the marginal distribution of each of the location

coordinates x; is easily found to be uniform in [0, a], i.e.,

1

- 0<x;<a i=123 (6.7)

flx) =

The marginal distribution of each of the velocity coordinates u; is derived from
equation (6.5) as

3/2

Fa = (32)

3my ,
| 6.8
- exp( u ) (6.8)

4
This is Gaussian with mean 0 and variance 2&/3m,. Given that in a monatomic molecule

we have three degrees of freedom (one per direction of motion), the variance is twice the
energy per unit mass per degree of freedom.

Since ||g||2 = u? + u? + uZ, from (6.5) we readily deduce that the joint distribution
f(2) is a product of functions of z’s coordinates (x;, x5, X3, U, Uy, U3). This means that all
six stochastic variables are jointly independent. The independence results from entropy
maximization. From (6.5) and (6.8) we also observe a symmetry with respect to the three
velocity coordinates, resulting in uniform distribution of the energy ¢ into €/3 for each
direction or degree of freedom. This is known as the equipartition principle and is again a
result of entropy maximization.

Thus, neither independence nor equipartition are posed as assumptions here. Clearly,
they are derived by the principle of maximum entropy. In other words, the kinetic energy
is equally distributed among the different degrees of freedom because this maximizes
entropy, that is, uncertainty.

To find the marginal distribution of the velocity magnitude ||g||, we recall that the
sum of squares of n independent N(0,1) stochastic variables has a y?(n) distribution
(Papoulis, 1990, p. 219, 221) and then we use known results for the density of a
transformation of a stochastic variable (Papoulis, 1990, p. 118) to obtain the distribution
of the square root. The result is:

3/2

) = () (22) " il e (-2 ) (69)

This is known as the Maxwell-Boltzmann distribution.
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Once f(z) has been determined in equation (6.5), the final expression of entropy is
then obtained as follows. We observe that

3 4me 3m, mg
—1nf(z)=31na+§ln<3—mo)— e (u? + ué + u3), lnb(z)=31nh—p (6.10)
After performing the integration over {2 we find
3 4me m, 3. ¢ |4
®|z]|==In|— —eV?3|==In— +In— A1
2] 2n< 3 hpzeV ) Sin— +In— (6.11)

where e is the base of the natural logarithm and ¢*, v* are constants with units of energy
and volume, respectively, satisfying

4me my . 2/3
T h—ng 4 =1 (612)

so that the middle term of the equation equals the rightmost one. Note that one of £*, v* is
a freely chosen parameter. Equation (6.11) reflects the fact that the entropy qb[g] is a
dimensionless quantity, as it should according to its definition in section 2.3, and its
rightmost part is the sum of two dimensionless quantities representing energy and space
available to motion.

An extended version of equation (6.11) (for many particles; see section 6.5), but with
some differences (see section 6.6), is known as the Sackur-Tetrode equation (after Sackur,
1911, and Tetrode, 1912, who developed it independently). An interesting question is:
When does the entropy, based on this formulation, become zero? This is discussed in
Digression 6.B.

Digression 6.A: Is the entropy subjective or objective?

In physics most quantities are subjective in the sense that they depend on the observer’s choices.
There are also some objective quantities that are unaltered if the observer’s choices change. Thus,
the location coordinates (x4, x,, x3) depend on the observer’s choice of the coordinate frame and
change if this frame is translated or rotated; however, the distance between two points remains
constant if the frame changes. Also, the velocity depends on the relative motion of the frame of
reference; the velocity of a car whose speedometer indicates 100 km/h is zero for an observer
moving with the car, 100 km/h for an observer sitting at the road and about 107 000 km/h for a
coordinate system attached to the Sun.

The kinetic energy, as well as changes thereof, depend on the reference frame, too. If we have
a system of N bodies with masses m; and velocities u; according to a specified reference frame,
then the total kinetic energy of the system is Y*_, m; ||u;||?/2. If we change the reference frame,
so that the velocities in it are v; = u; — ¢, where c is a constant, then the kinetic energy in this
frame will be different, ¥, m; |lu; — c||?/2. This quantity has a minimum among all frames,
which can be easily found by taking the derivative with respect to ¢ and equating it to zero. The
result is ¢ = YN, m; u;/ YN, m;. It can be easily seen that this is the velocity of the centre of
gravity of the system with respect to the initial reference frame. This minimum kinetic energy
gives the most characteristic representation of energy and does not depend on the choice of the
initial reference frame.

Likewise, both the internal energy € and the entropy @[z] of the gas molecule in a container of
a fixed volume V, as given in (6.11), do not change when the reference frame is different, provided
that the kinetic energy per gas molecule ¢ is defined based on the difference of velocity u from its
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mean E[u], i.e, e = E [m0||g = E[E]”Z/Z]. In this case ¢ is also invariant, despite that u changes

with the reference frame. The invariance extends to the entropy maximizing distribution.

To illustrate the invariance properties of entropy, we consider again a container filled with a
gas with spherical particles (3 degrees of freedom). We assume that an observer is moving with
velocity c parallel to the horizontal axis x; as shown in Figure 6.1. According to this observer each
particle has location coordinates x; and velocity coordinates u; related to those of the fixed frame,
x; and u;, by the relationships shown in figure.

a r_ r_
Xy =x1—b u;=u +c
a Xy = Xo U, = Uy
X3 = X3 Uz = Uz
a
A
X
c 3
4
< X3
b X1

Figure 6.1 Sketch for the demonstration of invariance properties of entropy with respect to the coordinate
frame.

For the frame attached to the car, E[u}| = ¢, E[u}] = E[u}] = 0. Thus, E [mo |lu — E[v] ||2/2] =

E [mo ((Ei - C)Z I ggz I ggz) /2] = ¢, the same as for the fixed frame. For one molecule, the
density function will be

, 1\3 /3mg\3/? 3mg /, , 2 2,2
@)= (3) () eX?(‘Tg((ﬂl—C) t )>'
-b<x1<-b+a0<x;3<a

It can be verified, using the same method as in section 6.2, that it satisfies all constraints. To
calculate the entropy, we observe that
h 3 (Bmo

h ° ’ 3m0 ’ 2 r2 72
—In (m—';) f(2) =—31nm—‘:)—§1n 4—T[€)+lna3+4—g((21—c) +up” +uy?)

Thus, the entropy is calculated as

which is the same as in (6.11).

Therefore, despite the fact that entropy is based on probabilities, it is an objective quantity that
can be determined from measurements, and its magnitude does not depend on the reference
frame. We note though that the above expression of entropy is for the complete microscopic
description of the phenomenon, consisting of all outcomes. One could define partitions of the
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ground set into composite events—and in this case the entropy depends on the specific partition.
Evidently, it also depends on the chosen background measure.

Digression 6.B: When is the entropy zero?

According to the Third Law of thermodynamics (see section 6.28), the entropy is zero when the
temperature is zero, and hence the mean energy ¢ is also zero (see section 6.8 for the definition
of temperature and for its relationship of internal energy). However, from equation (6.11), in our
framework this happens when the mean energy and volume are related by

3 hpz(:)g 3  h,?

where a is the edge of a cube with volume V. The Planck’s constant h,, is 6.626 X 1073* m? kg s~

To find an upper limit for eV?/3, we consider the monatomic molecule with the lowest atomic
number, i.e. helium, with my = 6.65 X 10727 kg, and we find that eV?/3 = 5.8 x 107*2 ] m?. This
super-tiny quantity is practically no different from zero, yet one could say that even such a
miniscule difference violates the Third Law.

However, it is better to acknowledge that for such super-tiny scales, the formulations based
on the classical laws of thermodynamics cease to be applicable. In this case, one would better
think in terms of quantum mechanics. Even though such energy levels are out of the scope of this
chapter, we may recall from quantum mechanics that the lowest possible energy of a particle is
not zero. Rather, due to Heisenberg’s uncertainty principle, there is a lower limit, called the zero-
point energy and given as

1 hy?
& ==
1™ 8mya?

Comparing the above two equations, we infer that the entropy-zeroing energy is ¢ = (6/me)e; =
0.7&; < &; and this means it cannot be attainable. Hence our version of the Third Law is in better
agreement with quantum physics than the classical version which implies that zero energy is in
principle feasible.

It is reminded that for continuous stochastic variables, as the variance (in our case
represented by the average energy) tends to zero, entropy tends to minus infinity. It does not tend
to zero, which is the case for discrete variables. And our framework is consistent with this fact,
because both energy and volume are regarded as continuous variables. If we changed our
approach so as to quantize the variables, then the entropy would be zero when the energy were
zero. However, treating the variables as continuous is more advantageous and simpler—and the
result is in better agreement with quantum mechanics.

6.3 Extension to the motion of a diatomic molecule

We proceed to examine what happens if the particle is a diatomic molecule. Analysis of
diatomic gases is important for atmospheric physics because the dominant atmospheric
gases are diatomic (N2, Oz; see Digression 6.F). In a diatomic gas, in addition to the kinetic
energy, we have rotational energy at two axes x, and x5 perpendicular to the axis defined
by the two atoms. These energies are L3/2] and L%/2I, where L denotes angular
momentum at the two axes x, and x5 (dimensions [M L2 T-1]) and I denotes rotational
inertia with dimensions [M LZ2]. Due to symmetry, I, = I5 = I.

We consider again the same cube with edge a, containing identical diatomic
molecules, each one with mass m, rotational inertia /, and total internal energy (sum of
kinetic and rotational energy) e. Each molecule is described by eight variables, three
indicating its position, x;, three indicating its velocity u; (i = 1,2,3) and two indicating its
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rotation, u, = Q/W and us = Ls/\/m- Note that the coordinates u, and us were
chosen so as to have the same dimensions as all other u;, and mouiz/Z ,1 = 4,5 represent
the rotational energy (mou3/2 = mgli/2Im, = L5/2I and likewise for i =5). The
coordinates x4, x,, x3 and the five u; are represented as stochastic variables, forming the

The background density b(x) in In(f (x)/b(x)) should have units [z-1] = [x3] [u>] =
[L-8 T5]. Combining the Planck constant h, with a reference particle mass myand a
reference rotational inertia I, we observe that the required dimensions are attained by
the quantity mgl,/h,°, thereby giving the entropy as

h,® hyS
Plz] = E [— In (mg i (z))] = - J In (mg o (Z)>f(2)dz (6.13)

Application of the principle of maximum entropy with constraints (2.76), (6.1), (6.2) and
(6.3) will give the density of z as:

5/2

f(Z)=(%)3(%) exp(~ 2 |ul),  0sxsa (6.14)

which is again uniform for the location coordinates and Gaussian for the translational and
rotational coordinates. This density indicates independence of all eight components and
equipartitioning of the internal energy &, which now is the sum of kinetic and rotational
energy. Specifically, the energy per degree of freedom iis E[mqu?/2] = /5. For the
rotational components it equals E[L5/21] and E[L%/2I]. The entropy is then calculated as

(6.15)

v

5 41te mg/slg/s 5 5 ¢ vV
= — R ————— /5 = — J—
qb[g] 2ln< c h? 14 21ne* + In

for appropriately chosen constants €%, v*, so that the middle term of the equation equal
the rightmost one.

6.4 Generalization of the entropy of a single particle

In the previous sections we have maximized the entropy of a monatomic molecule, which
has three translational degrees of freedom, and a diatomic molecule, which has two
additional rotational degrees of freedom. A molecule with more atoms and a nonlinear
structure has three rotational degrees of freedom. It may also have vibrational degrees of
freedom associated with vibrations of atoms in the molecule’s structure. Vibrations
appear also in solids, but in this case these rely on connections among molecules which
are also associated with vibrational degrees of freedom. Apparently, though, molecules of
solids do not have translational degrees of freedom. In liquids there may also be
connections among molecules—a “social behaviour”, which is prominent in water
molecules—and again correspond to vibrational degrees of freedom. As liquids are fluids,
their molecules have also translational degrees of freedom.

In all these types of motion, the energy is proportional to the square of a characteristic
quantity, which is velocity for the translational motion, angular velocity for rotational
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motion and relative extension or compression in a vibrational motion. We may thus
denote the energy of the ith degree of freedom of the molecule as:

1
& = omad (6.16)

where y; is the characteristic quantity of motion and m; is a proportionality constant. As
we have seen, for the translational degrees of freedom m; is the mass molecule and y; is
the velocity, but in the other types of motion these quantities are different. The internal
energy of the molecule is thus the sum of energy for all degrees of freedom, denoted as ™

A 2
m;u;
e (6.17)
i=1
Conservation of energy entails
A 2
m;u;
Ble =E| ) Tt = (6.18)
i=1

The vector of stochastic variables representing the molecule’s state is z =
(gl,&,&,gl,gz, . uﬁ) To find its probability density f(z) we first form the entropic

?[z] = El—l <f( )>l —J <f( )>f(Z)dz (6.19)

where C is a physical constant. Obviously, the quantity f(g)dz=

representation:

f(2)dx;dx,dxsdu; ... dug is dimensionless, while [w;] = [e/m;], [dy; ... dug| = [e/mg]?,
where mg is the geometric mean of m;, i.e,,

mg = (m1 ...mﬁ)l/ﬁ (6.20)

Hence [dz] = [x3] [e/m¢]? = [C™#] and [C] = [x~%/F][e™ ] [m,].
Application of the principle of maximum entropy with constraints (2.76), (6.1), (6.2)
and (6.3) will give the density of z as:

f(z )—(ﬁ%)m— ——Zmu 0<x;<a (6.21)

which is again uniform for the location coordinates and Gaussian for the motional
coordinates. Again, it indicates independence of all components and equipartitioning of
the internal energy &, which now is the sum of different types of energy. Specifically, the

*The symbol S is used here for the number of quadratic degrees of freedom of a molecule (as well as for the
background-measure density §(x) introduced in Chapter 2). The multitude of concepts arising in the union
of stochastics and thermodynamics has exhausted both the Greek and the Latin alphabets.
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energy per degree of freedom i is E[m;u?/2] = /f. For appropriately chosen constants
€, v*, the entropy is then calculated as

B (4meC? B € |4
?lz] ==1 V2/F|==In— +In— 6.22
] = 5in (G ev? ) = S +in (622)
This is a generalization of equations (6.11) and (6.15), for which we stress again that the
entropy @[z] and each of its components are dimensionless quantities.

6.5 The principle of maximum entropy applied to N molecules

The generalization from the stochastics of one particle, studied in sections 6.2-6.4, to
many, say N, molecules of a gas in a container of volume V is not difficult. Once there is no
constraint imposing dependence, the principle of maximum entropy will result in
independence as already seen for a single particle, which makes things easy. Here the N
molecules are assumed to be of the same kind and thus each one has the same degrees of
freedom £ and the same characteristic constant m; for each v;.

We denote by&-j the ith location coordinate of the jth molecule (i = 1,2,3;j =1, ..., N)
and u;; the ith motion coordinate of the jth molecule (i = 1, ..., 5;j = 1, ..., N), E the total
internal energy of the N molecules, € = E /N the average internal energy per particle, and
Z = (z4,...,zy) the vector with 3N location coordinates and SN motion coordinates.
Conservation of energy yields:

N B
E ZZ | _ (6.23)

j=1i=1

Application of the principle of maximum entropy with constraints (2.76), (6.1), (6.2)
and (6.23) gives:

N B
BN/2 4 LI _Ezzmizizj 0<x <a (6.24)
P\ "2 2 |’ =y = '

j=1i=1

pmg )
f& = ( 4me
which is again uniform for the location coordinates and Gaussian for all other coordinates,
and indicates independence of all components and equipartitioning of energy into each of
the SN degrees of freedom. The entropy for N particles is then calculated as

N v
o[z] =P E v (6.25)
= 2 & v*

While the above constraints necessarily lead to independence, there may be mechanisms
inducing dependence related to particle finite size and collisions, which are discussed in
Digression 6.C. Nonetheless, the above results remain highly accurate for the systems we
deal with in this book.

While equation (6.25) has been deduced for a gas, a similar equation should hold for
liquids, while for solids the rightmost term (N InV) should be dropped because the
molecules are not in free translational motion. Note though that the number of degrees of
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freedom in liquids and solids are difficult to infer by deduction and it is more convenient
to infer by induction through experimental measurements.

An interesting property that can be observed in equation (6.25) and has important
consequences is that, for constant mean energy per particle € and constant volume V, the
entropy is proportional to the number of particles N, i.e., CD[Z] = AN, where A depends on
¢, V, and the constants appearing in (6.25), but not on N. Now, within the fixed volume V
let us consider a part V' < V, whose boundaries are not walls, thus allowing particles
entering and leaving VV'. In this case, the number n of particles in V' is not fixed and it can
be regarded as a stochastic variable. Due to uniformity, its average will be N’ := E[ﬂ] =
NV'/V. For the volume V', the conditional entropy for known number of particles n is,
obviously, ®[Z'|n| = An, where in Z' only those coordinates that fall within V' are
counted. Since entropy is an expected value, the unconditional entropy will be

N

o[z =) o[Z'|n]P(n) = Az nP(n) = AN’ (6.26)

i=0
where P(n) is the probability mass function of n and the sum of nP(n) is by definition the
average of n. This indicates that the entropy for the partial volume V' is given by the same
formula that provides the entropy of the fixed volume V. In other words, the same entropic
expression is valid irrespective of its shape and of whether the boundaries of a certain
volume have fixed or free of walls, where in the latter case the average number of particles
is used. This result would not hold if there was no proportionality between @ and N.

Digression 6.C: Caveats in generalizing entropy from one to N molecules

The constraints used for the generalization of the entropy from a single molecule (sections 6.2-
6.4) to N molecules (section 6.5) resulted in independence among particles. It is stressed that the
constraints used are formulated in terms of expectations and not actual values. If we used the
actual values, then equation (6.23) would become

z —u

]: i=1

and this would introduce dependence.

To illustrate the difference, we consider two monatomic molecules in one-dimensional
motion (so that each one has only one degree of freedom) and we are only interested in the
uncertainty about the velocities u;,i = 1,2, assumed to have zero mean, and not about their
position. If the mean kinetic energy is € = E /2 and the mass of each molecule is m,, then equation
(6.23) will be written as:

—E[u]—

Application of the principle of maximum entropy results in a joint probability density function fg
that is bivariate normal and its marginal fg, is also normal:

_ul+us uf
e 202 e 202

u,u = u
fE( 1 2) 2_‘_[0_2 ) fEl( 1) mo_

The former equation clearly shows the independence of the two velocities.
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However, if we wrote the constraint in terms of actual values, we would have

4e
u? +ui = — = 20?2
ur i =

In this case, the two variables would be deterministically dependent. Entropy maximization
would result in

8(u? + u — 20?)

1
falup,uy) = - s fa, () = T\/Tuf

which is no longer normal but uniform on the circle defined by u? + uZ = 262 for the joint

distribution fy(u;,u;), and a transformed Beta over the interval (—/20,v/20) for the marginal
distribution fy, (u;) (the proof is omitted).

Now if instead of two particles we have many, say N, the difference between fg and fa, would
be less dramatic. It can be shown that the marginal density is

Jugl < V2o

N-3

2
> , luy| < VNo

'(N/2 4
Fag GualN) = e ( i

VAN o T((N — 1)/2) " No?

As N tends to infinity, the difference from the normal distribution will tend to disappear (because
of ergodicity, i.e., equality of the average of infinitely many variables with the true average) and
independence to reappear. As real-world systems are composed of very many particles, the
distinction between the two types of constraints is of theoretical interest only. Furthermore, if we
focus on a more detailed view of the system, we may recognize that collisions and interactions
induce local dependencies, which in a more global view do not have an effect.

Our analyses treated molecules as point particles, allowing arbitrary overlap in position
space. Real molecules have finite size, introducing excluded-volume effects that modify the
configuration space. For example, for two hard spheres of diameter d > 0 in one-dimensional
motion, confined to an interval of length a > d, the accessible configuration space is reduced. For
ordered positions x;,x, with x, — x; > d, the configuration volume is (a — d)?/2 (instead of
a? /2 for point particles). The joint position probability density vanishes for x, — x; < d.

Overall, if particle density is low enough that the mean free path > molecular size (so that
binary collisions dominate), the formulae of section 6.5 remain valid. For denser systems,
corrections are required.

Molecular independence is also challenged by turbulence, in which strong velocity
correlations develop inside coherent structures. This issue requires a different methodological
approach (continuum mechanics) which is outside the scope of this text.

Additional information on issues covered in this digression can be found in Tonks (1936),
van Beijeren (1983), Prestipino (2004), Shirts et al. (2006), Pathria and Beale (2011), and Scalas
etal. (2015).

6.6 The standardized entropies

In very large systems, such as the atmosphere as a whole, all physical quantities change
with location and the homogeneity (independence of expected values from location)
assumed in our gas container example does not hold. Still the equations we have derived
are valid but at a local scale, i.e. at a small volume V containing N particles (on average),
for which homogeneity can be assumed. In this case, however, the choice of IV becomes
subjective. For a local view, it is convenient to define an objective entropic quantity.

We note first that equation (6.25) expresses the entropy of the finest partition (which
in Chapter 2 was denoted as V and on which the entropy was maximized). It is easily seen
that it satisfies both properties of additivity (cf. equation (2.15)) and extensivity. Namely,
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with respect to Corollary 4.3, we have CD[Z]/N = (B8/2)In(e/e*) + In(V /v*), which is
constant, independent of N, when V is specified. Setting ® (E,V,N) := ®[Z], forany a > 0
this results in

®(aE,V,aN) — a®(E,V,N) =0 (6.27)
On the other hand,
®(aE,aV,aN) — a®(E,V,N) =aNIlna # 0 (6.28)

which means that the entropy is not extensive with respect to the volume V. However, we
can define an entropic quantity that is extensive also with respect to V. This can be
achieved by defining the entropy of a partition different from the finest.

Specifically, we consider a partition B, in which only the particle location, discretized
into N bins, matters. The number N of bins was chosen in order for the discretization of
the volume V not to be a subjective choice. Clearly, in gases (and fluids in general) there
are N and NV ways of placing one and N particles, respectively, in the N bins, so that this
partition’s entropies are @, (B) = In N and @, (B) = N In N, respectively".

Based on equation (2.26), noting that cp[g] = @[V] is the entropy of the finest
partition, which is necessarily a refinement of any other partition, including B, we find
that the conditional entropies for 1 and N particles are:

?[z|B] = ¢,[V] — @,(B) = @[z] — ,(B) = ®[z] —InN

(6.29)
®(Z|B] = &y [V] — &y (B) = @[Z] — &y (B) = @[Z] —NInN
Denoting
V= % (6.30)

the volume per particle, which is an intensive quantity that can be assumed to be fairly
uniform at a local level, we identify the above conditional entropies with what we call
standardized entropies. More specifically, we define the standardized entropy per particle

as:
B € %
@*(e,v) = ®[z|B] = Eln; + ln; (6.31)
and the standardized total entropy:
@*(E,V,N) = &[z|B] = ln( E*) + Nln (L) (6.32)
Ne Nv
where obviously
®*(E,V,N) = No*(¢&,v) (6.33)

* Notably in solids the locations of particles are fixed (only one possible way) and thus @, (B) = @ (B) = 0
(because In1 = 0). Thus, the standardized entropies ¢* and @* in solids become identical to ¢ and @,
respectively, which agrees with the classical result for solids.
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Both quantities ¢* (g, v) and @*(E,V, N) are invariant under change of V, provided that
the volume per particle v is fairly uniform. The standardized values ¢* and @* quantify
how much larger the finest-partition entropy CD[Z] or CD[Z], respectively, is from the
discretized location partition entropies @, (B) and @, (B), respectively. Put otherwise,
®*(E,V,N) is identical to the probabilistic entropy of a system of N particles, conditional
on each being in a volume v. Likewise, ¢* (¢, v) is identical to the probabilistic entropy of
a molecule with a fixed volume equal to v.

Like the energy per particle, €, and the volume per particle, v, the standardized
entropy per particle ¢* (g, v), is an intensive property in the sense that it does not depend
on the size of system that an observer, justifiably or arbitrarily, considers.

In contrast, the total energy, E, the volume, V, and the number of particles, N, are
extensive properties in the sense that they depend on the observer’s selection of the
system and are proportional to one another; that is, a system of volume aV, where « is
any positive number, contains aN particles with a total energy aFE. Likewise, the
standardized total entropy @*(E,V,N) is indeed an extensive property in terms of all
(E,V,N), as it is easily seen that

@*(aE,aV,aN) = ad*(E,V,N) (6.34)

We note that in classical statistical thermodynamics the name ‘entropy’ is used for the
quantity @* calculated from equation (6.32) and multiplied by the Boltzmann constant kg,
i.e. S = kg®*. However, it is derived in a different manner, assuming indistinguishability
of particles. As discussed in section 5.1, here we have rejected this interpretation because
it has several logical problems (see also Koutsoyiannis, 2013a, for additional details for
the case of gases).

Descriptions using either actual entropies @ or standardized entropies @* are
generally equivalent and describe the same thing. As will be seen in section 6.7, using @*
is mathematically simpler and more convenient. It should be stressed, though, that the
actual entropy of the finest partition is given by @, not @*. Therefore, in most of
derivations here we use @. In some cases descriptions based on @* may yield paradoxical
results. In such cases, we should resort to the actual entropy @. Contrary to @*, @ works
always, offers additional insights, and avoids paradoxical results. We see this in the
example of the well-known Gibbs paradox in Digression 6.E (again, see Koutsoyiannis,
2013a, for additional details).

6.7 Equivalence of descriptions by actual and standardized entropies

To illustrate the particularities and eventually the equivalence of the descriptions by
probabilistic entropy (@) and standardized entropy (@*) we assume again that N
molecules are in motion in a container of volume V and entropy per particle ¢. We assume
a partition of the container into two parts A and B with volumes V, and Vg, respectively,
withVy + Vg = V.

First off, we will clarify the concepts by examining the case of just two particles 1 and
2 and using the more insightful actual entropies, rather than the standardized entropies.
We examine two cases: (a) the separation into parts A and B is mental, so that in fact both



204 CHAPTER 6 - ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHASTICS

particles move into the entire volume V, and (b) the separation is physical, through a
diaphragm, and each of the particles 1 and 2 moves into parts A and B respectively. The
(probabilistic) ground sets for particles 1 and 2 are denoted 2, and 2,, respectively and
the ground set for both is the Cartesian product £2; X ),. We examine the finest partitions
for each of the particles, denoted as V; and V,.

In case (a), the entropy of each of the two particles is

p
2

If each of the particles moves independently of the other, then according to equation
(2.15) the total entropy is

£ vV
01 =2V = ln;+ ln; =@, = ®(V,) (6.35)

£ |4
If there is dependence, then, according to inequality (2.16), the entropy will be smaller.
As the most extreme example, we assume that the two particles are tied together by an

attractive force, so that the total entropy will be

B ¢ %
D, =0,(V, ®Vy) =y = Eln; + ln; <@P1t@; (6.37)

We will also calculate the total entropy from conditional entropies assuming that, at
any instance, any particle can be either in part A with probability P,, or in part B with
probability Pg = 1 — P,. We denote the conditional entropy per particle for each of the
two parts as @, and @g, respectively. The unconditional entropy (for the entire volume)
can be calculated from the conditional entropies according to equation (2.27), where the
bipartition B is in this case B = {z in A, z in B} and has partition entropy

Qp = @():—PAIDPA—PBIHPB (638)

Hence the total entropy is

@1 = Pppp + Pgpg + @p > Pppp + Pgop (6.39)
where
ﬁ & VA ﬁ & VB
==ln—+In—, =—ln—4+1ln— 6.40
Pa =7 n€*+ nv* P8 =7 n£*+ nv* ( )
Hence:
£ V Vi
(p1=(pA=§ln;+PAlnv—é+PB lnv—E+PAanA+PBanB—PAlnPA—PBlnPB (64‘1)
or
B. € Va Vg
=—In—+PyIn—+ Py 1 6.42
#1 2 ne*+ Anv*PA+ B nv*PA ( )

and since the probabilities should be in proportion to volume we have V,/P, =
Vg/Pg =V and thus we arrive again to equation (6.35). The total entropy of the two
particles is, again, twice ;.
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In case (b), assuming that the energies in the two particles are the same as in case (a),
the entropies per particle are:

1 =PV) =ps  @2=2(V,) =gp (6.43)

Since each of the particles moves in a separate part, independence can be assumed and,
according to equation (2.15), the total entropy is

£ % V
D, =P (V ®Vy) =1+, =2 (§1n§> + 1nv—ﬁ+ 1nv—E < P, (6.44)

The inequality in the rightmost part is inferred from the fact that InV, +InVp <
21In(V, + Vg), which is always true, as can be readily seen (e.g. by rewriting the inequality
as In(V, Vg) <In((V, + Vg)?) or VyVg < (V, + Vg)?). The fact that @, < @, is justified
from the larger phase space of case (a) compared to case (b).

Now we examine the case (a) (no material separation) for very many particles, so that
we can substitute Ny/N for Py and Ng/N for Pg, where N, and Ny are the number of
particles in parts A and B, respectively. According to equation (6.39), the entropy for each
of the particles is

and hence
N@ = Np@pp+ Nggg — NyInNy — NgInNg + NInN (6.46)
from which we obtain
® = Py +Pg + NInN — NpyInNy — Ngln N (6.47)

This can be written in terms of standardized entropies as
Q" =P, + Pg (6.48)

Equations (6.47) and (6.48) are in this case precisely equivalent and describe the
same thing, using either actual entropies @ or standardized entropies @*.

Now let us examine case (b) (separation by a diaphragm that does not allow
molecules to move from one part to the other) for many particles. The two parts should
be treated as separate and independent. The entropy of the whole should correspond to
the ground set £, X g, where 2, and () are the ground sets of the two parts. The
Cartesian product is justified because we are simultaneously interested in what happens
in each of the two parts, while the two parts are separate. Hence the entropy we are
looking for is that of the product partition, i.e.,, ®(A @ B), and, according to equation
(2.15) it equals the sum of the two entropies:

which is quite different from equation (6.47). We can assume (without delving further
into conceptual details) that equation (6.48) for the standardized entropies, but now we
cannot assume that the standardized entropy @* is given by the difference @ — N In N for
the total system. Rather it is given by the sum @, + &g.
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The characteristics of the two cases (a) and (b) for many particles, including the
results of the analyses are summarized in Table 6.1.
Table 6.1 Total and per particle characteristic quantities, including the results of these analyses,

for a gas container comprising two parts for two cases: (a) without a diaphragm between the two
parts (mass exchange is allowed) and (b) with a diaphragm between the two parts.

No diaphragm (mass exchange) Diaphragm (no mass exchange)
Total Per particle Total Per particle!
Number of particles N = Ny + Ng 1 N =Ny, + Npg 1
Volume V=V,+Vp v=V/N V=V+Vg wvy=V,/Nvg=Vg/N
Energy E=E,+Ep e=E/N E=E4+Ez ¢€5=Ep/N,eg=Eg/N
Actual entropy =P, +Pg+Npp ¢@=®/N Dy + Pp @p = DPp/N,pg = Pg/N

Standardized entropy D" =P, + Pp " =@"/N " =)+ D5 @p=Pp/N,pg = Pg/N
1 The quantities per particle are different for the two parts.

Digression 6.D: Does the standardized entropy per particle depend on N?

Considering the volume partition in two parts as in section 6.8, the total entropy in part A is

N [E v,
<I>Z\=¢A—NAlnNA=B ln( A>+N1n( A)

7 NAE* NAU*
According to equation (6.33), the standardized entropy per particle is
D) B Ep Va B. €a Va
A=—==1 +Ih——==-In—+In——-—InP;, —InN
A= N T2 N TN T2 e Ty T M

or
@r=@a—InP;,—InN

Since neither the actual entropy ¢, nor the probability P, depend on N, the standardized entropy
¢, does depend on N. However, we may omit the term — In N and write

op=¢a—InPy
This can work in most of the cases, namely:

e whenN =1;
e when we maximize entropy for a fixed N, as in this case it is a constant; and
e when we take differences such as: ) — ¢ = (pao —InP,) — (pg — In Pp).

Digression 6.E: The Gibbs paradox

We consider two identical parts of a box separated by a diaphragm, each containing N identical
particles with energy E in a volume V. The entropy in each partis @(E,V, N). Since independence
between the two parts can be assumed, the total entropy is 2&(E,V,N). If we remove the
diaphragm, the entropy becomes @ (2E, 2V,2N) and according to (6.28) with @ = 2, there is an
increase of entropy equal to 2N In 2. The same result is obtained from (6.47) by replacing N with
2N and N, and Ny with N. If we reinsert the diaphragm, entropy will become again 2@ (E,V, N)
and there will be a decrease of entropy, equal to —2N In 2.

On the other hand, if we describe the process in terms of standardized entropies, before we
remove the diaphragm, the standardized entropy in each part will be @*(E,V,N) and totally
20*(E,V,N). After the removal of the diaphragm, the standardized entropy becomes
®*(2E,2V,2N) and according to (6.34) with a = 2, this is again 2@*(E,V, N). So no change of
standardized entropy is seen. When no change in entropy occurs, the process is reversible. This,
however, is incorrect, as can be understood if in the two compartments there were, e.g., different
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monatomic gases before the diaphragm was removed. Apparently, after its removal, there will be
a mixture and the mixing cannot be reversed. These have been regarded as contradictions to
thermodynamics, known as the Gibbs paradox (Jaynes, 1992; Swendsen, 2008). And since mixing
happens, there must be an explanation why it does.

This explanation is given by the actual entropy @ and its interpretation as the quantification
of uncertainty. The increase of @ by 2N In 2 shows that the process is irreversible and there is no
contradiction or paradox. The increase of entropy after the removal of the diaphragm, quantifies
the fact that we have greater uncertainty about the location of each particle. Initially, we knew
each particle’s location with “precision” VV and after the removal we lost information, with the
“precision” becoming 2V. The increase of entropy objectively expresses the lost information, and
reflects the physical fact that the motion of each particle has a larger domain. Likewise, the
decrease of entropy after reinsertion of the diaphragm (which can hardly be thought of as a
spontaneous natural phenomenon) reflects the gain of information and the decreased uncertainty
about the position of a particle.

One may contend that the introduction of the diaphragm gives us no information at all about
which part any particular particle might be found in. Such an argument is interesting and in fact
can be fully addressed by the proposed probabilistic approach. Specifically, if we do not know
whether a particle is in one or the other part, then the entropy of the particle is ¢ as given by
equation (6.39) and is not affected by the diaphragm. However, once the diaphragm is there and
once we know that at some time the particle is in a specific part, then the entropy of the particle
has been reduced to @, < ¢ (the leftmost term in (6.39)). The information that the specific
particle is in the specific part at a specific time is important because it is transferred to subsequent
times. That is, if we know in which part a particle is found and there is a diaphragm, then the
entropy is ¢, now and will be the same in the future. In contrast, if the diaphragm is absent, then
knowing in which part a particle is found makes the entropy ¢, now, but soon after in the future
this information is lost and the entropy becomes ¢. Thus, the introduction of the diaphragm is
associated with reduction of uncertainty.

According to the proposed approach, this situation does not change if on either side of the
diaphragm the gases are different, thus removing the asymmetry (or discontinuity) in the two
cases where in the two boxes the gases are different or the same. In both cases, the entropy @
after the mixing (by removal of the diaphragm) will be by 2N In 2 greater than the sum of the
entropies in the initial state. And again, if we consider the mixture of gases as an equivalent single
gas (as is standard practice, for instance, in the atmospheric mixture; see section 6.12) the entropy
@* will not change, in comparison to the initial state.

If we assumed that the particles were indistinguishable, then there would be no distinction
between @ and @*, which would equal each other. In this case the paradox would hold in both
cases. This is another reason why we should reject the indistinguishability hypothesis, additional
to those already stated in Chapter 5.

6.8 Definition of temperature in the stochastic and the classical framework

We define temperature as the inverse of the partial derivative of entropy with respect to
internal energy, i.e.,

1 @
— = 6_ (6.50)
6 OE
From equations (6.22), (6.25), (6.31), (6.32) we obtain
1_00 09" _d¢ 09" _F (6.51)

6 O0E OFE 0de 0e 2¢
We highlight the rightmost term, from which we find:
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2
B

That s, the temperature equals twice the particle’s internal energy per degree of freedom.
Therefore, if we increase the internal energy of matter, the temperature will increase in
proportion. If we offer the same amount of internal energy per particle to two objects with
different number of degrees of freedom, the temperature increase of the object with the
fewer degrees of freedom will be higher.

It is useful to note that, by virtue of equation (6.52), the entropic expression (6.31)
can be written in terms of 8 as

0 (6.52)

. B, 9 v .
Q@ (B,U)=EIHE+1I1;, 6 2=7 (653)

We highlight the fact that in our approach energy and entropy are the fundamental
quantities, and temperature is a derivative quantity, defined in terms of these
fundamental quantities. Since @ is dimensionless and E has dimensions of energy,
temperature has also dimensions of energy (e.g. joules, ] = kg m? s-2).

However, in classical thermodynamics, temperature, denoted as T, is the principal
quantity, for which a base unit of the Systeme International (SI), is defined, the kelvin (K).
Then the entropy, denoted as S, is defined by dS := §Q /T, where Q denotes heat. The
definition is perhaps affected by circularity, as it is valid for reversible processes, which
are those in which dS = 8Q /T, while irreversible processes are those in which dS > 6Q /T
(see details in section 6.11, where this classical definition is derived by our stochastic
framework, rather than premised).

The classical thermodynamic quantities are related to the natural quantities of our
approach by

S = kg @7, T = 9 (6.54)
kg

where kg is the Boltzmann constant (a name coined by Planck, in recognition of
Boltzmann’s contributions). Both this constant and the unit of kelvin are historical
accidents related to the inadequate understanding of the probabilistic nature of
thermodynamic phenomena and the arbitrary introduction of temperature scales. This is
clearly manifested in the current (since 2019) definition of the kelvin. Specifically,
according to the SI Brochure (Bureau International des Poids et Mesures, 2019):

“[The kelvin] is defined by taking the fixed numerical value of the Boltzmann constant,
k, to be 1.380 649 x 10-23 when expressed in the unit ] K-1, which is equal to kg m?2 s—2
K-1]...]

1.380 649 x 10723
K= - kg m?s~2

[...] The effect of this definition is that one kelvin is equal to the change of
thermodynamic temperature that results in a change of thermal energy kT by
1.380 649 x 10-23]” [=13.80649 y] (yoctojoules) =0.01380649 z] (zeptojoules)].
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This definition clearly shows that the entire classical thermodynamic setting is
artificial and arbitrary, and this extends to the unit of kelvin and the Boltzmann constant
kg. Although, according to SI, the kelvin is derived from Boltzmann’s constant, the
historical course was the opposite, and this constitutes the historical accident. First,
Kelvin defined the unit (Thomson, 1848) and later in 1900, for consistency with the
arbitrary Kelvin scale, Planck [28] introduced the constant, which he named the
Boltzmann-Drude constant.

A more natural setting would be to take kg = 1 (dimensionless). Then, T and S would
be identical to 8 and @, respectively. Here we obviously prefer the stochastic framework,
which is superior to the classical framework for many reasons:

e Itis more parsimonious and logically consistent.

e It provides explanations for the processes described by classical thermodynamics.

e It advances awareness about the maximum uncertainty in thermodynamic
processes.

e It dispels the delusion of deterministic laws in classical thermodynamics.

e It can be generalized to other processes, involving higher levels of
macroscopization.

On the other hand, given the popularity of the classical approach, while we insist on
deriving all equations by the stochastic framework, in the subsequent sections we will
also convert the natural quantities to the classical ones. This is not difficult: the only
conversion needed is that 1 K = 13.80649 y]. Occasionally, we will also use the degree
Celsius unit (°C), which is by definition equal in magnitude to the unit kelvin. However,
the numerical value of temperature expressed in degrees Celsius, T; is related to the
numerical value of the absolute temperature T expressed in kelvins by the relation
Tc/°C =T /K — 273.15. To distinguish our stochastic quantities from those of common
practice, we call @ the natural temperature and T the thermodynamic or absolute
temperature. Likewise, we call @ probabilistic (or actual) entropy, ®* standardized entropy
and S thermodynamic entropy.

Itis easily seen that equation (6.50) is retained in the classical framework in the form:

1_98 (6.55)
T~ OE

6.9 The law of ideal gases

We consider again (as in section 6.2) the cube of edge a containing N identical molecules
of a gas, each with mass m; and £ degrees of freedom. Considering a small time interval
ot, with the help of Figure 6.2 we deduce that any particle at distance from the bottom
face of the cube x; < —u38t will collide with that face (x; = 0).

From equation (6.21), we calculate the joint distribution function of the coordinates
(x3,u3) of a single particle as:
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1/2

Flta ) = = (50)

4me

exp (— %u%) (6.56)

Thus, the expected value of the momentum q(8t) of molecules colliding at the cube face
(x3 = 0) within the time interval &t is
a—x3/6t

E[Q(St)] = Nj j mous f(x3,us)dusdx; (6.57)

0

a

X1

Figure 6.2 Explanation sketch for the collision of a molecule to the bottom face of a cube. The
particle shown, located at coordinate x; (distance from the bottom face), will collide with the
bottom face (x3 = 0) within time 6t if x; < —u36t. The other location and velocity coordinates do
not play any role: for example, if x; and/or u; are large, a collision with the rightmost face of the
cube may occur within 8¢, which however will result in horizontal reflection that will not alter the
velocity coordinate u5.

After the calculations we find

Ne 6t
afs

Here we note that the integral originally includes a multiplicative term

erf ((a/ 28t)\/m), which by virtue of (6.23) (written for one molecule as E[u?] =

2e/Bmy) becomes erf (a/(St,/ZE[ug])). As 6t — 0, this term tends to 1 and thus it is

omitted.
According to Newton’s Second Law, the force exerted on the face is F =

2Eq(5t)| /6, and the pressure is p = F/a? = 2Ne/(fV), or finally (by using (6.52)),

E [Q(St)] - (6.58)

p=NO/V=0/vepV/ =N0 ©pv==~0 (6.59)
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This is the well-known law of ideal gases written in terms of natural temperature. Its
above derivation shows that it is not an empirical relationship but is deduced by
maximizing entropy.

To write the same law in the classical thermodynamic framework we first introduce
the well-known universal gas constant:

R, := kgN, = 8314.463 K~ kmol™? (6.60)

where Na = 6.022x1023 mol-1 is the Avogadro constant, representing the number of
particles per mole of substance. We also define the molar mass (kg/kmol),

MO = Namo (661)
the density (kg/m3),
~m_nM, m
PRV =V 7

where m and n denote the mass and the number of moles in the volume V/, and the specific
gas constant (JK~1kg™1)

(6.62)

R =R./M, (6.63)
Hence, the law of ideal gases takes the following classical thermodynamic forms:
pV = nR.T & % = RT (6.64)

In all this analysis we have not considered gravity, which is justified if the cube face a
is small and gravity does not play any role for the energy. If we consider gravity, then, in
addition to the kinetic energy of the gas, we should consider the potential energy —m,gx;.
An easy way to find the relationship between pressures at the two horizontal faces is to
see that the total force on the bottom faces (B) equals that of the top face (T) plus the
weight of the gas, i.e,,

ppa’® = pra’? + Nmyg (6.65)
which results in
Nmyg amgyg
Ap =pr—pg =— azo = - v° (6.66)

We can write this in differential form, substituting dp for Ap and dx; for a:

dp mog
—=-—==—pg (6.67)

dx; v

as the quantity m, /v is the density p of the gas. This is the well-known hydrostatic law of
pressure. We note that equation (6.67) is the simplest case of a pressure profile, which is
valid when the vertical component of air motion is negligible (otherwise we should
consider more sophisticated hydrodynamic approaches). To derive equation (6.67) we
have ignored the vertical component of the Coriolis force, as indeed this is a negligent
fraction of the gravity force pg.
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6.10 Alternative expressions of entropy

The definition of temperature 6 and its relationship with kinetic energy per particle ¢
(equation (6.52)) along with the law of ideal gases (equation (6.59)) allows us to express
the standardized entropy per particle ¢* (equation (6.31)) in terms of temperature and
pressure as follows:

B) 0 p ., 07 2 (6.68)

* ) = 1 Y 1 - 1 - = —=
¢ (6,p) ( +5)In ns P =R T
We may also derive several useful differential forms of entropy. From (6.25), (6.22),
(6.32), (6.31), the partial derivatives of entropy with respect to VVand v are
0P 09" dp 09" p dp 1
v oV dv dv 6 oV V

where the term p/60 was obtained from the ideal gas law. From the same equations, the

(6.69)

partial derivatives with respect to N are

0P dp a* dp*
N = — 6.70
v~ Nyt av ¢ TNoy (670)
The quantity d®* /0N defines the so-called chemical potential, u (cf., Wannier, 1987, p.
139), through the relationship
p_ 0P

Bl
6 =N ¢ TV

Based on this, the probabilistic and the standardized entropy can be written,
respectively, in differential form as

(6.71)

1 p 7 1 14 7
_1 P _H — Pa_* 6.72
do 9dE+9dV+( 9+1+1nN)dN, 40" = dE+5dV —ZdN  (672)

The latter can be written in the equivalent form:
0do* = dE + pdV — udN (6.73)

Furthermore, by using an anchoring point (6,,p,), calculating ¢*(8,,p,) and
subtracting the latter from ¢*(8, p) we find:

6
0*(6,p) = 0" (6, Do) + (1 + E) In— —In2 (6.74)
2 Zh Po

In classical thermodynamics, the entropy per unit mass, s, can be derived by
multiplying ¢* by R := kg/m, and taking a reference point (T, := 8, /kg,p,) which by
convention is assigned zero entropy. We thus obtain:

_ B\, T p
S = <(1 + E) lnT—O - IDE>R (675)

where usually in atmospheric thermodynamics the anchoring values are arbitrarily
chosen T* =200 Kand p* = 1000 hPa. By setting
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(1 + g)R =:cp, gR =:c,, cp—Cy =R (6.76)

where ¢, and ¢, are termed the isobaric specific heat (at constant pressure) and isochoric
specific heat (at constant volume), respectively, we obtain the final classical entropic
formula:

In—— Rin? (6.77)
s=c,In——RIn— .
P, Po
We have seen that the statistical framework provided here can produce the classical
thermodynamic framework successfully (see Digression 6.F). Also, it is more general
because the principle of maximum entropy can be applied to other systems.

For easy reference, Table 6.2 provides a summary of classical thermodynamic
variables and their connection with the quantities used in our stochastic framework.

Table 6.2 Summary of classical thermodynamic variables and their connection with the quantities
used in our stochastic framework.

Quantity (and standard SI unit) Total Eqgn. no.
Boltzmann constant kg =1.380 649 x 10-23] K-,
Avogadro constant N.=6.022x1023 mol-1 = 6.022x1026 kmol-1  (6.60)
Gas constant (universal) R, = kgN, = 8314.463 JK 1 kmol™! (6.60)
Molecular (or molar) mass (kg/kmol) M, = N,m, (6.61)
e -1 -1 R* kB
Specific gas constant (J K™ kg™") R = =— (6.63)
M, my
Entropy (J/K) S = kg®* (6.54)
S
Entropy per unit mass (J K~ kg™1) s=—=Rg"
m
0
Temperature (K) T = T (6.54)
B
. my
Density (kg/m3) = (6.62)
k
Isobaric specific heat (J K~ kg™1) cp = (1 + E) R= (1 + E) = (6.76)
2 2/ my
k
Isochoric specific heat (J K~ kg™1) c, = ER ] (6.76)
2 2m,

Digression 6.F: Specific heat of atmospheric gases

Using our stochastic framework, which is based on the principle of maximum entropy, and
knowing the molecule’s structure of a specific gas (hence its degrees of freedom ) and the
molecular mass m,, we can readily infer the macroscopic thermodynamic properties defined in
section 6.10. Table 6.3 provides the results of such calculations for the gases most abundant in
Earth’s atmosphere. It also compares these theoretical values with experimental values, whose
deviation from the theoretical ones is small.
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Table 6.3 Gases appearing in Earth’s atmosphere in proportions (mole fraction) > 0.05%, and their
characteristics as derived by our stochastic framework. Conventional experimental values for the isobaric
specific heat are also given in the table and compared with theoretical values. (Trace gases not included in
the table constitute <0.05% altogether.)

Mole Experimental %
Gas Structure fraction g Mo, _}f’ —l _Cl"’ L Clp' a Cp)? devia-

(%) kg/kmol JK kg™ JK™"kg™" JK kg JK-lkg~! tion
Nitrogen, N2 Diatomic 78.1(77.8) 5 28.014 296.8 742.0 1038.8 1040 0.1
Oxygen, Oz Diatomic 21.0(209) 5 31.998 2598 649.6 909.5 918 0.9
Argon, Ar  Monatomic 0.9(09) 3 39.950 208.1 312.2 520.3 522 0.3
Water Triatomic, 5433 6 18015 4615 13846 18461 1884 2.0

vapour, H20 nonlinear
1 The percentages without parentheses are for dry air and those in parentheses for moist air for the entire atmosphere.
2 Different experimental values are given from different experiments in different texts. The value given here for water
vapour was taken from Wagner and Pruss (2002) for the triple point of water.

3 [t typically varies to 0-3%, averaging at 0.4% in the entire atmospheric volume and 1.5% near the surface.

Digression 6.G: On the absence of hydrogen in the Earth’s atmosphere

In the composition of Earth’s atmosphere given in Table 6.3, nitrogen, oxygen and argon are
present but hydrogen is absent. However, in other planets farther away from the Sun, hydrogen
is present. It is easy to understand why this happens. We have seen that entropy maximization
results in equally distributed kinetic energy among different molecules. Hence, hydrogen (Hs),
which has molecular mass 2 kg/kmol, much lower than oxygen and nitrogen, moves on average
faster (~4 times) and escapes to space, while nitrogen, oxygen and argon do not reach the escape
velocity. Planets farther from the Sun have a lower temperature, which is proportional to the
kinetic energy, and thus hydrogen cannot reach the escape velocity.

6.11 Some classical concepts: heat, work, enthalpy and static energy

In classical thermodynamics, heat (Q) is the energy transfer across a boundary associated
with microscopic motion (internal energy) due to a temperature difference. Work (W) is
the energy transfer resulting from a force causing displacement at a macroscopic level.

While the internal energy of a gas in a motionless container is kinetic energy, the
expected value of the velocity of a molecule is zero and thus macroscopically it cannot
produce work. In contrast, the forces exerted on the walls of the container by the colliding
molecules are all of the same direction and give a resultant force (pressure times area)
whose expected value is not zero. Macroscopically, this can produce work. This is
illustrated in Figure 6.3.

By virtue of energy conservation, when a differential heat 8Q is supplied to a system
it will equal the increase in internal energy of the system dE plus the work done by the
system, 6W. The delta notation in Q and W expresses the fact that these are inexact
differentials, meaning that these quantities are not state functions, but path functions.
Internal energy is an exact differential, so that when the system moves from state 1 to
state 2 the change is [ dE = E, — E;. On the contrary, a similar equation does not hold for
Q and W. Moreover, there is no meaning in writing Q; etc. We can only write [ 8Q =

AQl—)Z'
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O =

Figure 6.3 Explanation sketch showing a piston moving under the influence of the inside gas
pressure p (the external pressure is taken as zero).

Mathematically, we can write the energy conservation for the system of Figure 6.3 as
6Q = dE + W (6.78)

If the piston whose area is A is moved by dx, then the work produced is 6W = pAdx =
pdV, or per particle 5w = p A dx/N = p dv. Hence we can write

6Q =dE +pdV (6.79)
or per particle
6q =de +pdv (6.80)

These equations hold true for any shape of the container (as already seen in section 6.9)
and any macroscopic motion of parts, because the force due to pressure is always
perpendicular to the surface. Now, because in the change we examine no leak or addition
of particles occurs, equation (6.73) can be simplified to

0 do* =dE +pdV (6.81)
By comparing equations (6.79) and (6.81) we conclude that 6Q = 6d®*, or
S
do* = FQ (6.82)

In classical thermodynamics, this serves as the definition of entropy.

It should be stressed that equation (6.82) is valid only for reversible processes, in
which the entropy is already maximized. As a counterexample, we consider a container,
in which the molecules have temperatures 8, and 8, in the left and right half respectively.
Without adding heat (AQ = 0) the entropy will increase as the temperatures will become
equal at the equilibrium state, in which the entropy will be maximized (see section 6.14),
so that A@* > 0. Hence, we rewrite equation (6.82) as

S
do* > ¢ (6.83)
0
and clarify that equality holds for reversible processes. A process with zero heat transfer
(AQ = 0) is called an adiabatic process. If it is reversible, then equation (6.82) holds and
we have A@* = 0. Such a process is called isentropic or reversible adiabatic.
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Another useful concept expressing the total heat content of a system is the enthalpy
defined (in natural units, per molecule) as:

n=&+pv (6.84)

which by virtue of the law of ideal gases can be written as
_ _ (B
n=¢e¢+60= §+19 (6.85)

Converting to classical units, we find that the enthalpy per unit mass is
h=c,T (6.86)

Enthalpy, like internal energy, pressure, temperature and entropy, is an exact differential.
To find heat content changes we just multiply changes in enthalpy by the mass. The
enthalpy per unit mass is an intensive property and its product with mass is an extensive
property. Another useful quantity is the static energy, which also includes the potential
energy due to gravity:

& =h+gz=cpT+9z (6.87)

where g is the gravity acceleration. We will use these quantities in section 6.24 and
beyond.

6.12 Gas mixtures

While in a laboratory we may conduct an experiment with a single gas, in natural systems
(e.g., the atmosphere, see Digression 6.F) we usually have mixtures of gases. Up to now,
we have seen that it is easy to deal with mixtures of degrees of freedom (translational,
rotational, etc.), in which the constants that relate them to energy (mass, rotational
inertia, etc.) can be different in different degrees of freedom. As we have seen, the
principle of maximum entropy implies that the internal energy is equally distributed
among the molecules, as well as among the degrees of freedom of a molecule. We expect
a similar behaviour with mixtures of gases, which can then be handled as single gases with
appropriately specified constants, depending on the proportions of numbers of molecules
in the mixture.

We consider a mixture of gas A with comprising N, molecules with 5, degrees of
freedom with a gas B comprising Ng molecules with g degrees of freedom. The total
number of molecules N is

The two gases share the common volume V and have total internal energy

NASA + NBSB =F (689)
From equation (6.25) we find that the total entropy (the sum of the two partial ones) is
- Ng. ¢ %4 %4
o= Aln—‘j+BB En=+ NyIn— + NgIn— (6.90)
2 £ 2 g Up Vg
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Maximization of entropy for varying €,, g subject to the constraint (6.89), results in

€a &

—=——=0 6.91
28n  2Bs (6:91)
Thus, the total entropy can be written as
BaNa | BeNs BaNa BeNp
CD=( + )ln@—( ln9*+—ln9*>
2 2 2 AT 2 B (6.92)

+NpInV + NgInV — (NyInvy + NgInvg)

and after algebraic manipulations it becomes

N 6 %4
<,‘D='8—ln—+Nln— (6.93)
2 o v*
where
N, N,
— Naba+ Nofiy (6.94)
N
is the average number of degrees of freedom per molecule, and
. BaNa . PBeNg o Na, . Ng |
Ing* = BN ln9A+ﬁ—NlnHB, Inv :=WlnvA+Wlan (6.95)

The entropy @ is equivalent to that of a single gas with § degrees of freedom per molecule.

In summary, equation (6.93) expressing the (maximized) entropy of the mixture does
not differ from that of a single gas (equation (6.25)), if we appropriately calculate the
characteristic constants of the mixture, 8%, vg, as above. All quantities of the mixture in
terms of totals and means are given in Table 6.4.

Table 6.4 Characteristic quantities of a mixture of two gases A and B in terms of totals and means.

Total Mean
Number of particles N = Nj + Np
Mass M = Npmy, + Ngmg, mo = (Namg, + Ngmyg, )/N
Energy E = Ej, + Eg = Np&p + Npep e=E/N
Degrees of freedom N = NpBa + Ngfip B = (Nafia + Ngfg)/N
Fe‘ifle;g:;ire g =~ 211:;“ gy +° 211\\;3 In 6
Reference volume Ny

Inv* = WlnvA +Wlan

The interpretation of the above results is that a mixture of gases statistically behaves
like a hypothetical single gas with molecular mass, energy per particle and degrees of
freedom equal to the corresponding averages in the mixture of gases (for an illustration
see Digression 6.H). Noticeably, the number of degrees of freedom in a mixture is no
longer an integer, but a real number. Each of the gases exert a partial pressure determined
by the ideal gas law, and the sum of all constitutes the total (e.g. atmospheric) pressure.
Nonetheless, a mixture is not identical to a single gas as illustrated in Digression 6.G.
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Digression 6.H: Specific heat of Earth’s atmosphere

Based on the characteristics of the gases constituting the Earth’s atmosphere given in Table 6.3
and using the relations of Table 6.4, we find that the degrees of freedom per molecule of the
mixture are § = 4.98. From equation (6.61), it becomes evident that the microscopic relation
involving m in Table 6.4 extends to the macroscopic molecular mass M,. Hence, for this mixture
we find Mo = 28.96 kg/kmol, and R = 8314.463/28.96 = 287.1 | K-1kg-1. Thus, ¢, = (1 + 4.98/2)
x 287.1 = 1002.2 J K-1kg-1, while the experimental value is ¢, = 1004 ] K-1kg-'. The deviation is
only 0.18%.

6.13 Closed interaction of two bodies in contact

We consider a container isolated from the environment and separated into two parts by
a diaphragm, as seen in Figure 6.4. Part A with volume V, contains N, molecules with
average internal energy €, and [, degrees of freedom; part B with volume I/ contains Ny
molecules with average energy g and Sy degrees of freedom.

The device does not allow exchange of mass between the two parts, or change of
volumes and thus the quantities Vy, Nu, Ba, Vg, Ng, g are constant. The diaphragm allows
exchange of energy but not mass. Therefore, whatever may be the initial energies per
particle, ef\o) and 81(30), the system will reach an equilibrium state, in which these energies
will change so that the entropy be maximized. Yet the total energy should be conserved,
ie.

Naen + Ngeg = E = Npe” + Ngel” (6.96)

A: (g4, VA, Na)

B: (&g, VB, Np)

Figure 6.4 Explanation sketch for the closed interaction of two bodies in contact, showing the
characteristics in each part of the system, where those typeset in black are known and those in
red are determined by entropy maximization.

The entropies of the two systems are:
BN

Ny ¢ 4 £ 4
=ﬁA Aln—1:+NAln—*, P = ln—E+NBln—* (6.97)
2 Ep Vp 2 & Vg

Dy

Since the parts are isolated, the total entropy will be the sum of the two partial ones:
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Ny e N 4 4
(p:,BA Aln_l;\_i_.BB Bln—E+NA1n—*+NB1n_* (6.98)
2 EA 2 gB vA vB

In the final state @ will be at maximum. Its maximization with respect to €, and ¢g
subject to constraint (6.96), results in

€ €B
— == 6.99
Ba  Bo (6:99)
and by virtue of (6.52),
6.100
0 = 0Op ( )

In other words, the temperatures of two systems brought into contact, like the two parts
of the above compound system, will become equal. This reflects the Zeroth Law of
thermodynamics (see section 6.28). It is readily understood that, since @* has been
maximized,

®—0® =g —p*® > (6.101)

where the equality sign applies to the case where the initial entropy was already at
maximum. The spontaneous increase of entropy, due to entropy maximization, reflects
the Second Law of thermodynamics (see section 6.28 again).

A simulation implementation based on an idealized hard-disk gas contained in two
compartments which allow exchange of energy but not mass can be found in Tsakalias
(2026). The simulation is accompanied by a video showing the evolution of the system.

6.14 Open interaction of two systems in contact

In an open interaction, the two systems are allowed to exchange both energy and mass.
This is made possible by a hole seen in Figure 6.5, which allows molecules to move from
one system to the other. Here, mass conservation should also be considered as a
constraint, in addition to the energy constraint. The possibility of mass exchange allows
us to simplify the derivation by considering the entropy of just a single molecule, because,
as we saw in section 6.7, in this case (and contrary to the case of closed interaction
examined in section 6.13) we have unique intensive quantities, representative of both
systems. Since we study intensive quantities, we formulate the problem in terms of the
probabilities that the particle is in system A or B, namely P, and Pg, respectively, instead
of numbers of particles.

For one molecule, the mass conservation is expressed as
Py+Pg=1 (6.102)
and the energy conservation as

Prep + Pgeg = = E@/N (6.103)
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where E© is the initial internal energy and N the number of particles. Because of mass
exchange, in both systems the molecule characteristics will be the same in the two
systems, i.e. By = g = B, € = €g = €" and v, = vg = v. Based on equation (6.22), the
entropies per particle will be

B e Va B VB

€B
(pA—Eln—* In—, g =Eln;+ln; (6.104)
and from equation (6.39) the entropy per particle of the compound system is
@ = Pa@a + Pppp + @p
BPr. €r  PBPp €p Va VB (6.105)
= Tll’l; + Tln;+ PAln§+ PB 11’1; - PAIHPA - PB II’IPB

A: (ep, Va, Pa)

B: (¢, VB, Pg)

Figure 6.5 Explanation sketch for the open interaction of two systems in contact, showing the
characteristics in each system, where those typeset in black are known and those in red are
determined by entropy maximization.

The Lagrangian to maximize is
L=¢—21(Pp+Pg—1) —2;(Ppép + Pgep — €) =

BPan. en PP, B Va Ve
=——In—+—In—+4+PyIn—+Pgln—— P, InPy, — PgIn P (6.106)
2 ns"f\ 2 nsg A nv* B nv* A0 Fa BN FB

— 4 (P + Pg — 1) — A;(Ppep + Pgeg — €)
Taking derivatives with respect to €4 and eg we find

OL  BP, dL PPy

— = ——A,P,, —=—-1,P 6.107

dep 265 20 A deg  2¢ep 2B ( )
and equating them to zero we readily obtain

EA=Eg=¢€ (6.108)
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which, by virtue of equation (6.52), results in equality of temperatures:

2¢e
B
Taking derivatives with respect to P, and Pg we find
oL 3 %4
—=—-1—-1 —Adep + Eln—A+ In—2 — In Py,
0P, 2 &* v*
(6.110)
oL ﬁ EB VA
ﬁ =-1- Al - AZSB + Elne—*+ 11’1;— II’IPB
Subtracting these two, equating to zero, and utilizing 4, = eg we find
—InPy,+InPg+InVy—InVg =0 (6.111)
which yields
Va Vg
Py = —, Pn = — 6.112
v Py (6.112)
where V =V, + Vg.
The maximized entropies per particle are then obtained as
. € Va B € Vg . ¢ %4
=—In—+In—, =—In—+In—, =—In—+In— 6.113
Oa 2n£*+ nv* s 2ne*+nv* =3 ns*+nv* ( )
and the standardized entropies are
. ¢ v
Pa=¢p=¢ =5In—+In— (6.114)

This is justified by the fact that, as a result of the proportionality of probability, and hence
the number of particles, the volume per particle is the same, v = V /N, everywhere. As a
result, the density p = m,/v will also be the same and, by virtue of the law of ideal gases,
the pressure will also be equal everywhere.

In conclusion, while a closed interaction results in equal temperatures of the two
parts, an open interaction results in equality of all intensive quantities: temperature,
volume per particle, density, pressure and standardized entropy per particle. This
expresses the macroscopic ultimate simplicity of a microscopically complex system. The
macroscopic equality is accompanied by the ultimate microscopic diversity, so that the
microscopic uncertainty be maximal. This is implied by entropy maximization. If the
initial conditions differ from the ultimate macroscopic equality, thus corresponding to
smaller entropy, these conditions will change. The resulting spontaneous increase of
entropy, due to entropy maximization, again reflects the Second Law of thermodynamics.

6.15 Open interaction of two systems under gravitation

We will now reexamine the problem of section 6.14, but also taking gravitation into
account. We now assume that the upper container A is far away from B, at an elevation z,
while A is at zero elevation, as seen in Figure 6.6.
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=5 A: (EA, VAr PA)

- B: (¢, VB, Pg)

Figure 6.6 Explanation sketch for the open interaction of two systems affected by gravity, because
of their vertical distance of z, showing the characteristics in each system, where those typeset in
black are known and those in red are determined by entropy maximization.

In this case the energy conservation equation (6.103) should be modified to include
the potential energy due to gravitation of the molecules that are found in 4, i.e.

Ppr(epa + moygz) + Ppeg = Etor (6.115)

where &, is the total energy per particle. The expressions of the entropies of the two
systems do not change and therefore the entropy per particle of the compound system is
again given by equation (6.105). Thus, the quantity to maximize is

L=¢—2;(Py+Pg—1) —2;,(Pa(ea + mpgz) + Pgep — €or) =

BPan. €r PP, ¢B Va Vs
=Tln;+71n;+PAlnF+PBln;—PAlnPA—PBlnPB (6.116)

— A1 (Py + Pg — 1) — 2,(Pa(ep + mogz) + Pgep — &ror)
Taking derivatives with respect to €4 and g we find

dL PPy JdL  BPg
T (6117)

aSA B ZSA
and equating them to zero we readily find again

Epa=Egp=¢€ (6.118)
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This means that the internal energy and hence the temperature will be the same in the
two systems. Gravitation does not affect the isothermal state of the compound system.
Taking derivatives with respect to P, and Pg we find

oL :8 & VA

—=-1—-4 —A(e+mygz) + ZIn—+In——1InP,,

OdPy 2 & v* 6.119
o et EmE B pp o
0Py 1728 T I T T e

Subtracting these two, equating to zero, and utilizing 4, = eg we find
megz
—g 0 nPy+InPy+InVy—InVs =0 (6.120)

where we have made a substitution for A, from equation (6.117). Exponentiating the
latter equation, we obtain

m PgV,
by OZ) B7A _ ¢ (6.121)

&P (_ 2¢ JPuVe

By expressing potential energy as a fraction of the total, i.e., mygz = a &, (Where a is
dimensionless), and substituting 1 — P, for Pg we find the following implicit expression
whose solution gives Pjy:

T
—-= 1-P =P 122
exp( 21— ap, ( A)Va = PaVp (6.122)

For large z (or a) the probability P, is small. Then the equation becomes
pa
eXp (_ 7) (1 - PA)VA =~ PAVB (6123)
and admits an explicit solution
%4
Pa = e (6.124)
Va + exp (7) Vs

which suggests a near-exponential decay with increasing a.
Accurate numerical solutions for a range of a are shown in Figure 6.7, from which we
can make the following observations:

e For z = 0 the probability for either system is 0.5 and the entire energy is internal.
This switches to the case we examined in section 6.14.

e Forlarge z (or a) the probability P, drops exponentially.

e The more degrees of freedom the gas has, the higher the rate of exponential
decrease is.

e For varying z, the fraction of the internal to total energy, which equals 1 — aPy,
initially decreases with the increase of z (or a) up to a certain level. This is
explained by the fact that the potential energy increases with z. However, beyond
that level this fraction increases again as a result of the decreased probability that
a molecule stays at the upper system.
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Figure 6.7 Variation of characteristic quantities in open interaction of two systems affected by
gravitation, as functions of the fraction of potential to total energy, a = mygz/ &, for a gas with 3
or 6 degrees of freedom: (left) probability that a particle is found in the upper system A, located
at vertical distance z above B; (right) fraction of internal to total energy per particle.

6.16 Equilibrium state of the air column

The system we studied in section 6.15 is not a real-world system but an idealized one, yet
it has helped us develop intuition and understanding of what to expect in the case of the
entire air column being at the equilibrium state. For example, we may expect that it is
isothermal. We will now reexamine the problem of section 6.14, but for the entire
atmospheric column and taking gravitation into account. While in section 6.15 we
examined two containers with two probabilities, now we have an infinite number thereof,
expressed through a probability densify function f(z), where z is the altitude varying for
zero to infinity. The partition entropy, which in section 6.14 was the sum of two terms,
now becomes the integral

op = —j In f(2) f(2) dz (6.125)
0

Assuming a constant reference volume V at each z, the conditional entropy for
altitude z is

B. &(2) 4
¢z(z) =5In—=+In_- (6.126)
Hence, the total entropy across the column is
0= [ 0.2f@ dz + g (6.127)

0

The mass conservation equation is
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f f(z)dz=1 (6.128)
0
and the energy conservation equation is
f(g(Z) + myg Z)f(Z) dZ = &tot (6129)
0

where £(2) is the internal energy at altitude z and &, is the sum of internal and potential
energy.
We form the Lagrangian by neglecting the constant terms in entropy as

L=§flns(z)f(z)dz—flnf(z)f(z)dz—/ll ff(z)dz—l
0 0 0

w (6.130)
~ 2o [ @G+ mag f ) ez - 21
0
Taking derivatives with respect to €(z) we find
oL Bf(2)
= - 6.131
aE(Z) ZE(Z) AZf(Z) ( )
and equating it to zero we readily find
e(z) = i =& (6.132)
21,

where ¢ is constant, independent of z. This means that the temperature will also be
constant, and the atmospheric column will be isothermal.
Taking derivatives with respect to f(z) we find

oL
of(2)

Solving this for f(z), making a substitution for A, from equation (6.132) and calculating
A4 from (6.128) we obtain an exponential distribution

-1 -1 — A (e +mygz) + glne—lnf(z) (6.133)

Bgmo ( ,BngZ)
= — 6.134
f(z) =——exp o (6.134)
On the other hand, from (6.129) we finally find
p+2
5 € = Eot (6.135)

which suggests that the distribution of the total energy over the entire column into
internal, ¢, and potential due to gravitation, ¢, is:
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B 2

= mgtot' g = mgtot (6.136)

In other words, in terms of energy distribution, gravitation is equivalent to two additional
degrees of freedom.

We can thus write equation (6.134) in the following two forms, by means of either the
total energy &, or the natural temperature, 8 = 2¢/p as:

(B + 2)gm, exp (_ B+ Z)ngZ)

2&0t

Yexp (- 22%)  (6137)

fz) =2 -

f(z) =

2€0t

Apparently, the air density p(z) will be proportional to f(z). Considering the ideal gas
law, pv = 6 (equation (6.59)), and the relationship between density p and volume per
particle, v,i.e. p = m,/v (equation (6.62)), v and p will also be exponential functions of
z. Specifically,
myz
0
where p, is the pressure at z = 0, v, := 6 /p, and p, = myp,/60. Taking the derivative of
pressure with respect to altitude, we find:

p(z) = po exp (—%), v(2) = v exp (%). p(2) = po exp (— ) (6.138)

d_P _ _9Mo
dz
In other words, the hydrostatic law of pressure (equation (6.67)) is confirmed.
The entropy per particle for specified volume V will be constant, independent of z:

=—gp(2) (6.139)

0 |4
p(z) = Eln; + ln— (6.140)
The standardized entropy per particle is
moyz 0
<pZ(Z)—B () = @5 +1n Q=<p3+g o =ﬁln—+1n— (6.141)
0~ Vo 0 0*

This is a linearly increasing function of z. To be consistent with the literature, we do not
call the resulting profile isentropic, despite the fact that ¢ (z) is constant. Rather, we call a
state isentropic when the standardized entropy, and not the actual, has constant entropy.
As we have already explained, the standardized entropy, not the actual one, is an intensive
property and therefore it is meaningful to make comparisons (e.g. if they are equal or one
is greater) in terms of intensive properties.

Different derivations of precisely the same equations have been given by
Koutsoyiannis and Tsakalias (2025), who notably also confirmed the equations using
simulations of the molecules’ motion and collisions. We note however that this knowledge
is not new, as this problem had occupied scholars from old times. It is known as Loschmidt
paradox after Loschmidt (1876) who (incorrectly) asserted that gravity could counteract
the temperature uniformity implied by the Second Law as the kinetic energy of the
molecules of a gas should be lower at higher elevation in compensation for the higher
potential energy. The paradox puzzled many for years (and still there are many who think
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like Loschmidt), yet both James Clerk Maxwell and Ludwig Boltzmann reacted negatively,
supporting the isothermal hypothesis, as detailed in a recent analysis by Darrigol (2021).

That does not mean that gravitation is indifferent. An air column at equilibrium is
isothermal whether with or without gravitation, but gravitation does not allow it to be
isobaric or isentropic. On the other hand, several quantities have exponential vertical
profiles, which are the simplest possible extending up to infinity. The exceptions are the
temperature and the actual entropy, which are constant, and the standardized entropy,
which has a linear profile.

Clearly, in the absence of gravitation (g = 0) our air column would be both isothermal
and isentropic. We would have pure uniformity as in section 6.14. Hence gravitation,
while not affecting the isothermality of the vertical profile, differentiates it from the
isentropic state. As we will see below, this has profound consequences at the macroscopic
level. Specifically, the spontaneous motion (i.e., without supplying or removing heat) of
macroscopic air structures (cell or parcels), is isentropic, rather that isothermal. Hence
this motion drives the atmosphere away from the isothermal equilibrium. Macroscopic
stability under gravity proves incompatible with purely molecular equilibrium (see
section 6.25).

6.17 Non-equilibrium open interaction of two systems in contact

Contrary to classical equilibrium thermodynamics, the proposed framework can also deal
with non-equilibrium cases. We consider again two systems of the same composition but
now out of equilibrium. According to what we have seen in previous sections, if they are
brought into contact and are allowed to exchange energy (closed interaction), then they
reach a state of equal energy per particle, or equal temperature. If they are also allowed
to exchange mass (open interaction), then they reach full uniformity, with equal
temperature and volume per particle, thus practically forming a single system. These
states correspond to equilibrium, in which entropy is maximized.

However, if there are external effects, the two systems may not reach full uniformity
and equilibrium state. Such cases are necessarily accompanied by externally imposed
energy flow to counteract the heat flow from the hotter to the cooler body. Let us examine
the case shown in Figure 6.8, where we pump heat from system A and transfer it to system
B.

We assume that there is uniformity within each container A and B, but not for the
compound system. System B is hotter than A (like in a heated room, beside one without
heat), and we assume the energies per particle €, and eg > ¢, are known. Unknown are
the probabilities P, and Py that a particle is in A and B, respectively.
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A: (g4, V4, Pp)

B: (‘SB > €, VB'PB)

Figure 6.8 Explanation sketch for the non-equilibrium open interaction of two systems in contact,
showing the characteristics in each system, where those typeset in black are known and those in
red are determined by entropy maximization.

Since the systems are in close contact, we may invoke the momentum conservation,
at the border between system A and B, i.e. the momentum directed from A to B in time 6¢,

E [qA_>B (St)], equals that from B to A, E[qB_)A (St)]. As explained in section 6.9, momentum

is proportional to pressure and hence the pressure in the two systems will be the same:

Or _ 6Op
=—=— 6.142
P= = ( )
Since O = 2e5/PB and vy =V, /Ny =V, /(P4N), and likewise for B, we will have
eaPp  €pPp
= 6.143
v, v ( )
and hence
Va/e Vg/e
p a/€a B/ (6.144)

s , P =
AT Va/en + V/eg B Va/ea+ Vg/ep

The entropies per particle for each of A and B are given by equation (6.104) and are
constant. The entropy per particle of the compound system is given by equation (6.105)
after substitution of P4, Pg from (6.144). The standardized entropies per particle, which
are intensive properties, are given by equation (6.68):

x B Oa p « B O p
¢A=<1+E>ln§—lnﬁ, (pB=(1+§>ln§—lnE (6145)

and hence their difference is
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<p§—<p}‘\=(1+§)1n2—2=(1+§>1n2—i>0 (6.146)
In brief, the standardized entropy per particle is greater in the system with the highest
internal energy per particle. However, the relationship between probabilities is reversed,
as they are inversely proportional to the internal energy per particle.

These characterize an isobaric state, where the pressure is constant everywhere. We
note that in this case, while we used the principle of maximum entropy to derive the
conditional energy per part, we did not use it for the compound system. The equality of
pressure did not allow any degree of freedom for any quantity to be determined by
maximization.

Apparently, the system examined is not at equilibrium. If we leave the system to
spontaneously evolve, it will reach the equilibrium state of complete macroscopic
uniformity, as described in section 6.14. In order to keep the system in steady state, as it
appears in Figure 6.8, we should continually remove heat from A and supply it to B. Its
rate q can be described by Fourier’s law (Digression 3.E) which in this case takes the form:

KA

where k denotes the thermal conductivity, A the area and z the length of the connector.
Since the system is at steady state, the total entropies @, = Ny, @5 = Ng@g should
be constant in time (d®,/dt = d®g/dt = 0). Yet, entropy is continually generated in the
system and exported, at an exactly equal rate, to the environment through the devices that
keep the temperatures constant (64, 0g). According to equation (6.82) the entropies
generated at each part and the compound system will be
dPa, g dPg, _ 4 di’é 9 q9 _ ﬁ (O — 6a)?

_a — -1 4 KB TON y (6148
dt 9A dt HB dt HA HB Z BBGA ( )

This positive net entropy generation and export, while the system entropy remains
constant, is the signature of a steady-state irreversible process. The generation and export
of entropy is another case, additional to those of Chapter 5, where entropy, a purely
probabilistic concept, behaves like a material concept.

6.18 Non-equilibrium open interaction of two systems far apart

Continuing section 6.17 on non-equilibrium cases, we reexamine the system of section
6.15 but now for known energies per particle €4 and €g > €4. This inequality brings the
system out of the equilibrium and materializing it requires energy to be pumped from the
cooler system A to the hotter system B. The situation is seen in Figure 6.9 and is different
from that in Figure 6.8 in that the two systems are far apart and thus the pressure is not
the same in both. This entails a degree of freedom and gives room to entropy
maximization to find the unknown probabilities P, and Py that a particle is found in part
A and B, respectively.
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Figure 6.9 Explanation sketch for the non-equilibrium open interaction of two systems in contact,
showing the characteristics in each system, where those typeset in black are known and those in
red are determined by entropy maximization.

The quantities involved are similar to those in section 6.15 after replacing the energy
constraint equation (6.103) with the known ¢, and €g. Therefore, the Lagrangian in now
formed by omitting the energy constraint from equation (6.104), thus getting

L=(p—7Ll(PA+PB—1)=

BPan. €r PP, ¢B Va Vg
=Tln;+71n§+PAlnF+PBln§—PAlnPA—PBlnPB (6149)

_Al(PA‘l'PB—l)

Taking derivatives with respect to P, and Pg we find

oL € 4
—=—1-1 - Eln—‘j+PAln—‘:—lnPA,
0Py 2 ¢ v (6.150)
e T L |
0Py 1 2ne* nv* 1B
Subtracting these two and equating to zero we find
£ £ |4 |4
—InP, +InPg + A B/ S B (6.151)
2 & 2 ¢ v* v*
Exponentiating the latter equation, we find
B
Ps _ (€_B>2 Vs (6.152)
Pyn \ea/ Vy
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The temperatures and volumes per particle will be

ZSA ZEB VA VA VB VB
0y = —, = —, =—=—, =—=— 6.153
A B B B Va Ny, PN U Ny PsN ( )
Hence, from the ideal gas law we find that the pressures are
HA ZEA/B 2N SAPA QB ZNEBPB
PA= =T 70 ) PR=—=— (6.154)
va Va/(PaN) B Va vg B Vs
By taking logarithms and subtracting we find
1 (LB (B
npg —Inpy = 1+E (Ineg —Ingy) = 1+E (InBg —1n6y) (6.155)

On the other hand, taking the differences of the standardized entropies per particle in
the two parts, as given by equation (6.145), we find

Pp— Pp = (1 + g) (Infg —In6y) — (Inpg —Inp,) (6.156)
and by virtue of equation (6.155), we conclude that

P5—@a=0 (6.157)
In other words, the two systems are now isentropic, rather than isobaric. We can state this
result in this way: When full uniformity (and hence equality of temperature—isothermal
state) cannot be reached due to external constraints, while these constraints do not entail
isobaric conditions, then system is characterized by equality of standardized entropies
(isentropic state).

The actual entropies per particle are as in section 6.17, while it is not meaningful to
calculate their difference as these are not intensive properties. The above analysis shows
that none of the quantities depends on the altitude z. This may sound paradoxical, but it
is not because the two subsystems have equal standardized entropies and fixed
temperatures. However, as we will see in the next section 6.19, the altitude enters the
scene when we examine the entire atmospheric column.

From the above equations it is easy to see that the following quantities are the same
in both A and B:

+

(6.158)

=[N

o, 02v, , pv1

The same equations are characteristic of an isentropic change (or reversible adiabatic
change) of a single system. A differential change of this type is characterized by
do* = 0. Since d®* = 8Q/0 (equation (6.82)), we also have 6Q = 0, i.e. the process
involves zero heat transfer. We should stress, though, that an isentropic change of a single
system is different from the coexistence of two different connected systems with the same
entropy. As we have shown in detail, that coexistence presupposes continuous removal
transfer from the cold to the hot body and generates entropy at rates given again by
equations (6.147) and (6.148), respectively.
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We may observe that the required energy transfer to sustain a temperature difference
at typical atmospheric ranges is small. Specifically, equation (6.147) can be written for the
heat transfer per unit area, q, as q = kI, where I = (Tg — T4)/z (and in natural units
Iy = (6g — 64)/z = kglt). Assuming a standard value of I = 6.5 K/km (see section
6.24) and still air, so that we only have conduction, with conductivity x of the order of
0.02 W/(mK), we haveq =kl = 0.02W/(mK) X 0.0065K/m ~ 10"*W/m?. This
value is exceptionally small and thus negligible, yet conceptually it is important to know
that energy transfer exists and that without it the lapse rate would be I = 0 (isothermal
state).

[t is stressed that in this non-equilibrium case we applied precisely the same entropy
maximization framework with additional constraints, and we did not involve additional
concepts (e.g., the concept of entropy production or the hypothesis of maximum entropy
production).

6.19 Non-equilibrium state of the air column

To investigate a non-equilibrium state in the air column we impose two additional
constraints to those already set in section 6.16 that violate the isothermal state. Namely,
we choose two levels z = 0 and z = h, and set their average kinetic energies to ¢, and ¢,
respectively, satisfying

B

o > &> &y, e=——=¢
0 h B_I_Ztot

(6.159)

where ¢ is the average kinetic energy per molecule in the column and &, also includes
the potential energy due to gravitation. By inspecting the derivations in section 6.16, we
conclude that they still hold for this case, with the exception of abrupt changes in the two
levels of known average kinetic energies. In other words entropy maximization results in
the following profile:
&, z=0
&(z)=1e, z=h (6.160)
¢  otherwise
Mathematically this (almost isothermal) profile is the one derived from maximization
of entropy subject to the two-point constraints, analogous to the equilibrium case but with
fixed boundary kinetic energies. However, it is not physically plausible. Physical
reasoning implies that there will be diffusion at z = 0 and z = h, which will smooth out
the transition €(z) = 0 to €(z) = ¢, by making the gradient de/dz « d6/dz finite. This
implies heat transfer, which is studied in some detail in Appendix 6-I. In the simplest case
of constant heat and radiation flow across altitude z, equation (6.251) applies (9°T/0z? =
0), whose solution gives the temperature as a linear function of z:

0=0,—Iyz (6.161)

where 6, is the temperature at z = 0 and I is the minus temperature gradient, more
commonly known as the lapse rate. The negative value of the gradient means net heat
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removal from the gas mass, which is possible through radiation emission (see Chapter 7)
or dominance of radiation emission over heat absorption.

The actual quantity of net energy removal per unit time is tiny. We assume, as in
section 6.18, a standard value of I = 6.5 K/km (see section 6.24) and still air, so that we
only have conduction, and conductivity k; of the order of 0.02 W/(m K). After conversion
to SI units, Fourier’s Law (see Digression 3.E) gives (per unit area) H.onq = —k7 0T /0z =
kIl = 0.02 (W/(mK)) x 0.0065(K/m) ~ 10™*W/m? (as an order of magnitude).
Therefore a tiny warming of the surface by 107*W/m? and a cooling of the top of
atmosphere by an equal amount can sustain this lapse rate at a steady state. Alternatively,
the cooling could be assumed distributed across the troposphere (size of the order of 104
m), taking the value of 1078 W/m3. These quantities are negligible, yet conceptually
important to sustain the temperature gradient I;. The removed energy per unit time (i.e.
power) from the atmosphere is counterbalanced by an equal amount of power supplied
to the ground, so that overall energy is balanced. In case that there is convection, the
effective conductivity is up to three orders of magnitude higher and so is the magnitude
of the required power to sustain the gradient. However, things become more complicated,
as will be discussed in Chapter 7. The purpose of the discussion here is not to provide
detailed quantification, but to present a physical justification of the temperature gradient
observed in the atmosphere and to show that the gradient can be sustained with a tiny
cost in the energy required to depart from the equilibrium (isothermality), particularly in
the absence of convection (still atmosphere). The main cause of the departure from the
equilibrium is the warming of the Earth’s surface, which in turn is caused by the
substantially higher absorption of solar radiation, in comparison to the atmosphere (see
Chapter 7).

Combining the linear temperature profile (equation (6.161)), the ideal gas law
(equation (6.59)), the relationship between density p and volume per particle v,i.e.,p =
my/v (equation (6.62)), and the hydrostatic law of pressure (equation (6.67)), and
expressing all variables in terms of z and p, we find

d m
= 8-T (6162)
The solution of the differential equation is
FgZ n;{]qg
p(z) = po (1 - 9—0) (6.163)

where p, is the pressure at z = 0. Notice that for Iz — 0 this tends to the exponential
profile of the isothermal atmosphere, as given in equation (6.138). For Iz > 0 equation
(6.163) yields zero pressure for z = 6,,/I, which is unphysical and thus a constant lapse
rate [y cannot be valid for very high altitudes. On the contrary, equation (6.138) avoids
such inconsistency. The other state variables are given as

Mmog moeg

MmypPo I9z\ Te ! 0o loz Ty
(z) = (1 — —) , v(z) = —(1 — —) (6.164)
P 8o 8o (@) Po 6o
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Since the probability density of a particle being found at elevation z is proportional to
the density p(z), the former will be:

gmg I9z\ Ty -
_ _ Lo (6.165)
F@) =% (1-2)

The entropy per particle for specified volume V at elevation z is

B 6  V g Ty 5 6
(pz(z)=zln g +ln;=<p0+51n(1—0—0), Po ‘=Eln9—2

%
+hh—  (6.166)

The standardized entropy per particle at elevation z is:

0(z v(z m lyz
(pg(z)zéln ()+ln ()z(p3+(£+1— Og)ln<1—i),
2 0 v* 2 Iy 8o
(6.167)
0 '=Eln— +lnﬁ
Po =5 My v*

By taking the limits as Iz — 0 in all above equations, we recover the equations for the
isothermal atmospheric column, as given in section 6.16. In particular, at the limit the
entropy becomes a linear function of z as in equation (6.141).

Multiplying (¢ (z) — ¢g) by (kg/m;) so as to convert it to SI units and making use of
the equations in section 6.10, after algebraic manipulations we find that the classical
entropy per unit mass at elevation z differs from that at zero elevation by

g 7z g T
s(z) —sg = (cp - F_T) In (1 - T—O) = (cp - F_T) In <T_o> (6.168)
This is a specific case, applicable for constant I, of the more general equation (6.77),
which is valid for any profile.

We observe that, if [+ = g/c, = I = (9.81ms™%)/(1004]JK ' kg™) = 0.0098 K/m
= 9.8 K/km (where the value of ¢, of dry air was found in Digression 6.H), the difference
s(z) — sy becomes zero and the atmosphere is in dry isentropic state. Air motion
respecting that state is reversible (because there is no change in entropy) and adiabatic
(because equation (6.82) implies that there is no heat transfer). From equation (6.87), the
static energy in this case is ¢, (T, — (g/c,)z) + gz = ¢, Tp, that is, constant, independent
of z. The lapse rate of the empirically inferred standard atmosphere (see section 6.24),
It = 6.5 K/km, lies between those of the dry isentropic profile (9.8 K/km) and the
isothermal profile (zero).

Furthermore, from equation (6.164) we infer that if [; = myg or [ = g/R = 34.2
K/km, the density becomes constant. This state, often mentioned as homogenous, is
included here for completeness, noting that it never occurs in reality. However, states
with lapse rate higher than that of the dry isotropic (I7 > g/c, = 9.8 K/km) are observed,
albeit rarely, and are known as superadiabatic. Another state, which can sometimes be
met in the real atmosphere, is the inversion, in which the temperature increases with
altitude. Graphical illustration of the different cases is provided in Figure 6.10.
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We stress in Figure 6.10 the deviation between the isentropic and the isothermal
profile. If there were no gravitation, these two would be identical. Therefore, it is
gravitation that differentiates the two profiles, with the isentropic profile associated to a
lapse rate. While gravitation does not affect the molecular equilibrium state of the
atmosphere, which remains isothermal, it creates this difference from the isentropic
profile which has serious consequences in the atmospheric physics.
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Figure 6.10 Temperature difference, pressure ratio, static energy difference (per unit mass) and
entropy difference (per unit mass) at elevation z with respect to the values at zero elevation for
the indicated states for dry air. The lapse rates are: I3 = 0 (isothermal); I = g/c, = 9.8 K/km
(isentropic); I+ = g/R = 34.2 K/km (homogenous); and I = 6.5 K/km (standard atmosphere).
The specific rates chosen for illustration of the superadiabatic and inversion states are I = 12
K/km and -3 K/km, respectively. In the graphs of the left column the temperature T, at zero
elevation can be any value, while for the other graphs it is 288 K (continuous lines), 258 K (dotted
lines) and 303 K (dashed lines).

[tis stressed again that the non-equilibrium cases, i.e., all above except the isothermal,
are accompanied by heat absorption or removal from the mass of the air. As we have
illustrated, even tiny amounts of that heat inflow are accompanied by large departures
from the isothermal (equilibrium) state. Hence, the actual profile of the atmosphere,
including the lapse rate, is in perpetual change. An illustration is given in Figure 6.11
based on radiosonde data (see section 6.24 about radiosondes).
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Figure 6.11 Tropospheric temperature profiles as observed by radiosondes at the indicated sites
and dates: (upper) focus at the lower troposphere, where the slopes noted are calculated by linear
regression on the points shown on the graph (not the entire range covered by radiosonde data);
(lower) at the entire troposphere (with symbols same as in the upper panel). Continuous and
dashed lines correspond to daytime and nighttime, respectively. The standard atmospheric profile
and an isotropic profile are also shown. (Data retrieved from the University of Wyoming
Atmospheric Science Radiosonde Archive, https://weather.uwyo.edu/upperair/sounding.shtml).

We see that changes occur, even within hours, not only to the surface temperature
but also to the lapse rate close to the surface. For example, in the lower troposphere on
the same day with a difference of 12 hours at the station Tucson, Arizona, the temperature
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increased from nighttime to daytime by 14 K and the profile from inverted (I7 = -3 K/km)
became superadiabatic (I7 = 10.5 K/km). Near isothermal, or slightly inverted, is the
nighttime temperature profile at Guimar-Tenerife (a Spanish island). The profile shown
for Athens is close to dry isotropic. The mechanisms responsible for macroscopic changes,
spatial and temporal, in temperature and its gradient are qualitatively discussed in
Digression 6.I. However, as seen in the figure, these changes appear in the lower
troposphere (upper panel), while at higher altitudes (lower panel) the slope tends to the
standard lapse rate (6.5 K/km).

Digression 6.1: Mechanisms leading the temperature profile out of
equilibrium

The mechanisms responsible for changes in the atmosphere, thus leading to departures from the
equilibrium (i.e., the isothermal atmosphere) are:

o the warming of the soil and water surface of Earth by the sunshine during the day and their
cooling during the night;

e the water evaporation and transpiration at the surface level and condensation aloft;

e the convection, and the implied vertical transfer of sensible and latent heat;

o the winds caused by spatial temperature differences and influenced by Coriolis forces.

These are not static forcings, but processes, i.e., perpetual changes in the atmosphere. The
processes occur on different time scales, some of which are too small to let the atmosphere evolve
to the equilibrium (isothermal) state. These processes occur at a macroscopic level, with the
motion of masses of air, typically referred to as parcels (see section 6.25). According to van
Wijngaarden and Happer (2023), it takes a very long time for appreciable heat to flow into or out
of a parcel of reasonable size because of the very small thermal conductivity of air. While this is
true, we may note that temperature gradients also appear in the ocean. These can be much steeper
than atmospheric gradients for some layers in the tropics, even though the thermal conductivity
of the ocean is about 25 times greater. Also, deep temperature gradients appear in the
atmospheres of other planets (cf. Koutsoyiannis and Tsakalias, 2025), including those with higher
thermal conductivity (Jupiter and Saturn, where excessive presence of light hydrogen molecules
facilitates rapid energy transfer). In other words, non-equilibrium states are the rule and are not
incompatible with the principle of maximum entropy, if this is viewed at multiple temporal and
spatial scales (see sections 3.7 and 3.8).

The tendency towards the equilibrium is continually distorted by numerus processes acting
on different characteristic time scales. In the atmosphere, the driving mechanisms of these
processes are the following and will be further discussed, with some quantification, in Chapter 7:

1. Clouds form and disappear, strongly affecting the shortwave and longwave radiation
processes.

2. Earth is round (not flat) and the sunrays come with different slopes at different places.

3. The Earth’s surface is not homogeneous in terms of shortwave radiation absorption and
reflection (spatially and temporally varying albedo).

4. Earth rotates around its axis on a daily basis.

5. Earth rotates around the Sun on an annual basis.

6. Earth’s orbit around the Sun is elliptical, resulting in changes in the distance between the two
bodies.

7. The climatic system (see its definition in Chapter 8) is complex and is subject to irregular
changes by internal processes and external forces (e.g. volcanoes).

8. Solar radiation is subject to change due to Sun’s dynamics.
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9. At long scales, astronomical changes, such as Milankovi¢ (1935, 1941, 1998) cycles and
possibly orbital motions of the Jovian planets (Cutler, 2026), affect the climatic system due to
implied changes in radiation reaching the Earth.

6.20 Phase change

When two systems that are brought into contact are from the same substance (e.g. water)
but in different phases, e.g., system A is gas (vapour) and system B is liquid (water) or
solid (ice), then the equation of energy conservation needs to be adapted to include the
phase change energy, i.e. the amount of energy per molecule, &, needed to break the bonds
between molecules of the liquid or solid phase in order for the molecule to switch to the
gaseous phase (evaporation). Also, the degrees of freedom in the two phases are different.

To derive the law describing the coexistence of gaseous and liquid phases, we study a
single molecule (Figure 6.12) and maximize the combined uncertainty of its state related
to:

(a) its phase (whether gaseous, denoted as A, or liquid, denoted as B);

(b) its position in space; and

(c) its kinetic state, i.e., its velocity and other coordinates corresponding to its
degrees of freedom, all making up its thermal energy.

In a similar manner we can study the coexistence of gaseous and solid states (sublimation;
see also section 6.21). The analysis that follows was first presented, in somewhat different
formulation, for water vapour over liquid water by Koutsoyiannis (2014a) and over ice
by Koutsoyiannis (2024).

The partial entropies of the two phases, i.e., the entropies conditional on the particle
being in the gaseous (A) or liquid (B) phase, are:

Va
Pp = 'B—Aln—+ln Yp = cB+%ln—

2 gy A €p VB

(6.169)

The total volume is V and the total number of particles is N. We further assume that the
liquid phase is incompressible, so that the volume per particle

e _Te 6.170
VBT Ng T PgN (6.170)
is constant. Hence the conditional entropies can be written as
V — vgPgN vgPgN
Op = 'B—Aln—+ln$, op = @1n—+1n 5B (6.171)
2 &y Vp 2 &g Vg

The unconditional entropy is:

@ = Ppopp + P + @p (6.172)

with corresponding partition entropy:

@p = —Pp,InPy — PgIn Py (6.173)
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We assume that to break the bonds between molecules of the liquid phase in order for a
molecule to switch to the gaseous phase (evaporation), the amount of energy per
molecule is constant, ¢. The two phases are in open interaction and the mass and energy
conservation constraints are:

Py+Pg =1, PA£A+PB(£B_€)=3 (6.174)

Hence the Lagrangian to be maximized is

L= Py@a+ Pgpg — A1 (Py+ Pg —1,) — A;(Ppep + Pg(eg — &) — €) — PpIn Py
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Figure 6.12 Explanatory sketch indicating the basic quantities involved in the equilibrium of
water vapour with liquid water, zooming in on a single “shy” molecule which “tries to hide itself”
by maximizing the combined uncertainty ¢ related to its phase (being either gaseous or liquid
with probabilities P4 and Pg, respectively), position and kinetic state.

Taking derivatives in (6.175) with respect to €4 and g we find

OL  BaPa 0L PP
—_—= — A, Py, — = — AP 6.176
dep  2&4 27 A deg  2¢&p 2'B ( )
and equating them to zero we readily find
Ba _ PBs
A 22 6.177
ZSA ZEB 2 ( )

By virtue of equation (6.52), the temperatures will be equal in both phases:
_ ZEA . ZSB
Ba  Bs

Taking derivatives in (6.175) with respect to P, and Pz we find

0r =0, =0 (6.178)



240 CHAPTER 6 — ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHASTICS

oL

—=(pA—1—11—&—lnPA,

9P 2 6.179
oL _ __vshalV A ﬁB(l Sz) In P, o)
9P V—uvgPgN ' PBT T eg) O 'B

The denominator of the first term of dL /0Py can also be written as vaps N, and hence the
fraction equals vg/v,, which is negligible, because vg < v,. Equating the two derivatives
to zero, and eliminating 4, we find

Denoting ¢ = @ — In P4 (cf. Digression 6.D), this can be written as

Ba B Bré ¢ (ﬁB Ba 1)

pa—pp=1l+——-—F+—-—=-— (6.181)

2 2 2¢e 0

It is useful to note here that, if we multiply the leftmost and rightmost sides of
equation (6.181) by 6, the resulting quantity

A= (0h— @) = £ — ('82—‘3 - ﬁZ—A - 1) 0 (6.182)

is the latent heat of vaporization per molecule.
The standardized entropies per particle in the two phases expressed in terms of
0,p, vg are (from equation (6.68)):

.BA) 0 p Pg, 0 U
QA ( +—2 HHZ nPZ' ¥p > HGE + nvE (6.183)
The entropy difference is
Bs  Ba > 0 p vg Pp A
i =—c —[=-2 1)1 —In—, =In— + —1 _
Or— Qg C1 (2 > nH:\ np:\ cq n”§+ > n9§ (6.184)
Hence
¢ <:BB Ba ) (ﬁB Ba ) 0 4
- = ——=—-1)=—¢;—[————-1])1] —In— )
7 > > o) > > nez np:\ (6.185)

Solving (6.185) for In p and substituting to (6.183) after algebraic manipulations we find

. Bs  Ba > Be, 6 ¢ . Be, 6
QA =C; <2 > 1+21n62+9, (pB—cl—l—ZlngZ (6.186)

Notice the term Bg/2 (rather 84/2) in @}, which is a necessity for (6.181) to hold true.
Now, exponentiating (6.185) we find

) ~(By/2-Ba/2-1)
_Pa (_ i) 0 6.187

Assuming that at some temperature 6o, p(6o) =po, we write (6.187) in a more convenient
manner as:
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£ 6, 6, Be/2-Ba/2-1 6, 0\ %2
D = po €xp 9—0<1 — ?) (;) = po exp <a1 (1 - ?>> (?) (6.188)
where
_$ _PBs_ Ba
a = B, a == 1 (6.189)
In the classical thermodynamical formalism, this takes the form:
= (1 TO) (T")az 6.190
P =Doexp|a; 7)) \7 (6.190)

A detailed application of the above framework to the phase change of water is given
in section 6.21, combined with proof of its accuracy. Note that, once the constants in
(6.188)-(6.190) are known, their numerical evaluation is direct as the derived equation
is closed for p as well as for 8 or T. Specifically, the inversion of (6.190) yields

a 1
~he, L (6.191)
2_ _% _ %) (P '
W (- S (- 22) ()
where W_,(z) is the Lambert W function of z (non-principal real branch; see Appendix
6-11).
Now, if we take the differential in equation (6.181) we write

do do
A(ph = o) = — 230 = — 55 = <—<<o;§ ~oi) - (-2 1)); (6:192)

Likewise, from equation (6.184) we have

. v_ _(Bs_ Ba ) de dp
d(pa — ¢p) = ( >~ 7 15 > (6.193)
Equating the right-hand sides of the two, after algebraic manipulations we find
i .. dg dp
(pa—9p) 5 = > (6.194)
or
dp P
L= (0 — 0= 6.195
5= @i — o) (6.195)

After conversion to classical units, this is the well-known Clausius-Clapeyron equation, a
differential equation whose solution, under the assumption stated, is obviously (6.187).
Here we derived it as a result of entropy maximization, just for the completeness of the
presentation. In fact, the differential form is not necessary because in application only the
closed solution is actually needed.

As a cautionary note, it is useful to mention that in several classical and statistical
thermodynamics books, the Clausius-Clapeyron equation is typically integrated using an



242 CHAPTER 6 - ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHASTICS

incorrect assumption of a constant latent heat, A = (¢ — @p)0 = &. This results in the
quite common solution:

p = cexp (— %) (6.196)

which however is inaccurate.

In closing this section, it is useful to emphasize the importance of the results
presented. They determine how much water can be evaporated (and subsequently
condensed in the atmosphere), thus providing the physical basis of the hydrological cycle.
And as has been shown, the scientific foundation of the characterization of evaporation
relies on the combination of entropy maximization (equation (6.172)) with energy
availability (equation (6.174)). The water availability is another factor determining the
quantity that is actually evaporated. Further information useful for the characterization
of atmospheric water is given in section 6.21.

6.21 Phase change of water

As we have discussed in Digression 6.F, the water molecule, as a triatomic molecule with
nonlinear structure, has f, = 6 degrees of freedom in its gaseous phase. The number of
degrees of freedom in the liquid phase is greater than 8, because of the “social behaviour”
of water molecules. Specifically, in addition to the translational and rotational degrees of
freedom of individual molecules, there are local clusters with low energy vibrational
modes that can be thermally excited. The average number of degrees of freedom per
molecule (individual and collective involving more than one water molecule) is very high,
B = 18 (e.g., Fraundorf, 2003).

To avoid ambiguity, while in section 6.20 we used the symbol p for the (partial)
pressure of the substance coexisting in gaseous and liquid (or solid) phase, in what
follows we will replace it with e (which is typically used in meteorology) and reserve p
for the total pressure.

To convert the relationships of section 6.20 we denote L, := 1/m, (units: ] kg-1) the
latent heat of vaporization per unit mass, we use the constant L,, = {/m (units: ] kg-1)
and we note that kg /m, = R. From equation (6.182) we get

& (Bs Pa ke .. (Bs Ba
Lv—m—0—<7—7—1>m—0 =L, (2 > 1>RT (6.197)
or
Ly=Ly, —(cL—¢c,)T (6.198)

where ¢, is the latent heat of liquid water.

To anchor our relationships on the phase transition of water, we choose as reference
point the triple point of water, which is experimentally defined with accuracy as T, =
273.16 K (= 0.01°C) and e5 = 6.11657 hPa (Wagner and Pruss, 2002). It is recalled that
the triple point of a substance is the state (temperature and pressure) at which the three
phases (gas, liquid, and solid) of that substance coexist in thermodynamic equilibrium.
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The specific heat of water vapour at constant pressure, again determined at the triple
point, is ¢, = 1884.4 ] kg-1 K-1 and that of liquid water is c. = 4219.9 ] kg-! K-1 (Wagner
and Pruss, 2002), so that ¢, — ¢, = 2335.5 ] kg-t K1 and (¢, — ¢,)/R = 5.06, where the
specific gas constant of water vapour is R = 461.5 ] kg1 K-1 (Digression 6.F). The
experimental value of Ly, at To is L, , = 2.501 x 106 ] kg~! so that:

L,, = Lo+ (c, —cy)Ty = 3.139 x 10°Jkg™?,
(cL = ¢p) (6.199)

A"
==Y = 24921, =t P’ _506
RT, *2 R

aq

In this respect, L, is the extrapolated latent heat of vaporization per unit mass to the
temperature of absolute zero. While a, = fg/2 — fa/2 — 1 =5, if determined from the
degrees of freedom, we keep the slightly different experimental quantity a, = 5.06. We
have also slightly modified the last two decimal digits of the constant a; to optimize its fit
to the data (see below).

The numerical relationship to estimate L, is thus:

L,/ kg™1) = 3.139 x 10° — 2336 T/K = 2.501 x 10° — 2336 T/°C (6.200)

In Figure 6.13 it is verified that equation (6.200) is very close to tabulated data from
Smithsonian Meteorological Tables (List, 1951), as well as a commonly suggested
empirical linear equation for latent heat (Shuttleworth, 1993). It is important to know
that the entropic framework which gives the saturation vapour pressure is the same
framework that predicts the relationship of the latent heat of vaporization with
temperature.

With the above values of thermodynamic properties, equation (6.190) becomes

T T\ 5:06
e = ey exp (24.921 (1 - 7")) (70) ,  T,=273.16K, e, =6.117hPa (6.201)
For comparison, equation (6.196) (based on the inconsistent integration of the Clausius-
Clapeyron equation for constant L) is

T,
e = ey exp (19.84 (1 - ?‘))) (6.202)

This can also be derived by using the Newton-Raphson numerical method of
approximation (notice that 19.84 = 24.92 - 5.06) at an initial condition T, /T = 1.

Empirical equations based on observations are in common use. These are regarded
to be the most accurate—but are in fact less accurate than (6.201) (see Koutsoyiannis,
2012). Figure 6.14 compares the two theoretical equations (6.201) and (6.202) also with
one empirical equation. All seem indistinguishable. However, Figure 6.15, which
compares relative differences from measurements, clearly indicates the
inappropriateness of (6.202).
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Figure 6.13 Comparison of latent heat of water as given by equation (6.200) and with standard
tabulated data from List (1951), as well as with a common empirical equation (Shuttleworth,
1993), whichis L,/(J kg™1) = 2.501 x 10° — 2361 T/°C. (Source: Koutsoyiannis, 2012.)
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of the saturation water vapour pressure obtained by the consistent

equation (6.201) as well as by the standard but inconsistent equation (6.202). In addition, an
empirical equation, e/hPa = 6.1094 exp((17.625T/°C)/(243.04 + T/°C)) from Alduchov &
Eskridge (1996) is also compared. (Source: Koutsoyiannis, 2012.)

For the saturation water pressure over ice, where the equilibrium is between gaseous
and solid phases, it suffices to replace in equations (6.189)-(6.190) the specific heat of
liquid water ¢;, with that of ice, ¢;, and the latent heat of vaporization with that of
sublimation, resulting in a constant q; to substitute for a;. Following Ambaum (2020), we
adopt the value ¢; = 2097 J kg™ K™ and hence (¢; —¢,)/R = 0.461. Optimizing the
average relative square error from benchmark values provided by Murphy and Koop
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(2005; Appendix C) for temperatures 150 to 273.16 K, we find a,, = 22.812. Hence, the
equation for the saturation water pressure over ice becomes:

T. T. 0.461
e1(T) = eg exp <22.812 (1 - ?‘))) (7°) ,  To=273.16K,e, = 6.117 hPa (4 203
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Figure 6.15 Comparison of relative differences of the saturation water vapour pressure obtained
by the consistent equation (6.201) as well as by the inconsistent equation (6.202), with observed
data. Four reference data sets are used, which are given in tabulated form from different origins:
(a) the International Association for the Properties of Water and Steam(IAPWS), (b) the
Smithsonian Meteorological Tables (Smiths.), (c) the World Meteorological Organization (WMO)
meteorological tables, and (d) the American Society of Heating, Refrigerating and Air-conditioning
Engineers (ASHRAE). (Source: Koutsoyiannis, 2012.)

6.22 Quantification of water vapour in the atmosphere

In all the above derivations and applications on the phase change of water we did not take
into account the fact that the atmosphere contains other gases. And indeed, the presence
of other gases does not have a role in the process. The pressure e calculated by equation
(6.201) is known as the saturation water vapour pressure. It is the partial pressure of the
water molecules alone. The latter is a function of the temperature, e = e(T), while, as a
result of entropy maximization, the temperature T is the same for the molecules of all
gases.

As we will see below (section 6.24), in the troposphere the atmospheric temperature
is decreasing with the increase of the altitude. As e(T) is an increasing function (equation
(6.201) and Figure 6.15), the saturation water pressure is also decreased at high altitudes.
Therefore, at high altitudes the water availability often exceeds that implied by the
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decreased e(T) and in this case the water vapour condenses in liquid or solid phases,
forming clouds. In other cases, the water availability is lower than implied by e(T). In this
case the actual water pressure, which we denote as e,, is lower than e(T).

The ratio

e
U:=—2

= o (6.204)

is called relative humidity. The temperature at which a given air mass will reach saturation
is called dew point, T4. This means that

Ty=e (e, © e, =e(Ty) (6.205)

where e~! denotes the inverse of function e(T).

As the relative humidity is a ratio of vapour pressures, it is often useful to quantify
the presence of humidity in terms of the ratio of masses or densities. This quantification
is done by the specific humidity, q, and the mixing ratio r, defined as

Pv Pv ( r q >
q= ) ri=—, q= ) r=— 6.206
pp + pv Pp 1+r 1-¢q ( )
where py and pp are the densities of water vapour and dry air, respectively.
It is easily shown that U, q and r are one-to-one related through

_ €M€a _ emUe oy=F q
p—(1—emlea p—(1—en)Ue e ey + (1 —emq

q (6.207)

where €y is the ratio of the molecular mass of water to that of the mixture of gases in the
dry air. From Digression 6.F, the former is 18.015 kg/kmol, and from Digression 6.H the
latter is 28.96 kg/kmol, so that ey = 0.622.

If we know the temperature and the dew point, then the relative humidity is
calculated as:

U= i((?)) — exp <a1 (% _ %)) (Tld)a (6.208)

where, as we have seen in section 6.21, Ty, = 273.16 K, a; = 24.921 and a, = 5.06. The
inverse relationship is

_ Z_; E) i) (6.209)

where W_;(z) is the Lambert W function of z (non-principal real branch; see Appendix
6-11).

6.23 Moist air and the moist isentropic profile

As seen in Digression 6.F, the characteristics of the air as a gas mixture depend on those
of nitrogen, oxygen, argon and water vapour (Table 6.3). The first three are well mixed in
the atmosphere, but the mole fraction of water vapour, while averaging to 0.4% globally,
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varies considerably in space and time, with the average at the surface level being 1.5%. In
the full absence of water vapour, we have the dry atmosphere, whose standardized
entropy per particle, according to equation (6.68), is

,BD) 0 p
b=|1+—=|In——In— :
©p ( > nHB np]*) (6.210)

However, when there is moisture in the atmosphere, whose partial pressure is e, the
standardized entropy per dry-air particle is

ﬁD) 6 p—e
b=(1+—|In—-1 :
Yp ( +2 neﬁ n o5 (6.211)
To find the total standardized entropy for a mixture consisting of Ny, particles of dry air
(treated as a mixture of the well mixed gases; see section 6.12), Ny particles of water
vapour and Nj, particles of water in liquid phase (droplets in clouds), we consider
equation (6.186) and write

o :ND((l+'B—D)lni—lnp_e>+NV<Cl_(@_ﬁ_A_l)—i_ﬁ_Bln 9 +§>

2/ 6; i 2 2 2 65

Ps, O
+NL<C1+ > lnHZ

Setting Ny + N;, =t Ny and dividing by N we get

(6.212)

*

i (1+'32—D)lni—lnp_e+N—W<cl+ﬁBlnHi*>+Nv<i—(@—&—1)) (6.213)
A

Np 6} py  Np 2 0

To convert @*/Np to SI unit we use the relationships of Table 6.2, the obvious
relationship N; = M; /m, (i = D,V, W) connecting the number of number of particles N;

with total mass M; and particle mass my,, as well the following, resulting from (6.182) and
L, == A/my:

We readily find
S T p—e T Ly
M_D = Cpp lnT_S —Rpln o~ + rwRwey + rwer, lnT_X + r? (6.215)

where 1y and r are the mixing ratios of total water and water vapour, respectively, and
the subscripts ‘D’, ‘W’ and ‘L’ stand for ‘dry’, ‘water’ and ‘liquid water’ respectively, while
the symbol r without a subscript denotes the mixing ratio of water vapour.
We further use a reference state (T, po, o, Ly,, So), with the same masses Mp, Myy =
rwMp. We write (6.215) for the reference state and we subtract it from (6.215) to find
S-S5 T p—e T L Ly,

—= In——Rpln——+ In—+7r——1,—2 6.216
7 Cpp nT0 ano—eo TwCL nT0 rT TOTO ( )

or
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p—e rlLy rOLVO

T
sp — Spy = (Cpp + TweL) lnT— —Rpln

(6.217)
0 Po — €p T Ty

where sp == S/Mp is the entropy per unit mass of dry air. To find the entropy per unit
mass of moist air, s, the quantity sp should be multiplied by Mp/M = 1 — qy. Noting that

rw(1l — qw) = qw, we find

T p—e
§—Sy = ((1 — qw)Cpy t QWCL) In——(1-qw)RpIn
To 0~ € (6.218)
L ) rLy Toly, '
aw T T,

The latter equation is difficult to work with and therefore we may use approximations
as follows.

e Assuming that there is no liquid water, but the water mass is conserved in gaseous
form only, i.e., qw = q = q,:

_ T p—e Ly Ly,
S —S§p = ((1 - Q)CpD + qCL) lnT_O - (1 - C[)RD ll'lpo — e +q ? - T_O (6219)

e Assuming 1 — qyw = 1, so that s = sp (this is most typical in literature):

T p—e 1L, Ttoly,
— Sy = In——-Rpl e 6.220
s —Sp (ch + chL) nT0 D np0 et T T, ( )
e Also dropping ryy in the first term of the right-hand side:
p—e 1L, Toly,
—Sy = In——Rpl —_—— 6.221
S —So = Cp nT0 D np0 et T T, ( )

In an isentropic change from state 0 to state 1 we will have s; — s; = 0 and also sp —
Sp, because gy remains constant. The quantities r, T, p, e will vary and ry may remain

constant or also vary, as specified below. Hence, from equation (6.217) we obtain:

p1—e  Tly, Toly,
+ —
Po — €o T, Ty

T
0= (ch + chL) lnT—0 —Rpln (6.222)
Equation (6.222) does not have a closed solution but needs to be solved numerically. We
assume that T; < T, (so that saturated air at state 0 remains saturated also at state 1) and
designate as state 0 the one in which all water molecules are at gaseous phase, so that
rw = 1p. Depending on particular conditions of the occurrence of a change and the
conventions used for integration, we have the following cases:

1. Moist isentropic (also known as moist adiabatic): The total mixing ratio ry in
equation (6.222) is constant (we do not have leak of water). This remains the same
at state 1 (rw, = rw, = rw = 7o)

2. Pseudo-isentropic (also known as pseudoadiabatic): The water that is converted
from gaseous to liquid phase does not remain in the air but is removed through
precipitation. If the difference Ap = p, — p; is small, we can set ry = 1y, and once
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we find T; from equation (6.222), we can calculate r; for T; and assume that a water
quantity proportional to r; — 1, has precipitated. If Ap is large, we subdivide it to
smaller steps and apply the same procedure iteratively, updating ryy with r; for the
next iteration.

3. Simplified pseudo-isentropic (or wet isentropic): This is an approximation used very
often for both previous cases. In this we drop ryy in the first term in equation
(6.222), as we did in (6.221). The approximation works better for the pseudo-
isentropic case, but the error is not large even for the moist isentropic case.

T, =288 K, pseudo-isentropic
NS D S Y R e s A T, = 288 K, moist isentropic
~ e oo 0T =288K, simplified

T, =288K, dry isentropic

~ = . = T,=258K, pseudo-isentropic

— — T,=303 K, pseudo-isentropic
100 0 p p

Pressure, p (hPa)

1000
30
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Altitude, z (km)

0
100 120 140 160 180 200 220 240 260 280 300 320

Temperature, T (K)

Figure 6.16 (upper) I[llustration of isentropic changes as functions between total pressure p and
temperature T that have the same total entropy per unit mass, for the indicated initial conditions
defined as p, = 1010 hPa, T, as shown. (lower) Vertical temperature profiles derived from the
isentropic curves of the upper panel, after translating pressure into altitude using the hydrostatic
equation. For the calculations, the saturation vapour pressure was determined from equation
(6.201) for temperatures higher than 0 °C = 273.15 K and (6.203) for lower temperatures.
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Numerical illustration and graphical comparison of the three cases are shown in
Figure 6.16, with initial conditions p, = 1010 hPa (close to the standard atmosphere of
1013 hPa) and T, = 288 K (close to the standard atmosphere of 288.15 K and also to the
average Earth surface temperature). The calculations were done for steps of Ap = 10
hPa. Itis seen that the curves for the pseudoadiabatic and the simplified cases are virtually
indistinguishable, while that for the moist adiabatic gives slightly higher temperatures.
For additional comparison, the dry isotropic case is also shown the figures. In this, all
quantities related to the presence of water are zero, so that equation (6.222) becomes

0=c, ln%— Rp ln% (6.223)
hence being identical to equation (6.158) (standard isentropic change). Additionally,
Figure 6.16 shows the pseudo-isentropic curves for temperatures at level p, = 1010 hPa
of 15 K higher ( Ty =303 K) and 30 Klower ( T, = 258 K) than in the main case (T, = 288
K).

Now we assume that the pressure p, calculated as above, represents that of an
atmospheric column in isentropic state, and varies with the elevation z according to the
hydrostatic law of equation (6.67). We can thus convert the relationship T'(p), shown in
the upper panel of Figure 6.16 into T'(z), through numerical integration of pg, where p =
p/RT (see additional information in section 6.24). With this conversion, we can calculate
a moist isentropic lapse rate, which is no longer constant, but depends on temperature
and pressure (or temperature and altitude).

The results are shown in the lower panel of Figure 6.16, from which we can make the
following observations:

e For low temperatures, the lapse rate —dT /dz tends to the constant dry isotropic
rate (Ip = g/c, = 9.8 K/km) in all cases. This is explained by the fact that low
temperatures (corresponding to high altitudes in the lower panel) do not allow
much water vapour to remain in gaseous phase. However, in the moist isotropic
case (where the liquid water remains in the atmosphere) the lapse rate at high
altitudes is slightly decreased to 9.2 K/km.

e At zero altitude, the lapse rates for the moist isotropic, pseudo-isotropic and
simplified cases are the same, [}y, for a fixed surface temperature, but depend on
that temperature. They can be much lower than the dry isotropic lapse rate (equal
to 4.8, 3.5 and 8.2 K/km for surface temperature of 288, 303 and 258 K,
respectively).

e For low surface temperature, the moist isotropic profile becomes practically
indistinguishable from the dry isotropic profile, again because the low
temperature does not allow much water to sublimate from the solid (ice) to
gaseous phase.

The static energy of moist air should also include the latent heat, thus becoming:

ESt = MDCpDT + Mvch + (MW - Mv)CLT + MgZ + MVLU (6224)
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and per unit mass
est = ((1 = qw)Cpp, T qCp, + (qw — q)cL) T+ gz +Lyq (6.225)

For the case that there is no liquid water (no clouds), i.e. gy = g, the term in parenthesis
can be approximated with a maximum error of 1% for typical q values. Thus, we get the
following approximation most commonly used in meteorology:

est = Cpp, I + 9z + Lyq (6.226)
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Figure 6.17 Temperature difference, pressure ratio, static energy difference (per unit mass) and
entropy difference (per unit mass) at elevation z with respect to the values at zero elevation for
the indicated states for dry air (single lines) and moist air (double lines). The temperature T, at
zero elevation is 288 K (continuous lines), 258 K (dotted lines) and 303 K (dashed lines). The lapse
rates are: I' = 0 (isothermal), I' = 6.5 K/km (standard atmosphere), I' = g/c, = 9.8 K/km
(isentropic for dry air), and varying according to equation (6.222) (for s(z) — sq = 0; moist
isentropic). The lapse rate values near the surface (upper-left panel) are 4.8, 3.5 and 8.2 K/km for
surface temperature of 288, 303 and 258 K, respectively. In the upper-right panel the moist
profiles of pressure for the isothermal and standard cases are not plotted to avoid a too crowded
graph. In the bottom right panel all isentropic profiles, dry and moist, coincide and are
represented by the vertical line shown. In the bottom-left graph the dry profiles are independent
from temperature but the moist ones are dependent on it; yet in the moist isentropic cases the
differences are practically indistinguishable.

In describing the different components of the static energy we use the terms enthalpy
for ¢, T, dry static energy for ¢, T + gz and total static energy for the sum of all three
components. The difference from the total static energy from the ground state (z = 0) is
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est(z) — €st, = Cpp (T - TO) + 9z + LV(Z)q(Z) - LVOqO (6227)

Numerical illustration and graphical comparison of three of the lapse rate cases in Figure
6.10, namely isothermal, isentropic and standard, are shown in Figure 6.17, also
comparing dry and moist conditions, The initial conditions as in those in Figure 6.16, and
again the calculations were done for steps of Ap = 10 hPa.

Several useful observations can be made in Figure 6.17 (additional to those in Figure
6.16), i.e.:

1. For high temperatures, the temperature gradient in the moist isentropic profile
ceases to be linear and becomes curved.

2. The static energy in the moist isentropic profile is almost, albeit not precisely,
constant.

3. For constant lapse rate equal to that of the standard atmosphere (6.5 K/km), the
moist profiles of the static energy and entropy are curved, with both differences
est(2z) — es, and s(z) —s, becoming negative for low altitudes and medium
temperatures, or even in the entire troposphere for high temperatures; this
curvature with negative difference is a characteristic signature to distinguish
whether a real atmospheric profile tends to the isentropic (with zero differences)
or to a linear profile with lapse rate close to the standard.

4. For the isothermal profile, the behaviour of the moist profile is opposite to that of
the standard lapse rate; while both differences &5(2) — &, and s(z) — s, again
present a curved shape, they are more positive than in the dry profile; the lapse
rate that distinguishes the two behaviours (negative vs. more positive
coordinates) is about 2 K/km.

5. Generally the plots of differences in total static energy and entropy are similar to
each other and, since the former is easier to calculate, it can more readily provide
useful information on the state of the atmosphere.

6.24 Vertical profile of Earth’s atmosphere

As already explained, the equilibrium temperature profile of the atmospheric is
isothermal (section 6.16), but several mechanisms of change drive it away from the
equilibrium (Digression 6.1). In particular, in the troposphere the temperature drops as
the altitude increases. There is a common misleading perception that this is
spontaneously driven by gravitation, but, as has been shown (section 6.16), gravitation
has no impact on temperature. The following thought experiment would perhaps be
enough to convince anyone that temperature drop cannot be spontaneous—if it were,
then we could not produce energy from this drop. The thought experiment (which can be
materialized by an incredulous reader not convinced just by thought) goes like this. We
start from the foot of a mountain, where the temperature is 10 °C. We store in an open
container water, whose temperature will be equal to that of the environment, i.e. 10 °C.
We assume that the peak of the mountain is at 2 km or more above the foot. We climb the
mountain carrying a thermally insulated container. Near the peak of the mountain, the
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temperature will be lower, i.e. 10 - 6.5 x 2 = -3 °C. There the water will be frozen. We fill
with ice or snow the insulated container and seal it. Returning to the base, we exploit the
temperature difference of 13 °C between water in the two containers to produce work or
energy—for example we may use a thermoelectric generator (TEG) to produce electricity
directly from heat, without any moving parts.

In reality, the temperature of the Earth’s atmosphere decreases with the increase of
altitude in the troposphere, it may (or may not) remain constant in the lowest layer of the
stratosphere, and continues to change at even higher altitudes. The typical atmospheric
temperature profile is represented by the standard atmosphere adopted by the
International Civil Aviation Organization (ICAO, 1993). According to the U.S. Standard
Atmosphere (1976), the standard atmosphere is

a hypothetical vertical distribution of atmospheric temperature, pressure and density
which, by international agreement, is roughly representative of year-round, midlatitude
conditions.

Itis based on large inventories of observational data and is widely used for meteorological
and engineering applications. The vertical profile of temperature vs. altitude and
atmospheric pressure is shown in Figure 6.18. It is seen that in the mesosphere, the
temperature decreases with increasing altitude as there is removal of heat from the
atmosphere (cooling) due to emission of longwave radiation (see Chapter 7). In the upper
stratosphere, the pattern is opposite (inversion) because of the absorption of solar
radiation, caused by the ozone layer reacting with ultraviolet radiation. The lower
stratosphere is a 9 km-thick layer (from 11 to 20 km) in an isothermal state, with a
temperature of 216.65 K. There, the presence of ozone is weak, and the air absorbs just as
much heat as it radiates away, keeping the temperature uniform.
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Figure 6.18 Vertical profiles of the ICAO (1993) standard atmosphere: (left) temperature and
pressure as functions of altitude; (right) temperature and altitude as functions of pressure.
(Source: Koutsoyiannis and Tsakalias, 2025.)

In the troposphere, the temperature drops as the altitude increases. While in the
established theory the latter behaviour is again attributed to radiation, here it is suggested
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that it is driven by a different mechanism, namely convection. This convection is strong
near the surface and dies off at the level of the tropopause, thus not affecting the upper
atmospheric layers, where radiative action drives the observed profiles. According to the
standard atmospheric profile, at the surface the temperature is 15 °C or 288.15 K and
decreases linearly in the troposphere, with the lapse rate I' :== —dT /dz being 6.5 K/km up
to the altitude of 11 km, and taking a constant above this up to 20 km.

As we have seen in section 6.19 (in particular in Figure 6.11), the actual temperature
profile changes with time and space and the standard atmosphere is just a representative
temporal and spatial average. There have been particular local profiles for different zones
of the Earth, which are in use in several applications. Of these, here we include the profiles
compiled for MODTRAN (MODerate resolution atmospheric TRANsmission model), a
code that performs detailed modelling of radiation in the atmosphere (Berk et al., 1987,
2008, 2014). The specific implementation we use is that of the University of Chicago,
readily provided as an interactive web application. MODTRAN implements five different
locality profiles, which differ in their temperature, H,0 and O; profiles. The profiles most
relevant to this chapter are depicted in Figure 6.19."

As inferred by Koutsoyiannis (2024), the tropical profile corresponds roughly to the
equator, but is representative for the entire torrid zone (between 23.4° N or S), the
midlatitude profiles (different in winter and summer) correspond to a latitude at about
45° N or §, and the subarctic profiles (again different in winter and summer) correspond
to a latitude at about the polar circles (66.6° N or S).

It is useful to compare these profiles to observational data. Such data come from
radiosondes, typically launched twice a day (at 00:00 UTC and 12:00 UTC) from 1300
upper-air stations, which are part of the Global Observing System. The point
measurements of this sparce network are assimilated into meteorological models that
produce the so-called reanalysis data by integrating various sources of information. These
data concern many meteorological variables and are given on a three-dimensional
gridded basis. Here we use temperature data from the ERA5 Reanalysis on a monthly
scale. ERAS stands for the fifth generation atmospheric reanalysis of the European Centre
for Medium-Range Weather Forecasts (ECMWF; ECMWF ReAnalysis; Hersbach et al,,
2023). Its data are publicly available for the period from 1940 onwards at a spatial
resolution of 0.5°. The data sets used here were retrieved from WRIT (undated).

Figure 6.20 shows vertically distributed ERA5 temperature data spatially integrated
over two zones, namely a tropical zone extending 7.5° N and 7.5° §, and a polar zone of
width 7.5° (from 82.5° N to 90° N). The polar zone extends only over ocean and in the
tropical zone the integration was made over the ocean grid points only. The vertical
coordinate is the geopotential height, i.e., a point's height above mean sea level adjusted
for gravity variations. This is also provided by ERA5 reanalysis for each pressure level, for
which temperature data are available. These observations are compared to the profile of
the standard atmosphere, shifted so as to match the surface temperature (at z = 0), and

Additional information can be found in “The 6 model atmospheres in MODTRAN”",
http://modtran.spectral.com/static/modtran6/html/help_atmosphere_model.html.
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the closest MODTRAN profile, without a temperature shift. In addition, the dry and moist
isentropic profiles are plotted in the graphs.
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Figure 6.19 Vertical profiles of the indicated variables used in MODTRAN (Source: Koutsoyiannis,

2024).

In addition to these profiles, the isothermal profile for the average temperature is also

plotted in each of the panels of Figure 6.20. To find the average temperature, we need first

to define it. In the absence of a standard definition, here we define it as follows: Average

temperature, T, of a certain body with mass m and spatially distributed density and
temperature, is the temperature of a hypothetical (abstract) body with same mass and
other characteristics as the actual body but uniform temperature, which has heat content
H equal to that of the actual body (see additional information about this in Digression 6.]).
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Figure 6.20 ERAS5 temperature (marked as “observed”) vs. ERA5 geopotential height, spatially
integrated over ocean grid points at (upper row) a tropical zone extending +7.5° around the
equator and (lower row) a polar zone of width 7.5° south of the north pole, in comparison to (a)
the profile of the standard atmosphere (shifted to match the temperature at z = 0), (b) the closest
MODTRAN profile (namely the tropical profile for the upper row, and the subarctic winter and
summer profiles for the left and right panels of the lower row, respectively), (c, d) the dry and
moist isentropic profiles, and (e) the isothermal profile with the average temperature. The
temperature plots are for mean monthly scale and specifically for the months of (left column)
February and (right column) August.

To simplify the calculations, we make them for dry atmospheric conditions. The heat
content is assumed to equal enthalpy per unit mass, as given in equation (6.86), times the
mass. The total mass of the air column per unit area is

m= f p(z)dz (6.228)
0

and the total enthalpies per unit area for the spatially distributed and the average
temperature are
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o)

H = f c,T(2)p(2)dz, H = mcpT (6.229)
0
Thus, eliminating H we find:
_ “T(2)p(z)dz
T = Jy = (6.230)
Jy p(2)dz

Using the hydrostatic equation (dp = pgdz, equation (6.67)) and replacing the infinity in
the upper limit of the integral with a finite elevation (top) for which the pressure pr is
known we simplify this to

PB
f T(p)dp (6.231)

Pt

~|

P — Pt

where pg is the surface (bottom) pressure and for simplification we assumed constant g.
The integral is numerically evaluated from the observed data.

Comparison of all three figures presented above allows us to make several important
observations.

1. The Earth’s atmosphere is not isothermal, and the profile appears not to follow a
single law.

2. The MODIS local profiles are in much better agreement with the observational
data, compared to the standard atmosphere.

3. In the mesosphere, the temperature decreases with the increase of altitude,
which, as explained in section 6.19, means that there is removal of heat from the
atmosphere (cooling) due to emission of longwave radiation that is not balanced
by convective heat transfer from below.

4. In the stratosphere, the pattern is the opposite (inversion), which implies
absorption of heat by the atmosphere. This is caused by the ozone layer, which
peaks at the stratosphere and absorbs the ultraviolet radiation.

5. The standard atmosphere suggests constant temperature in the lower
stratosphere up to 20 km, but in fact this only happens in polar areas and
midlatitudes in winter, not in the tropics and in midlatitudes during summers.
The explanation for this should be sought in (a) the smaller ozone concentration
below 20 km and (b) the tendency of the profile to the isothermal when the
temperature is low, as explained in point 10 below.

6. The troposphere is characterized by temperature decrease with the increase of
altitude, which again means removal of heat from the atmosphere (cooling). On
the other hand, the troposphere is characterized by convection of ascending air,
which conveys both sensible and latent heat upward. The net effect of supplied
minus removed energy (radiation and heat) must be negative (net removal), as
explained in section 6.19. However, this does not suffice as an explanation
because the net effect is a tiny amount if compared to the huge energy fluxes
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occurring in the troposphere. The additional reason, which will be further
discussed in section 6.25, is the tendency of convection to drive the atmosphere
toward the isentropic, rather than the isothermal profile.

7. While there is a tendency toward the isentropic profile in the troposphere, we
cannot maintain that the troposphere is isentropic—whether dry or moist. This
becomes clear from the polar areas where the dry and moist isentropic profiles
almost coincide (because of the low presence of water vapour) with a lapse rate
of 9.8 K/km. However, there, the actual rate is less than even that of the standard
atmosphere of 6.5 K/km (Figure 6.20) while a value close to 9.8 K/km would be
expected if the profile were isentropic. In the tropics the actual lapse rate is close
to the standard and between the lower moist isentropic rate and the higher dry
isentropic rate.

8. Hence, a common conviction that it is the moist isentropic state that determines
the lapse rate in the troposphere is incorrect. An additional argument showing
this is the fact that most of the time the atmosphere is not saturated and therefore
the moist isentropic profile is not applicable. As seen in the humidity profile in
Figure 6.19, the average relative humidity close to the surface is about 50%, far
from saturated, and at higher altitudes it mostly decreases.

9. Another common conviction is that the lapse rate has a critical upper value. This
goes back to Manabe and Wetherald (1967) who stated that “Free and forced
convection, and mixing by the large-scale eddies, prevent the lapse rate from
exceeding a critical lapse rate equal to 6.5 °C km-1", but without providing a proof
for their claim. This claim is wrong, as lapse rates > 6.5 K/km are quite common
and, as we have seen (Figure 6.11) even superadiabatic lapse rates (>10 K/km)
are possible (albeit rare). Also in terms of long-term (climatic) averages, Figure
6.20 shows for the tropics that there are observations (at altitudes > 7 km) lying
below the curve of the standard atmosphere, which imply lapse rates > 6.5 K/km.

10. In the polar areas and even in midlatitudes in winter, the atmosphere is closer to
the isothermal profile than in the tropics and midlatitudes during summer. This
is explained by the lower level of convection, whose complete absence would
necessarily lead to an isothermal atmosphere.

11. In polar winters there is inversion in the lowest atmospheric layer, more than 1
km thick. This is explained by advection, i.e. horizontal heat transfer by wind from
warmer areas.

12. The tropopause, defined to be the boundary where the air stops cooling with
altitude (the troposphere) and either stabilizes or begins to warm (the
stratosphere)’, is not constant at 11 km as suggested by the standard atmosphere.
Rather, it is about 10 km in the polar summer and lower than that in the polar

* A more specific operational definition by WMO (1957) is the lowest level at which the lapse rate decreases
to 2 K/km or less, provided that the average lapse rate between that level and all higher levels within 2 km
does not exceed 2 K/km..
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winter, and becomes 15-16 km in the tropics. Explanation for this is provided in
point 10 above.

While the above points provide qualitative explanations on what is observed in
vertical temperature profiles in the atmosphere, they do not suffice for quantitative
modelling as they cannot support deduction, unlike the analyses of previous sections.
Rather, they require an inductive approach based on data, which will be carried out in
section 6.27.

We stress that these points refer to overyear annual or monthly profiles and the
actual profiles at a specific time vary substantially, both geographically and temporarily,
as already explained in section 6.19 (Figure 6.11). There are also long-term variations as
explained in Digression 6.K.

Digression 6.]: Is average temperature meaningful?

The concept of global mean surface temperature has been criticized on the grounds that averaging
an intensive variable, such as temperature, is not physically meaningful (e.g. Essex et al., 2007).
However, here we have already defined and used the column average temperature, assigning it a
physical meaning. To do so, we invoked the heat content of a gas mass, which is determined by
enthalpy. This is an extensive quantity, which we converted to an intensive quantity, namely
average temperature, by dividing by the mass and the specific heat. This is similar to what we
have done in other intensive quantities (such as density from mass and volume, entropy per
particle or unit mass from total entropy and number of particles or mass, etc.). We can hardly find
anything problematic in doing so with temperature.

The same logic could be extended to globally averaged surface temperature. If we consider a
layer, say, 2 m thick, of air near the surface, we can find the total enthalpy at this level and define
the average temperature in a similar manner. Actually, this could be even simpler if we consider
constant air density. Then it suffices to integrate the surface temperature field over the globe and
divide by the globe’s area. Yet it would not be too difficult to consider the variation of density
(smaller in mountains etc.) and adapt the integral accordingly.

If we did not accept the legitimacy (in terms of physical meaning) of averaging, even in local
regions (in terms of space, time or both), then we would be unable to use terms such as “room
temperature” or “hourly temperature”, or to say that a winter day is cooler than a summer day.
And if we accept local averaging, there is no obstacle to defining a global average. Temperature
measurements are instantaneous and on a point basis, and we always need to do integration for
finite scales. The reason why integration is needed is that there is heterogeneity, like in most
quantities on Earth. The small or large heterogeneity makes no difference. For example, in
hydrology we deal with quantities that vary across three or more orders of magnitude.

The scientific manner to deal with heterogeneity, whether small or large, is to use statistical
indicators such as averages, variances, expectations of maxima or minima, and other statistics,
most of which are either expectations or time averages, connected to each other through the
notion of ergodicity (see Chapter 2 through Chapter 4). We only need to have in mind that all these
are abstract quantities, not real world values, as are most concepts used in mathematics and
physics.

As we will see in Chapter 8, the climate per se is by definition a stochastic concept, typically
based on averaging. Without accepting the legitimacy of averaging, we would be unable to deal
with climate scientifically.

All in all, constructing proper abstract concepts, pertinent to the phenomena we examine, is
the only way of doing science. But their construction should be accompanied by proper definitions
and opposition to ambiguity and conceptual fuzziness.
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Digression 6.K: Long-term temporal changes in temperature profile

The extended (86-year long) data set used in section 6.24, allows us to explore whether or not
long-term (climatic) changes appear in the temperature profiles. To investigate this we split the
available records into two parts, each 43-year long. Figure 6.21 compares observed profiles for
the two periods on an annual average basis, in comparison to theoretical ones.
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Figure 6.21 ERAS temperature (marked as “observed”) vs. ERA5 geopotential height, as in Figure 6.20, but
averaged over the entire year for two periods of equal length of 43 years as indicated in the figure legend:
(upper) for the tropical zone extending +7.5° around the equator (middle) the polar zone of width 7.5°
south of the north pole, and (lower) zoom in of the middle panel. For the polar profile (middle and lower)
the shift of the standard profile was chosen so as to better fit the observed profile, rather than to match the
surface temperature. For the same reason the subarctic winter profile of MODTRAN is plotted in the middle
and lower panels, as it better fits the troposphere data.
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What is more remarkable is the similarity, rather than the change, of the profiles in the two
periods. Yet there are some visible systematic differences, namely:

e The temperature decrease in the lower stratosphere, which is in agreement with a central
assumption of Manabe and Wetherald (1967) for a warming climate.

e The warming of the surface which is small in the tropics (0.51 K) and much larger in the arctic
(1.87 K).

e The small increase of the column average temperature, 0.43 K in the tropics and 0.30 K in the
arctic.

The difference between the surface and the column average temperature in the arctic (1.87 - 0.43
= 1.44 K), clearly implies an increase in the temperature gradient, as also shown by Koutsoyiannis
and Tsakalias (2025).

There is a general conviction in the community of climate modellers that the observed global
warming would be accompanied by increase of the tropopause height, decrease of its temperature
and constant lapse rate in the troposphere. However, a recent extensive analysis by Zou et al.
(2023) reported that, from 2006 to 2021, ERAS5 shows a warming tropical tropopause (0.10 + 0.11
K/decade) along with a very small rise in tropopause height (50 + 20 m/decade, which is
statistically insignificant, even using classical statistics). And the recent study by Koutsoyiannis
and Tsakalias (2025) showed that the lapse rate is not constant, but in both frigid zones has been
increasing.

Therefore, the most remarkable long-term change is the increase of the lapse rate in the frigid
zones, as reported by Koutsoyiannis and Tsakalias (2025) and confirmed in this Digression. This
increase affects both the radiation regime, as it enhances the atmospheric radiation effect (see
Chapter 7) and the heat transport regime as it reduces wind speed (see also Digression 6.M).

6.25 Air cells and parcels, and macroscopic stability

As our analyses showed, if we only considered molecular motion, we would expect an
atmospheric profile close to isothermal. However, there are macroscopic atmospheric
structures, named cells or parcels, that move as structures, while being continually
transformed in shape and physical characteristics. Their scale is much larger than the
molecular and can be huge, covering large parts of the planet. They are caused by factors
such as differential heating, buoyancy, and Earth’s rotation. They are characterized by
continuous macroscopic changes, the responsible mechanisms of which are qualitatively
discussed in Digression 6.1. They are typically treated via continuum fluid dynamics,
rather than molecular-level thermodynamics.

Contrary to molecules which are precisely the same for each substance, these
structures differ and expand in a hierarchy of horizontal, vertical, and temporal scales.
This hierarchy includes the following types of cells, where smaller cells can be
components of larger scale ones:

e Rayleigh-Bénard cells, with horizontal and vertical scales of mm to m, and temporal
scale of min. They are formed over heated fluid layers imposing buoyancy
instability.

e Small thermals or plumes, with horizontal scale of 10 m to 2 km, vertical scale of
100 m to 2 km (boundary layer depth), and temporal scale of s to min. They are
buoyant rising parcels of warm air from surface heating.

e Mesoscale convection cells, with horizontal scale of 1-50 km, vertical scale of 0.5 to
2 km and temporal scale of min to h. Again these are driven by surface heating,
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followed by atmospheric cooling. They are often combined with cloud formation
(stratocumulus or boundary-layer clouds).

e Deep convective cells, with horizontal scale of 5-20 km, vertically extending up to
the tropopause and with time scale of half hour to a few hours. They are caused by
strong buoyant updrafts fuelled by latent heat release and can produce heavy rain.

e Mesoscale convective systems, with horizontal scale of 100 to 1000 km or more,
vertically extending up to the tropopause and with time scale of hours to a day.
They are clusters of deep cells acting as one system.

e Global circulation cells, i.e. three distinct, large-scale atmospheric circulation
patterns in each hemisphere—the Hadley (equator to ~30°), Ferrel (~30 to ~60°),
and polar (~60 to 90°) cells covering the entire troposphere and with time scales
reaching seasonal. They are driven by solar heating and Earth’s rotation, and
redistribute heat from the equator to the poles, creating global wind belts and
permanent pressure zones that define Earth’s climatic zones.

The entire hierarchy is linked to macroscopic motion: without it, the clusters do not
form at all, in contrast to the microscopic motion, which is intrinsic. The physical
mechanisms responsible for the emergence of clusters (coherent flow structures) on
different scales are twofold: viscosity and, primarily, turbulence. Inside these coherent
structures, the velocities of neighbouring molecules (or fluid elements) are strongly
correlated, so the assumption of molecular independence no longer holds.

At the finest macroscopic scales, viscous packets emerge within a flow due to local
velocity gradients. The flow disrupts the spatial equilibrium of intermolecular
electromagnetic bonds (liquids) or biases the random thermal transport of molecular
momentum (gases). Both manifest macroscopically as a resistance to sliding motion
(viscous shear stress) between adjacent fluid layers.

At larger scales and higher velocities, the flow mechanisms are no longer molecular in
origin. Instead, they arise from macroscopic inertial transport driven by the stochastic
structure of the velocity field. Specifically, these turbulent stresses manifest as
covariances between fluctuating velocity components in different directions (Reynolds
stresses). Turbulence spans a wide range of spatial and temporal scales (encompassing
the entire hierarchy of cells mentioned above) and is sustained by a massive energy
cascade. This cascade continuously transfers kinetic energy from coarser to finer
macroscopic scales, until it reaches the dissipation range where viscosity ultimately
converts it into microscopic kinetic energy (heat).

Because both viscous and turbulent motions emerge from the collective statistical
behaviour of countless particles, they are mathematically intractable to model as isolated
molecules via standard molecular thermodynamics. Instead, they are effectively analysed
within the continuum framework of fluid dynamics.

If there were only molecular motion, the atmospheric profile would tend toward an
isothermal profile, driven by the principle of maximum entropy at the molecular scale.
The coexistence of molecular and macroscopic motion at multiple scales is the main
reason for the departure of the actual vertical temperature profile from the isothermal.
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For macroscopic motion will not retain constant temperature. To see this let us examine
an air parcel that, having been warmed at the surface, moves upward. If the process is fast
enough, then no heat is removed from, or added to, the parcel and hence the process is
reversible and adiabatic. Consequently, the change will be isentropic, as described by
equations (6.157)-(6.158), rather than isothermal. As the packet moves upward, the
temperature change per unit height will be equal to the isentropic lapse rate, [1g, the dry
one, Ip, if the atmosphere is not saturated, or the moist one, Iy, if it is saturated. This
isentropic lapse rate defines what we call neutral macroscopic stability. In comparison,
microscopic (molecular) stability we have when the lapse rate is zero.

Let us now examine the macroscopic stability and instability for more general
conditions. We assume that (a) the actual (environment) lapse rate is I', (b) at an elevation
Z, the temperature is T, (c) the isentropic lapse rate for that elevation is I1z and (d) an air
parcel is moved slightly upward, fromz, to z >z, in an isentropic process
(adiabatically). At elevation z the parcel will have temperature Tig = Ty — [1g(Z — zp),
while the environment will have temperature T =T, — I'(z — zy). If ' < Ijg, then T > Tig
and, due to the ideal gas law, p < p;. Hydrostatically, the parcel, having larger density than
the environment, will sink and return to its initial position. Conversely, if we moved the
parcel down at z < z,, it would have lower density than the environment and would rise
to return again to its initial position. Hence, the case I' < [} signifies (macroscopic)
stability, the opposite, I' > [} signifies instability, with equality, I’ = [} signifying neutral
stability. In instability, a parcel that was initially moved up will continue its motion, rather
than return. If it contains moisture, at some elevation it will become saturated, and
beyond this the vapour will condense, giving rise to cloud formation and perhaps
precipitation.

Since we have two cases of isentropic processes, dry with lapse rate I, and moist with
lapse rate Iy < I, we can distinguish the following cases, if we compare these to the
environmental lapse rare I'":

e [ > Iph:unconditional macroscopic instability;

e [ = [p: dry neutral macroscopic stability;

e [y < I < Ijp:conditional macroscopic instability;
e [ = [y: saturated neutral macroscopic stability;

e 0 < TI < Iy:unconditional macroscopic stability;
e [ = 0: macroscopic and microscopic stability; and
e [ < 0: macroscopic stability with inversion.

In principle, regarding entropy as quantification of uncertainty, we could maximize
entropy not only at a molecular level but also at a macroscopic level. As clarified in section
2.3, entropy is a function of the probabilities of the events that form a partition. Many
different partitions could be formed, which have different entropies and, when these are
maximized, different values of the variables involved will be obtained. Hence, we would
expect that the maximization of a coarser partition would give a different result from that
of the finest partition. In our case, we would expect that entropy maximization at a level
of an air parcel would result in an isentropic, rather than an isothermal, microscopic state.
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Since the entropy maximization at the microscopic (molecular) level results isI' = 0
and that at the macroscopic level is I' = [}, it is reasonable to expect that the actual I
would be in between I' and [z and hence the standard lapse rate I' = 6.5 K/km is
unsurprising. But as we have already explained, we do not expect to find this by deduction,
due to the complexity of the entire climatic system and the fact that this standard value is
the result of an integration over the globe. Hence it is necessary to rely on induction.

In this respect, it looks reasonable to accept that (a) Nature does not adhere to a
unique scale or unit for maximizing entropy, (b) the atmospheric system composition
includes units of different sizes, and (c) there are different physical mechanisms acting on
multiple scales. It is important to recognize that there is an antagonism between scales:
maximizing entropy on one scale reduces it on another. In Digression 6.L we discuss a toy
model, based on deduction, to illustrate the case that entropy could be defined on several
scales, and its maximization gives different results depending on the scale. The toy model
assumes that there are patterns shaped by different molecules, as happens in the
formation of parcels, and, as explained in Digression 3.B, the typical stochastic
representation of patterns is through dependence (and correlation).

Digression 6.L: Dependence and multiscale entropy maximization

Here we present the most simplified example (a toy model) for better illustration and intuition
development. We consider two monatomic molecules in one-dimensional motion (so that each
one has only one degree of freedom) and we are only interested in the uncertainty about the
velocities u;, i = 1,2, assumed to have zero mean, and not about their position. If the mean kinetic
energy is € and the mass of each molecule is m, then, in a way similar to section 6.2, we infer that
the expected value of the squared velocity is

2¢

0'2 = E[ELZ] = —

my

and the marginal density function of the velocity is normal:
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The entropy of each molecule is
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where the u* is a constant with units of velocity (a constant Lebesgue density), necessary to
reinstate dimensional consistency and £* = mou*2 /4me. The entropy of the two molecules is
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This complies with the additivity property and is similar to what we have done in all previous
analyses. The entropy per particle remains ¢;.

Now we make a key assumption, differing from all previous analyses, that there is
dependence between the velocities of the two molecules, expressed by a correlation coefficient
p # 0. The joint distribution function becomes
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which after algebraic manipulations becomes
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Because 0 < 1 — p? < 1, the last term is negative and hence in this case ¢ < ¢; + @, with the
equality holding when p = 0. Thus, we confirm that entropy is maximized when the motions of
the two molecules are independent. The entropy per molecule is now smaller than ¢;, i.e.
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But let us take another step and consider as a “unit” or “scale” in which to calculate entropy
not a single molecule, but the pair. A representative quantity for the “unit” of 2 is the average
velocity

U+ U
2

While in the “unit” of a molecule, the partition we work on is described as the Cartesian product
of intervals (uq,u; + duy) and (u, + du,)), in the “unit” of the pair of molecules we have a
coarsened partition of intervals (u1 +uy,ug +uy, +d(uy + uz)). The variable u(?) has variance
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In summary for dependent particles the entropy per a “unit” (or “scale”) of 1 and 2 particles
will be, respectively
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Clearly, the former is maximized when p = 0 and the latter when p = 1. The two become equal

forp = 15/17.
Trying to find a balance between the two “scales”, we may take a weighted average for the
two assuming weights w and 1 — w, respectively. The combined entropy is thus
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This is composed of two parts:
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Of these two, ¢, is independent of both p and w, while ¢, (the contribution of the correlation to
the combined entropy—actually a negative quantity) depends on both. ¢, is maximized when
dg,/dp = 0, which results in

p=1—w
It is stressed that the value of p that maximizes ¢,, does not depend on &. The maximum
contribution to the entropy ¢,, of p is
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Measured in terms of “scales” 1 and 2, the entropies are
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Graphical illustration of the above results is provided in Figure 6.22.

The above toy model is provided for exploratory purposes and does not aim to support
modelling of the atmosphere. The main idea illustrated by the toy model is that there is no unique
“unit” or “scale” in Nature. When the physical mechanisms act on multiple scales, or the system
composition includes units of different sizes, it would not be prudent to adhere to a unique scale
or unit, on which to maximize entropy. As the above example shows, maximizing entropy on one
scale reduces it at another scale. There cannot be simultaneous maximization at all scales. Rather
a balance on many scales would better be sought. It is recalled that entropy means uncertainty,
and entropy maximization results in maximum uncertainty. If this was applied on a small scale,
then we would have small uncertainty at larger scales. But this does not seem to be the way Nature
works. The uncertainty tends to be as high as possible on any scale, small or large. Hence, Nature
seems to “sacrifice” some uncertainty on one scale in order to increase uncertainty on other
scales.

While this idea does not serve modelling in our context, there have been modelling
applications based on it in different contexts. Koutsoyiannis (2005b) explained the Hurst-
Kolmogorov behaviour of hydrometeorological processes (including the long-range dependence
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seen in temperature time series) by maximizing the averaged entropy on multiple time scales,
giving equal importance to each one of the time scales. In a similar approach, Koutsoyiannis
(2006) modelled the intermittent character of rainfall, determining entropy at each time scale
from the probability of rainfall occurrence at this scale. Maximizing entropy at all scales, again
with equal importance to each one, he was able to find the probability of occurrence at any time
scale. In the model calibration, the probabilities of rainfall occurrence at only two time scales were
used, while for all other scales they were predicted using the multiscale entropy maximization
framework. The agreement with data was impressive, as can be seen in Figure 6.23, reproduced

from that study.
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Figure 6.22 Contribution to the entropy, ¢,, of the correlation between to particles, p, as a function of p
and the weight w given to the entropy of a single particle. The dots represent the points in which ¢, is
maximized and the dotted line, depicting ¢;'®*, connects these points.
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Figure 6.23 Probability dry p® vs. scale k (in hours), as estimated from the Athens rainfall data set and
predicted by a multiscale entropy maximization framework for the entire year (full triangles and full line)
and the dry season (empty triangles and dashed line). (Source: Koutsoyiannis, 2006.)
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6.26 The lapse rate as a reflection of microscopic and macroscopic motion

Given the importance of the lapse rate in determining the temperature of Earth’s surface,
in this section we investigate how this is formed and why it is close to the standard of 6.5
K/km. The popular explanation for the observed average lapse rate, which is smaller than
the dry isentropic lapse rate of 9.8 K/km, invokes moist isentropic conditions, where the
latent heat is also considered. There are several lines of evidence countering this
explanation, which were listed in points 1-12 in section 6.24. In addition, if the actual lapse
rate were identical to the (non-constant) moist isentropic one, this would nullify the
convective available potential energy (CAPE) even in the tropical areas, where it
dominates. Indeed, CAPE, which is an important index of convective activity, is defined
through the integral of the difference between the temperature of the moist isentropic
profile and the actual (environment) temperature; if this difference were zero, so would
be CAPE.

Here we provide further evidence on the fact that the actual atmospheric profiles are
not moist isentropic by using several data sets on temperature and specific humidity vs.
altitude (assumed equal to the geopotential height) retrieved from ERA5 reanalysis
database for pressure levels of 1000, 925, 850, 700, 600, 500, 400, and 300 hPa. Generally
the time series were areally averaged in 12 zones defined by their latitude as specified in
Table 6.5. In addition, two spots (10° x 10° areas), also specified in Table 6.5, were
examined, namely the Sahara spot characterized by high temperatures and highly dry
conditions, and the Philippine Sea spot, characterized by high evaporation and moist
convective activity.

Table 6.5 Definition and key characteristics of geographical areas examined in section 6.26.

Average

Label Latituderange "R T and (9)  alttude
(m)

Sahara 18°N 28°N  8°E 18°E 1.14 100.0 651
Philippine Sea 18°N 28°N 120°E 130°E 1.14 0 0
Zone 1 90°S  75°S  0°E 360°E 8.76 82.7 2318
Zone 2 75°S  60°S  0°E 360°E 25.65 22.1 1852
Zone 3 60°S  45°S  0°E 360°E 40.69 2 350
Zone 4 45°S  30°S  O°E 360°E 52.84 9.8 429
Zoneb 30°S  15°S  0O°E 360°E 61.36 24.5 677
Zone 6 15°S 0° 0°E 360°E 65.73 25.1 526
Zone 7 0° 15°N  0°E 360°E 65.73 25.2 463
Zone 8 15°N  30°N  0°E 360°E 61.36 36.8 598
Zone 9 30°N 45°N 0°E 360°E 52.84 46.7 1154
Zone 10 45°N  60°N  0O°E 360°E 40.69 59.5 483
Zone 11 60°N 75°N  0°E 360°E 25.65 66.3 444
Zone 12 75°N  90°N O°E 360°E 8.76 22.1 778

Figure 6.24 depicts the variation of key characteristics with altitude at four
characteristic occasions, the Sahara and Philippine Sea spots for July, the sub-polar zone
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11 for January and the global average conditions on annual scale. The left column
illustrates the static energy and its components: (a) enthalpy, h = ¢, T, which decreases
with the increase of altitude, reflecting the lapse rate as it is roughly proportional to
temperature, (b) dry static energy, which to enthalpy adds the potential energy gz, and
total static energy which to the dry static one adds the latent heat L, q. Each figure panel
includes four cases:

1. theactual, calculated from ERAS data, in which the dry static energy increases with
altitude,

2. the isothermal, in which the enthalpy is constant across altitudes, the dry static
energy increases with altitude, and so does the total static energy, calculated using
the actual specific humidity,

3. the dry isentropic, in which the presence of water vapour is neglected, hence
yielding a constant static energy value for all altitudes, and

4. the wetisentropic, in which the atmosphere is assumed saturated in water vapour.

The right column in the figure shows the entropy difference from the ground level for the
same cases, calculated with the same assumptions. Notice that static energy is given in
absolute values but entropy is given as a difference from the ground state.

In all cases, the actual enthalpy curve is fairly linear with a slope between those of the
dry isentropic and the isothermal. For the Sahara spot for July, the actual enthalpy curve
has a slope between those of the dry isentropic and the wet isentropic. All actual curves
are far away from the wet isentropic ones, which can be explained from the low humidity
in the Sahara desert. Yet they are also distanced from the dry case. For the humid case of
the Philippine Sea spot for July, the actual enthalpy curve has again a slope between those
of the dry isentropic and the wet isentropic. Now there is some proximity to the wet
isentropic profile, but again the curvature of both the actual total static energy and the
actual entropy difference, which is mostly located in the part of the graph with negative
coordinates, preclude the possibility of similarity with the moist isentropic profile. Rather
there is similarity with the standard profile of Figure 6.17, which has a lapse rate of 6.5
K/km. For the subpolar case of zone 11 for January, the dry and moist profiles almost
coincide. The actual enthalpy curve is no longer between these two (it does not coincide
with them) but has moved toward the isothermal case.

Similar graphs for additional locations and months, as well as annual averages, are
provided in Koutsoyiannis (2026b; Appendix B), where the behaviours reflected are
similar to the characteristic ones shown in Figure 6.24. Summary graphs for the annual
profiles of enthalpy and total static energy in the 12 zones are given in Figure 6.25. They
generalize the validity of the above observations, i.e. that the enthalpy profiles are fairly
linear with very similar slopes, and that, as we move toward the tropics, the total static
energy profile becomes curved.

Hence, the data and their analyses do not support the explanation that it is the
moisture in saturated conditions that determines the temperature profile. Therefore, an
alternative explanation is proposed, based on a combined entropy maximization at a
microscopic and a macroscopic scale. Specifically, as already mentioned in section 6.25
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and illustrated in Digression 6.L, it looks reasonable to accept that (a) Nature does not
adhere to a unique scale or unit for maximizing entropy, (b) the atmospheric system
composition includes units of different sizes, and (c) there are different physical
mechanisms acting on multiple scales.
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Figure 6.24 Comparison of actual and idealized static energy and entropy profiles for the three
indicated locations and months, and globally: (left column) Static energy and its components;
(right column) entropy difference from ground level for the same cases.
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Figure 6.25 Annual averages over the entire period of ERAS5 data (1940-2025) of (upper)
enthalpy and (lower) total static energy across atmospheric levels of 1000 to 300 hPa for the 12
geographical zones.

As already discussed, entropy maximization at the microscopic (molecular) and
macroscopic scales results in an isothermal profile and an isentropic profile, respectively.
It is then reasonable to assume (similar to the illustration given in Digression 6.L), that
the actual profile is a linear combination of these two, i.e.:

s(z) =wsM(2) + (1 —w)s™(2) (6.232)

where sM(z) and s™(z) are the macroscopic (isentropic) and the microscopic
(isothermal) entropic profiles, respectively, and w is a weighting factor. Additional
assumptions in this approach are:
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e The dry, rather than the moist, isentropic and isothermal profiles determine the
actual profile.

e The temperature and the specific humidity determine the weighting factor w;
namely, according to the empirical evidence presented, the weight w of the
macroscopic profile is an increasing function of temperature and a decreasing
function of specific humidity.

Based on these assumptions, it is demonstrated in Appendix 6-I1I that the lapse rate I
is constant (linear atmospheric profile), equal to that of the isentropic profile, Iig,
multiplied by the weighting factor:

wg
I'=—=wli (6.233)
&7

and that temperature follows a so-called polytropic profile:
WR ‘v

T_ (ﬁ) @ P _ (E)WR (6.234)

To Po ’ Po To
Once the profile is established as above based on dry conditions, the full properties
(including the total static entropy) which include the atmospheric moisture can be
calculated. More details and comparisons of the above simple model with real-world data
are given in the next section.

6.27 Quantification of the lapse rate variation

The model described in section 6.26 has just one adjustable parameter, the weighting
factor w of the macroscopic (isentropic) profile. It is easy to determine it for any location
and time using observations, by minimizing the fitting error of the model to a chosen
profile. We specified this error on the dry part of the entropy expression in equation
(6.221), without including the terms containing the latent heat. According to equation
(6.232), the modelled entropy is s(z) = (1 —w)s™(z) (with s™(z) referring to the
isothermal profile) and this is compared to the actual entropy. By performing systematic
fittings on several sites and months, it was found that w can be expressed as a linear
function of temperature and specific humidity at the atmospheric level of 1000 hPa:

w = 0.0054 (T/K—174) — 4.96 q (6.235)
The resulting lapse rate, I' = wljg, is thus
I'/(K/km) = 0.053 (T/K—174) —48.5q (6.236)

Once we use this relationship, all macroscopic properties in the atmosphere can be
calculated, as there are no additional unknowns in the proposed model. Figure 6.26 shows
comparisons of actual and modelled static energy and entropy profiles for the locations
and months depicted in Figure 6.24.

The agreement is satisfactory, including the curved shape of the wet profiles, which
means that the model captures the observed atmospheric thermodynamic behaviour.
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Figure 6.26 Comparison of actual and modelled static energy and entropy profiles for the
locations and periods depicted in Figure 6.24: (left column) Static energy and its components;
(right column) entropy difference from ground level for the same cases. The wet isentropic
profile is also plotted for contrast.

An additional, more comprehensive, analysis is presented in Figure 6.27. In this all
values of temperature, T, specific humidity, g, and lapse rate, I', vs. temperature for the

entire period of EPA5 data availability (1940 - 2025) are used. The lapse rates were
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calculated by linear regression of temperature and geopotential heights at pressure levels
1000 to 300 hPa, The plotted points represent average monthly values for each month of
the period of observations, areally averaged for each of the 12 geographical zones. To
these values a bilinear model was fitted, resulting in the equation

r'/(K/km) = 0.071 (T/K — 186) — 161 q (6.237)

which is similar, but not identical to equation (6.236). The difference is that to derive
equation (6.236) the fitting was done on the entropic profile, explicitly considering its
values at the different atmospheric layers. Instead, equation (6.237) was fitted on lapse
rate values.

The points calculated by equation (6.237) are plotted in Figure 6.27 marked as
I'(T,q), in comparison to the empirical points. It is seen in the figure that if the
atmospheric moisture is negligible, then the lapse rate is an increasing function of
temperature (curve marked as I'(T, 0)), which confirms the behaviour discussed earlier.
However, when the specific humidity becomes significant, it constitutes the main driver
of the lapse rate, which becomes a decreasing function of specific humidity. As a result of
the trade-off of the two mechanisms, the highest lapse rates appear at zones 4 (30°S to
45°S) and 9 (30°N to 45°N).
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Figure 6.27 Monthly values of lapse rate I' = I7, vs. temperature for the entire period of EPA5
data availability (1940 - 2025). The temperature and lapse rate values are average monthly values
for each month of the period of observations, areally averaged for each of the 12 geographical
zones. The modelled values by equation (6.237), where observed data of specific humidity, g, are
used, are also shown, marked as I'(T, q). Additional plots are the linear relationship I'(T, 0), in
which the specific humidity is taken as zero, and the curve I'(T, q.), in which the observed q is
replaced by the estimated value q, from equation (6.238), thus rendering the relationship as a
function of temperature only. The cluster of modelled points I'(T, q) near the line I'(T,0) for T <
270 K, which is distinct from the main group of points, corresponds to zone 1 (Antarctica).
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Detailed analysis in Koutsoyiannis (2026b) showed a tight relationship between
temperature and specific humidity, of exponential type, and fitted the following equation
to the data:

ge = (1.06 Tr000/K=253 _ (.3} /1000 (6.238)

where the subscript ‘e’ stands for ‘estimated’. If in equation (6.237) we replace the
observed specific humidity with its estimate given by equation (6.238) as a function of
temperature, then the equation giving the lapse rate becomes single-variate, based on
temperature only, but no longer linear. This is also plotted in Figure 6.27, marked as
I'(T,q.). This curve resembles a parabola.

The modelled values of lapse rate by equation (6.237) are also depicted in Figure 6.28
vs. the observed values. The scatter is reasonable and the explained variance reaches 0.73.
Upon substituting g, for q from equation (6.238), the explained variance increases to 0.77.
One may think it paradoxical that by dropping one explanatory variable the explained
variable increases but it is not, because the final relationship is no longer linear but
curved, where the curvature is imposed by the dropped variable (q).
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Figure 6.28 Observed vs. modelled lapse rate for the entire period of EPA5 data availability (1940
-2025). All average monthly values for each month of the period of observations, areally averaged
for each of the 12 geographical zones, are plotted. The modelled values were calculated by
equation (6.237), where observed data of temperature and specific humidity were used. The
double line denotes equality.

Notably, from the ERAS data the characteristic average quantities over the globe and
over the entire period of observations are T = 288.2 K,q = 0.0093,I" = 5.84 K/km. It is
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interesting to calculate the global average lapse rate, also using the above models.
Specifically, we find:

e From equation (6.236) for the global average T and q: w = 0.57, I’ = 5.76 K/km
(very close to 5.84 K/km).

e From equation (6.237) for the global average T and q: I' = 5.76 K/km (same as in
the previous calculation; very close to 5.84 K/km).

e From equation (6.238) for the global average T, g = 0.0075 and from equation
(6.237): I' = 6.05 K/km (somewhat higher than the previous values, again close to
5.84 K/km).

Generally, all data and analyses suggest that the value of 6.5 K/km of the standard
atmosphere is an upper bound of lapse rate, rather than a typical value. A value 6.0 K/km
looks more appropriate for midlatitudes, and even smaller values are representative for
tropical and polar areas. In polar areas, the lapse rate can occasionally be much lower,
down to 4 K/km.

Digression 6.M: Geographical distribution of long-term temporal changes in
temperature and specific humidity profiles

Here we extend the analysis of Digression 6.K using the richer data set of sections 6.26 and 6.27
to study the geographical distribution of observed climatic changes and also to investigate
whether the simple quantification provided in these sections can also explain the observed
changes. Again, for this investigation we split the available records into two parts, each 43-year
long.

According to the established view, the observed changes are explained as “greenhouse”
warming. Specifically, it is asserted that the increase of greenhouse gases concentration, e.g.
doubling of CO,, would elevate the atmospheric emission level, while the effective emission
temperature would remain unchanged (e.g., Lindzen, 2007, 2022; Held and Soden, 2000; Colman
and Soden, 2021). This would raise the entire atmospheric temperature profile, while keeping
the lapse rate fixed, thus moving the temperature profile upward parallel to its original position.
Other studies (e.g. Pinault, 2020; Hartmann et al., 2022; see also Held and Soden, 2000), also
involve the (varying) moist lapse rate in such considerations.

There are several problematic elements is such explanations, such as: (a) the inversion of
causality between temperature and [CO;] changes (Koutsoyiannis et al., 2023), (b) the inversion
of the roles of [CO,] and [H,0], where in “climate science” the former is regarded to be the “control
knob” of climate (Lacis etal., 2010) and the latter a feedback, while arguably the reality is opposite
to this construct (Koutsoyiannis, 2024), and (c) the primary role given to LW radiation, while the
observed changes in SW radiation alone (decline of albedo, increase of absorption by the Earth)
can explain the observed temperature changes (Koutsoyiannis et al., 2023; Appendix A.2,
Koutsoyiannis and Vournas, 2024; Appendix B; see also Goode et al., 2021; Nikolov and Zeller,
2024; Goessling et al. 2025).

The data gathered here allow to discuss the other construct of the established approach, i.e.,
the parallel upward shift of the temperature profile. From what we have already described, this
is not the behaviour we expect in general, and, in particular, we do not expect that the moist
profiles would play a role. Rather, we expect that a temperature increase would also result in
changes in the lapse rate. More specifically, based on Figure 6.27, we expect that in zones near the
poles, where the lapse rate is an increasing function of temperature, the observed temperature
increase in the last decades would cause an increase of lapse rate. Near the tropics, we expect the
opposite behaviour, i.e., a decrease of lapse rate, because there the lapse rate is a decreasing
function of temperature.
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This is exactly what the data show, as seen in Figure 6.31, which depicts the changes in
climatic averages of temperature and lapse rate between two halves (43 years each) of the period
of ERAS data availability. These values were calculated as the differences of averages in the most
recent subperiod (1983-2025) from the earlier one (1940-1982). Indeed, near the tropics we have
negative changes in the lapse rate and near the poles positive ones. The column average
temperature has seen a uniform increase across the entire planet. However, the changes in lapse
rates result in differential changes in surface temperature, with higher increases in the polar
zones and lower in the tropic zones. This drives the climate toward a more uniform regime across
the globe.

These observations are consistent with the evidence from paleoclimatic studies, which
suggests that the surface equator-to-pole temperature gradients were weaker during warm
periods, while tropical temperatures changed very little (Budyko, 1977, p. 17; Huber et al., 2000,
p- 289; Huber, 2008; Lee, 2014; Lindzen, 2020). The lower equator-to-pole temperature gradients
seen in recent decades weaken the wind regime, and, indeed, Ma et al. (2025) identified wind
stilling, resulting in weaker evaporation in two-thirds of the ocean and a slight decreasing trend
in global-averaged ocean evaporation during 2008-2017.
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Figure 6.29 Changes in climatic averages of temperature and lapse rate between two halves (43 years each)
of the period of ERAS data availability, as calculated from the differences of averages in the most recent
subperiod (1983-2025) from the earlier one (1940-1982), vs. (left) latitude and (right) near-surface
temperature of the earlier period.

This data set also allows checking our framework with respect to changes in specific
humidity. From equation (6.238), by neglecting the constant term (-0.3) and taking the derivative
with respect to T, we conclude that dg/q « dT, i.e., the relative change in specific humidity is
expected to be proportional to the change in temperature. Again, this is exactly what the data
show as seen in Figure 6.30 (left). The same proportionality relationship holds for both the near-
surface and the column average specific humidity. As a result, all related variables, near-surface
temperature change, relative humidity change and lapse rate change follow the same pattern. The
only exception is the column average temperature whose change is uniform across the globe. Once
we adopt this uniform change in the column average temperature, all other changes follow from
our quantified framework for lapse rate. This constitutes a firm confirmation of the proposed
quantified framework.
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Figure 6.30 Changes in climatic averages of temperature, specific humidity (SH) and lapse rate between
two halves (43 years each) of the period of ERA5 data availability, as calculated from the differences of
averages in the most recent subperiod (1983-2025) from the earlier one (1940-1982): (left) change in
temperature and specific humidity vs. near-surface temperature of the earlier period and (right) change in
specific humidity and lapse rate vs. latitude.

6.28 Principles of thermodynamics

In the above presentation we have followed the Aristotelian suggestion for parsimony
(section 1.3), i.e., to use “fewer postulates or hypotheses or propositions”. Namely, to
derive the basic results of atmospheric thermodynamics in Chapter 6 we have only used
(a) the principles of conservation of mass, momentum and energy, (b) Newton’s laws, and
(c) the stochastic principle of maximum entropy, which we elevated to a physical
(ontological rather than epistemological) principle. We did not use the so-called four
principles (or laws) of thermodynamics. Nor did we use other assumptions typically
postulated in statistical physics, such as the equiprobability of microstates (e.g., Moore,
2002) or the principle of equipartition of energy into the available degrees of freedom
(often referred to as a postulate). Rather, we saw that all these are results of entropy
maximization.

For the completeness of the presentation, in this last section of Chapter 6 we
summarize some information about the four laws of thermodynamics and discuss their
relationship with our results.

The Zeroth Law states that if two systems are in thermal equilibrium with a third
system, then they are in thermal equilibrium with each other. This law defines the notion
of thermal equilibrium. In turn, this is necessary to define temperature, as two systems
that are in equilibrium have the same temperature.

In our framework this law is unnecessary. Two systems are in equilibrium if they are
brought into contact and the entropy of the compound system has been maximized.
Besides, the temperature is defined via equation (6.50). As we have seen, equation (6.100)
implies that two systems brought into contact, in which entropy has been maximized, will
have the same temperature. This is a consequence of entropy maximization and does not
presuppose an axiomatic introduction of the Zeroth Law.
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Moreover, the usefulness of the law is problematic. As we have seen, there appear
gradients in temperature (see sections 6.19 and 6.24) and therefore, different layers of
the atmosphere, however thin, do not have the same temperature, even though they are
in contact. This does not violate the law per se, because the gradients imply non-
equilibrium conditions, but reduces its usefulness as most natural systems are not in
equilibrium.

The First Law is related to the conservation of energy. We have already used several
times the principle of conservation of energy, according to which energy can be neither
created nor destroyed but can only change forms. In classical thermodynamics, this
principle is typically stated as: the heat supplied to a system (6Q) equals the increase in
internal energy of the system (dE) plus the work done by the system (6W). This version
of the principle of conservation of energy has also been produced by our framework in
section 6.11.

In classical thermodynamics, the Second Law states that in the process of reaching a
thermodynamic equilibrium, the total entropy of a system increases, or at least does not
decrease. In this respect, the Second Law is none other than the principle of maximum
entropy applied to thermodynamic systems. Starting from any condition and approaching
the equilibrium, the entropy change d®* of the total system cannot be negative.

Finally, the Third Law of thermodynamics states that the entropy of a system
approaches zero as the temperature approaches absolute zero. Here we did not need this
law at all. Yet, we were able to replicate it in Digression 6.B within a negligible difference
for the value of energy in which the entropy becomes zero. In our framework the entropy-
zeroing energy is not zero but a super-tiny quantity, smaller than the quantum zero-point
energy that is imposed by Heisenberg's uncertainty principle. Thus, our stochastic
framework resulted in a version of the Third Law that is in better agreement with
quantum physics than the classical version which implies that zero energy is in principle
feasible.

Additionally, here we did not use common notions of thermodynamics and statistical
mechanics such as heat bath (due to Carnot and Clausius) and ensemble (due to Gibbs,
1902). The former (also called thermal reservoir, a notion introduced by Carnot,
1824 /1872, who used the term “réservoir”) is a theoretical idealization of an extremely
large system that remains in internal equilibrium at a fixed temperature with effectively
infinite heat capacity, so that any energy it gains or loses causes a negligible change in its
own temperature. The latter is a conceptual collection (an imaginary assembly) of a very
large number of identical copies of the same physical system. Each copy is in a different
possible microstate, but all copies satisfy the same macroscopic constraints (e.g., fixed
energy, or fixed temperature, etc.). Gibbs distinguished between canonical,
microcanonical and grand-canonical ensembles.

In the formal language of probability the concept of an ensemble can be translated
into a (vector) stochastic variable representing the microstates. The microcanonical,
canonical and grand-canonical ensembles then correspond to different types of
distribution function of this stochastic variable: uniform (microcanonical),
exponential/Boltzmann (canonical) or a more involved (grand-canonical). Here we prefer



280 CHAPTER 6 - ATMOSPHERIC THERMODYNAMICS DEDUCED BY STOCHASTICS

the language of formal probability, which is more general and parsimonious. In particular,
the concept of expectation, combined with entropy maximization under common
constraints, suffices to handle typical problems without introducing additional
constructs. It also allows for non-common constraints (see section 2.11). Therefore, we
abandon these traditional notions and terms, even though they have been very common
in statistical mechanics.

Appendix 6-1: One-dimensional heat transfer equation for fluids

We consider an atmospheric layer with elementary height dz and area 4, as in Figure 6.31, in
which radiation flux (R) and heat flux (Q) (in units of power per area) are transmitted in vertical
direction. The heat term Q includes sensible and latent heat and its change dQ includes release of
latent heat and frictional (viscous) heating. A vertical mass flow pw is also assumed, where p is
the density and w the velocity. Because of mass conservation (continuity equation) and the
assumption that there is no mass storage change in the control volume, the quantity pw remains
the same in the input and output faces of the control volume.

pw Q+dQ R+dR
A \

pw Q R

Figure 6.31 Schematic of an atmospheric layer (control volume) of area A and height dz at (natural)
temperature 8 for the derivation connecting transmission of radiation flux, R, and heat flux, @, also
considering convection with vertical flow pw, where p is the density and w the velocity. Notice that because
of mass conservation (continuity equation) and the assumption that there is no mass storage change in the
control volume, the quantity pw remains the same in the input and output faces of the control volume.

We recall from equation (6.85) that the total heat content (enthalpy) per molecule is n =
(B/2 + 1)6, which per unit mass and for the entire control volume in Figure 6.31 is, respectively,

. (B ) : . ('B ) :
—=(=z+1)—, Adz— = pA(=+1)—d 6.239
my 2 * my p Zmo P2 * mg z ( )
Thus, the temporal rate of heat accumulation is
0 n pA (B a0
H,ce = =—| pAd —)= —(— 1)—d 24
acc ot (p Zmo mgy \2 ) (6.240)

where we considered that the density p does not change with time. The convective energy net flux
(input minus output) is
Fogrv = i(é+ 1) pwo — i(£+ 1) pw(0 +do) = —ﬁ(£+ 1) wdéf (6.241)
conv my 2 my 2 my 2
The conductive energy flux (input minus output), according to the Fourier’s Law (see Digression
3.E), will be:
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The heat and radiation net flux are F, = —AdQ and Fr = —AdR, respectively.
Energy conservation demands that:

Hace = Feonv + Feona + FQ + Fr (6.243)
which gives
pA(ﬁ )69 pA(ﬁ ) 6( 6)
= dz 1)wdf +A—|k—=—|dz—Ad AdR .
— at mg\g T 1)jwdb + 45 k5, )dz—4dQ — (6.244)

Dividing by Adz and replacing d6/dz with 06 /9dz for mathematical consistency, we get

p (B ) a0 o) (ﬂ ) a6 a ( 69) dQ dR
— |+l == (z+1|Ww—+— - .
mg (2 * ot mg \2 1w 0z * 92\" 9z dz dz (6.245)
or
p (B ) (69 69) d ( 69) dQ dR
—(=+1){= — ) ==|k=—)|—F——— 24
mg (2 * ot w 0z 92\" 9z dz dz (6.246)
We use Boltzmann's constant kg to convert it to SI units, where 8 = kgT and k; = kkp:
aT aT 0 Ty dQ dR
ot (5 v 5) =59 %) @ @ (6:247)
Without conduction and convection this becomes
6T dQ dR
For steady state it is written as
oT 0 Ty dQ dR
— = —_ ) = 6.249
PV oz T oz (KT az) dz dz ( )
and if there is no convection (w = 0) then
d T\ d@ dR
- — ="+ 6.250
0z (KT az) dz * dz ( )

If we assume constant heat and radiation flow across all z and thermal conductivity also
independent of z we obtain the simplest case expressed as

0°T
072

If we consider the variables as stochastic, then equation (6.247) is written as

~0 (6.251)

d
Cppf;_%: _Cppmg_?r%(mg_g)__g_d_ﬂ (6.252)
In this case if we take expected values, it is reasonable, when referring to the atmosphere, to
assume that E[m] = 0. However, we observe that w and 0T /0z are strongly correlated and thus
E[w 0T /0z| # E[w]|E[0T/dz] = 0. A workable assumption is c,pE[w 0T /0z] = —KE[9%T/dz?],
where K is analogous to thermal conductivity, a stochastic thermal conductivity. The equation
becomes then
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cppE[at — K,E [622] [ ]—E[i—f] (6.253)

where we have neglected the molecular thermal conductivity, because it is two to three orders of
magnitude lower than the stochastic one. For long time scales, the expectation of the gradient
0T /0z could be assumed constant throughout z (according to observational data of the

troposphere) and hence E[azz/azz] = (. Equation (6.253) then becomes:

cppE [ ] (6.254)

which is practically identical to (6.248) (after substituting the expectation with a single value).

Appendix 6-1I: The Lambert W function

The Lambert W function (or w-function) is defined to be the inverse of function z = f(w) = we".
This function denoted as Wy (z) = f~1(z), which thus satisfies W}, (z)e"*® = z, is a multivalued
function on the complex plane if the integer k is not specified, or single valued if k is specified. For
real z and —1/e < z < 0, there are two possible real values of W (z), denoted as W,(z), and
W_1(2). If z >0, there is a single real value W,(z). The real-valued branch W,(z) of W, (z)
satisfying W, (z) = —1 is called the principal branch of the W function, and the other real-valued
branch, W_; (z), which satisfies W_; (z) < —1, is the non-principal real branch.

Here we deal with the non-principal real branch W_; (z) only. Approximations for this, even
for one-shot evaluation, can be found in Chapeau-Blondeau and Monir (2002), Barry et al. (2004)
and Chatzigeorgiou (2013).

The function W, (z) is available for direct use in most computational environments.” For
values of z that are relevant to our particular problem (calculations related to the quantification
of water vapour in the atmosphere), in addition to the approximations found in literature, we
propose the following, which is very accurate and fast:

—W_1(2) = 1.285(—=In(—2))%33 + 0.872(In(— In(—2z))) 612 (6.255)

The relative error is negligible, smaller than 3 X 107> for the values relevant to our calculations,
i.e., those corresponding to the range of temperature shown in the figures of section 6.21 (for
which —0.07 < z < —0.015). Notice the minus sign in —W_;(z), which makes this quantity
positive.

Appendix 6-11I: Derivations for the modelled atmospheric profiles

Assuming a dry atmosphere, from the general equation (6.77), the entropy in the isothermal
profile, as resulting from the microscopic entropy maximization (denoted by the superscript ‘m’)
is

* In Mathematica and Maple, which perform both symbolic and numerical calculations, the function is
named ProductLog and LambertW, respectively. With the latter name, it is also available in R
(https://cran.r-project.org/web/packages/LambertW/index.html), MATLAB (https://www.mathworks.
com/help/symbolic/lambertw.html), Python (https://docs.scipy.org/doc/scipy/reference/generated/
scipy.special.lambertw.html), etc., while several functions implementing it are available online; e.g. for Excel
(https://www.vbforums.com/attachment.php?attachmentid=89337&d=1341009088) and for LibreOffice
(https://gist.github.com/m93a/a0199c4f40b43bb8116810daa46dd92d).


https://cran.r-project.org/web/packages/LambertW/index.html
https://www.mathworks.com/help/symbolic/lambertw.html
https://www.mathworks.com/help/symbolic/lambertw.html
https://docs.scipy.org/doc/scipy/reference/generated/%20scipy.special.lambertw.html
https://docs.scipy.org/doc/scipy/reference/generated/%20scipy.special.lambertw.html
https://www.vbforums.com/attachment.php?attachmentid=89337&d=1341009088
https://gist.github.com/m93a/a0199c4f40b43bb8116810daa46dd92d
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p
s™(z) =s9—R lnp— (6.256)
0

while that in the isentropic profile, as resulting from the macroscopic entropy maximization
(denoted by the superscript ‘M’) is
sM(2) = s, (6.257)

We assume that the entropy profile of the actual state is the weighted average of the two, with a
weight w for the macroscopic (isentropic) profile, where w = 0 and w = 1 yield the isothermal
and isentropic profile, respectively, i.e.:

14

s(z) =ws"M(2) + (1 —w)s™(2) = 5o — (1 - w)R 1H% (6.258)
On the other hand, from the general equation (6.77), the entropy of the actual profile is
s(z) =sotcp lnz —R lnﬂ (6.259)
To Po
Equating the last two relationships we find
—@-wRn P = ¢yt~ R 2 (6.260)
Po Ty Po
or
T 14
Cp lnT—0 = wR lnp—0 (6.261)

Taking the derivatives in both sides with respect to z, we get

r@_ @

c =w (6.262)
P T(2) r(2)
On the other hand, combining the hydrostatic law with the law of ideal gases we find
"(z z
P@_ _r@9__ g (6.263)
p(z) p(2) RT(z)
Hence
T'(2) g ,
Cp T = _WT(Z) = c,T'(2) = —wg (6.264)
which results in constant T'(z) and hence lapse rate I' = =T’ (z):
, wg wg
T'z)=—-——, [I'=— (6.265)
Cp Cp

The following equations can then be readily derived, where equation (6.168) is still valid as the
lapse rate is constant:

1 T p
s(z) —sy = _<W_ 1) Cp lnT—O— —(1—W)Rln% (6.266)

and
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‘p

WR Cp
T_ (ﬁ) » P _ (I)WR (6.267)
Ty Po ’ bo Ty

These equations are characteristic of a polytropic process (Nikolov and Zeller, 2024).



Chapter 7. Radiation in the atmosphere

7.1 Premises

In Chapter 6 we treated the moving molecules by their kinetic energy, while we also
investigated the effect of the potential energy due to gravitation. In steady state the energy
and entropy remain unchanged. However, the kinetic energy of molecules tends to decay
due to their emission of photons. Thus, in order for a system to remain in steady state it
must receive energy equal to the emitted, and in order to be in equilibrium its entropy
must be at maximum. As radiation is a stochastic process, it has its own entropy which
should also be considered along with the entropy due to molecular motion.

In Chapter 7 we investigate the combined entropy due to molecular motion and
radiation, with emphasis on the latter. Similar to what we did in Chapter 6, our preferable
approach is to use deduction to infer macroscopic laws and resort to induction whenever
deduction becomes infeasible. The deduction-derived laws determine the energy balance
of Earth and contribute to the functioning of the climate system through coupling with the
macroscopic laws related to the molecular motion.

7.2 Maximum entropy in radiation and Planck’s Radiation Law

We assume that a molecule has average kinetic energy ¢ and within a certain time frame
it emits an average energy ¢ as electromagnetic radiation (photons). [t receives the same
average amount of energy from the environment (e.g. by heat or radiation) and it remains
in steady state. If ¢ is the entropy related to the kinetic state of the molecule and ¢y, is the
radiation entropy, the total entropy of the molecule is

Prot = @ + QR (7.1)

Here we have assumed additivity of entropy, which presupposes independence of the
kinetic and the radiative processes—an assumption that in the problem examined is
plausible, even though in other systems it is not (e.g. in strongly entangled quantum
systems). Assuming a perturbation deg of radiative energy, at the expense of the kinetic
energy, so that de = —deg, and taking derivatives with respect to egwe find

dpi _dg  dp _dg de dox __do  dgw

= - 2
deg deg deg dedeg deg de deg (7:2)

From the definition of temperature, 8 (equation (6.50)), we recognize that the term,
de/de equals 1/6. The inverse of the term dgg/deg is the radiation temperature 6 and
since at equilibrium d¢,; = 0, from equation (7.2) we conclude that the radiation
temperature is identical to the kinetic temperature, g = 0 = kgT.

To determine the radiation entropy ¢g we recall from section 5.3 that a photon is a
quantum that cannot be subdivided and has minimal specific energy content, e, = hy v,
where h;, is the Planck constant and v is the frequency. Integer multiples of the minimal
energy are allowed and thus radiation is materialized in quanta of energy e = j h, v,
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where j = 0,1, .., regarded as a realization of the stochastic variable j. Denoting P; :=

P {]_ = j}, the entropy is

PR = —ZlenP,- (7.3)
j=0
The constraints are
Y h=1 Ellhyv=) Bjhv=cy (7.4)
j=0 j=0

and hence the Lagrangian for the maximization of ¢y is

L=qg—1 21),—:1 _ 2, Zijhpv—sR (7.5)
=0 =0

where A; and A, are Lagrange multipliers. Taking the derivative with respect to P; and
equating it to 0 we find

—1—-InP— A —Ah,vj=0 (7.6)
which, after taking the probability constraint into account yields
Pj — (1 — e_lzhp V)e_/lzhpvj (77)

This is the geometric distribution, which can be reparametrized by its mean as in
Table 2.4 in the form

1 uo\ , 1
P = _(_> R (7.8)

On the other hand,

, €
w=E[jl=— (7.9)

pV

from which A, is determined as
h,v
In(1+72Y)
eV ) (7.10)
, =
hy, v

The entropy of the geometric distribution, again according to Table 2.4, is

(u + 1)#*t €R €R €R €R
=In|——|=|—+1)In|—+1|——In|{— 7.11
PR n< puH hpv+ " hpv+ hpvn hy, v (7.11)

Taking the derivative with respect to eg we find
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h,v
1 (1 P_)
1_9pr ., _ " " e (7.12)
8 Oeg 2 h, v
and hence
_hevy v
Pj:(]_—e B)e o’ (713)
Solving (7.12) for g we find
hyv
&R = hpv— (7.14)
ed —1
After substitution, the entropy expression in terms of temperature becomes
hyy _hpv
ln(eH—l) ln(l—e 9) 715
Pr = hLV - _M ( . )
eb —1 1—e 6
By taking the derivative of ¢y in equation (7.14) with respect to v we find
dpr hy2v <0
- 7.16
v 402 sinh? (%) (7.16)

Because dgg/dv is negative, the entropy ¢gr decreases with the increase of frequency v.
That is, photons with higher frequency are associated with lower entropy than those with
lower frequency. On the other hand, since dgg/deg = 1/6 > 0 (equation (7.14)), the
entropy is an increasing function of energy. Finally, the derivative of ¢y with respect to 6
is

OPR hy2v?

- >0
717
00 493 sinh? (%’) (7.17)

and so the entropy is an increasing function of temperature.

Equation (7.14) gives the energy without reference to time. To convert it to power
(energy per unit time) we should involve the frequency v and get the quantity egv. To
convert it to power per unit area, we move from the notion of a single emitting molecule
to the notion of a surface of a solid or liquid with very many (Avogadro-scale) emitters.
By elementary dimensional analysis involving the speed of light in vacuum c,, in addition
to the frequency v, as influencing the phenomenon, we observe that the quantity v2/c,?
gives the required units of inverse area. The typical conceptual explanation for v2/c,? =
1/A2 is that it represents the number of “modes” that exist in a given space in a standing
wave vibrating at frequency v." Therefore we need to use the quantity eg v3/c,2. However,

*In a 3D space this is proportional to 1/43 or proportional to v2. (A black body is like a 3D box filled with
standing waves; the higher the frequency, or the shorter the wavelength, the more "room" there is in the
box to fit different wave patterns.) Per unit frequency, this number becomes proportional to v2.
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in what we call blackbody radiation, the emission does not occur at a specific frequency
butin all frequencies. Therefore, we need to define a quantity of power per unit frequency
(dividing by v) and per solid angle (measured in steradians—sr—which in fact is
dimensionless, surface area divided by radius squared).

From these considerations and utilizing equation (7.14) we conclude that the so-
called spectral radiance (in units W s m-2 sr-1) is

v2 hov® 1
B,(v,0) = ZEER = 2?’1"— (7.18)
eb —1

where the factor 2 could not be found by dimensional analysis, but from measurement.
The typical conceptual explanation for it is that there are two different polarizations of
light as a transverse wave. Specifically, there are two spatial dimensions perpendicular to
the direction of travel, which define two independent (orthogonal) states of polarization,
horizontal and vertical (any other polarization is just a combination of these two primary
states). We note though that equation (7.14) does not contain angle units and therefore,
assuming that the total angle of emission over a surface is 2m (for a half spherical
geometry), the actual equivalence is 2nB,(v,0) = 2(v?/c,?) eg or B,(v,0) =
(v2/co?) eg/m, which implies a factor of 1/m instead of 2, when we convert the energy of
an emulator to the power per unit area, unit frequency and unit angle.

Equation (7.18) is known as Planck’s Radiation Law. The historical context of the
discovery of the law, which gave birth to quantum physics, is provided in Digression 7.A.
Assuming that the emission is from a sphere (a star or a planet) of radius r and that we
observe it from a point with distance d from the centre of the sphere, the received
radiation or irradiance (in units W-1 m-2s) is

I,(v,0,d) = 21 (g)2 (61)2 ex(1,0) = (g)2 B,(v,6) (7.19)

At the surface of the sphere d = r the irradiance is called the spectral radiant exitance and
is
2mh,v3

hyv 7.20
Co? (eT — 1) ( )

We note that, despite the angle being 21, we multiply by m as a result of decreasing weight
for more distant emitters. (The result is accurate, but we omit the proof.) At a large
distance the quantity m(r/d)? equals the solid angle 2,4, and thus

Z.thpVS
.2 (e% _ 1) (7.21)

It is common to use the loose term spectral intensity to describe any of the quantities
B,M,I. We can also convert the spectral intensity using the wavelength A1 or the
wavenumber w, instead of the frequency v, where

IL,(v,0,r) =M,(v,0) =1B,(v,0) =

0
I,(v,0,d) = 2, B,(v,0) = ?" M,(v,0) =
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1= da=-224 R 7.22
v’ - WEIT e (7.22)
Since
M, (v,0)dv = My(, 6)dA = M, (w, 8)dw (7.23)
we obtain
21h,co” 21h,co’w?
M/‘l(& 0) = TipCo ) Mw(W, 0) = Thycow (7.24)
(e A0 —1) yE e 6 —1

Likewise, we may convert B, (v, 0) and I,,(v, 8, d) to expressions involving A or w.

All above functions represent bell-shaped curves with a maximum intensity. To find
the position of the maximum we take the derivative of M;(4, 8) and equate to zero. This
results in

hyco hpCO
e 16 ( 0 —5/1)+5/1=O (7.25)
which has a closed solution for A:
Anax = ! oo _ 0.2014 finCo (7.26)
max 5 L W(=5e%) 6 0 '

where W(-) is the Lambert W function (see Appendix 6-II). This result is derived here
analytically with a closed solution, rather than numerically as is typical in literature. It is
known as the Wien's Displacement Law, after Wien (1893, 1896, 1897) who overturned
Michelson's (1887) earlier proposal that A,,,x would be inversely proportional to the
square root of temperature.

[llustration of the above results is provided in Figure 7.1 for solar (shortwave, SW)
and terrestrial (longwave, LW) radiation as described in detail in the figure caption.
Comparison of the above theoretical results for the blackbody radiation with
observational data is provided in graphical form in Figure 7.2. The origins of the data used
are given in the figure caption.

For the solar irradiance, the “ASTM E490” standard was used, which is a standardized
composite of the best available space-based measurements. For the solar radiation at the
surface, which varies considerably with season, latitude and time of the day, we started
from a “SMARTS model” standard result which integrates to a total power of 1000 W/m?.
We rescaled this so as to give a ratio of the total power to that of solar irradiance equal to
0.54. This specific ratio is in accordance to values proposed for Earth’s global energy
budget by Trenberth et al. (2009) and IPCC (2021; Figure 7.2). The scaling factors chosen
are 0.81 and 0.67 for the visible and the invisible part of the spectrum, respectively. From
the figure, it can be observed that there is a satisfactory, but not perfect, agreement
between the observed solar irradiance out of the atmosphere and the prediction for
blackbody radiation.
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Figure 7.1 Blackbody radiation intensity for the Sun’s surface (spectral radiant exitance,
M;(4,8),forT = 5772 K, 6 =T/kg) and Sun viewed from Earth (irradiance, I;(4,0,d) =
04 B;(2,0) for 25 = 6.794 x 107° sr), in comparison to terrestrial (Earth’s) blackbody radiation
(spectral radiant exitance, M; (4, ), for T = 255 K, 8 = T /kg). Classification of radiation based on
wavelength is also shown, with visible light defined between 0.4 and 0.7 um and the boundary
between solar (shortwave, SW) and terrestrial (longwave, LW) radiation defined at a wavelength
of 4 um. The wavelengths at which the intensity is maximized (equation (7.26)) are 0.502 um and
11.36 um for solar and terrestrial radiation, respectively. The temperature T = 255 K is the mean
temperature of the Earth’s atmosphere (see section 7.4 for justification).

The solar radiation reaching the Earth’s surface is much reduced (by 46% in total)
with respect to the irradiance. This reduction is due to the presence of clouds and
radiatively active gases (RAGs), responsible for the atmospheric radiation effect (ARE). The
gases that are active in radiation are primarily ozone (03), particularly for the ultraviolet
radiation, and water vapour (H20); other RAGs will be discussed in subsequent sections.
In addition, while the shape of the irradiance outside the Earth’s atmosphere does not
change with the distance from the Sun (Figure 7.1), when the radiation enters the
atmosphere, its spectrum substantially deviates in shape from the blackbody spectrum.

The total power for each spectrum, as calculated by integration of the spectrum’s area
is also noted the caption of Figure 7.2. The radiation process is complicated and the
quantities vary with altitude, time and space, and thus the given figures are indicative.
However, by integration over the altitude, time and space, the total outgoing energy
matches the total incoming one. Therefore, it is not correct to say that Earth gains energy
from the Sun. Rather, it is correct to say that the Sun provides the Earth with a source of
low entropy, given that solar radiation is at lower wavelengths or higher frequencies than
terrestrial and, according to equations (7.15) and (7.16), are associated with lower
entropy.
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Figure 7.2 Comparison of (a) observed solar irradiance at the top of Earth’s atmosphere; (b) the
theoretical blackbody radiation intensity of the Sun viewed from Earth (irradiance, I;(4,0,d) =
24 By (4,0) for 2, = 6.794 x 105 sras in Figure 7.1); (c) average solar radiation reaching Earth’s
surface; (d) terrestrial (Earth’s) blackbody radiation (spectral radiant exitance, M; (4, 6), as in
Figure 7.1). For the solar spectrum, the total power (area of each spectrum) is 1361 and 735 W/m?
at the top of atmosphere and the surface, respectively, which, if reduced to Earth’s area (by
division by 4), become 340 and 184 W/m?, respectively. For the plotted terrestrial spectrum, the
total power is 240 W/mz2. Notice that for the terrestrial radiation the intensities are by two orders
of magnitude lower, as in the right vertical axis. Data origin: (i) for the solar irradiance: 2000 ASTM
Standard Extraterrestrial Spectrum Reference E-490-00, https://www.nlr.gov/media/
docs/libraries/grid/e490_00a_amo.xls (ii) for the solar spectrum at Earth’s surface, ASTM G173-
03 Reference Spectra Derived from SMARTS v. 2.9.2 available from the NREL Solar Spectra Page,
https://www.nrel.gov/media/docs/libraries/grid/astmg173.xls  (Global tilt data, after
adaptation as described in text).

Digression 7.A: Historical context of Planck’s Radiation Law

Before Planck introduced the idea of quanta, the relevant quantities were regarded as continuous
variables. If the emitted energy e = j h, v were not quantized, i.e., if j were not integer but real
valued with probability density f(j), then assuming unit (Lebesgue) background measure, the
entropy would be

ox == [ FOINFGY
0

The constraints would be

[roai=1. Ehy = [ hvifG)d = ex
0 0

and hence the Lagrangian for the maximization of ¢ would be


https://www.nlr.gov/media/docs/libraries/grid/e490_00a_amo.xls
https://www.nlr.gov/media/docs/libraries/grid/e490_00a_amo.xls
https://www.nrel.gov/media/docs/libraries/grid/astmg173.xls
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L=¢r=4 jof(i)dv—l — 4 foofoothjf(i)dj—SR
0 0 0

Taking the derivative with respect to f(j) and equating to zero we would write
—1—-Inf()—24; —Ah,vj =0
which yields an exponential distribution with mean g,
fG)=e ™ /u,  p=er/hpv
According to Table 2.4, the entropy of the exponential distribution is
or=1+Inu =1+ In(eg/h,v)
Taking the derivative with respect to eg we would find
1 dor 1
0 der er
which means that eg = 6, i.e., independent of v, unlike in the quantized case of equation (7.14).

As a consequence, working in a similar manner as we did to produce equation (7.18), in this case
we would find the spectral radiance to be:

2

BY(w,0)=2—6

v
Co?

This result is known as the Rayleigh-Jeans Law after Rayleigh (1900, 1905) and Jeans (1905)
and is problematic, because it predicts that, as the frequency increases, the energy increases
proportionally to its square, and, since there is no upper limit for frequency, an ideal blackbody
would emit an infinite amount of energy. Such behaviour, known as the ultraviolet catastrophe, is
physically impossible, as it would imply that every warm object would instantly radiate away all
its energy. We note though that Rayleigh expressed doubt for his result as at the end of his paper
he wrote about introducing “the exponential factor”, which removes the ultraviolet catastrophe.
He added:

Whether [one or the other form] represents the facts of observation [...] I am not in a position
to say. It is to be hoped that the question may soon receive an answer at the hands of the
distinguished experimenters who have been occupied with this subject.

It can be noted that the papers by both Rayleigh and Jeans were speculative to a degree and did
not use the notion of entropy at all.

This “exponential factor” had earlier been introduced by Wien (1896, 1987) who used
entropy in his formulations and derived the following expression (written in modern terms):

2h h,v
BV (v,0) = —Lexp (— —p>v3

Co? 6
We may readily see that
B,(v,6) _ B,(,6) _ B0 _ B,(,6) _
1mR]——1, llmR]——O, 1mw—— b ll’nw——
v=0B,"(v,0) v=° B (v,0) v=0B,Y (v, 0) voo By (v, 0)

Therefore, the Rayleigh-Jeans expression is asymptotically a good approximation only for low
frequencies (as v — 0) and Wein's expression only for high frequencies (asv — o). An
approximation that is relatively good for the entire frequency range is discussed in Digression 7.B.

The puzzle was resolved by Planck (1900, 1901) by introducing discrete energy packets or
quanta. Hence, the publication of Planck’s Radiation Law is considered the “birthday” of quantum
physics. Planck’s original goal was not to start a revolution but to find a formula that fit new
experimental data perfectly. He initially viewed his discovery as a mathematical artifice rather
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than a physical reality. Soon after, Einstein (1905) built on Planck’s theory to explain the
photoelectric effect, proving that light is quantized and that Planck had accidentally discovered a
new law of Nature.

Digression 7.B: Blackbody radiation as a stochastic process

We recall from section 3.5 that the power spectrum is a second-order property of a stochastic
process. And indeed, emission of photons is a stochastic process with power spectrum

hvd 1
2  hyy
Cc —p-
° ef —1
which was obtained by maximization of entropy. Therefore, we can easily find the other second-

order properties using the transformation equations in Table 3.3 and some algebra.
The climacogram is found to be

B,(v,0) =2

) 62 " 3 N 3
e = 22|+ 2 2
Oheok (21129 k) sinh? (22 Bk)
i P
where k = 1/v is the time scale. Its limit for k — 0, i.e. the instantaneous variance, is
2 mte*
0)=——%—
v =155 32
The autocovariance function for lag h is
2m20
(h) 1 dZ (hz)/(h)) 21.[494- (COSh (2 hp h) + 2) 3
) =< 2 =1 3.2 2 - Z
2 dh hp°co sinh* (21‘( ) h) (2ﬂ29 h)
hy i
The climacogram can be well approximated by the following much simpler expression:
2 m*e*
15 h,3¢c,2
yA(k) & zp 29 2
1+ A( ’,Tl k)
P

where A is a constant. If we wish y(k)/y4(k) = 1 as k = oo, then we readily find that A = 1/5. If
instead we wish to make a good approximation for the entire range of k, then we take the Taylor
expansion of the difference y (k) — y, (k) and we find an optimal value of A = 10/63, which makes
the approximation of order O(k*). The corresponding approximations for the autocovariance
function and the power spectrum are listed in Table 7.1. The differences of the approximation
from the original expression of spectral density are that in the exponential term the quantity h v/6
is divided by VAT and the multiplicative term v3 is replaced by v2. In this manner, the
approximate expression preservers the total energy, while not exhibiting the Rayleigh-Jeans Law
ultraviolet catastrophe.

The climacogram approximation is a Cauchy-type expression, a special case of the filtered
Hurst-Kolmogorov process with H = 0 and M = 1. This corresponds to the lower-right corner of
the “green square”, representing the admissible region in Figure 3.4. It further corresponds to the
absolute maximum entropy production for small time scales (@:(0) = 2) and the absolute
minimum entropy production at large scales (®¢ (o) = 0).

It is reminded that, as defined in section 3.7, the entropy production in logarithmic time @(t)
is based on the cumulative process X(t) in a continuous time representation. While the original
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(instantaneous) process is not Gaussian, by virtue of the central limit theorem, the cumulative
process in the modified representation will tend to be Gaussian. In a Gaussian process the entropy
is determined by the logarithm of the standard deviation. By properly choosing the background
measure in the modified representation we can make the entropy of the instantaneous processes
identical to that of the original process, and eventually make the two representations consistent
to each other.

Table 7.1 Summary table of second order characteristics, exact and approximate, of the blackbody
radiation as a stochastic process. The quantity A in the approximation is taken either 1/5 or 10/63 for
making the approximation optimal either asymptotically or for the body of the related distribution,
respectively.

Property Exact model Approximation
2 m*e*
Climacogram, 62 3 3 15 h,7c.?
21,2 2 2 2
v () 6hpco®k 220 . \*  sinh? (211 9 k) 14+ 4(2m20 k)
p hy hy,
2

2120 1 3 (21120 h)
Autocovariance ~ 2m*6* (COSh (2 hy k) + 2) 3 2 m'o* <A hp
function, c(h) hy3co? sinh* (21‘{29 k) (zﬂzg k)4 154% hp3co® (1 /om0 " 2\3

hp hp Z hp

hyv? 1
Power spectrum, 2— TRy o (_ hy ) 2
s(v) " e —1 1543/2¢,2 U \/KT[QV v
Power spectrum 2hp,co” o) hyco \ 1
expressed in hyCo ———ex (— )—
teles of 1,53 (1) (e A0 _1) A5 154372 P VAmo/ A

Time scale, k
0.01 0.1 1 10 100 1000
3 25
—a— x| —mex0 | o D

@c(k)

0 10 20 _. 30 40 50
Time, T

Figure 7.3 The first fifty terms at time scales k = 1 and 20 of time series representing the blackbody
radiation process, produced by the exact model, along with the “stamp” of the model (thick line plotted with

respect to the right vertical axes) represented by the CEPLT, & (k). Notice the similarity to the plot in Figure
3.8(f).
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Figure 7.4 Empirical (estimated by the generated time series) and theoretical climacogram and
autocovariance function (determined from the exact model). Notice that the autocovariance is negative
beyond lag 4 and the negative part is plotted separately in the double logarithmic graph, after sign change.
Beyond lag 20 the autocovariance function is too noisy and provides no information.
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Figure 7.5 Empirical (estimated by the generated time series) and theoretical power spectrum
(determined from the exact model) and climacospectrum (determined from equation (3.23)).

Once we have found all second-order stochastic tools, we can also generate time series of the
process similar to what have been presented in Digression 3.H. For applicability of stochastic
simulation and comparability with the results of Digression 3.H, time discretization and rescaling
of coordinates has to be made, so that the discrete time t = 1 correspond to time (206 /h;,)t and
the variance at discrete time scale 1 be y(1) = 1. A time series produced in this manner is plotted
(in part) in Figure 3.8. Comparison with the time series plotted in Figure 3.8(f), which is effectively
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generated by the approximate model with Cauchy-type climacogram, shows that the two models
produce practically indistinguishable time series (nb., the same white noise series was used in
both cases). Comparisons between theoretical (determined from the exact model) and empirical
(estimated by the generated time series) second-order properties are given in Figure 7.4 for the
climacogram and autocovariance function and Figure 7.5 for the power spectrum and
climacospectrum.

7.3 The Stefan-Boltzmann law

As already calculated in Digression 7.B, the integral of the entire spectrum B, (v, 8) over
the entire range of frequencies v is

oo

jB( 6)dv = y(0) = 20"
IGCANRA T R
0

(7.27)
If, instead we integrate the spectral radiant exitance, M,,(v, 8), the above result should be
multiplied by 1. Converting this to SI units and identifying it to emitted power per unit
area, I, (units W/m?) we have

2k
0715 hy3c,?

2mokg

T* = o5gT*, =—
OsB IsB = 1o hp?Co?

=567 X108 Wm™2K™*  (7.28)

The physical constant osg as defined above in terms of fundamental physical
constants is termed the Stefan-Boltzmann constant, after Stefan’s (1879) extended
experimental work and Boltzmann’s (1884) theoretical analysis.

The Stefan-Boltzmann law applies to a blackbody, an abstract “body” in which the
emission is at maximum. In real objects, the total radiation is lower by a factor € < 1,
known as emissivity, i.e.:

IO =€ O'SBT4 (729)

If the same € applies to any frequency, the object is called a grey body, an imperfect
blackbody. Unlike a blackbody, a grey body reflects some radiation and emits less.

When radiation of an external source reaches a grey body, the reflected radiation has
the spectrum of the source, while the spectrum of the emitted radiation is determined by
its own characteristics, particularly its temperature. This means that the non-reflected
radiation is first absorbed by the grey body and then reemitted. The absorption is
characterized by a constant called absorptivity, which at equilibrium equals emissivity.
This property is known as the Kirchhoff's Law of Thermal Radiation.

7.4 The Earth’s equilibrium temperature

Here we examine a progression of imaginary-world cases of a planet, and for each of them
we calculate its average temperature. The final items of this progression will resemble the
conditions on Earth. Our calculations are based on the sketch of Figure 7.6: a spherical
planet with radius r receiving solar radiation parallel to the x axis, with the z axis being
perpendicular to the plane at which the planet rotates around the star (the ecliptic). The
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net intensity absorbed by the surface of the planet is /(1 — a), where [ is the solar
irradiance and «a is the planet’s albedo. Initially we will ignore the effect of the
atmosphere, but at the end of the section we will consider it.

The sketch specifies a differential area element dA4 and its expression in terms of polar
coordinates ¢ (latitude) and 4 (longitude), as is the convention in geosciences (somewhat
different than in standard mathematics). The projection of dA on the yz plane is d4p (not
shown in the figure). The two quantities are

dA=r1r2cospdldp,  dAp=cos@cosAdA =1?cos?@cosAdldy (7.30)

We clarify that integrations are done in terms of d4, as is the calculation of emitted energy
(through blackbody radiation) and temperature. However, the calculation of the received
energy is done in terms of dAp as this is perpendicular to incident radiation. The received
radiation by dA4p is emitted by dA with the ratio of the two being cos ¢ cos A. The total area
in the projection is r?, while the planet area is 4mr?, four times greater. We assume that
the total received and emitted energies are equal to each other (energy balance).

I1-a dA=r?cos @ dide z

rde

Figure 7.6 Schematic for the calculation of a planet’s equilibrium temperature, with r, [ and «
denoting the planet radius, the irradiance and the albedo, respectively.

We will examine separately each of cases (a)-(g) as specified below.
(a) Superconductive planet (effective temperature)

In this case, the planet is assumed to have the same temperature at any point. It is a highly
idealized case which to happen would require infinite thermal conductivity. Since the
received energy is I(1 — a)mr?, while the emitted energy is proportional to 4mr?, the
constant temperature of the planet is readily (without requiring integration) calculated
from the Stefan-Boltzmann law to be

1/4 1/4

I(1—-«a T, I(1—a

Tr= (S _ T _g7077,  1,= (Q) (7.31)
4e osp V2 € Osp
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Here, Tefr is called effective temperature, while T, is the hypothetical temperature of a
surface receiving radiation (1 — ). Physically, this represents the temperature at noon
at a point in which the rays are perpendicular to the surface.

The uniform temperature on the entire surface of a planet is far from reality. Any
departure from uniformity will decrease the average temperature. Nonetheless, Teff,
despite being unrealistic, is a useful metric of planetary temperature.

(b) Nonrotating nonconductive planet

By nonrotating we mean a planet whose rotation frequency around its axis equals that
around the star, so that exactly the same area is shined at all times (something similar to
the rotation of the Moon around the Earth). We assume zero conductivity. The elementary
area dA at (¢,A) at the dayside receives and absorbs energy dAp = I(1 — @) cos ¢ cos A dA4,
and emits energy eosgT(@,A)*d4, and therefore T(p,1) = (I(1 — a)/4eosp)'/*
cos ¢ cos A. Hence the dayside-average temperature will be

/2 /2 (I(1—a e
1, 17, (M 22) " (cos g cos /472 cospddde 7 (gn/s)

e A 4To (7.32)
b~ /2 f“/z 2 did 2T 5
-n/2J-m/2 recosg 4

The nightside will have temperature zero and, hence, the global average temperature is

Tq+0

T =
2

2T,
= TO =04T, (7.33)

which is substantially smaller than T.s. On the other hand, the daytime temperature is
considerably higher than Te.

(c) Superfast rotating planet about the z axis

In a superfast rotating planet around the z axis, the temperature at each latitude ¢ will
not change in time and hence will be invariant on A . The incident radiation over the zone

(o, +dep)is
/2

I(1-a) j r2cos? @ cosAdAde = 2I1(1 — a)r?cos? p do (7.34)
/2
This will be emitted back by an area

J r2cos@dide = 2nr?cos¢ do (7.35)
T

Consequently, the emission per unit area is
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cos
1a-=2 (7:36)
and hence the temperature at latitude ¢ is
1/4
I(1—-«a
SB
The average temperature over the globe will be
1/4
/2 /2 1(1 - a) >
= _ J )2 T(@) 7% cos o de ~ [ <—1T cog 0S¢) cosg dy
- /2 - /2
f—n/z r2cos do f—n/z cos ¢ dg (7.38)
To VnI'(1/8)
_ mii/* 5T(5/8)
B 2
and finally
—  n'/*r(1/8)
- LT =0. 7.39
T 0T G/8) Ty, = 0.699T, (7.39)

This is much higher than in case (b) and close to (about 1% smaller than) that of case (a),
i.e. Tegr. The same result is obtained if the rotation is about any axis perpendicular to x,
including the y axis.

(d) Fast rotating planet about the z axis

By fast rotating we mean a planet whose diurnal temperature variation at latitude ¢ is
relatively low, say 10% of the mean temperature (in yJ or K). We assume that this
variation is expressed by two temporally averaged temperatures Tp(¢) and Ty(¢) for
daytime and nighttime, respectively. We express them as fractions of T(¢), which was
defined in case (c):

Tp(¢) = apT (@), Tn(p) = anT (@) (7.40)

Since the total received or emitted energy is the same as in case (c), we have

(apT(@)* + (anT(@))"

> =T(p)* & ap+af =2 (7:41)

Because we assumed constants ap and ay, independent of ¢, the average temperature
over both daytime and nighttime at any ¢ and over the globe will be, respectively,

aD+aN
2

ap + an—= —
P BT = aupT (7.42)

T(¢) = aapT(9),  Tpn =

Ton (@) =
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where
ap +a 2—ap)*+a 2/ax — 1DY*+1
anp = D N:( N) N:aN( / N ) (743)
2 2 2
The error if we approximate Tpy with T is
2/af — DV* +1
eAD::]-_aAD:]-_aN(/N 2) (7.44)
and by Taylor expansion it can be approximated as
3
eap =5 (1 - an)? + 0(1 — ay)® (7.45)

For temperature differences between day and night up to 10% of the average (of the order
of 30 K, which is a reasonable assumption for Earth), i.e., for ay not lower than 0.95, the
error is not higher than (3/2) x 0.052 = 0.38% and therefore a fast rotating planet can
be treated as a superfast rotating one (case c).

The quantity a,p is a decreasing function of ay, which means that as the higher the
variability of temperature during a day, the lower the average temperature. The lower
limit occurs for ay = 0, implying ap = 2'/4, axp = 273/* = 0.595. In this case Tpy =
0.595 x 0.699T, = 0.416. This is a rather good approximation of the precise value of 0.4
found in case (b).

(e) Rotating planet about the x axis

It is easily understood that if the planet rotates about the x axis, then one of the
hemispheres will be in permanent daytime and the other in permanent nighttime. Hence,
in terms of average temperature this case is identical to case (b). This also shows that the
tilt of the rotation axis with respect to the z axis (in this case taking the maximum value
of /2) plays a role in determining the average temperature.

(f) Fast rotating planet with tilt

If the planet’s rotation axis is tilted by an angle §, from the z axis (which is perpendicular
to its orbital plane), then the declination, §, i.e., the angular position of the star (sun) at
solar noon with respect to the plane of the equator, changes between —3§, and §,.
Accordingly, the length of the day changes periodically during the year. We assume that
w is the angular frequency of the planet’s rotation, and that noon occurs at time zero (wt =
0), the sunrise when wt= —w,; and the sunset when wt= ws. From known
trigonometrical relationships (Igbal, 1983, p. 15), the irradiance at time t and latitude ¢
is:

I[(p,6,t) =I1(1 — a)(sin¢g sin § + cos wt cos ¢ cos §) (7.46)

Setting in equation (7.46) I(¢@, §,t) = 0, we readily find for the sunset:
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ws = cos~1(—tan(8)tan(e)) (7.47)

This is valid for|¢| < n/2 + §.For ¢ < —(1t/2 + §) and § < 0 there is no sunset (polar
day regime) and for ¢ > /2 + § and § < 0 there is no sunrise (polar night regime). For
6 > 0 the two cases switch.

For —m/2 — § < ¢ < /2 + §, integrating over daytime we find the total irradiance
at latitude ¢ to be

I(1 — a)(2ws sin ¢ sin § + 2 sin wg cos ¢ cos §) (7.48)

Dividing by 21t we find the daily average irradiance to be

I(1—-a) % (sing sin § + sincwg cosp cos ) = I1(1 — a) w (7.49)
where
B (@, ) == ws(sin ¢ sin § + sinc wg cos ¢ cos §) (7.50)
Hence the average temperature at latitude ¢ is
1/4
(520

We can observe that for § =0, ws = m/2,sincws = 2/m, w sincwg =1 and hence
equation (7.51) switches to (7.37).

Ifp < —m/2— 6,6 <0 integrating over daytime we find the total daytime irradiance
at latitude ¢ to be

I(1—a)2msin@sind (7.52)

Dividing by 2m we find the daily average irradiance to be

B, (¢, 6

I(1-a) 52(0.9) (7.53)

T

where

B,(¢,8) = msin@sind (7.54)

Hence the average temperature at latitude ¢ is

11— a)B,(p,8)\"*

T(p) =< (1 - @)Bylp )> (7.55)

T € Og

This result is for the southernmost zone that is in permanent daylight, while in the
northernmost zone that is in permanent dark T (¢) = 0.For § > 0 the two results switch.
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For § < 0 the average temperature is

/2
e, T(@) T2 cos o do

T = /2
f_n/z r2cos ¢ do
T/2+6 1/4 —(1t/2+6) 1/4 (7.56)
= l J. <B1(<P, 5) ) cos @ do + f <—B2(<p, %) > cosp do |T,
) m T 0
—(m/246) —-T/2

These integrals have no closed solution, and we should resort to numerical integration

except for § = 0 where T, = 0.6997, as in equation (7.38). To find relevant numerical
results we note that Earth's axis is tilted at an angle of about §, =23.44° or 0.409 rad. For
6 = =6, we find

/246 1/4
Bl((P; 6)
by == — cos ¢ de = 1.261,
—(1/2+6)
i (7.57)
—(1/2+6) 1/4
BZ((P; 6)
b, = — cos ¢ dp = 0.065
—1/2
which yield
T_5, = 0.663 T, (7.58)

The same will be the result for § = §,, the only difference being that the small term of the
sum (b, =0.065) corresponds to the northernmost, rather than the southernmost, zone.
The average of T, and 7_50 will give a good approximation of the average overyear global
temperature:

T =0.681T, (7.59)

which is our final result for case (f), about 4% smaller than T .
(g) Fast rotating planet with tilt and varying albedo

It is well known that the albedo is not invariant with the latitude, but is larger for high
latitudes. This is confirmed by modern albedo estimates from NASA’s ongoing project
Clouds and the Earth’s Radiant Energy System (CERES, 2023) as shown in Figure 7.7 for
the top of Earth’s atmosphere both for clear sky and all sky. The albedo close to the poles
is much higher than in the tropics.

The all-sky albedo a(¢) at latitude ¢ can be described, rather satisfactorily, by the
simple model:
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a

@ =c+5(1—c)sin* ¢ (7.60)
where « is the globally averaged value and ¢ < 1 is a free parameter. This simple model
is constructed such that the integral f__;//zz (a(p)/a)cos @ de = 1. As a consequence, the

quantity (1 — a)'/* stepping into the calculations, with respect to the average (1 — @), is
given by

(1-a 1/4_ 1—a(c+5(1 — ¢) sin* @)\"/*
Ca($) = (1—&) _< 1-a ) (7.61)

The fitted parameter is ¢ = 0.7 for all sky. A fitis also shown in Figure 7.7 for the clear-
sky albedo with ¢ = 0.6, which is not equally good as for the all-sky case. For the all-sky
case, which is relevant here, numerical re-evaluation of the integrals in (7.57), but after
multiplying the integrands by c, (), yields: (i) for § = —6,, b; = 1.275 and b, = 0.056
(against 1.261 and 0.065 in case (f), respectively), yielding 7_50 = 0.666 T, ((against
0.663 T, in case (f)); (ii) for § = 0, Ty = 0.700 T, (against 0.699 T, in case (f)). Thus, the
average is T = 0.683 T, (against 0.681 Ty, in case (f)). In other words, the changing albedo
increases the average temperature, but the increase is so very small (about 3%o) that can
be neglected.

0.8 All sky, CERES
07 o | == All sky, model
= = = Clear sky, CERES -~

06 wN\ ] e Clear sky, model ,"

0.5
]
S 0.4
[}
=
< 03
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Figure 7.7 Zonal variation of albedo, averaged for each latitude for year 2024. The data are for
the top of atmosphere (TOA) from satellites and were retrieved from NASA’s CERES site for Terra
platform (Edition 4.2). The specific product used here is the CERES SSF1deg monthly averaged
observed TOA fluxes grid. The data are available online at https://ceres-tool.larc.nasa.gov/ord-
tool/jsp/SSF1degEd42Selection.jsp.

Summary of results

A summary of the results found for Earth are given in Table 7.2, where we do not make
distinction for the fast and the superfast rotating cases, nor for a constant and a varying
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albedo, for reasons justified above. In the calculations, the Stefan-Boltzmann constant is
osg = 5.67 X 1078 Wm™2 K™%, the solar constant (irradiance) is taken as I = 1361
W/m?2 and the Earth’s albedo is estimated based on CERES data for all sky and is a =
0.307. We stress that both the irradiance value and the albedo refer to top of atmosphere
(TOA) and not to the Earth’s surface. At the surface both are smaller: the former because
of the reflection and absorption of the incoming solar radiation by radiatively active gases
in the atmosphere and (mostly) by clouds; the latter because the surface reflectivity is
much lower than that of clouds (which can reach even 90%), and the radiation reaching
the surface is no longer affected by clouds. The smaller albedo at the surface can be
deduced from Figure 7.7, which shows the substantially lower of albedo in clear-sky
conditions, compared to that in all sky.

What remains in order to evaluate T is the emissivity €. In most applications it is taken
as 1 or a value close to it. However, it is not that simple to infer a representative value for
our case. For Earth’s surface the adopted value is usually 0.95, but for the atmosphere it
is lower, 0.75-0.80. Here we are interested in a bulk value for both the surface and the
atmosphere, which is hard to estimate, and therefore Table 7.2 is compiled with several
possible values, from 1 down to 0.85.

Table 7.2 Comparison of average Earth’s temperature resulting from the examined cases of
radiation calculations.

Case number and description liatlo T (K) for emissivity € =

T/T, 1 0.95 0.9 0.85
Idealized T, at a surface perpendicular torays 1.000  359.2 363.8 368.7 374.0
(a) Superconductive sphere, Tegr 0.707  254.0 257.2 260.7 264.5
(b,e) Nonrotating planet or rotating about x 0.400 143.7 145.5 147.5 149.6
(c,d) Fast rotating planet without tilt 0.699  251.0 254.3 257.7 261.5
(f,g) Fast rotating planet with Earth's tilt 0.681 244.6 247.7 2511 254.7

The most realistic among the estimates in Table 7.2 are those in the last row, as the
assumption on which they are based are representative for Earth. We note that in all
above cases we did not consider at all the zonal redistribution of heat, which on Earth is
not negligible because of the substantial heat transfer from the equator to the poles by
convection in the atmosphere and oceans. The net effect of this heat transfer is toward
homogenizing the temperature, and hence increasing the average temperature.
Therefore, it is reasonable to expect a value of the average temperature slightly higher
than those in the last row of Table 7.2. By rounding off, we will adopt a final predicted
value of 255 K. Surprisingly, the characteristic temperature Tos = 254 K for € = 1, albeit
based on unrealistic assumptions, turns out to be very close to our final prediction, but
for the wrong reasons.

Specifically, as we have seen, the average temperature predicted by radiation
calculations is not only a function of the irradiance and the albedo, the only factors
considered in T.¢, and it is not a state variable representative of the thermal conditions of
the planet. The average temperature strongly depends on:
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o the rotation speed, with a nonrotating planet reaching an average temperature
equal to 2v2/5 = 0.57 of T.;—a huge difference;

o the axis tilt, with a rotating planet with tilt /2 reaching an average temperature
again equal to 0.57 of Tus;

o the planet conductivity, particularly if the planet has an atmosphere and oceans
that enable convection.

Furthermore, the albedo per se is not a static characteristic of a particular planet, but its
value strongly depends on atmospheric structures like clouds, while it varies
geographically. For this reason, while T is easy to calculate, it cannot be regarded as
representative of a physical reality in general. Yet, in the case of Earth, our detailed
calculations showed that its value is close to the reality rather by coincidence.

Interpretation of results

Let us now discuss a critical question, considering the fact that the average surface
temperature on Earth is around 288 K:

e Why is Earth’s temperature much higher than that of about 255 K resulting from
the Stefan- Boltzmann law with realistic assumptions?

The typical answer to this question is “because of the greenhouse effect”, but before
seriously discussing the question, it is useful to study another one with simpler
formulation but not simple to deal with. This question is:

e Isit higher (in a comparable way)?
To justify and explain the latter question we consider the following:

1. The two quantities, 255 K and 288 K are not comparable. The latter is a product
of averaging measurements at Earth’s surface. In the former we used the
irradiance and albedo at the TOA, and thus we considered the Earth as a whole.
The properties involved in the calculation are bulk properties for the surface and
the atmosphere.

2. Atany location (defined by its geographical coordinates (¢, 1)) we do not have a
unique Earth temperature across altitudes z because the atmospheric column is
not isothermal, as would be at molecular equilibrium. As seen in section 6.24
there are gradients in the atmosphere.

3. Inthe hypothetical condition that the Earth’s atmosphere were fully transparent
(or absent), the albedo would not be 0.30 (there would be no clouds) but close to
0.13 (see Figure 7.9). Then the equilibrium temperature of 255 K would increase
to 269 K. However, such hypothetical conditions are of little relevance, as Earth
is a complex system, with its albedo determined by numerous factors, including
the hydrosphere (with the cryosphere and the implied hydrological cycle), the
biosphere, and the atmosphere (with its clouds and aerosols).

4. Since calculating the equilibrium temperature of 255 K we considered the Earth
as a whole, it is reasonable to assume that this value represents the average
temperature over the atmospheric column. As seen in Figure 6.20 and Figure
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6.21, the column average temperature equals the actual one at an altitude 5-7 km,
which roughly corresponds to the atmospheric pressure level of 500 hPa.

As seen in Figure 7.8, based on ERAS reanalysis, the global average temperature at
the atmospheric pressure level of 500 hPa is 258.3 K, close to 255 K. The corresponding
average altitude at this pressure level is 5.7 km. If, as discussed in section 6.24, the
standard lapse rate in midlatitudes is 6.5 K/km, but, as discussed in section 6.27 a more
representative value is 6.0 K/km. If the average temperature as predicted by the above
framework is 255 K, then the surface temperature is predicted at 255 + 6.0 x 5.7 = 289.2
K. Hence we have a fairly good agreement between prediction and reality: 255 K and 258
K, respectively, on average, and 289 K and 288 K, respectively, at the surface.

280
\ - 7/ / - » -~ '\
IV T NS oI o TINN N 2SI S S e

270
260 _——

| —
At iutelnt et A i i b St Aot vttt

g

500 hPa, T (K)

250

Annual average of monthly global average
Monthly minimum of global average

----- Monthly maximum of global average

- = = Annual average of monthly maxima across Earth
— — = Annual average of monthly minima across Earth

Temperature atp
N
N
o

230

\ A / / , ‘... ,
A NIV \‘_/"’\ (V2NN WA Rt v
v AN = ' / \

s

220
1940 1950 1960 1970 1980 1990 2000 2010 2020

Figure 7.8 Temperature variation at the atmospheric level of 500 hPa according to ERA5
Reanalysis. In addition to annual global average, maxima and minima are plotted as indicated in
legend; the dotted line, almost indistinguishable from the line of annual average, is a linear trend
with slope 0.14 K/decade. The data were retrieved from the WRIT (undated) platform, except
from the series of annual averages of monthly maxima and minima, which were retrieved from
the ClimExp (2022) platform.

Because of non-scientific influences that encourage attribution of everything on Earth
to the “greenhouse effect” and, in turn, that effect to human CO, emissions, one would
expect a claim that the lapse rate (the causing factor of the increased surface temperature
with respect to the average temperature) is also due to that “greenhouse effect”. However,
as articulated in Chapter 6, the real reason for the emergence of lapse rate is different. It
is related to perpetual macroscopic changes on the Earth’s climatic system that drive it
away from the equilibrium (see Digression 6.1 for the mechanisms producing changes and
Digression 7.D for quantification thereof). This issue is discussed further in more detail
below, in sections 7.6 and 7.7.

In the above discussion the terms “greenhouse effect” and “greenhouse gases” are put
in quotation marks, the reason being that they are non-scientific terms. The reasons why
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they are improper will be discussed in section 7.8, where it will be seen that a term “anti-
greenhouse” would be more proper that “greenhouse”. (In short: the warming in a real
greenhouse is due to blocking convection, while Earth’s warming relies on convection).

7.5 Factors affecting atmospheric radiation

As we have seen in section 7.2 and, in particular, in Figure 7.2, the solar radiation reaching
the Earth’s surface is much reduced (by 46% in total) with respect to the irradiance. This
reduction is due to the presence of clouds and radiatively active gases (RAGs;), responsible
for the atmospheric radiation effect (ARE), primarily ozone (03), and water vapour (H20).
A comprehensive picture of the entire energy budget and its breakdown in various levels
of the atmosphere is provided in Figure 7.9.

From the incoming solar radiation per unit area of Earth’s surface, Syop = 340 W/m?
(where the variable S and the subscript TOA stand for SW radiation and TOA,
respectively), a total of SA5, = 102 W/m? (where the superscript AS stands for all sky) is
reflected back to space due to scattering in the atmosphere, and reflection by clouds and
the surface. At the surface the incoming radiation is S&5 = 183 W/m? (where the
subscript S stands for surface), while a total of S4? = 23 W/m? (where the subscript SR
stands for surface reflected) escapes to space by reflection. Therefore, the albedos for the
TOA and the atmosphere are, respectively:

Stoa _ 102 S&Y 23

=030, as — =0.13 (7.62)

AS = — =
S&S 183

atoa = S_TOA =320

When clouds are absent (clear sky, denoted by the superscript CS) the quantity
corresponding to reflection and absorption by clouds, namely 59 + 7 = 66 W/m?, does
not exist but is added to the incoming radiation at the surface, which becomes S&5 =
183 + 66 = 249 W/m?. The albedo at the surface remains the same, ag = 0.13 and hence
the reflected radiation by the surface becomes 0.13 x 249 = 32 W/m?, resulting in a total
reflection at the TOA S<5, = 20 + 32 = 52 W/m?. The clear-sky albedo at the TOA is thus

Stoa _ 52
Stoa 340

cs _
aroa =

=0.15 (7.63)

The energy balance at the TOA closes by the LW radiation emitted by surface and
transmitted through the atmosphere, plus that emitted by the atmosphere and clouds, so
that the total outgoing radiation, SW and LW, equals 340 W/m?. At the surface, there
appears a radiative imbalance of 102 W/m?. This is covered by heat transfer from the
surface to the atmosphere, sensible (20 W/m?) and latent heat (evaporation, 82 W/m?).
These are huge amounts of energy transfer, which fuel the macroscopic motion of air in
the atmosphere, cause the deviation of the temperature profile from the equilibrium
isothermal profile, and drive the hydrological cycle. Interestingly, the latent heat which
fuels the hydrological cycle is 1320 Z]/year. For comparison, the total human primary
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energy consumption, according to the most recent estimates, is 0.625 Z] /year (2100 times
smaller than the latent heat).

The quantities noted in Figure 7.9 are generally consistent with typical values in
literature, and with energy conservation at all levels, surface, TOA and in between. These
are long-term global averages, while imbalances can exist at short term, which are difficult
to estimate. Even the long-term averages are hard to estimate and are contaminated by
errors and uncertainties. Only a few components of the budget can be observed, while
others rely on assumptions and uncertain models. Among those that can be observed on
the global level, we note the TOA radiation, whose observation became possible by
satellite instruments.
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Figure 7.9 Schematic representation of the global mean energy budget of the Earth The units are
W/m?. The incoming solar radiation has been divided by 4, the ratio of Earth’s area to its
projection on a plane perpendicular to the Sun’s rays. For the entire Earth’s area (510.1 x 106 km?)
the incoming solar radiation and the outgoing total radiation equal 173.4 PW or 5470 Z] /year. The
estimates are based on Ahrens (1993, pp. 38-41), Trenberth et al. (2009) and IPCC (2021; Figure
7.2), after adaptation.

Figure 7.10 depicts the monthly variation of outgoing solar radiation flux for year
2024. The annual average is 96.2 and 49.7 W/m? for all sky and clear sky, respectively,
while the quantities implied from Figure 7.9 are 102 and 52 W/m?, 5-6% higher. On the
one hand, the latter comparison indicates the possible estimation inaccuracies. On the
other hand, since the observations are for a very recent year, the observed values may
reflect the fact that in the recent years the absorption of solar radiation has been
increasing and the Earth’s albedo decreasing. As reported by Koutsoyiannis (2021), even
a tiny change of 1%o in the albedo due to differences in the presence of water formations
(snow, ice, clouds) results in an imbalance of the same order or magnitude of the usually
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claimed average imbalance (net absorbed energy) of the Earth in the last 50 years,
allegedly attributed to the increase of the CO, concentration. Furthermore, as reported by
Koutsoyiannis et al. (2023), Nikolov and Zeller (2024) and Koutsoyiannis (2025b), the
latter multi-decadal changes in SW radiation may fully explain the global temperature
increase, without invoking the menace of the “greenhouse effect”.
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Figure 7.10 Monthly variation of outgoing solar radiation flux for 2024. The annual average is
96.2 and 49.7 W/m? for all sky and clear sky, respectively. Data from NASA’s CERES site for Terra
platform (Edition 4.2; https://ceres-tool.larc.nasa.gov/ord-tool/jsp/SSF1degEd42Selection.jsp).

Another useful information acquired by satellite data is related to the cloud area
cover. Figure 7.11 shows the zonal distribution of annual average daytime cloud area
cover for 2024, which quantifies the notion of “all sky” by a global average cloudiness of
66%.
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Figure 7.11 Zonal distribution of annual average daytime cloud area cover (from monthly data of
year 2024). The global annual average is 66%. Data from NASA’s CERES site for Terra platform
(Edition 4.2; https://ceres-tool.larc.nasa.gov/ord-tool/jsp/SSF1degEd42Selection.jsp).
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The information provided above is for the global or the zonal level at most. However,
in many applications we have to deal with local conditions. This is particularly the case in
evaporation calculations, which are in routine use in hydrological engineering, irrigation
design and management, and water resource management. These require a full energy
balance for the local conditions and for different times of the year.

The mathematical basis for those calculations are the trigonometric equations
provided in section 7.4. In addition, to deal with seasonality, expressed by the Julian date,
J (varying from 1 to 365), the following equations are necessary to calculate the tilt §(J)
and the square of the ratio of the average Earth-Sun distance to the distance on day /, d(J):

2] 2]
6(J) = 6, cos (ﬁ + 0.16), d(J) =1+ 0.034cos (ﬁ — 0.05) (7.64)

Now, the SW radiation Stg, should be calculated at the local level, for the particular
geographic coordinates ¢, A and date J. To find the radiation at the surface level the
following equation due to Prescott (1940) is routinely used:

SS = (as + bSn/N)STOA (765)

where ag, bg are parameters, and n/N is the fraction of sunshine hours, in which n is the
actual number of hours of bright sunshine and N the number of daylight hours. Glover and
McCulloch (1958), Brutsaert (1991, p. 135) and Vassilopoulos (1991, p. 28) published
tables providing an overview of all values of ag, b that were reported in the literature,
which result in averages values ag = 0.25, bg = 0.5.

When the sunshine hours are not measured, the cloud cover could be used instead.
According to Brutsaert (1991, pp. 132-133) the two quantities are approximately related
by

n/N=1-C (7.66)

As an alternative, Doorenbos and Pruit (1977, p. 9) gave values in a tabulated form, from
which Koutsoyiannis (2000) produced the following equation:

098-08C, C<0.75
n/N = (7.67)
14(1-C) €=0.75
Using the simplest of the above two relationships we can write:
SS = (CS - bSC)STOA’ Cg = dg + bs (768)

For clear sky (C = 0) this yields S$° = cgStoa and for the average value of cg = 0.75 we
get S&5 = 255 W/m?, not quite different from the value of 249 W/m? mentioned above.

However, for the average cloud cover of C = 0.66, it yields S&5 = 0.42 Stoa = 143 W/m?,
This is a serious underestimation of the value of 183 W/m? given in Figure 7.9.
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If we keep the Prescott expression and determine the parameters so as to assure
consistency with the energy budget in Figure 7.9, we will require

5§% = csSroar  58° = (&5 = bsC)Stoa (7.69)
which after substitution of the related quantities with the calculated values give
cs = 0.73, bs = 0.30, as = 0.43 (7.70)

One may assume that the ratio S&5/Srq also depends on the latitude ¢ and indeed
Glover and McCulloch (1958) suggested to estimate the related parameters as ag =
0.29 cos ¢, bs = 0.52. These suggest a small increase of ag near the equator, accompanied
by a decrease in high latitudes. However, these are not enough to resolve the discrepancy
between the global budget and the Prescott-type estimation. It is possible that the
discrepancy is due to different types of data used—satellite vs. ground observations. One
may thus think that it is more prudent to use the original coefficients when ground
measurements of sunshine duration are available and the modified coefficients of
equation (7.70) when using satellite data for cloud fraction.

We are coming now to the LW radiation, starting from the TOA. According to the
values shown in Figure 7.9, the total outgoing radiation for all sky is L4, = 238 W/m?
(with the variable L denoting LW radiation and the subscripts and superscripts as before).
For clear sky, since the outgoing SW radiation is smaller than in all sky, namely St5, = 52
W/m?, the LW radiation should increase. For a radiative balance, we would expect LS, =
288 W/m?. Figure 7.12 shows the monthly values of the outgoing LW radiation flux for
2024.
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Figure 7.12 Monthly variation of outgoing LW radiation flux for 2024. The annual average is 240
and 268 W/m? for all sky and clear sky, respectively. Data from NASA’s CERES site for Terra
platform (Edition 4.2; https://ceres-tool.larc.nasa.gov/ord-tool/jsp/SSF1degEd42Selection.jsp).
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Figure 7.13 Zonal distribution of annual average radiative (SW and LW) imbalance at TOA (from
monthly data of year 2024) according to CERES satellite data for (left) all sky and (right) clear
sky. A positive imbalance means that Earth gains energy. The global annual averages are 4 and 23
W/m? for all and clear sky, respectively. Data from NASA’s CERES site for Terra platform (Edition
4.2; https://ceres-tool.larc.nasa.gov/ord-tool/jsp/SSF1degEd42Selection.jsp).

The annual average is 240 W/m? for all sky, a value close to what is seen in Figure 7.9.
However, for clear sky there is a big discrepancy: 268 W/m? against the expectation of
288 W/m?2. While measurement errors and errors in the overall budget in Figure 7.9
cannot be excluded, the main reasons for the discrepancy is a real energy imbalance in
the case of clear sky, with the balance achieved only due to the presence of clouds. This is
indeed plausible given the huge variability in time and space of the imbalance resulting
from the CERES data, as seen in Figure 7.13. Furthermore, the CERES data are associated
with considerable uncertainties and, as seen in Figure 7.14, even in the all-sky data there
is an imbalance of 4 W/m?.
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Figure 7.14 Monthly distribution of global average radiative (SW and LW) imbalance at TOA for
year 2024 according to CERES satellite data. A positive imbalance means that Earth gains energy.
The global annual averages are 4 and 23 W/m? for all and clear sky, respectively. Data from NASA’s
CERES site for Terra platform (Edition 4.2; https://ceres-tool.larc.nasa.gov/ord-tool/jsp/
SSF1degEd42Selection.jsp).
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According to CERES (2023), the combined regional all-sky LW flux uncertainty is 2.4
W/m? and the daily regional all-sky LW diurnal uncertainty is 8 W/m?. According to
CERES (2021, Table 6.1), the uncertainties in the 1°x1° regional monthly TOA fluxes are
4.6 W/m? for clear sky and 2.5 W/m? for all sky. In addition, as also admitted in CERES
(2021), with the most recent CERES instrument calibration improvements, there still is a
net imbalance of ~4 W/m? (similar to what we estimated above). Hence the CERES data
do not allow closing the energy balance, let alone calculating a small imbalance such as
the one related to recent global warming, which CERES assumes to be ~0.71 W/m? (see
also Trenberth et al., 2009, who give a value of 0.9 W/m? and Koutsoyiannis, 2021,
2025b).

At the Earth’s surface, the satellite data do not provide useful information. The net
emission of LW radiation, Ly, is the difference between that emitted by the surface
directed upward, Lg, and that emitted by the atmosphere directed downward, L, i.e.,

Ly = Lg— Lp = €50T¢ — €p0Tx (7.71)

where the subscripts ‘S’ and ‘A’ refer to the surface (solid or liquid) and the atmosphere,
respectively, and where a minor term of reflected upward LW radiation has been
neglected. The temperature of the surface, Ts, is well defined and the emissivity €g is close
to 1, usually taken €5 = 0.95-0.97. Hence, the term Lg is well defined and easy to
determine. However, in the atmosphere the temperature varies substantially and the
quantity L, is the integration of the radiation process across the entire atmosphere.

The theoretical basis for such integration is described by Goody (1964). Based on this
theoretical basis and some assumptions on the profiles of temperature (nearly standard
atmosphere) and water vapour in the atmosphere, Brutsaert (1975) was able to express
analytically (by integration) the atmospheric radiation L, near the surface for clear sky,
and eventually find the effective emissivity as:

(7.72)

eA/hPa>1/7

€a = 1.24( T X

with T, taken as the atmospheric temperature at a level near Earth’s surface (in K) and e,
being the partial pressure of water vapour at the same level (in hPa). He also proposed a
simplification by fixing T4 to the average Earth’s temperature near the surface, i.e. to 288
K, whence equation (7.72) becomes

ea = 0.553(e,/hPa)'/” (7.73)

A modification of the Brutsaert's equation (7.72) was proposed by Prata (1996) who
constructed a physically based and observationally constrained clear-sky model of
downward LW radiation, expressed as:

e,/hPa
T,/K

ea=1—-(1+w)exp(—V1.2+3.0w), w:=465 (7.74)
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with w representing the atmospheric water content (most commonly known with the
misnomer ‘precipitable water’), found by linear regression on radiosonde data and
expressed in cm. We may observe that for e, = 0, Prata’s equation (7.74) yields a
minimum value of €4, = 0.67 and, in this way, describes the contribution of non-
condensing radiatively active gases to emissivity for very low temperatures. On the other
hand, for e, = 0 Brutsaert’s equation (7.72) results in zero emissivity. However, it is
unrealistic (contrary to thermodynamics) to assume zero water vapour in the
atmosphere. For a realistically minimal value of e, = 0.01 hPa (corresponding to a dew
point of 208 K), the emissivity resulting from Brutsaert’s equation is €, = 0.29. One may
conclude that Brutsaert’s equation is not ideal for polar areas with very low temperatures.
Yet, it compares well even with data from polar areas with temperature as low as 218 K
(=55 °C; Koutsoyiannis and Vournas, 2024). Given that the contribution of areas with
extremely low temperatures is insignificant, one could not have any hesitation in using
Brutsaert’s equation globally.

Observational data for the LW radiation at Earth’s surface exist for more than a
century, with the earliest being the dataset by Angstrom (1916), followed by Robitzsch
(1926) and Dines and Dines (1927). Based on these measurements, empirical
relationships (with nonzero minimum) had been proposed decades earlier and are still in
wide use. Among those, the earliest, most celebrated and most popular is that by Brunt
(1932,1934), based on measurements by Dines and Dines (1927) at Benson (Oxfordshire,
UK):

ea = 0.526 + 0.065,/e,/hPa (7.75)

Furthermore, Brunt (1934) used additional data sets in which he fitted the same type of
mathematical expression,

Ep — a+b\/eA/hPa (776)

and found different values of the coefficients a and b. Brunt provided individual pairs of
a and b for each case, as well as an average fitting for all cases, which is

ea = 0.44 + 0.08,/e, /hPa (7.77)

Subsequently, a large variety of similar empirical relationships were proposed by
several researchers, critical reviews of which can be found in Carmona et al. (2014), Guo
etal. (2019) and Wong et al. (2023), to mention the most recent.

Essentially, the above relationships quantify the bulk atmospheric radiative activity
(transmission, absorption, emission), which relies on the presence of water vapour in the
atmosphere. With Penman’s (1948) celebrated paper on natural evaporation from open
water, bare soil and grass, this quantification became an essential part of hydrological
practice in calculating evaporation, which represents a substantial component of the
hydrological balance—and also the most intractable and difficult to measure. At the same
time, evaporation calculations are most essential for agricultural irrigation practice.
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Interestingly however, the way Penman chose to present the LW radiation part in his
equation is somewhat confusing as he did not make a distinction of the two components
seen in equation (7.71). Specifically, he wrote

Ly

e = 0.56 — 0.08,/e,/hPa (7.78)

He quoted Brunt (1934) for this equation but he assumed, as an approximation for this
part of his work, that Ts = T, and €5 = 1. Indeed, with these two assumptions, equations
(7.71) and (7.75) yield (7.78).

Since its introduction, Penman’s (1948) equation has been the basis for routine
calculations of evaporation from water surfaces. Modified versions of the original
equation have been common, using different values of parameters a and b in equation
(7.76). The most influential has been that by Goss and Brooks (1956), who, based on
measurements of LW radiation in California, USA, suggested the values a = 0.66 and b =
0.039.

In another historical contribution, Monteith (1965) adapted Penman’s method to
estimate water requirements of crops, thus shaping what has been called the Penman-
Monteith method. Montieth did not adapt the part of Penman’s method referring to
longwave radiation, even though in earlier publications he had studied it. Subsequently,
the Penman-Monteith method became a standard of the Food and Industry Organization
(FAO), initially in the version by Doorenbos and Pruitt (1977; FAO Irrigation and Drainage
Paper 24) and later in the version by Allen et al. (1998; FAO Irrigation and Drainage Paper
56). In both versions, the net LW radiation is calculated as

Ly

— = 0.34 —0.044,/e5/hPa (7.79)
oTy

Clearly, this formula is influenced by Goss and Brooks (1956) and predicts a lower Ly by
about 40% compared to Penman’s formula in equation (16). In turn, it reflects a higher
intensity of radiative activity.

To model the effect of clouds in the LW radiation, which is significant, Koutsoyiannis

(2024), based on previous experience and CERES data (including and CERES model
outputs) proposed the following linear relationships:

1494 = LSoa(1 —acC), 155 =L$5(1 +acC) (7.80)

where 143, and L$3 ,denote the outgoing LW radiation flux at the TOA for all sky (with
cloudiness C) and clear sky, respectively, L3> and LSS denote the downwelling LW
radiation flux near the surface for all sky (with cloudiness C) and clear sky, respectively,
and a. is a dimensionless parameter, which takes different values for different situations.
The estimated values of the parameter a,, for the outgoing radiation (143 ,) are as follows:

e Global average: 0.15;
e Torrid zone: 0.18;



316 CHAPTER 7 — RADIATION IN THE ATMOSPHERE

e Temperate zones: 0.15;
e Frigid zones: 0.09.

These are average values, while the spread of the data around them is large. For a detailed
deterministic modelling, this spread would not be acceptable, but in a macroscopic
modelling within stochastics, the average values provide useful and utilizable
information.
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Figure 7.15 Transmission and absorption of SW (solar) and LW (Earth’s) radiation through
atmosphere, vs. wavelength. The absorption bands of Earth's atmosphere (middle) affect both
downwelling solar radiation and upgoing LW radiation emitted near the surface (upper). The
individual absorption spectra of radiatively active gases (plus Rayleigh scattering) are also shown
(lower) (Source: Wikimedia Commons under a CC license, https://commons.wikimedia.org/
wiki/File:Atmospheric_Transmission.svg.)

For the downwelling radiation near the surface (L4>) the value suggested is a; = 0.34.
[t is noted for completeness that Dingman (1994, p. 189) suggested a value of 0.4, Jacobs
(1978, p. 108) estimated a value of 0.33 and Lhomme et al. (2007) a value of 0.34. (This
could also be taken as 0.37 as the formula they used can be written as is L%, /L, = 1.03 +
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0.34 C, which for C = 1yields L /L, = 1 + 0.37.) Other researchers proposed different
formulae (Brutsaert, 1991, p. 142; Carmona et al., 2014; Wong et al.,, 2023), but the
simplest linear formulation may be preferrable.

It is stressed that the analyses in this section show the importance of water vapour in
atmospheric radiation, while in the general perception other gases—primarily CO,—
govern atmospheric radiation—what is referred to as “greenhouse effect”. The reason
behind this public perception has no connection to reality and science. The reality is that
water vapour and clouds in the troposphere and the ozone in the stratosphere almost
exclusively determine the absorption of the SW radiation, with carbon dioxide’s
contribution being negligible (Figure 7.15). In turn, the longwave radiation is primarily
governed by the very same gases and clouds, with trace gases such as carbon dioxide and
methane, the non-condensing and well mixed gases, playing some role which will be
quantified in section 7.9 and is again minor. This can be empirically verified by century-
long data of downwelling LW radiation as discussed in Koutsoyiannis and Vournas (2024)
and in Digression 7.C.

Digression 7.C: Has the increase of atmospheric CO, concentration affected
LW radiation?

In the public perception of present day, it is the carbon dioxide (CO2) that determines the
“greenhouse effect” on Earth. This perception is continually fed by learned societies and
educational organization as manifest in the following quotations: (a) “Carbon dioxide is Earth’s
most important greenhouse gas” (U.S. National Oceanic and Atmospheric Administration—NOAA,
Climate.gov: Science & information for a climate-smart nationt); (b) “Carbon dioxide is widely
reported as the most important anthropogenic greenhouse gas” (U.S. Environmental Protection
Agency—EPA, Report on the Environment?; notice here the adjective “anthropogenic”, which
wildly contrasts the fact than only 4% of the carbon dioxide emissions are anthropogenic, with
96% being natural; Koutsoyiannis et al., 2023b); (c) “For climate change, the most important
greenhouse gas is carbon dioxide, which is why you hear so many references to ‘carbon’ when people
talk about climate change.” (Massachusetts Institute of Technology—MIT, Climate Portal3); (d)
“Carbon dioxide (CO;) is the most significant greenhouse gas” (Britannica#).

In turn, several scientific studies were conducted to support this. A literature search reveals
that the scientific basis promoting it is the study by Lacis et al. (2010), in which the atmospheric
CO, is presented as the principal control knob governing Earth’s temperature. It includes
following statements:

Noncondensing greenhouse gases, which account for 25% of the total terrestrial greenhouse
effect, thus serve to provide the stable temperature structure that sustains the current levels of
atmospheric water vapor and clouds via feedback processes that account for the remaining 75%
of the greenhouse effect. Without the radiative forcing supplied by CO, and the other
noncondensing greenhouse gases, the terrestrial greenhouse would collapse, plunging the
global climate into an icebound Earth state. |...]

If the global atmospheric temperatures were to fall to as low as Ts = Tg [where Tg = 255 K is
the global mean effective temperature] the Clausius-Clapeyron relation would imply that the
sustainable amount of atmospheric water vapor would become less than 10% of the current
atmospheric value.

Interestingly, while Lacis et al. recognize a contribution of water vapour and clouds as the
“remaining 75% of the greenhouse effect”, they regard it as a result of feedback processes of the
“CO control knob”. Another study by Schmidt et al. (2010) attributes 19% of the LW radiation
absorption to CO; against 75% of water vapour and clouds.
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All these statements and estimates are lacking a scientific basis, as articulated by
Koutsoyiannis (2021, 2024) and Koutsoyiannis and Vournas (2024). Even the 10% of the current
atmospheric value of water vapour for Tg = T, given in the quoted statement by Lacis et al., would
produce a “greenhouse effect” and hence would imply the inequality Ts # Tg, thus showing the
absurdity of the quoted statement. That “greenhouse effect” would not be 10%, as Lacis et al.
imply, or close to it, but closer to its current magnitude. Indeed, according to Brutsaert’s equation
(7.72), for Tg/Ts = 255/288 (with 288 K being the current average temperature used by
Brutsaert) and vapour pressure ratio of eg/es = 0.10, the resulting emissivity ratio g /e would
be (0.10 / (255/288))1/7 = 0.73 > 0.10. An emissivity e > 0 means that we would again have the
“greenhouse effect” produced by water vapour. And even in an “icebound Earth state”,
thermodynamics implies the presence of water vapour in the atmosphere, due to sublimation.
Remarkably, geological evidence presented by Veizer (2005, 2011, 2012) suggests the presence
of running water as far back as we have a record, up to 3.8 or even 4.2 billion years, despite the
much smaller solar irradiance (the so-called faint young sun puzzle). All these imply that the
argument is mistaken and so is the popular result that is being widely reproduced.
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Figure 7.16 Plot of downward radiation of the atmosphere L, calculated by the Brutsaert’s formula with
its original parameters (equation (7.72)), vs. measured L, in eight data sets distributed across a century.
The points correspond to individual measurements, while the lines correspond to reconstructions by
envelopes, as described in the study by Koutsoyiannis and Vournas (2024). For the two data sets with the
largest number of points (1973-74, 2007-10), the linear regression lines are also shown in the figure, along
with their equations. (Source: Koutsoyiannis and Vournas, 2024, where the origin of each data set is
explained.)
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Furthermore, there is empirical evidence falsifying the argument. Radiation measurements
have a time span of more than 100 years. This period was marked with an increase of CO,
concentration of the order of 30%. If the argument were correct, one would expect that the
observed change in the CO; concentration would lead to a discernible amplification of the
“greenhouse effect”.

Koutsoyiannis and Vournas (2024) made a systematic investigation of those measurements
and compiled the graph reproduced here as Figure 7.16. Nonnegligible amplification of the
“greenhouse effect”, due to increase of CO, concentration from 300 to >400 ppm in a century,
would be seen as a systematic gradual displacement of the points to the right for the more recent
series of observations. However, no sign of such displacement is seen.

The empirically verified insignificance CO, for the downwelling radiation also extends to the
outgoing LW radiation. However, no long-term data exist for this case, because systematic satellite
measurements of outgoing LW flux have only been made in the 21st century. Therefore, the related
analysis, which is presented in section 7.9, is not empirical but is based on radiation modelling.

L https://www.climate.gov/news-features/understanding-climate/climate-change-atmospheric-carbon-
dioxide

2 https://www.epa.gov/report-environment/greenhouse-gases

3 https://climate.mit.edu/explainers/greenhouse-gases

4 https://www.britannica.com/science/greenhouse-gas

7.6 Linking atmospheric radiation with atmospheric thermodynamics

Radiation acts as both the ultimate energy source (solar SW) and sink (terrestrial LW),
sustaining the persistent heat fluxes discussed in section 6.19 and Appendix 6-1. Our
general approach in Chapter 6 and the preceding sections of Chapter 7 comprised three
basic elements:

a. using first principles, to which we included the principle of maximum entropy but
we excluded other principles of thermodynamics, to derive by deduction every
law characterizing the atmospheric behaviour;

b. using empirical data from field measurements or laboratory experimental
evidence to verify the laws derived by deduction;

c. utilizing data to derive simple parsimonious relationships when deduction was
not possible.

We have avoid building or using complex models, whose structure is necessarily based on
assumptions, parameterizations and lengthy codes, to avoid the risk of getting incorrect
results or even correct ones but for wrong reasons. Different such models, starting from
diverse premises, can give similar, converging results, but this does not prove that they
are faithful representations of reality. Climate alarmism is exactly based on different
climate models.

However, in the remaining sections of this chapter, where we try to quantify the
atmospheric radiation under hypothetical scenarios, we will make an exception. Our
preferred approach cannot deal with hypothetical cases when the underlying dynamics is
complex. Yet we will avoid using climate models which are associated with highly
structural complexity and uncertainty.

Instead, we use two radiation models, RRTM and MODTRAN. The model versions we
use are online applications and thus any interested reader can repeat the calculations and


https://www.climate.gov/news-features/understanding-climate/climate-change-atmospheric-carbon-dioxide
https://www.climate.gov/news-features/understanding-climate/climate-change-atmospheric-carbon-dioxide
https://www.epa.gov/report-environment/greenhouse-gases
https://climate.mit.edu/explainers/greenhouse-gases
https://www.britannica.com/science/greenhouse-gas
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check the results. These radiation models are based on HITRAN (High-Resolution
Transmission), a molecular spectroscopic database designed to support the study of
electromagnetic transmission and emission in gaseous media (McClatchey et al., 1973;
Rothman et al,, 1987; Goldman et al., 1988; Gordon et al., 2022). The database includes
detailed line-by-line spectroscopic parameters for various molecular species. It
incorporates extensive spectroscopic studies from the 1960s and on, initially conducted
for military purposes and subsequently expanded to cover broader scientific use, evolving
into an essential tool for atmospheric and astrophysical research.

The main software tool used in this section is RRTM (standing for rapid radiative
transfer model), a hybrid physical/statistical approximation of the full line-by-line
models, developed for climate studies. Its results have been extensively evaluated and
rigorously validated (Mlawer et al., 1997). The model implementation used here is an
interactive web application hosted by the University of Chicago® that simulates the
radiation flux through Earth’s atmosphere at a range of altitudes, calculating both SW
(incoming and reflected sunlight) and LW (emitted by the ground and atmosphere), both
upward and downward. A user can adjust parameters such as solar input, albedo, and
atmospheric composition in order to study their effects on Earth’s energy balance,
revealing whether the planet gains or loses energy and enabling the parameters that lead
to energy balance to be found.

The question we try to address is how the temperature gradient, which is determined
by the macroscopic motion of air parcels, is connected to the radiation flux in the
atmosphere. Vertically seen, the radiation flux, R, changes with the altitude z and has four
components:

where S and L denote the shortwave and longwave radiation, respectively, and the
subscripts ‘U’ and ‘D’ denote the direction up and down, respectively, with numerical
values being positive and negative respectively.

We use RRTM to investigate these fluxes and the resulting temperatures for different
values of the lapse rate I', namely for I' = —3 and —1 K/km (temperature inversion), I’ =
0 (isothermality) and I = 1, 3,6 K/km (regular lapse rate with the value 6 K/km being
close to that of the standard atmosphere) and I' = 12 K/km (superadiabatic lapse rate).
We run RRTM with its default parameters and without clouds, and for each I we specify
the temperature at the surface Ts so that the Earth be in radiation equilibrium, meaning
that overall no gain or loss of energy occurs.

Figure 7.17 shows the resulting temperature at the surface and the TOA. For an
isothermal atmosphere, the model yields a temperature of 256 K both for the surface and
the TOA, close to that of 255 K we adopted in section 7.4 as an average representative
temperature of Earth. For I' < 0 and I' > 0 RRTM yields surface temperatures lower and
higher than that, respectively. Clearly, the surface temperature is an increasing function

* https://climatemodels.uchicago.edu/rrtm/.
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of the lapse rate and tends to become constant for large I'. In contrast, the temperature at
the TOA is a decreasing function of the lapse rate.
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Figure 7.17 Surface and TOA temperatures leading to energy balance vs. lapse rate, as calculated
from RRTM runs using default parameters (without clouds).

Figure 7.18 shows the radiation flux for the surface and the TOA for the same model
runs. The LW radiative flux at the TOA is almost constant, Ly = 244 W/m?2, while Lp = 0.
Also, almost constant is the SW flux at the surface Sy + Sp = -189 W/m? (the minus sign
reflects the fact that the net direction is downward). At the surface the LW radiation flux
is an increasing function of the lapse rate, which makes the total radiative flux (properly
signed) also an increasing function of the lapse rate.
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Figure 7.18 Surface and TOA radiation flux for the indicated levels for the RRTM runs of Figure
7.17 assuring the energy balance, vs. lapse rate.

Figure 7.19 shows, for the same model runs, the variation of the total radiative flux,
R, with the altitude. It is seen that there are tremendous differences in the vertical profiles
of R for different lapse rates. Apparently, there should also be differences in vertical heat
fluxes, which to interpret we have to connect heat with radiation and temperature.
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Figure 7.19 Vertical distribution of net radiation flux for the RRTM runs of Figure 7.17, for
different lapse rates.

As shown in Appendix 6-1, assuming 92T /dz? = 0, so that the lapse rate is constant
(as is the standard assumption in the RRTM version used here), the following equation
could approximate the relationship between radiation flux (R), heat flux (Q) and
temperature rate of change, 9T /dt:

oT d dR
CpP =7 = ——Q—— (7.82)

As explained in Appendix 6-], this holds in the case of absence of conduction and
convection, but also in their presence if we are interested in long-term averages (which
could be regarded as representative estimates of the expectations of the respective
quantities). We examine two special cases, where in the fist there is no vertical heat
transfer, i.e.:

dQ oT dR
< = 7.83
-V Pyt T (7.83)
and in the second there is steady state, i.e.,
oT d dR
- Q_ (7.84)

7wV T @

Furthermore we focus on the troposphere and denote T5 and Ttp the temperature at the
surface and the tropopause, respectively, where the tropopause is assumed to be at the
altitude of 11 km, as in the standard atmosphere. We compare these temperatures with
that of an isothermal atmosphere, T;t, which would be in between Tg and Trp. We also
denote dRg/dz and dRpp/dz the radiative heat flux gradient near the surface and the
tropopause, respectively.

In the case of temperature inversion, we will have
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aT
r<o, —>0, Ts<Ty<Tp (7.85)

From Figure 7.20 in both examined cases of inversion, I' = -3 and -1 K/km, we have

— 7.86
dz <0, dz >0 ( )

If we assume no vertical heat transfer, then:

e near the surface we have, dT/dt > 0; hence the layer will warm, and the
temperature will tend to the isothermal, Tyt;

e near the tropopause we have, dTrp/dt < 0; hence the layer will cool, and the
temperature will tend to the isothermal, Tyr.

That is, in both cases, an atmosphere with temperature inversion is unstable and its
temperature profile will tend to the isothermal, which is stable according to molecular
thermodynamics (Chapter 6).

If we assume steady state for the cases of temperature inversion (I' = -3 and -1
K/km), then:

e near the surface, dQs/dz > 0, which means that less energy leaves the layer from
below than enters from above; since heat can only be absorbed by the layer, this
means that the heat transfer is from upper layers downward;

e near the tropopause, dQtp/dz < 0, which means that more energy enters the layer
from below than leaves it from above, or we have upward transfer of energy.

That is, in steady state in the long term, heat should be created somewhere in between
the surface and the tropopause and be transmitted both downward and upward, which
seems absurd.

In the case of a regular atmospheric profile, i.e., cooling with increasing altitude, we
will have

T
r>0, —<0,  Ts>Tr>Trp (7.87)

From Figure 7.20, in the examined regular cases, I' = 1, 3, 6 K/km, we have

7.88
dz >0, dz ( )

If we assume no vertical heat transfer, then across the entire atmosphere we have
0T /0t < 0; hence any layer will cool, which seems absurd. If we assume steady state, then
across the entire atmosphere we have, dQ/dz < 0, which means that more hear enters
the layer from below than leaves it from above. Some energy is absorbed in the layer and
we have upward transfer of energy. This is physically consistent, because Tg > Trp.
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Actually, this suggests the development of convection to restore energy balance through
dQ/dz < 0.

I (K/km)

Altitude, z (km)

2 0 2 4 6 8 10 12 14 16 18 20 22
Net radiative flux gradient,dR/dz (W/(m? km))
Figure 7.20 Vertical distribution of net radiation flux gradient for the RRTM runs of Figure 7.17
assuring the energy balance, vs. lapse rate. For better presentation smoothing of the original
values was performed by taking moving averages over five adjacent values.

The profile with the steepest gradient (superadiabatic case) in Figure 7.20, I' = 12
K/km, results in a highly positive dRg/dz near the surface and a negative dR/dz in the
upper atmospheric layers. Without convection, we will have 9T/dt <0 in the
troposphere and 0T /dt > 0 in the stratosphere, i.e., a clear tendency to the isothermal
profile. This is similar to the case of inversion, but with opposite signs (and hence
direction).

Most interesting and enlightening are the RRTM results for the isothermal state (I' =
0). We observe in Figure 7.20 that in this case dR/dz is close to zero for the entire
troposphere. A small negative dR/dz appears in the lower atmospheric levels, which,
however, is not deemed to be significant, as the accuracy of the model is not perfect. Also,
an isothermal atmosphere would block convection and hence radically reduce
evaporation. In RRTM, the default value of humidity is 80%, and this was not modified in
our model runs. If taken lower, the negative dR/dz disappears. For dR/dz = 0 we have
dQ/dz = 0 implying no heat transfer and no convection. Therefore, the isothermal state
is stable both with and without RAGs. In other words, for the isothermal case (I" = 0),
RRTM confirms that the thermodynamic equilibrium in the troposphere (dQ/dz = 0) is
also a radiative equilibrium (dR/dz = 0).

Apparently, the validity of the above results is conditional on the RRTM model works
correctly and, as already noted in the beginning of this section, one cannot guarantee the
correctness of complex models. Yet in this case there is experimental and empirical
evidence supporting the results we obtained.

Among laboratory experiments related to longwave radiation from gases (some of
which are discussed in section 7.8), the most sophisticated and informative ones are those
of Harde and Schnell (2022, 2025) and Schnell and Harde (2023, 2025, 2026). Their
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measurements were also confirmed by radiative transfer calculations. Their results
suggested that ARE contributes to some warming of the Earth's surface, but it depends on
the lapse rate. Harde and Schnell (2022) stated: “the greenhouse effect is mainly the result
of a temperature difference over the propagation path of the radiation and thus the lapse
rate in the atmosphere.” Furthermore, Harde and Schnell (2025) and Schnell and Harde
(2025) provided experimental evidence that atmospheric radiation can occasionally have
a cooling, rather than always a warming effect. Following earlier studies (Schmithiisen et
al,, 2015; Sejas et al., 2018), they used the termed “negative greenhouse effect”. However,
this is an oxymoron as one can hardly imagine what a “negative greenhouse” would be.
In addition, there are observed atmospheric data that support our conclusions. In the
beginning of the satellite era, measurements from space of the outgoing LW radiation
have been conducted (Hanel and Conrath, 1970). Recently, van Wijngaarden and Happer
(2025), revisited these measurements and showed that the theory is impressively
consistent with the observations, as shown in Figure 7.21, reproducing part of the original
(van Wijngaarden and Happer’s, 2025) graph. The agreement between the detailed
radiation model and observations is remarkable. Similar remarkable agreements have

also been reported for other data sets (e.g., Harde, 2013).
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Figure 7.21 Vertical intensities at the TOA observed with a Michaelson interferometer in a
satellite (Hanel and Conrath, 1970), and modelled with radiation transfer theory for the
Mediterranean and Antarctica. (Reproduction with adaptation of part of Figure 9 in van
Wijngaarden and Happer, 2025.)
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However, little or no attention has been paid to the fact that the measurements reveal
the importance of the vertical temperature gradient (lapse rate) on the ARE. This is
evident from the antithesis in the behaviour in the Mediterranean vs. the Antarctica cases.
In particular, in the Mediterranean there is a regular vertical temperature profile, with
positive lapse rate. In contrast, in Antarctica, atmospheric inversion is almost permanent
between the surface and the atmospheric level of 600 hPa (Koutsoyiannis and Tsakalias,
2025). In the Mediterranean, as a result of the ARE, the radiation intensity at the TOA is
lower than that leaving the ground, where the latter is given by the curve of Planck’s Law.
This has a warming effect on the ground. However, in Antarctica, the ARE amplifies the
LW radiation that leaves the ground. This is tantamount to a cooling effect at all altitudes,
including at the surface. Hence it is the vertical temperature profile that determines
whether the ARE has either a warming or a cooling effect. . Once positive lapse rates have
a warming effect on the ground and negative lapse rates a cooling effect, it may be
expected that a zero lapse rate would be neutral (neither warming nor cooling) in
consistency with the RRTM results.

7.7 Isradiation responsible for the lapse rate?
Radiative vs. thermodynamic origin

The reply to the question in this section’s title has already been given in Chapter 6 and is
negative. In particular, as shown in sections 6.26, the lapse rate is thermodynamically,
rather than radiatively, driven and represents a balance between the isothermal and the
isentropic profiles. As shown in section 6.27, this balance depends on the near-surface
temperature and specific humidity.

However, this finding stands in contrast to the established ideas about the
atmospheric function, which are based on the classic work by Manabe and Strickler
(1964). These researchers argued that, in the absence of convection, a pure radiative
equilibrium would produce a very steep lapse rate, in which the air would remain still.
According to their claim, this would lead to a surface temperature of 332.3 K due to the
“greenhouse effect”. However, they deemed this equilibrium unstable, and proposed that
the instability leads to the development of the so-called radiative-convective equilibrium,
which also includes convection. These ideas, illustrated in the schematic of the upper
panel of Figure 7.22, have prevailed in so-called “climate science” (e.g. Manabe and
Wetherald, 1967; Ramanathan and Coakley Jr.,, 1978; Held et al., 1993; Wester, 2019;
Singh and O’Neill, 2022; Jeevanjee et al, 2022; Jeevanjee, 2023), despite their self-
contradictory elements. Specifically, the term radiative-convective equilibrium is by itself
an oxymoron as convection is by definition related to absence of equilibrium; specifically,
it is a nonequilibrium turbulent state involving continuous irreversible production of
entropy (Singh and O’Neill, 2022; Koutsoyiannis, 2026a). Also, often the chain seen in
Figure 7.22 (upper) is not strictly followed even by its proponents. For instance, Jeevanjee
(2023) does not compute a pure radiative-equilibrium and then adjust it; rather, he uses
radiation for the column energy budget, not for generating the shape of the temperature
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profile, which he infers from thermodynamics—and eventually from regularities in

observational data.

Classic scheme (Manabe and Strickler, 1964)
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Radiative transferin a
greenhouse atmosphere

Radiative profile exceeds the
adiabatic limit

Lapse-rate constraint in the
troposphere

Radiative—convective
equilibrium

Atmosphere largely transparent to SW radiation; energy enters
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Figure 7.22 Logical chain for the formation of the atmospheric temperature profile: (upper in
red) according to Manabe and Strickler (1964);(lower in blue/grey) proposed alternative.
(Reproduced from Koutsoyiannis, 2026b.)

Some researchers have tried to justify and explain in more intuitive terms this pure

radiative equilibrium by constructing simpler atmospheric models. For example,
Schmittner (2015, section 5), constructed a simple energy balance model by separating
the atmosphere into n layers and concluded that the surface temperature, Ts, is
determined from that of the highest level (TOA), T;, by Ts = ¥n + 1 T;. As nis a subjective
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choice, it is clear that such equation cannot stand. As n becomes high (asymptotically as
n — ) either the surface temperature tends to infinity or the TOA temperature tends to
zero, both of which are absurd.

In the present text (Chapter 6 and Chapter 7) as well as in recent works by
Koutsoyiannis (2026a,b), the Manabe and Strickler (1964) scheme was questioned and
the alternative shown in the schematic of the lower panel of Figure 7.22 has been
proposed. Specifically, as shown in Figure 7.22 (lower) the alternative scheme is based on
the fact that entropy maximization yields an isothermal state as the molecular
equilibrium. Gravitation does not alter the isothermal state but differentiates it from the
isentropic one. The latter characterizes the motion (convection) of macroscopic air
parcels, which drives the atmosphere away from equilibrium. Convection occurs in an
adiabatic manner, thus pushing the atmosphere toward the isentropic profile. In an
isentropic profile, temperature decreases with increasing altitude—hence the lapse rate.

Consequently, without convection, the temperature profile would be isothermal. An
isothermal atmosphere would lead to an average surface temperature of 255 K, as implied
by Stefan-Boltzmann law determining the Earth’s equilibrium temperature. It is the
temperature gradient that makes the surface warmer than this. This may sound
paradoxical if viewed on a local scale, e.g., above warm ground where convection removes
heat. However, it should be viewed on a macroscopic basis including the entire air column
and not as a local phenomenon. Convection does not impact the average temperature of
the atmospheric column, which remains close to 255 K. As already discussed in section
7.4, a temperature equal to the column average appears at about 5.7 km. If we take this
“stationary point” (the intersection of the isotherm at T = 255 K and an inclined profile)
and apply a slope of about 6 K/km to the inclined profile (see justification of this value at
the end of section 6.27), then we find that the surface temperature will be close to 288 K,
as calculated by observations. The warming (from ~255 K to ~288 K) is a necessary
consequence of the lapse rate, which in turn appears because of convection.

In the proposed framework, ARE is not absent, but constitutes the final link of the
chain shown in Figure 7.22 (lower). Specifically, ARE is necessary for the maintenance
and long-term stability of the lapse rate, which is created by convection. This stability
requires an energy source at the bottom and a sink at the top. ARE properly adapts the
energy balance so that the lapse rate remains at the value determined by
thermodynamics, rather than imposing a different value of its own. In this sense, the
radiative adjustment functions as the restorative mechanism described by the notion of
Le Chatelier’s principle. This principle states that, if a dynamic balance is disturbed by
changing conditions, the system shifts its state to counteract that change and restore
balance.

Below we provide several lines of evidence, all of which support the proposed
(alternative) model and falsify the classic model.
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Hourly time scale analysis on a single location

In order to gain insight into the variation of the lapse rate and the related processes, we
begin our investigation with the finest available timescale, the hourly. We focus on the
Sahara spot as defined in Table 6.5, and one month, namely July 2000.

Figure 7.23 depicts the hourly variation of temperature at the level of 925 hPa. As the
average elevation of the surface is 651 m, the 925 hPa level is the closest to the surface
with an altitude of is 768 m (just 117 m higher). Even though some temperature inversion
appears at night in the area (Koutsoyiannis, 2026b), this inversion is shallow and,
considering all pressure level with temperature data, macroscopically it disappears. The
lapse rate is always positive, ranging from 6.1 to 7.6 K/km, and is in phase with
temperature, taking its highest values at the highest temperatures.

The reason of the periodic variation of the lapse rate can be understood with the help
of Figure 7.24. Clearly, it is the surface warming at daytime and the cooling at nighttime
that cause that variation. Remarkably, this variation affects a layer only 2 km thick. This
thickness is of the order of the Saharan atmospheric boundary layer (Gamo, 1996) or
smaller. Beyond that, the temperature profile remains exceptionally stable.

This view is complemented by Figure 7.25, which shows the daily average
temperatures at the days of highest and lowest lapse rate, and the highest and lowest daily
average temperature at 925 hPa (left panel). It also shows (right panel) the hourly
variation of lapse rate for the same days. Interestingly, the variation of lapse rate with
temperature follows a linear pattern with the same slope, but with varying intercepts.

314 8
Temperature at 925 hPa

312 aaaas Lapse rate 7.8

310 2y 7
_ l : 8o
< 308 ‘ , Uy 74 E
~ . [ <
s 306 ! i ) 72 2
3 { WEE |1 | [o] 1005 =
© 304 AVEVENE 1) |y 7 9
o} FTAIRIE IR R & LRI 414 1R & \ I
< RN E AR IR R T =

302 nip BB R {IT 2L 6.8 ©
e Lo Wl o IRH 1 | LR »n
@ R R T 1 IR | o

300 ¥ | TR l‘. f Wb H] ‘ 6.6 1

R AT HEEAREE W
208 Vw4 RIS 5 6.4
vy oy R
] \
296 'Y 6.2
294 6
0 5 10 15 20 25 30
Time (d)

Figure 7.23 Hourly variation of temperature at 925 hPa and lapse rate at the Sahara spot in July
2000 (time 0 is 2000-07-01 00:00; reproduced from Koutsoyiannis, 2026b.)

Additional information of similar type as in Figure 7.25 (right) is provided in Figure
7.26, where all hourly values of July 2020 are plotted, along with the average daily values
as well as the average monthly values for the month of July for the entire period of data

availability (1940-2025). The same linear pattern, but with substantial scatter, appears in
all cases.
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Figure 7.24 Variation of temperature with altitude: (left) on 30 July 2000 and the indicated hours,
and (right) on the entire July 2000—monthly averages for the same hours. (Reproduced from
Koutsoyiannis, 2026b.)
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Daily time scale analysis on a single location

Figure 7.27 depicts the daily variation for the month of July 2000, now also showing LW
radiation variables . The daily temperature (upper left panel) varies slightly (max/min =
1.02), with the variation of the lapse rate being higher (max/min = 1.09). Again there is
similarity in the variation of temperature, Ts = Tq,5, and lapse rate, I, but the explained
variance of I' by linear regression on Tg is rather low, 31%. Similar is the situation when
the lapse rate is estimated from the surface LW radiation, Lg (lower left panel), as Lg is a
monotonic function of Ts. The lapse rate, I', is poorly correlated with the LW radiation at
TOA, Ltoa (upper right panel), with a negative correlation coefficient and explained
variance 19%. The explained variance becomes highest, 58%, when the regression is
between I" and the difference Lg — Ltga (lower right panel).

Figure 7.28 shows similar information as Figure 7.27 but for January 2001. Now the
explained variance of the lapse rate, I', based on either Tg or Lg is much higher, 78%, and
does not increase when we consider Lg — Ltga as the explanatory variable. The
differences between January and July are the higher values of temperature, lapse rate, and
also specific humidity (on the average ~6%o in July vs. ~3%o in January). With that low
value in January, the role of specific humidity in shaping the lapse rate becomes negligible
(see section 6.27) and hence the explanatory power of the temperature is much higher
than in July.
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Figure 7.27 Daily variation of the indicated variables (temperature and LW radiation fluxes) at
the Sahara spot in July 2000, compared to the variation of lapse rate. Notice that the range of the
vertical axis in all three panels depicting LW radiation is 70 W/m2 wide.
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Figure 7.28 As Figure 7.27 but for January 2001.

In both examined months there is a relatively high correlation between I" and Lg —
Ltoa- One could interpret this as an indication that the radiation drives the lapse rate, as
in the classic Manabe and Strickler scheme. However, a more reasonable interpretation is
the opposite, that the lapse rate drives the difference Lg — Lo by affecting the term L.
This interpretation is supported by the high adaptability of the term Lg — Ltga manifest
in its high variability even on the daily scale (max/min = 1.41 and 1.76 in July 2000 and
January 2001, respectively), while the variability of the lapse rate is much smaller.

Monthly time scale analysis on two locations with different climates

To gain a better insight on whether the relationship between I' and Lg — L1, is robust
we work on a coarser time scale, namely monthly, and we enrol a second geographical
location, namely the Philippine Sea spot, where the climatic characteristics in terms of
temperature, humidity and convective activity are different, even though the latitudes are
exactly the same.

Figure 7.29 (left) shows the lapse rate vs. temperature relationship for both the
Sahara and the Philippine Sea spots. Now the temperature Tg is taken at 1000 hPa
(extrapolation for Sahara, near sea level Philippine Sea) and the values of all months are
plotted (instead of only July in Figure 7.26). As expected, in Philippine Sea both the
temperature range and the lapse rates are substantially lower than in the former. The
pattern for the Philippine Sea spot tends to a constant value for the highest temperatures.
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Figure 7.29 also shows, in its right panel, the relationship of lapse rate with the
difference between LW radiation at the surface and TOA, Lg — Ltoa. The scatter is
considerably higher in the right panel than in the left panel. The explained variance of the
lapse rate in Sahara by linear regression is ~0.85 for both explanatory variables,
temperature at 1000 hPa and difference Lg — Ltoa. For the Philippine Sea is substantially
smaller, 0.73 for the regression with temperature and 0.59 for the regression with Lg —
Ltoa-

Clearly, Figure 7.29 (left) suggests that the lapse rate is an increasing function of
temperature and an decreasing function of specific humidity, which on average is 4.3%0
at Sahara and 14.8%o for the Philippine Sea (3.4 times higher). The right panel of Figure
7.29 suggests that the lapse rate could also be predicted from the difference Lg — Ltga,
but with higher uncertainty for the Philippine Sea. Note that temperature and Lg — Ltga
are highly correlated to each other, with explained variance for Sahara 0.90 and for
Philippine Sea 0.85. Most interesting is the fact that the range in the difference Lg — Ltoa
is the same for both locations, 120 to 230 W/m?, yet the patterns are quite different. There
cannot be a unique relationship describing both cases.
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Figure 7.29 Lapse rate at the spots of Sahara and Philippine Sea vs. (left) temperature at 1000
hPa and (right) difference between LW radiation at the surface and TOA, Lg — Ltga- The full
triangles and circles on the left panel correspond to observed data, while the open triangles and
circles correspond to the model of equation (7.89).

If we merge the data of both locations, then the explained variance of I' vs. Lg — Ltoa
is 29%, against 73% of the regression on Ts—a big difference. On the other hand, if we
treat Lg and L, independently and perform a bivariate linear regression for the data of
both locations we are able to improve the explained variance to 79%, which is practically
achieved if we replace Lg — Ltga With Lg + Ltoa. This stands in contrast to the previous
analysis on a single site. If we only consider Lg and neglect Ltgs then the explained
variance is 74%, not far from the regression on the sum Lg + Ltga and from that on Ts.
This clearly suggests that the dominant variable in explaining the variation of I is the
temperature Ts.
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If we wish to improve the explained variance from the 73-74% by considering a
second explanatory variable, that variable would not be the LW radiation at TOA, but the
specific humidity, for the reasons described in sections 6.26 and 6.27. Indeed, by the
bilinear regression of I' on temperature and specific humidity at the level of 1000 hPa we
reach an explained variance as high as 94% at both sites simultaneously with an equation
similar to (6.236) and (6.237), namely

r'/(K/km) = 0.096 (T/K — 230) — 62 q (7.89)

The resulting modelled points are plotted along with the observed ones in Figure 7.29
(left). It is stressed that this single equation applies to both locations. The two clusters in
the arrangement of points, corresponding to the two locations, result from the differences
in specific humidity in the two locations, not from different equations.

The difference Lg — Ltoa as a potential explanatory variable of lapse rate was also
investigated in Koutsoyiannis (2026a; Appendix A.3), where it was found that large
changes in time of Lg — Ltga, Within a considerable range of max/min = 1.42, have no
effect on the lapse rate. Furthermore, Koutsoyiannis (2026b; Figure 16) found that the
statistical relationship between Lg — Ltga and lapse rate is not unique, but differs
between seasons, as a result of the substantial seasonal variation of Lg — Ltga Which does
not translate to similar changes in lapse rate during seasons. On the other hand, the lapse
rate is fairly stable and its small variation is not driven by the difference Lg — Ltga. At the
same time Lg alone, which in fact reflects the surface temperature suggests a statistical
relationship that does not depend on seasons.

Monthly time scale analysis over the globe

In the analysis on monthly time scale we use all data points of all time series (1940-2025)
(86 years, 1032 months) areally averaged on each of the geographical zones (12 384 data
points in total for each variable). Figure 7.30 depicts a plot of all available data of lapse
rate, I, vs. several quantities related to LW radiation, i.e., radiation at the surface, Lg, at
the TOA, Lrtga, difference Lg — Ltoa and semi-sum (Lg + Ltoa)/2. In all cases the
statistical relationship appears to be of parabolic type (second-order polynomial), a
property that has been explained in section 6.27.

The second-order polynomial regression gave the following values of explained
variance:

1. Ls > I': 74.8%

2. Lroa = T:61.7%;

3. Lg— Ltoa = I': 58.4% (improving to 65.1% if zone 1, in which the empirical points
form a visible separate cluster, is not included);

4. (Ls+ Ltoa)/2 = I': 71.9%;

5. Lg+ aLtgp — I’ with optimized a to maximize explained variance: 74.8%.

Clearly, the difference Lg — Ltoa has the worst performance in explaining I (point 3), and
Lg the best (point 1), which furthermore is the optimal among all linear combinations of
Lg and Ltga (point 5). As Lg is directly linked to the surface temperature Tg by the Stefan-
Boltzmann Law (equation (7.29)) we conclude that it is the surface temperature that
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influences the lapse rate and not the LW radiation at TOA. It is reminded from section 6.27
that the more complex expression by combining equations (6.237) and (6.238) resulted
in even higher explained variance, 77%.
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Figure 7.30 Lapse rate vs. the indicated quantities related to LW radiation, i.e., radiation at the
surface, Lg, at the TOA,Ltq,, difference Lg — Ltga and semi-sum (Lg + Ltga)/2. (Reproduced from
Koutsoyiannis, 2026b.)

Comparison of the Manabe and Strickler and the alternative schemes for different
convection regimes

Here we report a test, which was proposed in Koutsoyiannis (2026a, Appendix A.6) as a
falsifiable empirical benchmark and conducted in Koutsoyiannis (2026b). The test
compares the two main hypotheses depicted in Figure 7.22 and is presented graphically
in Figure 7.31 and Figure 7.32. As the convection intensity decreases, according to the
mainstream hypothesis, the atmospheric profile would tend to the pure radiative profile
of Manabe and Strickler, while according to the alternative hypothesis the atmospheric
profile would tend to become isothermal. These two profiles never materialize, because
the atmosphere is never free of convection, but they can serve as possible asymptotic
attractors. Hence, to test the two hypotheses, we need to find which of the two potential
attractors exists. To this aim, we compare the behaviour at all zones, noting that as we
move from the tropics (zones 6 and 7) toward the poles (zones 1 and 12) the convection
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intensity decreases (see plots of geographical distribution of all variables related to
convection in Koutsoyiannis, 2026b; Appendix A).
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Figure 7.31 Comparison of the difference between all-year average temperature at different
altitudes and the column average temperature with (i) the isothermal profile, with zero difference
(temperature equal to the column average) and (ii) the pure radiative profile of Manabe and
Strickler (1964) shifted to have zero mean; (upper) zones of southern hemisphere; (middle)
zones of northern hemisphere;(lower) comparative depiction of zones in both southern and
northern hemisphere. (Reproduced from Koutsoyiannis, 2026b.)
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Figure 7.31 shows the all-year average temperature profiles as differences from the
column average temperature of each zone. The isothermal profile is represented by the
vertical line at zero temperature difference. The Manabe and Strickler (1964) pure
radiative profile is also shown and was digitized from their Figure 4 and shifted to have
zero mean as well. Even the graphical depiction of Figure 7.31 suffices to show that as the
convection intensity decreases by moving toward the polar zones, the profile tends
toward the isothermal, rather than toward the steep Manabe and Strickler’s profile.

Quantification of this tendency is provided in Figure 7.32 by means of the root mean
square error between the actual average temperature profiles in different zones and the
two profiles in question, the isothermal and the pure radiative of Manabe and Strickler
(1964). These are plotted against two metrics of convection, namely CAPE (left panel) and
near-surface temperature, which can be regarded as a proxy of convective activity (right
panel). In the tropics the deviation from the isothermal profile is high, and that from the
Manabe and Strickler profile lower. This is an expected result, given that the latter has a
gradient, which is absent in the former, thus substantially diverging from reality.
However, as the CAPE or the temperature decrease, the deviation from the isothermal
profile decreases systematically, taking minimum values at the polar zones. In contrast
the deviation from the Manabe and Strickler profile takes maximum values at the polar
zones. This provides strong evidence falsifying the classic Manabe and Strickler
hypothesis.
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Figure 7.32 Root mean square error (RMSE) between the actual average temperature profiles in
different zones and (a) the isothermal profile and (b) the pure radiative profile of Manabe and
Strickler (1964), against metrics of convection, namely (left) CAPE and (right) near-surface
temperature. (Reproduced from Koutsoyiannis, 2026b.)

Analysis based on RRTM results

As already discussed in section 7.6, based on RRTM results, an isothermal profile, which
reflects thermodynamic equilibrium, is also at radiative equilibrium. It is stressed that
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RRTM is a purely radiative model and does not model or make dynamical assumptions
about macroscopic atmospheric motion, including convection. Hence, its results are not
affected by the presence or the absence of convection. Rather, the absence of convection
is signified by the condition dT /dz = 0 in the temperature profile, i.e., by the isothermal
atmosphere at about T = 255 K. Therefore, an isothermal profile is also characterized by
absence of convection and could be also called pure radiative equilibrium.

Indeed, Figure 7.20, shows that the isothermal profile results in dR/dz = 0. From
equation (7.84), it also results dQ/dz ~ 0 and hence it would not cause convection to
develop. Hence it is not the radiation activity that creates convection; rather its cause is a
series of changes acting at many scales (Koutsoyiannis and Tsakalias, 2025; see also
Digression 7.D).

This finding is consistent with Harde and Schnell (2022), who clarified the
importance of the temperature difference over the propagation path of the radiation and
thus the lapse rate in the atmosphere. In a similar vein, Pierrehumbert (2010) stated: “the
greenhouse warming depends on the lapse rate. For an isothermal atmosphere (R/c, = 0)
there is no greenhouse warming”. Further, Lindzen (2012, 2018) stated that in the case of
“a uniform temperature, there wouldn’t be a greenhouse effect”. Also, van Wijngaarden and
Happer (2023) stated: “Once the surface and the atmosphere have reached the same
temperature, the temperature |[...] of the surface will be the same value the Earth would have
if there were no atmosphere at all’. The plausibility that the atmospheric profile of
thermodynamic equilibrium is also at radiative equilibrium has been studied in
Koutsoyiannis (2026a; Appendix A.4) by means of simple and transparent calculations
rather than sophisticated models. These simple calculations are consistent with RRTM
results and all above statements for an isothermal atmosphere.

This is contrary to the idea that without convection a steep nonlinear temperature
profile would be developed. Would a second equilibrium profile, in which again there is
no connection, be possible to exist, and why? Is the steep nonlinear “pure radiative
equilibrium” profile of Manabe and Strickler plausible or realistic? Both the isothermal
profile and the Manabe and Strickler profile refer to idealized conditions, without
convection. Because residual convection, advection, and latent-heat release never vanish
completely, they constitute asymptotic references rather than attainable end-states.
Therefore to study if any of the two is plausible we should examine the tendencies of
several atmospheric features with respect to decreasing convection. The evidence based
on such tendencies does not support the plausibility of the Manabe and Strickler profile.
Namely:

e As convection decreases, the real-world data of atmospheric profiles show a
tendency to an isothermal, rather than a steep, profile (Figure 7.31 and Figure
7.32).

e As lapse rate increases to superadiabatic values, the RRTM results show a
tendency to an asymptotically constant surface temperature (clearly visible in
Figure 7.17), rather than a radical increase suggested by the Manabe and Strickler
“pure radiative equilibrium” profile.
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e The general behaviour of the RRTM-derived radiative flux gradient dR /dz (seen in
Figure 7.20) make it paradoxical to suggest that a high temperature, as suggested
by Manabe and Strickler, would achieve radiative equilibrium without convection.
In particular, the steepest gradient in Figure 7.20 clearly suggests a tendency to
the isothermal profile, rather than to an even steeper gradient to reach the Manabe
and Strickler profile.

e All analyses converge on the conclusion that increasing the lapse rate enhances
convection, while according to the Manabe and Strickler profile, a very steep slope
would be possible without convection.

Inconsistency of the Manabe and Strickler’s “pure radiative equilibrium” profile
with linear profiles

Linear profiles are empirically supported by long-term observations and, within a general
theoretical framework correspond to the condition 02T/ dz% = 0. On the other hand,
Manabe and Strickler’s “pure radiative equilibrium” profile is nonlinear. Forcing the
temperature profile to remain linear, while being as close as possible to the Manabe and
Strickler is therefore a relevant comparison and could be easily implemented using RRTM.

To this aim, Koutsoyiannis (2026a, Appendix A.5) used several linear profiles that
mimic the steep lower part of Manabe and Strickler’s curve, which is reproduced in Figure
7.33 (digitized from their Figure 4 from Manabe and Strickler, 1964) enveloping this
curve. Specifically, he used three families of linear temperature profiles. Each family is
characterized by a ground temperature T (assumed equal to T;(o, corresponding to the
pressure level of 1000 hPa), namely 330 K, 315 K and 300 K. The examined lapse rates I
vary between 10 K/km and 30 K/km, as specified in the caption of Figure 7.33 for each
ground temperature. Such values are far beyond realistic ones; they are used only to
create the envelope and are mathematically necessitated by the fact that the Manabe and
Strickler profile is very steep, with surface temperature for the radiative equilibrium as
high as 332.3 K. It is observed in the figure that the envelope for T; 400 = 330 K covers the
entire curve, while that at the other end, T}y = 300 K, leaves out a non-negligible part of
the curve.

Given Tjgo9 and I, RRTM can directly determine the loss, gain, or equilibrium of
energy from the Earth considering both SW and LW radiation. The RRTM results are
plotted in Figure 7.34, from which we can readily make the following observations:

e Inall cases, there is a loss of energy, and equilibrium never appears.

e The loss of energy is an increasing function of (a) the ground temperature and (b)
the lapse rate.

e The case where T;409 = 330 K, which (a) is closest to the Manabe and Strickler
surface temperature of 332.3 Kand (b) envelopes their entire curve, results in very
high energy loss.

Hence, the RRTM results show that if linearity of the vertical temperature profile,
which is consistent with empirical evidence, is set as a requirement, in a manner that they
approximate the nonlinear Manabe and Strickler’s curve, then pure radiative equilibrium
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with these steep linear profiles does not hold. Rather, the RRTM calculations show
substantial energy loss for all examined cases. The imbalance is largest for the family that

most closely envelopes the nonlinear Manabe and Strickler’s curve (T;00 = 330 K).
100
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Figure 7.33 Explanatory schematic for comparing Manabe and Strickler’s radiative equilibrium
curve (digitized from their Figure 4) with RRTM results using three families of linear temperature
profiles, starting at ground temperature T (assumed equal to T; 4o corresponding at the pressure
level of 1000 hPa) and having appropriate lapse rates I". The envelopes for all examined I" shown
in the schematic have, respectively, minimum and maximum values of 14 K/km and 30 K/km for
T =330 K, 12 K/km and 18 K/km for T = 315 K, and 10 K/km to 12 K/km for T = 300 K.
(Reproduced from Koutsoyiannis, 2026a.)

90
80
70
60
50
40

30

Energy loss rate (W/m2)

20 —@— Surface temperature 330 K
10 —l— Surface temperature 315K
—&— Surface temperature 300 K

10 15 20 25 30
Lapse rate, I (K/km)



IS RADIATION RESPONSIBLE FOR THE LAPSE RATE? 341

Figure 7.34 Energy loss rate (difference between outgoing and incoming total radiation on
Earth’s TOA) resulting from RRTM for default parameters. Continuous lines correspond to the
assumptions described in the text and to the envelopes of Figure 7.33, while dashed lines
correspond to additional RRTM runs in which the two vertical lines in the envelopes of Figure 7.33
(corresponding to low pressure, p < 300 hPa) are forced to coincide at 190 K. (Reproduced from
Koutsoyiannis, 2026a.)

Adaptability of atmospheric emission and the restoration of radiative equilibrium

As already mentioned in the beginning of this section, in the proposed scheme ARE is not
absent, but constitutes the final link of the chain shown in Figure 7.22 (lower). Specifically,
ARE is necessary for the maintenance and stability of the lapse rate, which is created by
convection. Its functioning is the adjustment of the energy balance, as the restorative
mechanism described by the notion of Le Chatelier’s principle. Indeed, the emission of LW
radiation by the atmosphere is highly adaptive and is therefore regarded here as
emergent from Le Chatelier’s principle, while the lapse rate is dictated by atmospheric
thermodynamics. While the emissivity of Earth’s surface €g is almost constant and close
to 1, the bulk atmospheric emissivity €, is not a physical constant. Rather, it increases
with rising temperature for several reasons, thereby enhancing the adaptivity still further.
One such reason is the spectral shift, described by Wien’s displacement law (equation
(7.26)). As temperature increases, A,,,x decreases and the spectrum shifts toward smaller
wavelengths. As illustrated in Figure 7.15, this shift brings a larger portion of the spectrum
into the region where water vapour is strongly radiatively active, thereby increasing the
effective emissivity. Yet at lower temperatures (high altitudes), it is the carbon dioxide
that becomes more active, as the emission band is centred at its thermal emission peak
(14-15 pm). Still, the relationship of emissivity with temperature is dominated by the
presence of water, which varies in space and time, hence leading to variability in €,.

Another reason originates from the geometric distribution of the probability that a
photon of frequency v is emitted. According to equation (7.13) (setting j = 0), this equals
1 — Py = exp(—hpv / kgT), which entails that the probability increases with increasing
temperature. Also, at higher temperatures, molecules have high kinetic energy, and
collisions are more frequent. A large percentage of molecules are constantly bumped into
excited states, giving a higher emissivity at higher temperatures.

An additional reason is related to the fact that the saturation water vapour pressure
increases almost exponentially with temperature. For the same relative humidity, the
concentration of water molecules tends to be higher at higher temperatures. As water is
the strongest RAG, this results in higher bulk emissivity.

This should be combined with another factor which is not directly related to
temperature, but it becomes relevant in the presence of a positive lapse rate: the rise in
temperature goes together with the rise in pressure. At higher pressure, collisions are
more frequent, again resulting in higher bulk emissivity at higher temperatures.

Therefore, changes in LW radiation required to satisfy changes in the radiation
balance can be effectively taken up by much smaller changes in temperature, without
producing changes in the lapse rate. The above factors make the emission from the
atmosphere flexible enough, so as to restore the energy equilibrium in due time. As a
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combined result of all these factors, in the standard atmosphere the atmospheric
emissivity drops from over ~0.80 near the ground to ~0.10 near TOA, while at the same
time the temperature drops from an average of 288 K near the ground to less than 230 K
at the tropopause.

But even the bulk emissivity of the atmospheric column as a whole changes in time
and space. We can see this using satellite CERES data of LW radiation flux and a simplified
model, in which the atmosphere is represented as a box with average temperature T and
average emissivity e,. The LW radiation emitted by the atmosphere will be

LA = EABA! BA = O-SBTA4 (790)

where B, is the blackbody radiation at temperature T, and €, is the emissivity of the
atmosphere. The same quantity L, will be outgoing at the TOA and downwelling at the
surface. On the other hand, the LW radiation emitted by Earth’s surface will be

LS = EsBs, BS = O-SBTS4 (791)

with the symbols having the same meaning as above but with the subscript S denoting the
Earth’s surface. Using Kirchhoff’s law (absorptivity = emissivity), we conclude that the
atmosphere absorbs a fraction €, of Lg, i.e., €4 Ls while the remainder (1 — €4)Lg will find
its way to space. Hence the total outgoing LW radiation will be

LTOA = (1 - EA)LS + EABA (792)
Solving for €, we find

= Ls — Ltoa _ €sBs — Ltoa
A Ls — B €sBs — By

(7.93)

Here we can conveniently set eg = 0.95, calculate Bg from the observed Ts = Ty, and
use the CERES value of Ltgs. However, B, is unknown because T, is unknown—and
likewise €5. We can only set the inequality constraints

0< €a < 1, Tminobs < TA < TS (794)

where Tpinobs 1S the minimum of the all-year average temperatures among all levels for
each of the geographical zones.

The nature of the problem we deal with here is not to calculate exact values of the
unknown quantities, which is impossible, but to provide evidence on the large variation
of the bulk emissivity €,. If the minimum possible variability is still high enough, then the
evidence sought is substantiated. The minimum possible variability can be found by
minimizing the sum of variances of € regarded to be stochastic variables, with j =

1,...,12, denoting each of the 12 zones. The problem formulation is:

12
o1
Minimize 'y Zvar [EA]] (7.95)
J:
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subject to the inequality constraints in (7.94). To calculate the values of €, minimizing the
quantity in (7.95) we assume a parametric model expressing T, as a function of Ts. The
most parsimonious model is the linear:

Ty = aTs + b (7.96)

Higher order polynomial expressions were also tried but there was no improvement in
the solution and thus we kept the linear expression. The parameters were found by the
solving the optimization to be a = 0.436,b = 109.2 K. The resulting values of €, are
shown in Figure 7.35 and the minimal possible range extends from 0.4 to 0.8, which is
consistent with values reported in literature.
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Figure 7.35 Monthly values of the emissivity €,, as estimated by the optimization procedure
described in the text vs. temperature for the entire period of CERES data availability (Mar 2000 -
Jul 2024). The temperature and emissivity values are monthly averages for each of the 12
geographical zones. (Reproduced from Koutsoyiannis, 2026b.)

In zone 1 there appear values > 0.8 up to 1, but this extended range is artificial. It
appears that it reflects the fact that in the Antarctic plateau the atmospheric inversion is
frequent and this results in cooling, rather than warming, of the surface (Koutsoyiannis
and Tsakalias, 2025; Koutsoyiannis, 2026b).

Having in mind that Figure 7.35 depicts minimum, rather than actual, ranges and that
even for a fixed zone and a fixed temperature the value of €, varies by +20%, we conclude
that the atmosphere has sufficient flexibility to play its restorative role—which is not an
immediate reaction but a process requiring a seasonal or annual scale.

Summary of results

Summarizing the results of this section, the proposed alternative scheme proves superior
to the classic Manabe and Strickler scheme. The mechanism responsible for the observed
lapse rate seem to be convection, rather than radiative processes, while the steep pure
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radiative equilibrium curve of the latter scheme proves to be implausible. The evidence
supporting the proposed scheme and opposing the classic scheme includes the following
points:

1. The near constancy of the lapse rate on time scales as fine as the daily, while the LW
radiation from the surface, Lg, from the TOA, L1y, or the difference between the two,
Lg — Ltoa, show large seasonal and spatial variations.

2. The different seasonal and spatial patterns in the relationship between the lapse rate,
I', and the difference Lg — Ltga, while the relationship of I' with temperature remains
fairly unchanged through seasons and geographical locations.

3. The poor performance of Lg — Ltga as an explanatory variable for I", when the entire
globe is considered, while Lg per se (and indirectly the surface temperature, Ts) has
the best performance, in which the inclusion of Ltga in any linear combination with
Ltoa does not result in any improvement.

4. The tendency of the atmospheric profile to the isothermal and the distancing away
from the steep Manabe and Strickler curve as the intensity of convection decreases.

5. Theincrease of surface temperature, as calculated by RRTM, with the increase of lapse
rate, which is also associated with increased convection intensity, which contrasts
Manabe and Strickler’s implication that convection is associated with decreased
surface temperature. This should be viewed on a macroscopic basis including the
entire air column and the formation of the lapse rate per se, and not as a local
phenomenon (it is true that on a local scale, e.g., above warm ground, convection
removes heat).

6. The stability of the isothermal profile both thermodynamically and radiatively, in case
of absence of convection. This is contrary to the idea that without convection a steep
nonlinear temperature profile would be developed.

7. The huge energy imbalances, as calculated by RRTM, that appear when a steep linear
profile (approximating the nonlinear Manabe and Strickler’s profile) is assumed.

8. The high variability and hence flexibility of atmospheric emissivity, which, given a
temperature profile that is fixed by thermodynamics, makes the restorative
mechanism in the radiative energy balance possible.

7.8 Is the atmosphere a greenhouse?
What is a greenhouse?

As emphasized in Digression 2.A (devoted to the Aristotelian notion of sapheneia), clarity
of concepts and terminology is essential in science and absence thereof creates suspicion
of non-scientific motives. In strict scientific terms, a greenhouse is a structure that is
designed to regulate the temperature and humidity of the environment inside. Such
constructions had their origin in Roman times (Janick and Paris, 2022), and initially aimed
to insulate a garden during the night. When greenhouses became common at the 17th
century, they were outfitted with glass. In modern times the cover and walls can be plastic,
usually low-density polyethylene (LDPE).
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It was thought that the glass’s opacity to LW radiation was the mechanism causing
warming of the greenhouse, by letting SW radiation in and trapping LW radiation. This is
not accurate, as testified by both Roman and modern technology. In particular, LDPE is
transparent to LW radiation.

In fact, in a real greenhouse, the mechanism of warming is the blocking of convection,
which otherwise would transfer heat from the inside farther away. This is known since
more than 100 years ago, by a laboratory experiment. Specifically, Wood (1909) made an
experiment using two similar boxes, one having a glass cover (trapping LW radiation) and
the other a cover of rock salt (allowing LW radiation to pass through). He observed a
maximum temperature of about 55 °C in each box when exposed to the sun and concluded
that the function of the cover is mainly to prevent the loss of heat by convection (air flow),
rather than the escape of LW radiation. Based on this finding he stated: “the loss of
temperature of the ground by radiation is very small in comparison to the loss by convection;
in other words |...] we gain very little from the circumstance that the radiation is trapped”
and “It seems to me very doubtful if the atmosphere is warmed to any great extent by
absorbing the radiation from the ground.” Abbot (1909) discussed Wood’s (1909) work
and agreed that the main function of the cover of a “hot-box” or “hot-house” is to prevent
loss of heat by convection. On the other hand, he opined that in the atmosphere there was
a “blanket effect” that results in a temperature increase of 31 °C.

Several modern scholars have repeated Wood’s (1909) experiment or different
settings thereof (Nahle, 2011a,b; Spencer, 2013a,b; Pratt, 2016; Seim and Olsen, 2020;
Arveson, 2023) finding contradicting results. In fact, however, even the supporters of the
“atmospheric greenhouse effect” verify with their experiments the dominance of
preventing loss of heat by convection, rather than a radiative effect. For example, Arveson
(2023; his Fig. 5) found that in his experimental hotbox covered by polyethylene, which
does not prevent the escape of LW radiation, the temperature increased from ambient
temperatures 5-25 °C to more than 90 °C. At the same time, in his glass-covered hotbox
the typical difference in temperature was 8 °C. In other words, preventing heat loss by
convection has an effect of about an order of magnitude higher than preventing heat loss
by LW radiation.

Historical overview of the analogy

Modern scholars massively use the term “greenhouse effect” for the atmosphere and
attribute its “discovery” (or better the confusion caused by this term) to Arrhenius (1896),
but Fleming (1998) notes that this attribution is misleading and incorrect. He adds that
the history of the greenhouse effect is not well known either outside or inside the
atmospheric sciences. What Arrhenius (1896) actually stated is: “Fourier maintained that
the atmosphere acts like the glass of a hothouse, because it lets through the light rays of the
sun but retains the dark rays from the ground.” Notably, he used the term “hothouse”
instead of “greenhouse”. However, as noted by Fleming (1998), Fourier's article is not in
essence about the “greenhouse effect”.

The term “greenhouse” was likely used for first time for the atmospheric behaviour
by Ekholm (1901), a Swedish meteorologist and a close colleague of Arrhenius, who
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wrote: “the atmosphere may act like the glass of a green-house, letting through the light
rays of the sun relatively easily, and absorbing a great part of the dark rays emitted from
the ground, and it thereby may raise the mean temperature of the earth’s surface”.

The first who appears to have used the term “greenhouse effect” (and also “blanketing
effect”) for planetary atmospheres was Poynting (1907) who clearly stated, “A planetary
atmosphere no doubt acts in some such way as the greenhouse glass.” His theory was
criticized a year later by Very (1908) who asserted that no reasonable modification would
enable the simple formula for a glass greenhouse to fit the atmospheric conditions on the
Earth.

The analogy of the atmospheric behaviour in terms of LW radiation, with the glass in
a greenhouse or with a blanket was adopted by Humphreys (1913) who stated, “it is true
that carbon dioxide is more absorptive of terrestrial than of solar radiation, and that it
therefore produces a green-house or blanketing effect”. Likewise, Trewartha (1954; first
edition in 1937) wrote: “The greenhouse depends for a large part of it heating upon the
principle that the glass roof and sides permit free entrance of solar energy but, on the other
hand, prevent the escape of long-wave heat energy.”

It is noted that the Intergovernmental Panel on Climate Change, does not make any
cautionary note about the inappropriateness of the term “greenhouse”, which it uses
massively in all its assessment reports, from the first (IPCC, 1990) to the last (IPCC, 2021).
In particular, in its fourth assessment report (IPCC, 2007) it uses equivalently the term
blanketing effect: “The reason the Earth’s surface is this warm is the presence of greenhouse
gases, which act as a partial blanket for the longwave radiation coming from the surface.
[...] Clouds, on the other hand, do exert a blanketing effect similar to that of the greenhouse
gases; however, this effect is offset by their reflectivity, such that on average, clouds tend to
have a cooling effect on climate (although locally one can feel the warming effect: cloudy
nights tend to remain warmer than clear nights because the clouds radiate longwave energy
back down to the surface).”

Similar is the situation in glossaries of several learned societies, such as WMO (1992)
which severely misrepresents the term “greenhouse climate/climat de serre”. The United
States National Oceanography and Atmospheric Administration (NOAA) does not issue
any warning in its glossaries (NOAA, undated 1,2) but it does so in other information sites.
Thus, NOAA (undated 3) states: “This atmospheric process is referred to as the Greenhouse
Effect, since both the atmosphere and a greenhouse act in a manner which retains energy as
heat. However, this is an imperfect analogy. A greenhouse works primarily by preventing
warm air (warmed by incoming solar radiation) close to the ground from rising due to
convection, whereas the atmospheric Greenhouse Effect works by preventing infrared
radiation loss to space.” The American Chemical Society (ACS, undated) used to promote
the following clear warning, which looks to have been withdrawn after 2024: “The
atmospheric gases and a greenhouse work in quite different ways, but the resulting effect,
higher temperature in both cases, has led to the nomenclature ‘greenhouse gases’ for the
atmospheric gases responsible for the atmospheric warming effect. Although this
nomenclature is misleading, it is in such common use that we use it here as well.” Also, the
American Institute of Physics (AIP, 2025) clarifies that “greenhouses are kept warm less by
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the radiation properties of glass than because the heated air cannot rise and blow away”.
Additional information on the subject can be found in Gerlich and Tscheuschner (2009)
and Arveson (2023).

Based on the above review of experiments and related documents, we may
summarize the flaws of the “greenhouse effect” analogy in the following points.

Mechanism mismatch: convection vs. radiation and implication of a static barrier

In a real greenhouse, heat is trapped primarily by preventing convection—the glass or
plastic cover stop warm air from escaping, keeping the interior warm. In contrast, the
atmospheric radiation effect relies on maintenance of convection, whose absence would
drive the atmosphere to the isothermal equilibrium state (as is in a real greenhouse). An
isothermal atmospheric column would have a temperature of about 255 K and thus, the
Earth’s surface would be cooler than the current average of 288 K. In this respect, what
has been called “greenhouse effect” should have better been called an “anti-greenhouse
effect”. The atmospheric radiative processes, namely transmittance, absorption and re-
emittance of radiation, certainly play a role in warming the Earth’s surface. However,
without convection and the lapse rate this role would disappear as we saw in section 7.6.

Furthermore, a greenhouse has fixed glass or plastic cover and walls, which create a
controlled, enclosed environment. The atmosphere, however, is dynamic, with gases
mixing, circulating, and interacting across layers. The analogy would suggest that physical
barriers are involved, which does not accurately reflect the molecular-level radiative
absorption in the atmosphere. Furthermore, the analogy would imply a static, uniform
heat trap, whereas radiative processes vary by location, altitude, and time due to
atmospheric dynamics. Adopting the analogy misleads people into thinking the
atmosphere is a sealed system, protected by a blanket, and ignoring its fluid and variable
nature.

Oversimplification and non-holistic view of complex processes

Radiation in the atmosphere involves multiple factors, various gases with their specific
absorption spectra, altitude and lapse rate effects, interaction of atmosphere with land
and oceans, and feedback loops. The greenhouse analogy reduces them all to a single
image of heat being trapped, like in a greenhouse structure. It glosses over critical details,
such as how different processes contribute to temperature changes or how heat is
redistributed globally. The analogy leads to misconceptions about the scale and nature of
atmospheric processes, making it harder to grasp the accurate scientific picture. It may be
speculated that this is deliberate, as the analogy by obscuring the complexity of climate
dynamics, serves non-scientific purposes.

An idea of the oversimplification and non-holistic view of the complex processes is
provided by Figure 7.15, where it can readily be seen that radiative activity of gases is not
limited to LW but also extends to SW radiation. Furthermore, as seen in Figure 7.36 (left),
constructed from RRTM results, the SW radiation is not a universal constant but varies
with altitude, and the variation becomes substantial in the presence of RAGs.
Furthermore, as seen in Figure 7.36 (right), the LW downward radiation flux is strongly
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correlated with the SW downward radiation flux in a negative pattern. Isolating the LW

radiation, as the greenhouse analogy implies, is unscientific.
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Figure 7.36 (left) SW downward energy flux as a function of altitude for the indicated cases
(standard or isothermal atmosphere, with or without RAGs and without clouds); (right). LW
downward energy flux as a function of SW downward energy flux for the same cases. The values
plotted were calculated by RRTM with default values of the related parameters. (Reproduced from
Koutsoyiannis and Tsakalias, 2025; Appendix SA.)

Unjustified emphasis on particular gases

As repeatedly emphasized, it is the temperature gradient that maintains a surface-level
global average temperature at about 288 K, with radiatively active gases and clouds
playing a complementary role. This does not reflect a “greenhouse effect”, as its origin is
not the radiatively active gases but the macroscopic processes that cause the temperature
gradient, which were described in Digression 6.1 and further quantified Digression 7.D.
Yet the dominant narrative misleadingly gives the emphasis to the CO; as a “greenhouse
gas” that is a “control knob”. This misleading approach extends beyond Earth, most
notably to Venus, whose atmosphere is composed primarily by CO, (at a mole fraction of
about 97%; Taylor and Hunten, 2014.). The very high temperature of Venus’s surface, of
more than 700 K is usually attributed to the abundance of CO,.” This misses the facts that:
(a) Venus has a troposphere extending to an altitude of 60 km; (b) it has a dry adiabatic
lapse rate of 10.5 K/kmf; (c) the actual lapse rate in the entire troposphere is very close
to the dry adiabatic (Taylor and Hunten, 2014), which suggests an isentropic profile; (d)
convection with cellular structures dominates in the atmosphere (Belton et al., 1976); (e)
relatively low temperatures of about 260 K (but higher than in the Earth) appear in the
tropopause and much lower, of about 120 K (lower than in the Earth), appear in the
mesopause (Clancy et al, 2003); (f) while the overall system is complex, the
thermodynamically driven increase of temperature from the tropopause to the surface by
60 x 10.5 = 630 K fully explains the high surface temperature.

* For instance, NASA’s Venus Facts site contains the statement: “The atmosphere is mostly carbon dioxide—
the same gas driving the greenhouse effect on Venus and Earth” (https://science.nasa.gov/venus/venus-
facts/).

T https://pds-atmospheres.nmsu.edu/education_and_outreach/encyclopedia/adiabatic_lapse_rate.htm.
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In contrast, a real greenhouse has a simple function, maintaining a relatively uniform
warm temperature inside. Thus, the analogy implies that the entire atmosphere warms
uniformly in a simple manner, missing climate dynamics. Instead, in the atmosphere there
are numerous processes whose combined action warms the surface and the lower
atmosphere but not the upper troposphere. At the same time, it cools the lower
stratosphere (or the middle atmosphere in the case of Venus) and warms the upper
stratosphere.

Scientific terms to replace the non-scientific ones

For scientific clarity and accuracy, Koutsoyiannis and Tsakalias (2025) proposed
replacing the term “greenhouse gas” with radiatively active gas (RAG), comprising water
vapour and non-condensing radiatively active gases (NC-RAGs). They also proposed
replacing the term “greenhouse effect” with atmospheric radiative effect (ARE). ARE is the
influence of RAGs on the energy balance in the atmosphere by absorbing, emitting, and
scattering radiation across both SW and LW spectra. These processes influence the flow
of energy between the Earth’s surface, the atmosphere, and space. While the term
“greenhouse” is often associated primarily with heat-trapping, ARE explicitly recognizes
all radiative interactions in the atmosphere. It avoids the misleading analogy of a
greenhouse and is more applicable to a scientific framework that considers both SW and
LW radiation. These terms are also adopted in this book.

As will be seen in section 7.9, water vapour, along with the clouds it gives rise to,
dominate ARE, while CO; has a small contribution. Also, anthropogenic CO, emissions are
only 4% of the total, with the vast majority (96%) being natural (Koutsoyiannis et al,,
2023). Additionally, as will be seen in section 8.5, evidence suggests that changes in
temperature precede those in CO, concentration, thus challenging the assumption that
CO, drives temperature. For this reason, here we avoid using other popular terms such as
“radiative forcing” (e.g. Myhre et al., 1998) which imply that CO; is the temperature driver.

Digression 7.D: Quantification of changes in radiation affecting the
temperature profile

In Digression 6.1 we discussed the mechanisms leading the temperature profile out of equilibrium.
Table 7.3, provides a rough quantification of the associated changes in solar radiation reaching
the surface caused by these mechanisms. It is seen in it that some of them are of the order of 100%,
reaching the absolute maximum of 200%. This quantification is just indicative, not aiming at
quantitatively predicting the observed temperature profiles and its standard lapse rate of 6.5
K/km, which as discussed in section 6.24 is related to the macroscopic motion of air parcels in a
complex manner.
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Table 7.3 Typical changes that cause departure from the isothermal atmosphere through macroscopic
motion of air parcels, and their quantified effect on SW radiation processes. S1 and S: denote the
downwelling solar radiation at the surface level for the specified conditions 1 and 2, respectively; ¢, a and
C denote the latitude, albedo and cloudiness, respectively. (Reproduced from Koutsoyiannis and Tsakalias,
2025.)
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7.9 Relative importance of radiatively active gases and clouds

Several publications, among which Lacis et al. (2010) and Schmidt et al. (2010) are the
most popular, tried to quantify the contribution of the “greenhouse gases” to what they
call “greenhouse effect”, and suggested that CO, is the climate “control knob”. While, as
already noted in Digression 7.C, they recognize the high contribution (about 75%) of
water vapour and clouds, they regard them as results of feedback processes of the CO,
control. However, when examined through a more holistic stochastic and thermodynamic
lens (as developed in this book), their methodology is problematic and their results
incorrect. Furthermore, the comparisons they make refer to imaginary-world cases.

A mathematically and physically consistent methodology was developed
Koutsoyiannis (2024). This general mathematical methodology to determine the relevant
importance of several factors affecting a certain process, is very simple, intuitive and
accurate, and is based on relative changes of these factors around a reference state that
represents the reality, rather than an imaginary state.

Let L be a quantity of interest (in our case the LW radiation flux) that depends on
several factors Fj, the explanatory variables. To determine the relative importance of each
of the factors F;, we consider the relative change S6L/L produced by a relative change
O F;/F; in the factor F; and we take the ratio:

8L &F, &L F

7/ T SR L (7.97)
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As 8F; becomes small, the ratio §L/8F; tends to the partial derivative dL/dF; and hence
the above quantity becomes

! F
oL i = 1t (7.98)

where Ly, :=0L/0F; is the partial derivative of L with respect to F; and L’}?i =

01InL/0dInF; is the partial log-log derivative (LLD) of L with respect to F; (see section 3.6).
Considering all explanatory variables, the total differential is

oL
dL = Z oF, dF; (7.99)
l
and hence
dL 0L F; dF; dF; “
d(InlL) =T= ———=Z T ZL dInF; (7.100)

_0F, L F,
l

The partial LLD, L#l_, reflects the relative importance of the specific factor F;. To see
this, let us consider a quantity L affected by two factors F; and F,. A small relative change
&F,/F; in F;, equal to a, without any change in F,, will result in a change of the dependent
quantity L equal to (8L/L), = L}, 6F,/F, = L} a. Likewise, a small relative change
6F,/F,, in F,, again equal to a, without any change in F; will result in a change of
(8L/L), = L}, a. Hence,

¥
—Egi%: =5 (7.101)
F,

which means that the relative change in the quantity of interest due to changes in the
explanatory variable is proportional to the partial LLD. Notice that all related quantities
are dimensionless. For most of the systems, the partial LLDs are not constant but change
with the values of F;. Therefore, we must first specify a reference point of interest (with
its coordinates F;) and then calculate the partial LLDs at this very point.

A numerical illustration is given in Table 7.4 for four cases, with the functions
L(F;, F,) (namely linear, power and exponential) and parameter values specified in the
table. All illustrated functions have the property L(0,0) = 0. It is seen only in the case of
the power function is the relative importance independent of the reference point.
Interestingly, the linear and exponential cases result in precisely the same expression for
the ratio of the relative importance L, /L# , which is a function of the parameters and also

of the coordinates of the reference point. For confirmation of the results, L}, /L}. is

calculated by two methods, numerically by assuming 10% increase in the values of each
of the affecting factors and analytically by equation (7.101). In all cases the numerical
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results are close to the analytical (and would be even closer if the increase were assumed
smaller than 10%).

Table 7.4 Illustration of the method to determine the relative importance of a quantity L affected
by two factors F;, F,, in a linear, power or exponential function with the indicated parameter
values. The meaning of the symbol “F; —” is that F; is kept unchanged with respect to its reference
value, while “F; 7" means that F; is increased by 10% with respect to its reference value. The
relative importance Lﬁl/L’f:Z is calculated by two methods, numerically by assuming 10% increase
in the values of each of the affecting factors (values without parentheses) and analytically by
equation (7.101) (values in parentheses).

Case examined and Function values, L(F;, F,) Changes in L(Fy, F;) Lﬁ-l
reference point F—F- FN2.FE- FE—-FY FK1.FR- F—F1 L¥

2
Linear: L(Fy, F,) = a1 Fy + ayFy, L} /L = (ayFy)/(azF2), a0 = 2,0, = 1
F,=1F, =01 2.10 2.30 2.11 9.5% 0.5% 20 (20)
FF=1F=1 3.00 3.20 3.10 6.7% 3.3% 2(2)
Power: L(Fy, F,) = F"F%, L}, /L = ay/az,0, = 2,0, = 1
F,=1F, =01 0.10 0.12 0.11 21.0% 10% 2.1(2)
F,=1F=1 1.00 1.21 1.10 21.0% 10% 2.1(2)
Exponential: L(F;, F,) = 1 — exp(—(a; F; + aze)),Lﬁl/Lﬁz = (a1F)/(ayF,),a; =2,a, =1
F,=1F, =01 0.878 0.900 0.879 2.53% 0.14% 18.2 (20)
FF=1F=1 0.950 0.959 0.955 0.95% 0.5% 1.90 (2)
Exponential: L(F;, F,) =1 — exp(—(a1F1 + aze)),Lﬁl/Lf«Z = (a,Fy)/(ayF,),a; =5,a, =5
F,=1F, =01 0.996 0.998 0.996 0.16% 0.02% 8.07 (10)
FF=1F=1 0.99995 0.99997 0.99997  1.8x10-5 1.8x10-5 1(1)

The last of the entries in Table 7.4 illustrates the reasonable behaviour of the method
in an extreme case of a nonlinear function L(F,F,) =1 — exp(—S(F1 + Fz)). For an
intuitive interpretation let us assume that L(F;, F,) represents the likelihood of a potential
victim being dead after he was shot by two killers, and F;, F, are scores of each of the
killers in hitting the target. If both are completely incompetent Killers, i.e., F; = F, =0,
then L(F;, F,) = 0. If the first Killer is very competent (F; = 1) and the second highly
ineffective (F, = 0.1), then L}, /L%, = 10 (analytical result, with the numerical result
being 8.07). Indeed, in such a case, if we see the victim dead, it is reasonable to infer that
the odds that he was killed by the first or the second killer is 10:1. If both killers are very
competent (F; = F, = 1), then L}, /L% = 1. Indeed, in such a case, it is reasonable to
assign equal “contributions” to each of the two killers.

The method is quite general and can be applied to any problem and any reference
point of interest. The final equation (7.100) allows the decomposition of the relative
change dL/L due to the relative change dF;/F; of each of the different explanatory
variables.

Returning to our specific problem. i.e. to determine the contribution of the different
gases to the ARE, we use the relationships developed by Koutsoyiannis (2024) between
the downwelling and outgoing LW radiation fluxes with the variables that influence them,



RELATIVE IMPORTANCE OF RADIATIVELY ACTIVE GASES AND cLouDs 353

namely, temperature, water vapour pressure, carbon dioxide concentration and
cloudiness. The LW radiation fluxes were estimated using outputs from MODTRAN (see
section 6.24), while the effect of clouds was estimated using cloudiness information from
CERES (see section 7.4). Based on the HITRAN database (see section 7.6), MODTRAN is
regarded to be a reliable model, having been extensively validated in its over 30-year
history, and serving as a community standard atmospheric band model. It simulates the
emission and absorption of infrared radiation in the atmosphere, and particularly the
effect of wavelength-selective RAGs on Earth's LW radiation flux. The specific
implementation used is that of the University of Chicago, readily provided as an
interactive web application™. The application is based on the five different locality cases,
(already mentioned in section 6.24) which differ most significantly in their temperature,
water vapour and ozone profiles. The application offers default values of several
characteristics for each locality profile but also allows modifying these values (e.g., by
offsetting temperature and holding fixed either the water vapour pressure or the relative
humidity, or by multiplying the water vapour scale by a constant). Finally, in addition to
the clear-sky conditions, it enables the use of several different cloud types.

A series of systematic MODTRAN runs around the values of the standard tropical
profile, i.e., [CO;z] = 400 ppm and for surface T=299.7 K and e, = 19 hPa, with ranges of
200 - 800 ppm for [CO;], #2 K for T and +10% for e,, gave the results shown in contour
graphs in Figure 7.37 for the downwelling LW flux and in Figure 7.38 for the outgoing flux.
Both figures suggest that the relationships among the involved variables are simple and
that macroscopic representations are possible. Figure 7.37 shows a linear effect of e, and
a logarithmic one of [CO;] on the variation of the downwelling LW flux. In addition, it
shows that a +10% change in e, has a larger effect than a doubling or halving of [CO,].
Similar are the results of Figure 7.38, but with smaller differences in the effects of the two
factors.

Based on such results, after additional MODTRAN runs for all profiles and wider
ranges of variable changes, the following equation was found to be the best fitted for the
downwelling flux near the surface, Lp and outgoing flux at the TOA, Lq:

e TN\ | (eq\Te [CO,]
LD,O =L <1 + (F) i (e_;> > <1 i acoz 11’1@) (1 i_ acc) (7102)

with [CO,], = 400 ppm. This includes two groups of optimized parameters, namely (a)
dimensional, L*, T*, and e; with units [L], [T], and [e,], respectively, and (b) dimensionless
N1, Ne,» Aco,and ac. Excepting the last one, referring to the cloud area fraction, C, and
already discussed in section 7.4, all others were optimized based on clear-sky MODTRAN
results, and their values are contained in Table 7.5.

* MODTRAN Demo, http://modtran.spectral.com/modtran_home (accessed 19 February 2024). Additional
web applications can be found in other sites, such as MODTRAN Infrared Light in the Atmosphere.
https://climatemodels.uchicago.edu/modtran/.
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Figure 7.37 Changes in the downwelling LW radiation, Lp, as calculated by MODTRAN, due to
changes in temperature (converted to blackbody radiation, ¢T*), and (upper) water vapour
pressure (e;) and (lower) carbon dioxide concentration ([CO;]). The calculations were made for
the tropical profile, no clouds and default other settings. For the upper graph it was assumed [CO,]
= 400 ppm and for the lower graph e, = 19 hPa. Notice that the scale of the vertical axis is linear
in the upper graph (with range +10% of the central value) and logarithmic in the lower graph
(with range from half to twice the central value). (Source: Koutsoyiannis, 2024.)
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Figure 7.38 As in Figure 7.37 but for the outgoing LW radiation, L,. (Source: Koutsoyiannis,
2024.)

As seen in Table 7.6, the performance measures of the fitting are very good and hence
the equation is a good macroscopic representation of the MODTRAN results. (See also
graphical comparisons in Koutsoyiannis, 2024).
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Table 7.5 Fitted parameters of Equation (7.102) for ranges of temperature 247.2 to 309.7 K (-
26.0 to 36.6 °C), water vapour pressure 1.08 to 20.9 hPa, and CO, concentration 200 to 800 ppm.

Signt L T*(K) e, (hPa) [CO2]o Nt Me Aco, ac’®

(W/m?) (ppm)?2
Downwelling, L,  + 27 181 6.36 400 45 1 0.015 0.34
Outgoing, Lo - 1 55  0.00302 400 35 05 0.015 0.15

1 Specific sign to replace + in Equation (7.102).

2 Not necessary to optimize.

3 These are global values; for values of outgoing radiation per geographical zone see section 7.4 and
Koutsoyiannis (2024).

Table 7.6 Performance indices of macroscopic equation (7.102) with variable ranges and
parameters as in Table 7.5 (with L and L® denoting the MODTRAN and macroscopic equation
estimates, respectively).

Variable Range of L RMSE!in L NSE?2 of RMSETt in Maximum absolute
(W/m?2) (W/m2) L (%) relative error relative error
L°=L)/L(%)  |L°—LI/L(%)
Downwelling, L, 140.0 - 419.5 1.3 99.97 0.5 1.9
Outgoing, Lg 170.6 - 351.1 1.3 99.79 0.7 1.9

1 Root mean square error.
2 Nash-Sutcliffe efficiency (defined to be the difference from 1 of the ratio of the mean model square error
to the variance of the variable that is modelled).

Now, equation (7.102) allows analytical determination of the log-log derivatives and
hence the relative importance of each of the factors F; € {T, e,, [CO,], C}. This is made in
Table 7.7. MODTRAN also includes other, less important ARE drivers, i.e. CHa,
tropospheric ozone, stratospheric ozone, and freon, which were not modelled in the above
analyses. To calculate their bulk contribution, we increased each of the default values in
MODTRAN by 5% (8A0/AO = 0.05, where AO stands for “all other”), calculated 8L /L by
MODTRAN for the tropical and subarctic summer profile (for comparisons), and applied
equation (7.97) to calculate L%, which resulted in values also included in Table 7.7. The
relatively high value for AO (“all other”) in the outgoing flux is primarily due to the
influence of the stratospheric ozone, whose LW radiative activity appears to be non-
negligible.

It can be readily found using the values in Table 7.7, that the relative importance of
water vapour over [CO.] is 0.207/0.015 = 13.8 times for the downwelling flux, and
(=0.136)/(—0.015) = 9.1 times for the outgoing flux. The relative importance of clouds
over [CO,] is 0.186/0.015 = 12.4 times for the downwelling flux and (-0.112)/(-0.015) =
7.5 times for the outgoing flux. In other words, each of the related factors, water vapour
and clouds, is an order of magnitude more important than [CO;] in terms of the ARE.

Considering all above factors, Equation (7.100) is written as

d(InL) = L3d(nT) + L} d(Ine,) + Lico,;d(In[CO,]) + LEd(In ©) (7.103)

The first term in the righthand side, L%, is by far the most important factor determining
the LW flux. The other terms describe the ARE. Excluding the first term, i.e., setting dT =
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d(InT) = 0, Equation (7.103) allows breakdown of the relative importance of the
different ARE drivers. This is presented in Figure 7.39, where the compound importance
of water vapour and clouds is 95% and 87% for the downwelling and outgoing LW
radiation, respectively, while that of [CO;] is 4% and 5%, respectively.

Table 7.7 Relative changes of LW radiation fluxes at standard conditions, equal to the global

averages, T = 288.6 K, e, = 15.2 hPa, [CO,] = 400 ppm, C = 0.671, as calculated analytically and
numerically by Equation (7.102).

Case of relative Relative change Numerical value of relative change
change expression Downwelling flux ~ Outgoing flux
TAN\T
4 nr (T*
Ly TIT e \Te 3.18 4.44
1+ () £ (e_)
e Ne
# Ale e_2>
Le, TNIT e 0.207 -0.136
1+ () £ (3)
taco,
L, [CO,] 0.015 -0.015
[CO] 1t aco,Intn’
= 7€0-17CO, ],
Lt Fact 0.186 0.112
¢ 1 i acc ' e
(numerically
L3 0.006 -0.023
AO evaluated)
CO; All other All other
1% o, & Water vapour
Water vapour 22 48%

50%

Clouds
39%

Figure 7.39 Contribution of the ARE drivers to the LW radiation fluxes, (left) downwelling and
(right) outgoing. (Source: Koutsoyiannis, 2024.)

As Equation (7.103) is a direct quantification of the ARE, it provides a means to make
simple calculations, which help develop our intuition without resorting to non-
transparent climate models. To illustrate this, we consider the example of a relative
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change in [CO,] equal to a = §[CO,] /[CO,] = §In[CO,], while the total outgoing LW
radiation is constant (i.e. there is no change in the solar constant and the SW radiation
process). If there is no change in water vapour and clouds, then this change will be
counterbalanced by a temperature increase. Equation (7.103) with constants as in Table
7.5, will give 0 = 4.445(InT) + 0 — 0.015a¢ + 0 or §(InT) = (0.015/4.44)a = a/300.
That is, a change of 30% in [CO,] will result in 0.1% change in T—roughly 0.3 K. If the
change in [CO,] is counterbalanced by a change in water vapour without a change in
temperature and clouds, then Equation (7.103) will give 0 =0—0.136 8(Ine,) —
0.015a¢ + 0 or 6(Ine,) = —(0.015/0.136)a = —a/9. That is, a change of 30% in [CO,]
can be counterbalanced by a change of about -3% in water vapour pressure. Such
calculations do not take into account the interdependence of the different variables (for
example water vapour and clouds), yet they are useful to discern the relative importance
in changes thereof. Such dependencies, do not invalidate the methodology.

The results in Table 7.7 have been produced for average conditions prevailing in the
present atmosphere. If these conditions change because of any of the factors, the
dependencies thereof, or external influences, the partial LLDs should be evaluated at a
new point of the vector of explanatory variables. For additional information,
computational details, investigations using imaginary-world conditions and additional
graphical comparisons, the interested reader is referred to Koutsoyiannis (2024).

The above results differ substantially from those of the already mentioned studies by
Lacis et al. (2010) and Schmidt et al. (2010), who, using a different methodology,
attributed 75% to water vapour and clouds and 19% to CO,. Our results are closer to those
of Harde (2014), who presented exhaustive (line-by-line) spectroscopic calculations
based on the detailed representation based on HITRAN and confirmed the domination of
water and clouds in the absorption of both the SW and LW radiation. Specifically, Harde
found that only about 4% and 3.5% of the total of SW and LW radiation absorption,
respectively, can be allocated to CO,, taking into account the overlap of its spectrum with
that of the water vapour (and other RAGs).

The small importance of CO, and its negligible contribution to ARE of the changes of
its concentration have been empirically verified, as already reported in Digression 7.C,
thus confirming the correctness of the above results.






Chapter 8. Geophysical processes and stochastic induction

8.1 Introduction

The inference basis in all previous chapters was deduction—the strongest type of
inference, which allows for the foundation of concepts and the general understanding of
natural phenomena and their causes. But the applicability of deduction has limitations,
even in the very field of mathematics, as proved by Godel (see section 1.1). When referring
to complex geophysical processes, as is the subject of this chapter, it becomes impossible
to make quantifications and predictions only by deduction. The laws of atmospheric
thermodynamics derived in Chapter 6 and those of radiation in the atmosphere derived
in Chapter 7, in both cases following a deductive method grounded on stochastics, do not
suffice for a complete description of the state atmosphere, which is in perpetual change.
For this reason, in several applications we have also made non-deductive inference based
on observational data.

In this chapter, while we do not disregard the laws, we mostly rely on observational
data. The data series, particularly the long ones, provide precious information from which
we can infer regularities on the long term and use them in our macroscopic descriptions
and predictions. As described in Digression 4.A the inference based on data is called
induction and its theoretical background is in principle provided by statistics. Not on
classical statistics, though, which deals with samples, i.e., families of independent and
identically distributed random variables. As will be seen in next sections, the regularities
seen in long-term geophysical series include the recognition of dependence in time, which
renders classical statistics inapplicable. Yet stochastics can adapt the classical statistics to
deal with stochastic processes, instead of sample. This adaptation has been already made
in Chapter 4.

The data on climatic processes provide a perfect means to understand regularities
and irregularities in natural behaviours and therefore serve as the backbone of this
chapter. The enormous interest on climate in recent decades has resulted in a huge
accumulation of data, both instrumental and proxy, which provide a good basis for study.
We have already taken advantage of such data in previous chapters. In this chapter we
will use the same and other data sets to examine additional issues, not necessarily related
to atmospheric thermodynamics and radiation. In particular, we will focus on perpetual
changes in the climatic system and on causal relationships between different processes,
based on stochastic analysis.

By its very definition, climate is a stochastic concept and hence its study highlights
the usefulness of stochastics. However, the stochastic view of climate is not popular and
currently huge investments have been invested in developing and running complex
deterministic models as if climate were deterministically predictable. Our approach does
nor require complex models, but is based on data only, which typically falsify assumptions
used in climate models and results thereof.
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8.2 Definition of climate and its stochastic nature

Climate is a stochastic concept according to all existing definitions (see Digression 8.A),
even though the definitions avoid saying it outright. Here we attempt to generalize and
improve existing definitions of climate, proceeding in a hierarchical manner (avoiding
circular logic) and starting from the concept of the climatic system, as follows:

e (limatic system is the system consisting of the atmosphere, the hydrosphere
(including its solid phase—the cryosphere), the lithosphere and the biosphere,
which mutually interact and respond to external influences (system inputs),
particularly those determining the solar radiation reaching the Earth, such as the
solar activity, Earth’s motion and volcanic activity.

e (Climatic processes are the physical, chemical and biological processes, which are
produced by the interactions of the climatic system components and responses
to inputs through flows of energy and mass, and chemical and biological
reactions.

e C(limate is a collection of climatic processes in a specified area, stochastically
characterized for a range of relevant time scales.

According to our definition—and given that the term process means change
(Kolmogorov, 1931)—climate changes by definition. Thus, there is no need to define or
use the term climate change; actually, this latter term, which appeared in literature only
after the 1970s, serves non-scientific purposes (Koutsoyiannis, 2020b,c, 2021). Change
occurs at all scales (Koutsoyiannis, 2013b), and there is nothing particular about any
specific one, like the commonly assumed 30-year scale (see Digression 8.A). By studying
long observational series of atmospheric and hydrological processes, one would see that
the only characteristic scale with clear physical meaning is the annual. Beyond that, there
is no objective “border scale” that would support a different definition of climate. The
above definition includes scales beyond the annual, thus leaving out the smaller scales
(e.g. of several minutes or days) to be associated to weather.

The stochastic characterization, appearing in the definition of climate, includes all
statistics used in other definitions, such as averages, variability, extremes, etc. (Digression
8.A), and collectively encompasses all related concepts of the scientific areas of
probability, statistics and stochastic processes (Koutsoyiannis, 2021).

The main distinction between weather and climate is this. Weather, according to its
definition by WMO (1992; see also Digression 8.A), which is kept unchanged here, is the
state of the atmosphere at a particular time. This particular time could be a time instance
or a small time interval, say, an hour or a day or more, but not greater that the annual.
Climate refers to the entire climatic processes, represented as a stochastic processes,
throughout relevant time scales over the annual. Table 8.1 gives several examples that
clarify the distinction of weather and climate. It may be noticed in the notation and
mathematical expressions in Table 8.1 that both weather and climate are represented as
stochastic processes, which are given in the table in continuous time ¢, but are convertible
to discrete time 7. Specifically, the process symbols are underlined, as is our convention
for stochastic variables and stochastic processes.
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Table 8.1 Examples for clarification of the distinction between stochastic representation of
weather and climate.

Time

Date/time  Quantity Times? General formulaZ?
scales
Quantities that classify as weather
>June = 2010-06-15T12:00 x(t)
2010 12:00 |nstantaneous t= -06- : X
15 June
] Daily average t =2010-06-15 D=1d t
2010 21 (p) 1 f 5)d
=— [ x(s)ds
June 2010  Monthly average t = 2010-06-30 D=30d Y D -
t_
2010 Annual average t=2010-12-31 D=365d
15 June
1 1 3 = - - =
2010 Daily maximum3 ¢ = 2010-06-15 D=1d .
zPPI(t) == max x(s
June2010 ~ Monthly t =2010-06-30 D=30d (©) =, rpax x(s)
maximum
2010 Annual maximum ¢t =2010-12-31 D =365d

Quantities that classify as climatic, for a climatic time scale C = 10 (number of years)
t; = 2010-06-15
15]Junein  Climatic value of t, =2011-06-15 D=1d
2010s daily average : c=10
ti0 =2019-06-15 =:t
t; =2010-06-30 c
June in Climatic value of  t, = 2011-06-30 D=30d () i 1 Z S0t
2010s monthly average : C=10 = &= '

tio = 2019-06-30 =: ¢
t, = 2010-12-31 D = 365 d
t, = 2011-12-31 or 366 d

C=10

2010s Climatic average

t1o =2019-12-31 =:t

. t
Climatic average :

t, =2009-12-31 1
201 i 1 D=t,— Dl (p) = = f
010s (alternative £, = 2019-12-31 -t yT(®) =75 | x(s)ds
expression) t
t; = 2010-06-15
15Junein  Climatic value of t, =2011-06-15 D=1d
2010s daily maximum C=10
t1g =2019-06-15=:¢
. . t; =2010-06-30 c
June in g;‘zz‘flc valueof  _ 2011-06-30 D=30d ey = lz 200t
2010s oY : C=10 = ToLE
t10 = 2019-06-30 =: ¢ =t
t, = 2010-12-31 D = 365 or
2010s Climatic val}le of FZ =2011-12-31 366 d
annual maximum C =10

tig =2019-12-31 =:t¢
1 According to the ISO 8601, the standard notation for date and time is YYYY-MM-DD T HH:MM:SS. When the
part of the date after the T separator is omitted, the convention is made that this is 23:59:59.999... (the end
of the current day and the beginning of a new day). According to this convention, averaging is “right aligned”
rather than “centred”, even though the latter convention is more common.

2 Time t is regarded as a continuous variable throughout this table. Conversion of the continuous time

processes yl1(t) or zI1(t) into discrete time processes yr['] or gg] is easy to make but is omitted here.

3 Minimum quantities can also be defined in a similar manner.
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From the expressions it is seen that the climatic processes are none other than coarse-
graining of the weather processes, by averaging of the latter in coarser time scales. It is
further reminded that time averaging does not alter the character of a stochastic
process—it remains a stochastic process, with characteristics depending on the time
scales. As seen in Table 8.1, even the weather processes are characterized by a time scale,
denoted as D, e.g, D =1 d for the daily average temperature y[D](t). The climatic

processes are characterized by a second time scale, C, denoting the number of years for
which the average of variables y!P1(t) is taken. The two time scales D and C can be

combined in just one only if D = 1 year; this is done by substituting D for DC.

As mentioned elsewhere, Nature allows only one realization of a stochastic process,
which is a time series (a series of numbers, whereas the process is a series of stochastic
variables). This should not mislead us to reduce our algebra of stochastic variables to an
algebra of numbers. Only the abstraction of stochastic processes can offer a genuinely
scientific basis for studying climate. According to language of stochastics and referring to
an example from Table 8.1, the climatic value of the monthly maximum temperature for
the month of June and for the decade of 2010s, denoted as Z[D’C](t) withD =30d,C =10
and t = 2019-06-30, once measured, is a number. This is regarded as a realization of the
stochastic variable z!P¢I(t). The reduction of the stochastic variable z[”€l(t) to the

numerical value z!P€I(t), once the involved variables are measured, is something
analogous to what is called “wave function collapse” in quantum mechanics.

However, a single realization z!”¢I(t) should not be thought of as sufficient evidence
to characterize the climate at a 10-year climatic scale. Certainly, it hardly represents the
climate. We need several decades of measurements to make inference about the climate.
This is similar to the need to make many die throws to draw inferences about the
behaviour of a die. We also need to examine many time scales C simultaneously to form a
faithful picture of the climatic behaviour. For this reason, the proposed definition
demands that the climatic processes should be “stochastically characterized for a range of
relevant time scales”.

As a final note, the typical use of the term climate relates to the atmosphere only
(WMO, 1992), leaving out the other parts of the climatic system. However, since the
climatic system includes the hydrosphere, there is no reason to exclude the hydrosphere
and hydrological processes from the climatic processes. Therefore, our definition includes
these. The hydrosphere is already included in the climatic system and water is, in fact, the
most important driver of climate (Koutsoyiannis, 2021).

Digression 8.A: Historical evolution of climate definition

As is the case with the notion of stochastics (Digression 1.C), the concept of climate is an old one.
Aristotle in his Meteorologica describes the climates on Earth in connection with latitude but he
uses a different term, crasis (kpdotc?, literally meaning mixing, blending of things which form a
compound, temperament).2 The term climate (kAiua, plural kAluata) was coined as a geographical
term by the astronomer Hipparchus3 (190 -120 BC). He was the founder of trigonometry but is
most famous for his discovery and calculation of the precession of the equinoxes (uetantwoig
lonueptwv) by studying measurements on several stars. In the 20th century, this precession would
be found to be related to the climate of Earth and constitutes one of the so-called Milankovi¢ cycles.
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The term climate originates from the verb xA{vewv, meaning ‘to incline’ and originally denoted the
angle of inclination of the celestial sphere and the terrestrial latitude characterized by this angle
(Shcheglov, 2007).

Hipparchus'’s Table of Climates is described by Strabo the Geographer (63 BC — AD 24), from
whom it becomes clear that the Climata of that Table are just latitudes of several cities, from 16°
to 58°N (see Shcheglov, 2007, for a reconstruction of the Table). However, Strabo himself uses the
term climate with a meaning close to the modern one.* Furthermore Strabo, defined the five
climatic zones, one torrid, two temperate and two frigid, as we use them to date.>

The term climate was used with the ancient Greek geographical meaning until at least AD
1700 as imprinted in a dictionary of that era.6 A search on old books? reveals that the term
climatology appears after 1800. With the increasing collection of meteorological measurements,
the term climate acquires a statistical character as the average weather. Indeed, the geographer
AlJ. Herbertson (1907) in his book entitled “Outlines of Physiography, an Introduction to the Study
of the Earth”, gave the following definition of climate, based on, but also distinguishing it from,
weather:

By climate we mean the average weather as ascertained by many years’ observations. Climate
also takes into account the extreme weather experienced during that period. Climate is what on
an average we may expect, weather is what we actually get.8

Herbertson also defined climatic regions of the world based on statistics of temperature and
rainfall distribution, a work that was influential for the famous and most widely used Képpen
(1918) climate classification; this includes six main zones and eleven climates which are on the
same general scale as Herbertson'’s (Stamp, 1957). Herbertson’s definition has been kept without
major changes till now; for example, Lamb (1972) states:

Climate is the sum total of the weather experienced at a place in the course of the year and over
the years. It comprises not only those conditions that can obviously ‘near average’ or ‘normal’
but also the extremes and all the variations.

Modern scientific glossaries also provide similar definitions of climate. We quote a few:

e By the USA National Weather Service:
Climate - The composite or generally prevailing weather conditions of a region, throughout the
year, averaged over a series of years.?

e By the Climate Prediction Center of the latter:
Climate - The average of weather over at least a 30-year period. Note that the climate taken
over different periods of time (30 years, 1000 years) may be different. The old saying is climate
is what we expect and weather is what we get.10

e By the American Meteorological Societyl?,

Climate - The slowly varying aspects of the atmosphere-hydrosphere-land surface system. It is
typically characterized in terms of suitable averages of the climate system over periods of a
month or more, taking into consideration the variability in time of these averaged quantities.
Climatic classifications include the spatial variation of these time-averaged variables.
Beginning with the view of local climate as little more than the annual course of long-term
averages of surface temperature and precipitation, the concept of climate has broadened and
evolved in recent decades in response to the increased understanding of the underlying
processes that determine climate and its variability.

In turn, the climate system is defined as:

The system, consisting of the atmosphere, hydrosphere, lithosphere, and biosphere, determining
the earth’s climate as the result of mutual interactions and responses to external influences
(forcing). Physical, chemical, and biological processes are involved in the interactions among
the components of the climate system.

¢ Bythe WMO (1992):
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C0850 climate - Synthesis of weather conditions in a given area, characterized by long-term
statistics (mean values, variances, probabilities of extreme values, etc.) of the meteorological
elements in that area.

C0900 climate system - System consisting of the atmosphere, the hydrosphere (comprising the
liquid water distributed on and beneath the Earth’s surface, as well as the cryosphere, i.e. the
snow and ice on and beneath the surface), the surface lithosphere (comprising the rock, soil and
sediment of the Earth’s surface), and the biosphere (comprising Earth’s plant and animal life
and man), which, under the effects of the solar radiation received by the Earth, determines the
climate of the Earth. Although climate essentially relates to the varying states of the atmosphere
only, the other parts of the climate system also have a significant role in forming climate,
through their interactions with the atmosphere.

e BytheIPCC (2013, 2021):

Climate - Climate in a narrow sense is usually defined as the average weather, or more
rigorously, as the statistical description in terms of the mean and variability of relevant
quantities over a period of time ranging from months to thousands or millions of years. The
classical period for averaging these variables is 30 years, as defined by the World Meteorological
Organization (WMO). The relevant quantities are most often surface variables such as
temperature, precipitation and wind. Climate in a wider sense is the state, including a statistical
description, of the climate system.

Climate system - The global system consisting of five major components: the atmosphere, the
hydrosphere, the cryosphere, the lithosphere and the biosphere and the interactions between
them. The climate system changes in time under the influence of its own internal dynamics and
because of external forcings such as volcanic eruptions, solar variations, orbital forcing, and
anthropogenic forcings such as the changing composition of the atmosphere and land-use
change.

A useful observation is that all definitions use the term average (an exception is the definition
by Lamb who uses the loose term sum total with the same meaning). Thus, by its definition,
climate is a statistical concept. And since climate is not static but dynamic, it is better to think of
it as a stochastic concept—as we have done in section 8.2.

By scrutinizing these definitions, several questions may arise. A first one might be: Why “at
least a 30-year period”? Is there anything special with the 30 years? Probably this reflects a
historical belief that 30 years were enough to smooth out “random” weather components and
establish a constant mean. In turn, this reflects a perception of a constant climate—and a hope
that 30 years would be enough for a climatic quantity to get stabilized to a constant value. It can
be conjectured that the number 30 stems from the central limit theorem (see section 2.18) and in
particular the common (but not quite right) belief that the sampling distribution of the mean is
normal for sample sizes over 30 (e.g. Hoffman, 2015).

The norm for a 30-year period for climate definition was first adopted by the Climatological
Commission of the International Meteorological Organisation (a precursor to the World
Meteorological Organisation) in its conference at Wiesbaden in 1934. Specifically, the
Commission adopted a resolution that “all discussions on climate variability should be based on the
mean values of a uniform and simultaneous period 1901-1930". By reading the conference
proceedings (Secrétariat de I'Organisation Météorologique Internationale, 1935) we may see that
there were intense discussions about the appropriate time duration to use as a climate norm.
Several durations were discussed, varying from 2 to 45 years, on the basis that they represent
climatic cycles. There was a proposal to fix this duration to 50 years, as well as one that “the
minimum period considered for monthly normals is 10 years”.

The convention of 30-year “normals” was confirmed later in the First World Climate
Conference that took place in Geneva in 1979. It was agreed to prepare up-to-date climate
normals, preferably using a standard thirty-year period and beginning with a year whose last digit
is “1”, such as 1991 (WMO, 2011). The convention is still in use today, as reflected in the most
recent update of WMO'’s (2024) Technical Regulations, which contain the following definitions:
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Normals Period averages computed for a uniform and relatively long period comprising at least
three consecutive ten-year periods.

Climatological standard normals Averages of climatological data computed for the following
consecutive periods of 30 years: 1 January 1981-31 December 2010, 1 January 1991 - 31
December 2020, and so forth.

This perception of climatic “normals” harmonizes with classical statistics of independent
events and is further reflected in the term anomaly (from the Greek avwuaiAia, meaning
abnormality), commonly used in modern climatology to express the difference from the mean.
Thus, the dominant idea is that a constant climate would be the norm and a deviation from the
norm would be an abnormality, perhaps caused by an external agent (a forcing). However, such a
beliefis incorrect. The examples given in this chapter support the idea of an ever changing climate.

Actually, this was pointed out 90 years ago by Franz Baur (who was already mentioned in
Digression 1.D) as reflected in the proceedings of the 1934 Wiesbaden conference (Secrétariat de
I'Organisation Météorologique Internationale, 1935):

Mr Baur explains the following: [...] The traditional view of climate as something constant,
which stands behind the change of weather phenomena, is no longer admissible today; it stands
in contradiction to the view [...] that climate changes or climate fluctuations exist. In order to
avoid this contradiction, the following definition of the concept of climate |[...] seems to Mr Baur
to be the clearest: The climate is the statistical summary of the weather conditions of an area
during a certain period of several years.

Notably, the above climate definition by Baur is clearer, more concise and more accurate than
several modern definitions. Baur’s critique on the idea of a constant climate was repeated about
40 years later by Lamb (1977) who stated:

the view, regarded as scientific, which was widely taught in the earlier part of this century, that
climate was essentially constant apart from random fluctuations from year to year was at
variance with the attitudes and experience of most earlier generations. It has also had to be
abandoned in face of the significant changes in many parts of the world that occurred between
1900 and 1950 and other changes since.

Clearly, however, even the later generations were not able to get rid of this “view regarded as
scientific”, which remains dominant as manifested by the popularity of the term climate change
(as if change were not inherent to climate) and reflected in the above definitions. It is noted,
though, that the changing character of climate is recognized in the definition of the American
Meteorological Society, which highlights the “slowly varying aspects of the atmosphere-
hydrosphere-land surface system”.

A second question inspired by Climate Prediction Center’s definition is: Why would the
climate taken over 30 or 1000 years be different? The obvious reply is: Because different 30-year
periods have different climates. This contradicts the tacit belief of constancy and harmonizes with
the perception of an ever-changing climate. With the latter perception, Herbertson’s idea (whose
origin the Climate Prediction Center seems not to be aware of, referring to as an “old saying”) that
“climate is what we expect, weather is what we get” can be reformulated as “weather is what we get
immediately, climate is what we get if we keep expecting for a long time” (Koutsoyiannis, 2011a).

As many of the above definitions refer to weather, it is useful to clarify its meaning, noting
that it represents a popular notion, often used with respect to its effects upon life and human
activities, rather than a rigorously scientific one. Interestingly, in its colloquial use in Greek and
Romance (Neo-Latin) languages, weather is almost indistinguishable from time (Greek: kaipog;
[talian: tempo; French: temps; Spanish: tiempo; Portuguese: tempo). On the other hand, in English
and Greek, weather refers to short-scale variations in the atmosphere and is distinguished from
climate; note however that in colloquial Spanish and Portuguese there is no such distinction (the
term clima is used interchangeably with tiempo and tempo, respectively). In scientific terms, the
definition given by the WMO (1992) is this:
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W0410 weather - State of the atmosphere at a particular time, as defined by the various
meteorological elements.

1 The same root has the modern Greek word xpaai for wine. Yet the term is still in use today in Greek and
English for derivative names such as eUxpartog (well-tempered, temperate), evkpacia (eucracy/eucrasia),
Sdvokpaoia (dyscrasy/dyscrasia, I6loovykpacia (idiosyncrasy).

2 [Aristot. Mete., 362b.17] «...0 T& yap Adyos Seikvvatv 3t €mi mAdTog uév [TNv oikovpuévnyv] dptotat, To 6¢
KUKAQW OUVATITELY EVOEXETAL OLA TNV KPAGLY, -00 yap UmepBdAdel Ta kabuata kal T0 Yiyos katd uikog, aAl’
éml mAdtog, ot el uij mov kwAvel QaddTTne TAGOOG, dmav elval mopevoLuoV, —Kal KaTd Ta patvoueva mepl
TE TOVUS TAOTUG Kal TG TOPELAG »

“... theoretical calculation shows that [inhabited Earth] is limited in breadth, but could as far as climate is
concerned, extend round the Earth in a continuous belt; for it is not difference of longitude but of latitude that
brings great variation of temperature, and if were not for the ocean which prevent it, the complete the
complete circuit could be made. And the facts known to us from journeys by sea and land also confirm the
conclusion...” (English translation by H.D.P. Lee, Harvard University Press, Cambridge, Mass. USA, 1952).

3 In his Commentary on Aratus (Immdpyov Twv Apdtov kat Evdééov pawvouévwv eényrjoews; Shcheglov,
2007).

4 [Strab. 1.1] «mwavteg, doot TOTwWY (S10TNTAS AEYELY ETIXELPOTOLY, OlKEIWS TIPOTATTTOVTAL KAl TV 0Upaviwv
Kkal yewpetpiag, oxrfipata kal ueyén kai amootijuata kai KAlpata Sniodvteg kai OGATn kai Yiyn kai amwAdg
TNV 100 TEPLEXOVTOG PUALY.»

“Every one who undertakes to give an accurate description of a place, should be particular to add its
astronomical and geometrical relations, explaining carefully its extent, distance, degrees of latitude, and
‘climate’—the heat, cold, and temperature of the atmosphere.” (English translation by H.C. Hamilton, and W.
Falconer, M.A., 1903)

5 [Strab. 2.3] «aUtn 8¢ ©® eic tag [mévte] (Wvag ueptou®d Aaufavel tnv olkelav Siakpiow: al te yap
katepvyuévar 6vo thv EAAetpry Tol OdATovs vTTayopevovaLY ¢ uiav ToU TEPLEXOVTOG PUALY auvayoueval, al
Te eUKpaTol Tapaninoiwg €ic piav TNV ueodtnta dyovral, £ig 5¢ TV Aotmnv 1 Aowmn pia kai SLaKEKQUUEVT.»
“In the division into [five] zones, each of these is correctly distinguished. The two frigid zones indicate the want
of heat, being alike in the temperature of their atmosphere; the temperate zones possess a moderate heat, and
the remaining, or torrid zone, is remarkable for its excess of heat.” (English translation by H.C. Hamilton, and
W. Falconer, M.A,, 1903). Notice the use of the Aristotelian crasis (kpdotg) in the term eUxpartot (temperate)
Zones.

6 The following definition appears in Moxon (1700): “Climate, From the Greek word Clima. of the same
signification; it is a portion of the Earth or Heaven contained between two Parallels. And for distinction of
Places, and different temperature of the Air, according to their situation; the whole Globe of Earth is divided
into 24 Northern, and 24 Southern Climates, according to the half-hourly encreasing of the longest days; for
under the Equator we call the first Climate: from thence as far as the Latitude extends, under which the longest
day is half an hour more than under the Equator, viz. 12 hours and an half, is the second Climate: where it is
encreased a whole hour, the third Climate: and so each Northerly and Southerly Climate respectively hath its
longest day half an hour longer than the former Climate, till in the last Climate North and South, the Sun Sets
not for half a year together, but moves Circularly above the Horizon.”

7 https://books.google.com/ngrams/graph?content=climatology.

8 Thus, Herbertson appears to be the father of the famous quotation “climate is what we expect, weather is
what we get”, often attributed to Mark Twain. What Twain has actually written, attributing it to an
anonymous student, is “Climate lasts all the time and weather only a few days”; see
https://quoteinvestigator.com/2012/06/24 /climate-vs-weather/.

9 https://w1l.weather.gov/glossary/index.php?letter=c
10 https://www.cpc.ncep.noaa.gov/products/outreach/glossary.shtml#C
11 http://glossary.ametsoc.org/wiki/Climate

8.3 The ever changing character of climate as seen in proxy records

[to be written in a next version]
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8.4 The ever changing character of climate as seen in instrumental records

[to be written in a next version]

8.5 Satellite data and changes in solar radiation

[to be written in a next version]

8.6 Inspecting causality in geophysical processes

[to be written in a next version]

8.7 Carbon cycle and residence times

[to be written in a next version]

8.8 Carbon isotopes and their relevance in the atmosphere and climate

[to be written in a next version]

8.9 Evaporation and hydrological cycle

[to be written in a next version]

8.10 Climate models and possible ways to reconcile their outputs with
science

[to be written in a next version]






Chapter 9. Epilogue

9.1 Physics is stochastics

[to be written in a next version]

9.2 Entropy in fields other than physics

[to be written in a next version]

9.3 Physics is not enough: The decisive role of the biosphere

[to be written in a next version]
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  s  ( x ,   y ) = AF + FB =     ( x − a ) 2 +   y 2 +     ( x + a ) 2 +   y 2


  s


  ( x , y )


  s


  𝜕 s  ( x ,   y ) / 𝜕 y


  y = 0


  ( x , y )


  s ( x , y )


  ( x , y )


  a = 0 . 5


  s  ( x , y )


  s  ( x , y )


  𝜑


  x


    y C = 0


    c A


    c B


    t ACB =       (   x A −   x C ) 2 +   y A 2    c A +       (   x C −   x B ) 2 +   y B 2    c B


    t ACB


    x C


   1    c A     x A −   x C      (   x A −   x C ) 2 +   y A 2   =  1    c B     x C −   x B      (   x C −   x B ) 2 +   y B 2


  𝒈 ( 𝒔 )   =   𝟎


  𝒔


  𝒈


  f ( 𝒔 )


  𝒉 ( 𝒔 )


    𝒉 L


    𝒉 U


  f  ( 𝒔 )


    𝒉 L ≤ 𝒉  ( 𝒔 ) ≤   𝒉 U


    𝒉 L =   𝒉 U


  t = 0


    u  x =   u 0 ,   u  z = 0


  m v ² ,


    S 0 = ∫ m   v   d s


  d s


  v


  v


  E   =   T + V


  T =    1 2 m   u 2   =    1 2 m  (   u  x 2   +   u  z 2 ) ,     V =   m g z


  m


  g


  d s   =   v   d t


    S 0 = ∫ m   v   d s = ∫ m     v 2   d t = ∫ 2 T   d t = ∫ ( T + T ) d t


  T = E − V


    S 0 = ∫  ( T + E − V ) d t = E ∫ d t + ∫  ( T − V ) d t = E   Δ t + ∫  ( T − V ) d t


  Δ t =   t 2 −   t 1


  E   Δ t


  S =   ∫    t 1    t 2    L d t ,     L ≔ T − V


  S


    S 0


  δ


  δ S   =   0


  t ₁


  t ₂


   d  d t  (   𝜕 L  𝜕   u  x ) −   𝜕 L  𝜕 x = 0 ,      d  d t  (   𝜕 L  𝜕   u  z ) −   𝜕 L  𝜕 z = 0


    u  x =   u 0    ( = constant ) ,       u  z = − g t


  x =   u 0 t ,     z = −   g   t 2 2 =   g   x 2  2   u 0 2


    P 1 =   P 2 = … =   P 6 = 1 / 6


   10  − 9


  1 . 5 ×  10 9


  4 . 7 ×  10 26


  ×


    M _


  E  [   M _   ] =  (  1 6 ) N = 2 . 7 ×  10 26


     ( N    (  1 6 )  (  5 6 ) )  0 . 5 = 1 . 5 ×  10 13


  5 . 6 ×  10  − 14


  E  [   M _   ]


   10  − 14


   10  − 3


     (  10  − 3 ) 5 =  10  − 15


   10 15


   10  − 15


   10  − 3


   10  − 15


   10  − 3


   10  − 3


  A = Ø


  A = 𝛺


  A B = Ø


  A ∩ B = Ø


  A B ⋯ N = Ø  


  X ≔ A B ⋯ N


  X ≔ A + B + … + N


  X ≔ A ∪ B ∪ ⋯   ∪ N


  X ≔ A − B


    A ¯ ≔ 𝛺 − A


    A ¯


  B ⊆ A


  { 𝜔 }


  A B = Ø


  P  ( A + B ) = P  ( A ) + P  ( B )


    A 1   A 2 ⋯   A  n ⋯ = Ø


     lim  n → ∞ ⁡  P  (   A  n ) = 0


  𝛴 =  { ∅ ,  { wet } ,  { dry } , 𝛺 }


   ℝ + ∪    { 0 }


    P  ( A B )  P  ( B ) ≕ P  (  A |  B )


  P  ( A B ) = P  (  A |  B ) P  ( B ) = P  (  B |  A ) P  ( A )


  P  (  B |  A ) = P  ( B )   P  ( A | B )  P  ( A )  


  P  (  A |  B ) = P  ( A )


  P  ( A B ) = P  ( A ) P  ( B )


    A 1 ,     A 2 ,   …


    i 1 ,     i 2 ,   … ,     i  n


  P  (   A    i 1   A    i 2 …   A    i  n ) = P  (   A    i 1   )   P ( A    i 2 ) …   P ( A    i  n )


  P  (   A  n …   A 1 ) = P  (   A  n |   A  n − 1 …   A 1 ) ⋯ P  (   A 2 |   A 1 ) P  (   A 1 )


  P  (   A  n …   A 1 | B ) = P  (   A  n |   A  n − 1 …   A 1 B ) ⋯ P  (   A 2 |   A 1 B ) P  (   A 1 | B )


  P  ( A + B | C ) = P  ( A | C ) + P  ( B | C )


  P  ( C | A + B ) =   P  (  C |  A ) P  ( A ) + P  (  C |  B ) P  ( B )  P  ( A ) + P  ( B )


  A + B = 𝛺


  P  ( A + B ) = 1


  P  ( C ) = P  (  C |  A ) P  ( A ) + P  (  C |  B ) P  ( B )


    𝛺  A


    𝛺  B  


    𝛺  A ×   𝛺  B


  A ≔


    A ¯ ≔


  B ≔


    B ¯ ≔


    𝛺  A =  { A ,   A ¯ }   and     𝛺  B =  { B ,   B ¯ }


    𝛺  A ×   𝛺  B


   { A B , A   B ¯ ,   A ¯ B ,   A ¯   B ¯ }


  P  ( A B )


  P  ( A B ) = P  ( A ) P  ( B ) =    ( 1 / 2 ) 2 =  1 4


  P  (  A B |  A ) .  


  P  (  A B |  A ) = P  (  A |  A B ) P  (  B |  A ) = 1 × 1 / 2 = 1 / 2


  P  (  A B |  B ) = 1 / 2


    A B + A   B ¯ +   A ¯ B


  P  (  A B |  A B + A   B ¯ +   A ¯ B ) =   P  ( A B  ( A B + A   B ¯ +   A ¯ B ) )  P  ( A B + A   B ¯ +   A ¯ B )   =   P  ( A B )  P  ( A B + A   B ¯ +   A ¯ B )   =   1 / 4  3 / 4 =  1 3


  A B , A   B ¯ ,   A ¯ B


    B ¯


    A ¯


  P  (  B |  A ) > P  ( B ) = 0 . 5 ,     P  (    B ¯ |    A ¯ ) > P  (   B ¯ ) = 0 . 5


  P  (  B |  A ) = 0 . 6


  P  ( A B ) = P  (  B |  A ) P  ( A ) = 0 . 6 × 0 . 5 = 0 . 3 > 1 / 4


  P  ( B ) = P  (  B |  A ) P  ( A ) + P  (  B |    A ¯ ) P  (   A ¯ )


   [    P  (  B |  A )  P  (  B |    A ¯ )   P  (    B ¯ |  A )  P  (    B ¯ |    A ¯ ) ]    [    P  ( A )   P  (   A ¯ ) ] =  [    P  ( A )   P  (   A ¯ ) ] ,        [    P  (  A |  B )  P  (  B |    B ¯ )   P  (    B ¯ |  A )  P  (    B ¯ |    A ¯ ) ]    [    P  ( B )   P  (   B - ) ] =  [    P  ( B )   P  (   B ¯ ) ] ,        [    P  ( B )   P  (   B ¯ ) ] =  [    P  ( A )   P  (   A ¯ ) ]


  P  (  B |    A - ) =   P  ( B ) − P  (  B |  A ) P  ( A )  P  ( A ) =   0 . 5 − 0 . 6 × 0 . 5  0 . 5 = 0 . 4


  P  (   A ¯ B ) = P  (  B |    A ¯ ) P  (   A ¯ ) = 0 . 4 × 0 . 5 = 0 . 2 < 1 / 4


  P  (   A ¯   B ¯ ) = 0 . 3


  P  ( A   B ¯ ) = 0 . 2


  𝛺 =  {   𝜔 1 ,   𝜔 2 , …   𝜔  m }


  m  


  𝛺


  𝔸   = {   A 1 ,   A 2 , … ,   A  n }


  𝔸   = [   A  i ] )


    A 1 +   A 2 + … +   A  n = 𝛺


    A  i   A  j = ∅ ,   i , j = 1 … , n


    A 1 ,   A 2 , … ,   A  n


  𝔸   =  { 𝛺 }


  𝔸 =  {  {   𝜔 1 } ,   { 𝜔 2 } , … ,    {   𝜔  m } } = : 𝕍


  𝔸   = { A ,   A ¯ }


  𝔸


  𝔹


    B  j


  𝔹


    A  i


  𝔸


  𝛺 ,   𝛺 ′ ,  


  𝔸 = [   A  i ] ,   𝔸 ′ = [   A  j ′ ]


  𝔸 ⊗ 𝔸 ′


  𝛺 × 𝛺 ′


    A  i ×   A  j ′ ,     A  i ∈ 𝔸 ,   A  j ′ ∈ 𝔸 ′


  i , j


    A  i ×   A  j ′


    A  i


    A  j ′


    A  i ×   A  j ′


  ×


    A  i   A  j ′


  𝛺


  n


  𝛴


  𝛺


   2  n


    𝛱


  n > 4 )


      B  n


    B 0 = 1 ,       B  n + 1 =   ∑  k = 0  n   (   n  k )   B  k


  𝛺


  𝛺


  𝛴


  𝛱


   2   ℵ 0 ,  


   ℵ 0


  𝛺


   2   (  2   ℵ 0 )


  P ( A )


  𝛺 )  


  [ 0 , 1 ]


  𝛷


  S


  H


  𝛷


  𝛷


  𝔸


  ( 𝛺 , 𝛴 , P )


  ( 𝛺 , 𝛴 , 𝛱 , P , 𝛷 )


  𝛺


  𝛴


  𝛺


  𝛱


  𝔸


  𝔸


  𝛱


  𝛴


  P


  P : 𝛴 → [ 0 , 1 ]  


  𝛷


  𝛷 : 𝛱 →  ℝ +


  A


  𝛺


  P ( A )


  𝛺


  𝛺 = { A ,   A ¯ }


  P ( A )


  P (   A ¯ )


  𝔸


  𝛺


  A , A ′


  A


    A ′


    A  i ,   A  j


  𝔸


  P  (   A  i   A  j ) = 0 .


  P  (   A  i )


    A  i


  𝔸 =  {   A 1 , … ,   A  n }


  𝛺


  𝛷  ( 𝔸 )


    𝛷  P  (   )  


    A  i


  𝛷  ( 𝔸 ) ≔   𝛷  P  ( P  (   A 1 ) , … , P  (   A  n ) )


    𝛷  P :    ℝ  n →  ℝ + ,     𝛷  P ∈   C 2


    𝛷  (  { 𝛺 } ) = 0 .


    𝜕 2 𝛷  ( 𝔸 ) / 𝜕 P  (   A  i ) 𝜕 P  (   A  j ) ≡ 0 ,   i ≠ j


  𝛺 ,   𝛺 ′


  𝔸 ,   𝔸 ′


  ⊗ 𝔸 ′  


      A  i ∈ 𝔸 ,   A  j ′ ∈ 𝔸 ′


  P  (   A  i   A  j ′ ) = P  (   A  i ) P  (   A  j ′ )


  𝛷  ( 𝔸 )


  / 𝜋 ( i )


  i = 1 , 2 , … , n


  𝛷  ( 𝔸 ) =   𝛷  P  ( P  (   A 1 ) , … , P  (   A  n ) ) =   𝛷  P  ( P  (   A  𝜋 ( 1 ) ) , … , P  (   A  𝜋 ( n ) ) )


      𝛷  P


  𝛷  ( 𝔸 ) = −   ∑  i = 1  n  P  (   A  i )  ln ⁡  P  (   A  i )


  P  (   A  i )


  𝛷  ( 𝔸 )


    𝜑 ( P )


  𝛷  ( 𝔸 ) =   ∑  i = 1  n  𝜑  ( P  (   A  i ) )


    𝜑 ( P )


  𝜑  ( P ) = − k   P  ln ⁡  P


  k > 0


  𝜑  ( x ) ≥ 0


  𝜑  ( x ) = 0


  x = 0


  x = 1


  𝛷  ( 𝔸 ) =   𝛷  P  ( P  (   A 1 ) , … , P  (   A  n ) )


  P  (   A 1 ) , … , P  (   A  n )


  𝔸 ,   𝔸 ′


  𝛷 ( 𝔸 ⊗   𝔸 ′ ) = 𝛷  ( 𝔸 ) + 𝛷  (   𝔸 ′ )


    𝛺 ,   𝛺 ′


  𝔸 ,   𝔸 ′ ,  


  𝛷  ( 𝔸 ⊗   𝔸 ′ ) ≤ 𝛷  ( 𝔸 ) + 𝛷  (   𝔸 ′ )


  𝔸 ,   𝔸 ′


  𝔸


  𝛷 ( 𝔹 ) ≥ 𝛷 ( 𝔸 )


  V =  {  {   𝜔 1 } ,   { 𝜔 2 } , … ,    {   𝜔  m } }


   


  P  (   A  i )


  P  (   A  i ) = 1 / n


    𝛷  ( 𝔸 ) =  ln ⁡  n = :   𝛷 E ( n )


  𝕍


  𝛷  ( 𝕍   ) =   𝛷 E ( n ) =  ln ⁡  m ≥  ln ⁡  n


  𝛷  ( 𝕍 ) =  ln ⁡  m


  m


    𝛺  N =   𝛺 1 ×   𝛺 2 × … ×   𝛺  N


    𝛺  i


  m


    𝛺  i


  1 /   m  N


  𝛷  (   𝕍  N   ) = N  ln ⁡  m


  𝛷  (   𝕍  N   ) / N


     lim  N → ∞ ⁡  𝛷  (   𝕍  N   ) / N


  A = 𝛺 ,   A ¯ = ∅ ​


    𝛺


   {   A 1 ,     A ¯ 1 } , … ,  {   A  i ,     A ¯  i } , …


    A 1 ⊇ … ⊇   A  i ⊇ …


    A 1 …   A  i … = ∅


  𝛷  ( 𝔸 ) =   𝜑  ( 1 ) + 𝜑  ( 0 ) = 𝜑  ( 0 )


  𝜑  ( 0 ) =    lim  x → 0 ⁡   ( − k   x  ln ⁡  x ) = 0


  𝛷  ( 𝔸 ) = 0


  𝛷  ( 𝔸 ) = 0


  { 𝛺 }  


   { ∅ } )


    𝛷  P  ( 1 , 0 , … , 0 ) = 0


  B


    ∑  i = 1  n  B  (   A  i ) = 1


  [ a , b ]


  ( a , b )


  b − a


    B


  𝛷 ( 𝔸 | | B ) ≔ −   ∑  i = 1  n    P  (   A  i ) ⁡  ln  (   P  (   A  i )  B  (   A  i ) )


  𝛷 ( 𝔸 | | B ) =  ln ⁡    ∑  i = 1  n  B  (   A  i )


  B  (   A  i ) = B


  𝛷 ( 𝔸 | | B ) =  ln ⁡  ( n B )


  B ( · )  


    ∑  i = 1  n  B  (   A  i ) = 1


  𝛷 ( 𝔸 | | B ) = 0


  𝔸 =  {   A 1 , … ,   A  n } ,


  B  


  𝛷 ( 𝔸 | B ) ≔ −   ∑  i = 1  n    P  (   A  i | B ) ⁡  ln P  (   A  i | B )


  𝔸 ≔  {   A 1 , … ,   A  n }


  𝔹 ≔  {   B 1 , … ,   B    n  B }


  𝔸


  𝛷 ( 𝔸 | 𝔹 ) ≔   ∑  j = 1    n  B    P  (   B  j ) ⁡  𝛷 ( 𝔸 |   B  j )


  𝛷  (  𝔸 |  𝔹 ) = 𝛷  ( 𝔸 ) ,     𝛷  (  𝔹 |  𝔸 ) = 𝛷  ( 𝔹 )


  𝛷  ( 𝔸 ⊗ 𝔹 ) = 𝛷  ( 𝔸 ) + 𝛷  (  𝔹 |  𝔸 ) = 𝛷  ( 𝔹 ) + 𝛷  (  𝔸 |  𝔹 )


  𝛷  (  𝔸 |  𝔹 ) ≤ 𝛷  ( 𝔸 )


  𝛷  (  𝔹 |  𝔸 ) = 0


  𝛷  ( 𝔸 ) = 𝛷  ( 𝔹 ) + 𝛷  (  𝔸 |  𝔹 )


  𝔸 =  {   A 1 , … ,   A  n }  


    𝔹 ≔  { B ,   B ¯ } ,


  𝛷  ( 𝔸 ) = 𝛷  ( 𝔹 ) + P  ( B ) 𝛷  ( 𝔸 | B ) + P  (   B ¯ ) 𝛷  ( 𝔸 |   B ¯ )


    A  j


  𝔸


  𝔸


      𝔸  j ≔  {   A  j ,     A ¯  j }


  𝛷  ( 𝔸 ) = 𝛷  (   𝔸  j ) + P  (     A ¯  j ) 𝛷  ( 𝔸 |     A ¯  j )


  𝔸


  𝔹


  I  ( 𝔸 , 𝔹 ) = 𝛷  ( 𝔸 ) + 𝛷  ( 𝔹 ) − 𝛷  ( 𝔸 ⊗ 𝔹 )


  I  ( 𝔸 , 𝔹 ) = 𝛷  ( 𝔸 ) − 𝛷  (  𝔸 |  𝔹 ) = 𝛷  ( 𝔹 ) − 𝛷  (  𝔹 |  𝔸 ) ,     I  ( 𝔸 , 𝔹 ) ≥ 0  


  A , A ′


  A


    A ′


    A  i


    A  j , i ≠ j


    𝜕 2 𝛷  ( 𝔸 ) / 𝜕 P  (   A  i ) 𝜕 P  (   A  j ) ≡ 0


  P  (   A  i )


  P  (   A  j )


  δ S = δ Q / T


  δ S > δ Q / T


  f  ( x , y , z ,   𝜉 1 ,   𝜂 1 , …   w  r ) d x   d y   d z   d   𝜉 1 … d   w  r


  d x   d y   d z


  ( x , y , z )


  t


  E =  ∬  …  ∫  f  ln ⁡  f d x   d y   d z   d   𝜉 1 … d   w  r  


    − ln ⁡  f


   ln ⁡  f


  H


  H (   p 1 ,   p 2 , … ,   p  n )


  H


    p  i


    p  i


    p  i = 1 / n


  H


  n


    p 1 = 1 / 2 ,     p 2 = 1 / 3 ,     p 3 = 1 / 6


  H  ( 1 / 2 , 1 / 3 , 1 / 6 ) = H  ( 1 / 2 , 1 / 2 ) +  (  1 2 ) H  ( 2 / 3 , 1 / 3 )


    P  j


  n


    ∑  k = 1  n    p  k = 1


  H (   p 1 ,   p 2 , … ,   p  n )


    p  k = 1 / n   ( k = 1 ,   2 , … ,   n ) .


  H ( A B ) = H ( A ) +   H  A ( B )


   (      A 1    A 2  …    A  n     p 1    p 2  …    p  n )   a n d    (      A 1    A 2  …    A  n    A  n + 1     p 1    p 2  …    p  n  0 )


  H  (   p 1 ,   p 2 , … ,   p  n , 0 ) =   H (   p 1 ,   p 2 , … ,   p  n )


  n


    H  A ( B )


  P = 0


    A 1 ,   A 2 , … ,   A  n


    p 1 ,   p 2 , … ,   p  n


    H  n (   p 1 ,   p 2 , … ,   p  n )


      H  n


    p  i


    p  i


  h  ( n ) =   H  n ( 1 / n , 1 / n ,   … , 1 / n )


  n


    H  n


    H 3  (   p 1 ,   p 2 ,   p 3 ) =   H 2  (   p 1 ,   p 2 +   p 3 ) +  (   p 2 +   p 3 )   H 2  (     p 2    p 2 +   p 3 ,     p 3    p 2 +   p 3 )  


  H ( 𝔸 )


    p  i =   P    (   A  i )


    p 1 = …   p  N = 1 / N


  H ( 𝔸 )


  N


  𝔹


  𝔸


  H  ( 𝔹 ) ≥ H ( 𝔸 )


  𝛷  ( 𝔸 ) = 1 −   ∑  i = 1  N    p  i 2


    𝛷 E  ( N ) = 1 −  1  N


  N


     ∂ 2 𝛷  ( 𝔸 )  ∂   p  i 2 = − 2


     ∂ 2 𝛷  ( 𝔸 )  ∂   p  i ∂   p  j = 0   ( i ≠ j )


  𝛷  ( 𝔸 )


  𝛷  ( 𝔸 ) = 1 −   ∑  i = 1  N    ∑  j = i  N    p  i   p  j


    𝛷 E  ( N ) = ( 1 −  1  N ) / 2


  N


     ∂ 2 𝛷  ( 𝔸 )  ∂   p  i 2 = − 2


     ∂ 2 𝛷  ( 𝔸 )  ∂   p  i ∂   p  j = − 1   ( i ≠ j )


  𝛷  ( 𝔸 )


    H  q R  (   p 1 ,   … ,     p  n ) =  1  1 − q  ln ⁡    ∑  i = 1  N    p  i  q


    H  q T (   p 1 ,   … ,     p  n )   =    1  q − 1  ( 1   −     ∑  i = 1  n    p  i  q   )


  q → 1


  q = 2


  x  ( 𝜔 )


  a


   { x  ( 𝜔 ) < a }


  x  ( 𝜔 ) < a


  a


   { x  ( 𝜔 ) < a }


    x 3    ( x − 1 ) 2 = 0 .


  x = 0


  x = 1


  x = 0


  x = 1


  NR ( x )


  x


  P  ( x )


  x  ( 𝜔 )


  x


    x _


   { x  ( 𝜔 ) < a }


    x _ < a }


    x _ < a }


  P  (  {   x _ < a } )


  P  {   x _ < a }


    x _


    x _


  x


  x = 5


    x _


  x


    z _


  y = g  ( x )


  x


  y = g  ( x ) =   x 2


    y _ = g  (   x _ )


    y _ = g  (   x _ ) =     x _ 2


    x _


    y _


  y  ( 𝜔 ) = g  ( x  ( 𝜔 ) )


     x _


     y _  


   {   x _ <   y _ }


   {   x _ < y }


   { x <   y _ }


   { x < y }


  {   x _ <   y _ }  


  ( x , y )


  x < y


   6 2 = 36


    x _


    y _


    x _ =   y _


    x _ <   y _


  P  {   x _ <   y _ } =  15 36 =  5 12


   {   x _ < y }


  y = 6


   {   x _ < y }


  P  {   x _ < y } =  max ⁡   ( 0 ,  min ⁡   ( 1 ,   y − 1 6 )   )


  x


    y _


  P  { x <   y _ } =  max ⁡   ( 0 ,  min ⁡   ( 1 ,   1 −   x 6 )   )


  x


  y


   { x < y }


  P  { x < y } = 1


  x < y


    y _


  P  {   _ }


  P  { x <   y _ }


  x


  x


  X


    x _


    𝜒 _


   {   x _ <   y _ }


   {   z _ < 0 }


    z _ ≔   x _ −   y _


  x


  F  ( x ) ≔ P  {   x _ ≤ x }


    x _


    x _


  x


    x _


  x


  F  ( x )


    x _


    z _ ≔   x _ + i   y _


    z _


    x _ + i   y _ ≤ x + i y


    x _


    y _


    z _


    F    x _  ( x )


  F  ( x )


  x


  0   =   F  ( − ∞ ) ≤   F  ( x ) ≤   F  ( + ∞ ) =   1


  F  ( x )


    F ¯  ( x ) ≔ P  {   x _ > x } = 1 − F  ( x )


  F  ( x )


    F  ( x )


    x  i


    𝜔  i


  F  ( x )


  𝛹  ( x ) ≔   F  ( x )    F ¯  ( x ) =   F  ( x )  1 − F  ( x )


  F  ( x )


  𝛹  ( x )


    F  − 1  (   )  


  F  (   )


  u = F  ( x )


  x


    x _


    x  u =   F  − 1  ( u )


  P =   D  T


  T


  x


  {   x _ > x }


  T  ( x ) =   D    F -  ( x ) =   D  1 − F  ( x )


  x


  {   x _ ≤ x }


    T ¯  ( x ) =   D  F  ( x )


  T


  n


  D


    x  ( i : n )


  n


      T ^  (   x  ( i : n ) )  D =     n +  e  1 − γ − 1  n − i +  e  − γ =   n + 0 . 526  n − i + 0 . 561


      T ^  (   x  ( i : n ) )  D =     n +   2 e  1 − γ − 1  n − i +  e  − γ =   n + 0 . 123  n − i + 0 . 561


  T


    P  j ≡ P  (   x  j )   ≔   P  {   x _ =   x  j } = F  (   x  j ) − F  (   x  j − 1 ) ,     j   =   1 , … , J


  F  ( x )


    x  j


    P  j


  x


  f  ( x ) ≔   d F  ( x )  d x


  f  ( x ) ≥ 0 ,       ∫  − ∞ ∞  f  ( x ) d x = 1  


  f  ( x ) =    lim  Δ x → 0 ⁡    P  { x ≤   x _ ≤ x + Δ x }  Δ x


  F  ( x ) =     ∫  − ∞  x  f  ( y ) d y  


    x _


    y _ = g  (   x _ )


    y _


  g  ( x )


   {   y _ ≤ y }


   {   x _ ≤   g  − 1  ( y ) }


    g  − 1


  g


    x _


    y _


    F    y _  ( y ) = P  {   y _ ≤ y } = P  {   x _ ≤   g  − 1  ( y ) } =   F    x _  (   g  − 1  ( y ) )  


    x _


    y _


    f    y _  ( y ) =     f    x _  (   g  − 1  ( y ) )   |   g ′  (   g  − 1  ( y ) ) |  


    x _


    x  j ≡ j


  j = 1 , … , J


  P  (   x  j ) =  1  J


  F  ( x ) =  max ⁡   ( 0 ,  min ⁡   (    ⌊ x ⌋  J , 1 ) )


  j = 0 , 1 , …


  𝜇 > 0


  P  (   x  j )   =    1  1 + 𝜇    (   𝜇  1 + 𝜇 )  j


  F  ( x ) = max  ( 0 ,   1 −    (   𝜇  1 + 𝜇 )   ⌊ x ⌋ + 1 )


  j = 0 , 1 , …


  𝜇 > 0


  P  (   x  j )   =     e  − 𝜇     𝜇  j  j !


  F  ( x ) =   e  − 𝜇     ∑  j = 0   ⌊ x ⌋      𝜇  j  j ! =    Γ   ⌊ x + 1 ⌋  ( 𝜇 )   ⌊ x ⌋ !


    x _


  f  ( x )   =    {    1 / J ,  for   0 ≤ x ≤ J   0 ,  otherwise         


  F  ( x ) =  max ⁡   ( 0 ,  min ⁡   (   x  J , 1 ) )


  𝜇   >   0


  f  ( x )   =    {       e  −   x  𝜇      𝜇 ,    x ≥ 0   0 ,    x < 0         


  F  ( x )   =    {    1 −  e  −   x  𝜇 ,    for   x ≥ 0   0 ,  for   x < 0         


  𝜇 ∈ ℝ ,   𝜎 > 0


  f  ( x ) =  1   2 π 𝜎  exp ⁡   ( −      ( x − 𝜇 ) 2  2   𝜎 2 )


  F  ( x ) =  1 2 erfc  ( −   x − 𝜇   2 𝜎 )


   ⌊ x ⌋


  x


  x


    x _  


  x  ( dry ) = 0 ,     x  ( wet ) = 1


    x _


  x


  F  ( x ) = P  {   x _ ≤ x } = 0


    x _


  0 ≤ x < 1 ,


  F  ( x ) = P  {   x _   ≤   x } = P  {   x _ = 0 } = 0 . 8


    x ≥ 1


  F  ( x ) = P  {   x _ ≤ x } = P  {   x _ = 0 } + P  {   x _ = 1 } = 1


  𝛺 =  ℝ + ∪    { 0 }


    x _  


  x  ( 𝜔 ) =   𝜔


    x _


  F  ( x ) = P  {   x _ ≤ x } = 0


  x


  F  (  0 + ) = P  {   x _ = 0 } = 0 . 8


  x ≥ 0


  x → ∞


    x 1  


    x 2 >   x 1


    x 2 −   x 1


    f  (   x 1 )  f  (   x 2 ) = g  (   x 2 −   x 1 )


  g  ( x ) = f  ( 0 ) / f  ( x )


  f  ( x ) = A  exp ⁡   ( − B x )


  F  ( x ) =   A  B  ( 1 −  exp ⁡   ( − B x ) ) + C


  F  (  0 + ) = 0 . 8


  F  ( ∞ ) = 1


  F  ( x ) = 0 . 2  ( 1 −  exp ⁡   ( − B x ) ) + 0 . 8


    x  i


      x _  i  


  F  ( x )


    x  i


  F  ( x )


    q  i


    q  i =  ( k     q  i   −   1 + c )   mod   m


  k   =   69   069


  c   =   1


  m   =    2 32   =   4   294   967   296


  k   =    7 5   =   16   807


  c   =   0


  m   =    2 31 − 1   =   2   147   483   647


    u  i


    u  i =   q  i / m


    q 0


    q  i   −   1


  F  ( x )


    x  i


  F  ( x )


    x  i =   F  − 1  (   u  i )


    u  i


    x _


    x 1 ,     x 2 ,   … ,     x  J  


    P  j ≡ P  (   x  j ) = P  { x =   x  j }


  g  (   x _ )


    x _


  g  (   x _ )


  g  (   x _ )


  E  [ g  (   x _ ) ] ≔   ∑  j = 1  J  g  (   x  j )   P ( x  j )


    x _


  f  ( x )


  E  [ g  (   x _ ) ] ≔   ∫  − ∞ ∞  g  ( x ) f  ( x ) d x


  E  [   x _ ]


  E  [ g  (   x _ ) ]


  x


    x _


  E  [   x _ ]


  E  (   x _ )


  E  ( x )


    x _


  x


  g  (   x _ )


  g  (   x _ ) =       x _  q ,       𝜇  q ′ ≔ E  [     x _  q ]


  g  (   x _ ) =     x _ ,     𝜇 ≔   𝜇 1 ′ = E  [   x _ ]


  g  (   x _ ) = (     x _ − 𝜇 )  q ,       𝜇  q ≔ E [ (     x _ − 𝜇 )  q ]


  g  (   x _ ) = (     x _ − 𝜇 ) 2 ,     𝛾   ≔ E [ (     x _ − 𝜇 ) 2 ] ≔   𝜎 2


   var ⁡   [   x _ ]


   std ⁡   [   x _ ]


    C s ≔     𝜇 3    𝜎 3 ,       C k ≔     𝜇 4    𝜎 4


    𝜇  𝜎 ,       𝜎  𝜇 ≕   C v


    𝜇  q ′ =   ∑  i = 0  q   (    q   i )   𝜇  q − i   𝜇  i ,       𝜇  q =   ∑  i = 0  q   (    q   i )    ( − 𝜇 )  q − i   𝜇  i ′


    𝜇 0 =   𝜇 0 ′ = 1 ,     𝜇 1 = 0 , 𝜇 1 ′ = 𝜇


    𝜇 2 ′ =   𝜎 2 +   𝜇 2 ,       𝜇 3 ′ =   𝜇 3 + 3   𝜎 2 𝜇 +   𝜇 3 ,       𝜇 4 ′ =   𝜇 4 + 4   𝜇 3 𝜇 + 6   𝜎 2   𝜇 2 +   𝜇 4


    𝜎 2 =   𝜇 2 ′ −   𝜇 2 ,       𝜇 3 =   𝜇 3 ′ − 3   𝜇 2 ′ 𝜇 + 2   𝜇 3 ,       𝜇 4 =   𝜇 4 ′ − 4   𝜇 3 ′ 𝜇 + 6   𝜇 2 ′   𝜇 2 − 3   𝜇 4


   [ a , b ]


  a ≤ x ≤ b


  f  ( x )   =    1  b − a


    𝜇 1 ′ =   a + b 2 ,           𝜇 2 =      ( b − a ) 2 12 ,           𝜇  q ′ =     b  q + 1 −   a  q + 1   ( q + 1 )  ( b − a )


  0 ≤   x _ ≤ b


  𝜁 > 0 ,   𝜍 > 0 , 𝜆 > 0


  f  ( x ) =      (   x  b )  𝜁 − 1    ( 1 −   x  b )  𝜍 − 1  Β  ( 𝜁 , 𝜍 )


      𝜇  q ′ =   Γ  ( 𝜁 + 𝜍 ) Γ  ( q + 𝜁 )   Γ ⁡   ( 𝜁 ) Γ  ( q + 𝜁 + 𝜍 )   b  q =   Β  ( q + 𝜁 , 𝜍 )  Β  ( 𝜁 , 𝜍 )


  𝜇 > 0 ,   x ≥ 0


  f  ( x )   =    e  −   x  𝜇  𝜇


    𝜇 1 ′ = 𝜇 ,       𝜇 2 =   𝜇 2 ,       𝜇  q ′ = q !   𝜇  q ,


    𝜅  q =  ( q − 1 ) !   𝜇  q


    𝜅  q =  ( q − 1 ) !   𝜇  q


  𝜁 > 0 ,   𝜆 > 0 ,   x ≥ 0


  f  ( x ) =      (   x  𝜆 )  𝜁 − 1  e  −   x  𝜆  𝜆   Γ  ( 𝜁 )  


    𝜇 1 ′ = 𝜁 𝜆 ,       𝜇 2 = 𝜁   𝜆 2 ,       𝜇  q ′ =     Γ  ( q + 𝜁 )  Γ  ( 𝜁 ) 𝜆  q ,


    𝜅  q = 𝜁  ( q − 1 ) !   𝜆  q


    𝜅  q = 𝜁  ( q − 1 ) !   𝜆  q


  𝜁 > 0 ,   𝜆 > 0 ,   x ≥ 0


  F  ( x ) = 1 −  exp ⁡   ( −    (   x  𝜆 )  𝜁 )


    𝜇 1 ′ = Γ  ( 1 +  1  𝜁 ) 𝜆 ,           𝜇 2 =  ( Γ  ( 1 +  2  𝜁 ) − Γ    ( 1 +  1  𝜁 ) 2 )   𝜆 2


    𝜇  q ′ =   Γ  ( 1 +   q  𝜁 ) 𝜆  q


    𝜇  q ′ =   Γ  ( 1 +   q  𝜁 ) 𝜆  q


  𝜇 ∈ ℝ ,   𝜎 > 0 ,     x ∈ ℝ


  f  ( x ) =    exp ⁡   ( −      ( x − 𝜇 ) 2  2   𝜎 2 )   2 π 𝜎


    𝜇 1 ′ = 𝜇 ,       𝜇 2 =   𝜎 2 ,       𝜇  q =  {    0 ,  q   odd     𝜎  q  ( q − 1 ) ‼ ,  q   even


    𝜅  q =  {      𝜇 1 ′ = 𝜇 ,  q = 1     𝜎 2  q = 2   0  q > 2


    𝜅  q =  {      𝜇 1 ′ = 𝜇 ,  q = 1     𝜎 2  q = 2   0  q > 2


   ln ⁡    x _


  Ν  (  ln ⁡  𝜆 , 𝜍 )


  𝜍 > 0 ,   𝜆 > 0 ,   x ≥ 0


  f  ( x ) =    exp ⁡   ( −  1  2   𝜍 2    (  ln ⁡   (   x  𝜆 ) ) 2 )   2 π   𝜍 x


    𝜇 1 ′ =  e      𝜍 2 2 𝜆 ,             𝜇 2 =  e    𝜍 2  (  e    𝜍 2 − 1 )   𝜆 2 ,             𝜇  q ′ =  e        q 2 𝜍 2 2   𝜆  q


  𝜉 > 0 ,   𝜆 > 0 ,   x ≥ 0


  F  ( x ) = 1 −    ( 1 + 𝜉   x  𝜆 )  −  1  𝜉


    𝜇 1 ′ =   𝜆  1 − 𝜉 ,       𝜇 2 =     𝜆 2     ( 1 − 𝜉 ) 2  ( 1 − 2 𝜉 )


    𝜇  q ′ = B  (  1  𝜉 − q , q + 1 )     𝜆  q    𝜉  q + 1


    𝜇  q ′ = B  (  1  𝜉 − q , q + 1 )     𝜆  q    𝜉  q + 1


  𝜁 > 0 ,   𝜉 > 0 ,     𝜆 > 0 ,   x ≥ 0


  F  ( x ) = 1 −    ( 1 + 𝜁 𝜉    (   x  𝜆 )  𝜁 )  −  1  𝜉 𝜁


    𝜇  q ′ = B  (  1  𝜉 𝜁 −   q  𝜁 ,   q  𝜁 + 1 )     𝜆  q     ( 𝜉 𝜁 )    q  𝜁 + 1


  𝜁 > 0 ,   𝜉 > 0 ,     𝜆 > 0 ,   x ≥ 0


  F  ( x ) =    ( 1 +  1  𝜁 𝜉    (   x  𝜆 )  −  1  𝜉 )  − 𝜁 𝜉


    𝜇  q ′ =   ( 𝜁 𝜉 )  1 − 𝜉 q   B  ( 1 − 𝜉 q , 𝜉  ( q + 𝜁 ) )   𝜆  q


  𝜆 > 0 ,   x ∈ ℝ


  F  ( x ) =  exp ⁡   ( −  e  −   x  𝜆 )


    𝜇 1 ′ = γ 𝜆 ,       𝜇 2 =    π 2   𝜆 2 6 ,       𝜅  q =    ( − 1 )  q  ψ   ( q − 1 )  ( 1 )   𝜆  q


  𝜉 > 0 ,   𝜆 > 0 ,   x ≥ 0


  F  ( x ) =  exp ⁡   ( −    (   x  𝜆 )  −  1  𝜉 )


    𝜇 1 ′ = Γ  ( 1 − 𝜉 ) 𝜆 ,     𝜇 2 =  ( Γ  ( 1 − 2 𝜉 ) − Γ    ( 1 − 𝜉 ) 2 )   𝜆 2


    𝜇  q ′ = Γ  ( 1 − q 𝜉 )   𝜆  q


    𝜇  q ′ = Γ  ( 1 − q 𝜉 )   𝜆  q


    q <  1  𝜉


  g  (   x _ ) =  e  t   x _


  K  ( t ) ≔  ln ⁡  E  [  e  t   x _ ]


  K  ( t ) =     ∑  q = 1 ∞    𝜅  q     t  q  q !


    𝜅  q


    𝜇  q ′ =   ∑  i = 0  q − 1   (    q − 1   i )   𝜅  q − i   𝜇  i ′ ,       𝜅  q =   𝜇  q ′ −   ∑  i = 1  q − 1   (    q − 1   i )   𝜅  q − i   𝜇  i ′


    𝜅 0 =   𝜇 1 = 0 ,       𝜅 1 =   𝜇 1 ′ = 𝜇 ,       𝜅 2 =   𝜇 2 ,       𝜅 3 =   𝜇 3 ,       𝜅 4 =   𝜇 4 − 3   𝜇 2 2


      v _  i


    x _ =   a 1     v _ 1 + … +   a  r     v _  r


    x _


    𝜅  q =   a 1  q     𝜅  q   (   v 1 ) + … +   a  r  q     𝜅  q    ( v  r )  


    𝜅  q   (   v  l )


      v _  l


    x m


  x


  f  ( x )


  f  ( x )


    x  0 . 5


  P  {   x _ ≤   x  0 . 5 } ≥ 1 / 2  


  P  {   x _ ≥   x  0 . 5 } ≥  1 2


    x  0 . 75 −     x  0 . 25 ,


    x m ≤   x  0 . 5 ≤ 𝜇


    C k = 3


  ·


  g  (   x _ ) = h  ( P  (   x _ ) )


  g  (   x _ ) = h  ( f  (   x _ ) )


  ·


  h  (   )


  𝕍


    x _


    x  j , = 1 , … , J


  J


    P  j = P  {   x _ =   x  j }


  𝛷  [   x _ ] ≔ E  [ −  ln ⁡  P  (   x _ ) ] =   −   ∑  j = 1 J   P j   ln ⁡   P j


    x _


  x   in   ( − ∞ , ∞


    x _


  δ x


  B ( x ) =  ∫  b  ( x ) d x


    A  i =  [  ( i − 1 ) δ x , i δ x ]


    𝛷 ( 𝔸 | | B )  δ x = −   ∑  i = − ∞ ∞    P  (   A  i ) ln ⁡   (   P  (   A  i )  B  (   A  i ) ) = −   ∑  i = − ∞ ∞   ( F  ( i δ x ) − F  (  ( i − 1 ) δ x ) )  ln ⁡   (    ( F  ( i δ x ) − F  (  ( i − 1 ) δ x ) )   ( B  ( i δ x ) − B  (  ( i − 1 ) δ x ) ) )


  F ( · )


    𝛷 ( 𝔸 | | B )  δ x   as   δ x → 0


  F  ( i δ x ) − F  (  ( i − 1 ) δ x ) = f  ( x ) δ x , B  ( i δ x ) − B  (  ( i − 1 ) δ x ) = b  ( x ) δ x


     lim  δ x → 0 ⁡    𝛷 ( 𝔸 | | B )  δ x ≕ 𝛷  [   x _ ] ≔ E  [ −  ln ⁡    f  (   x _ )  b  (   x _ ) ] = −   ∫  − ∞ ∞    ln ⁡    f  ( x )  b  ( x ) f  ( x ) d x


  b  ( x )


   [ b  ( x ) ] =  [ f  ( x ) ] =  [   x  − 1 ]


  b  ( x ) = b =


  x  ( F )


  𝛷  [   x _ ] =   ∫ 0 1    ln ⁡   ( b     x ′  ( F ) ) d F


  𝛷  [   x _ ]


  x  ( F )


    x _


    ∑  j = 1 J    P  j = 1


    x _


    ∫  − ∞ ∞  f  ( x ) d x = 1


  𝛷   =   E  [ −  ln ⁡  P  (   x _ ) ] = −   P 1  ln ⁡    P 1 −   P 2  ln ⁡    P 2 −   P 3  ln ⁡    P 3 −   P 4  ln ⁡    P 4 −   P 5  ln ⁡    P 5 −   P 6  ln ⁡    P 6  


    P 1 +   P 2 +   P 3 +   P 4 +   P 5 +   P 6 = 1


  L ≔ −   P 1  ln ⁡    P 1 −   P 2  ln ⁡    P 2 −   P 3  ln ⁡    P 3 −   P 4  ln ⁡    P 4 −   P 5  ln ⁡    P 5 −   P 6  ln ⁡    P 6 + a  (   P 1 +   P 2 +   P 3 +   P 4 +   P 5 +   P 6 − 1 )


    𝜕 L  𝜕   P 1 = − 1 −  ln ⁡    P 1 + a = 0   ,     … ,       𝜕 L  𝜕   P 6 = − 1 −  ln ⁡    P 6 + a = 0  


    P 1 =   P 2 =   P 3 =   P 4 =   P 5 =   P 6 = 1 / 6


  𝛷   =  ln ⁡  J


  i


    P  i = 1 ,     P  j = 0  


    j ≠ i


    P 6 = 2   P 1


  i


  b  (   P 6 − 2   P 1 )


    P 2 =   P 3 =   P 4 =   P 5 = 0 . 1698


    P 1 = 0 . 1069 ,     P 6 = 0 . 2139


  𝛷 = 1 . 7732 ,


  𝛷 =  ln ⁡ 6 = 1 . 792


    x _


  b  (   x _ ) = 1


  𝛷  [   x _ ]   = −   ∫ 0  J    ln ⁡  f  ( x ) f  ( x ) d x


  L ≔ −   ∫ 0  J    ln ⁡  f  ( x ) f  ( x ) d x − a  (   ∫ 0  J  f  ( x ) d x − 1 )


    𝜕 L  𝜕 f = − 1 −  ln ⁡  f − a = 0


  f =  exp ⁡   ( − 1 − a ) =


  f  ( x ) =  1  J


  𝛷 =  ln ⁡  J


  f  ( x ) = 0


    ∫ 0 ∞  x f  ( x ) d x = 𝜇


  A ≔ −   ∫ 0 ∞    ln ⁡  f  ( x ) f  ( x ) d x − a  (   ∫ 0 ∞  f  ( x ) d x − 1 ) − b  (   ∫ 0 ∞  x f  ( x ) d x − 𝜇 )


    𝜕 A  𝜕 f = − 1 −  ln ⁡  f − a − b x = 0


  f  ( x ) = B  exp ⁡   ( − b x )


    x _


    x _


    ∫ 0 ∞    x 2 f  ( x ) d x = 𝛾


  A ≔ −   ∫ 0 ∞    ln ⁡  f  ( x ) f  ( x )  d x − a  (   ∫ 0 ∞  f  ( x ) d x − 1 ) − b  (   ∫ 0 ∞    x 2 f  ( x ) d x − 𝛾 )


    𝜕 A  𝜕 f = − 1 −  ln ⁡  f − a − b   x 2 = 0


  f  ( x ) = B  exp ⁡   ( − b   x 2 )


  𝛣 =  2 π 𝛾


  𝜎 =  𝛾


  ( b ( x ) = 1


    x _


    x  j


    x  j = 1 , … , J


  P  (   x  j ) =  1  J   ,  


  F  ( x ) =  max ⁡   ( 0 ,  min ⁡   (    ⌊ x ⌋  J , 1 ) )


  F  ( x ) =  max ⁡   ( 0 ,  min ⁡   (    ⌊ x ⌋  J , 1 ) )


  𝛷  [   x _ ] =  ln ⁡  J


      x  j = 1 , … , J


    x  j = 0 , 1 , …


  𝜇 > 0


  P  (   x  j )   =    1  1 + 𝜇    (   𝜇  1 + 𝜇 )  j


  F  ( x ) = max  ( 0 ,   1 −  1  1 + 𝜇    (   𝜇  1 + 𝜇 )   ⌊ x ⌋ )


  F  ( x ) = max  ( 0 ,   1 −  1  1 + 𝜇    (   𝜇  1 + 𝜇 )   ⌊ x ⌋ )


  𝛷  [   x _ ] =  ln ⁡   (      ( 𝜇 + 1 )  𝜇 + 1    𝜇  𝜇 ) ≈   1 +  ln ⁡   ( 𝜇 + 1 / e )


      x  j = 0 , 1 , …


    x _


  f  ( x )   =    {     1  J  for   0 ≤ x ≤ J   0  otherwise         


  F  ( x ) =  max ⁡   ( 0 ,  min ⁡   ( x / J ,   1 ) )


  F  ( x ) =  max ⁡   ( 0 ,  min ⁡   ( x / J ,   1 ) )


  𝛷  [   x _ ] =  ln ⁡  J


  f  ( x )   =    {       e  −   x  𝜇      𝜇    x ≥ 0   0    x < 0         


  F  ( x )   =    {    1 −  e  −   x  𝜇    for   x ≥ 0   0  for   x < 0         


  F  ( x )   =    {    1 −  e  −   x  𝜇    for   x ≥ 0   0  for   x < 0         


  𝛷  [   x _ ] = 1 +  ln ⁡  𝜇


  𝜇 ∈ ℝ ,


  f  ( x ) =  1   2 π 𝜎  exp ⁡   ( −      ( x − 𝜇 ) 2  2   𝜎 2 )


  F  ( x ) =  1 2 erfc  ( −   x − 𝜇   2 𝜎 )  


  F  ( x ) =  1 2 erfc  ( −   x − 𝜇   2 𝜎 )  


  𝛷  [   x _ ] =  1 2  ( 1 +  ln ⁡   ( 2 π ) ) +  ln ⁡  𝜎 = 1 . 419 +  ln ⁡  𝜎


   ( − ∞ , ∞ )


   ⌊ x ⌋


  x


    E  [   g  i  (   x _ ) ] =   𝛾  i ⇔   ∫  − ∞ ∞    g  i  ( x ) f  ( x ) d x −   𝛾  i = 0


  b ( x )


  L ≔   −   ∫  − ∞ ∞   ln ⁡    f  ( x )  b  ( x ) f  ( x ) d x ⁡  − a  (   ∫  − ∞ ∞  f  ( x ) d x − 1 ) −   ∑  i    b  i  (   ∫  − ∞ ∞    g  i  ( x ) f  ( x ) d x −   𝛾  i )


  −  ln ⁡    f  ( x )  b  ( x ) + 1 − a −   ∑  i    b  i   g  i  ( x ) = 0


  f  ( x ) = A   b  ( x )  exp ⁡   ( −   ∑  i    b  i   g  i  ( x ) )


  A ≔  e  1 − a


  b  ( x )


  x


  d  ( x ,   x ΄ ) =  | x − x ΄ |


  d  ( x , x ΄ ) =  |  ln ⁡   ( x ΄ / x ) |


  x


  x ΄


  x


  x ΄


  x


  x ΄


  b  ( x ) =  l  𝜆 + x


  x


  x


    𝛣 LS  ( x ) =   ∫ 0  x  𝜆   b  ( s ) d s = 𝜆  ln ⁡   ( 1 +   x  𝜆 )


    𝛣 LS  ( x )


    𝛣 LS  ( x )


     lim  x → 0 ⁡      𝛣 LS  ( x )  x =    lim  𝜆 → ∞ ⁡      𝛣 LS  ( x )  x = 1 ,        lim  x → ∞ ⁡   (     𝛣 LS  ( x )  𝜆    ln ⁡  ( x / 𝜆 ) ) =    lim  𝜆 → 0 ⁡   (     𝛣 LS  ( x )  𝜆    ln ⁡  ( x / 𝜆 ) ) = 1


  𝜆


  x


    𝛣 LS  ( x )


  𝜆


  x


  y = B  ( x ) =   𝛣 LS  ( x )


  x


  B  ( x )


  x


  x


  B  ( x )


   ln ⁡  x


  x


  x ΄


    d  ( x ,   x ΄ ) =  | B  ( x ΄ ) −   B  ( x ) | = 𝜆  |  ln ⁡   (   1   +       x ′  𝜆  1   +   x  𝜆 ) |


  x


  x <   x ′ ≪ 𝜆


  d  ( x ,   x ΄ ) = 𝜆  ln ⁡   ( 1 +   ( x ΄ − x )  ( 𝜆 + x ) ) ≈   x ΄   −   x


  𝜆 ≪ x < x ΄ , d  ( x ,   x ΄ ) ≈ 𝜆  ln ⁡   ( x ΄ / x )


  B  ( x )


  d  ( x , x ΄ )


  x


    B LPS  ( x ) = 𝜆  ln ⁡   ( 1 +    (   x  𝜆 )  c ) ,       B LPS ′  ( x ) = 𝜆   b  ( x ) = c    (   x  𝜆 )  c − 1 /  ( 1 +    (   x  𝜆 )  c   )


   [   B LPS  ( x ) ] =  [ x ] =  [ 𝜆 ]


  b  ( x ) =   B LPS ′  ( x ) / 𝜆


    B LPS ′  ( x )


  B  ( x ) =   B LPS ( x )


  E  [    (   𝛣  ( x )  𝜆 )  d ] = 𝛾


 


  f  ( x ) =   A c  𝜆    (   x  𝜆 )   ( c − 1 )    ( 1 +    (   x  𝜆 )  c )  − 1  exp ⁡   ( −   b  (  ln ⁡   ( 1 +    (   x  𝜆 )  c ) )  d )


  𝜆 → ∞ ,


    𝛣 P  ( x )


    𝛣 P  ( x ) =   𝜆  (   x  𝜆 )  c ,       B P ′  ( x ) =   c  (   x  𝜆 )  c − 1  


     lim  𝜆 → ∞ ⁡  B  ( x ) /   𝛣 P  ( x ) = 1


  f  ( x ) =   A c  𝜆    (   x  𝜆 )   ( c − 1 )  exp ⁡   ( − b      (   x  𝜆 )  c d )


  c = 1


  f  ( x ) =     A ′  𝜆    exp ⁡   ( − b      (   x  𝜆 )  d )


  f  ( x )


    F -  ( x ) = 1 − F  ( x )


  F  ( x )


    x _ ≥ 0


  x


  𝜉 > 0 ,   𝜁 > 1


  f  ( x )


    F -  ( x ) = 1 − F  ( x )


  c = 1


  b = d = 1   


  


   exp ⁡   ( −   x  𝜆 )


  d = 2 ,   b = 1 / 2


   2  𝜆  2 π    exp ⁡   ( −  1 2    (   x  𝜆 ) 2 )


   erfc ⁡   (   x   2 𝜆 )


  d = 1 / c ,   b   = 1 ,


  𝜁 = c


  𝜁 = c


   1  𝜆   Γ  ( 𝜁 )      (   x  𝜆 )  𝜁 − 1  exp ⁡   ( −   x  𝜆 )


     Γ  x / 𝜆  ( 𝜁 )    Γ  ( 𝜁 )


  b = d = 1 , 𝜁 = c


    𝜁  𝜆      (   x  𝜆 )  𝜁 − 1  exp ⁡   ( −    (   x  𝜆 )  𝜁 )


   exp ⁡   ( −    (   x  𝜆 )  𝜁 )


  b = 1 , d = 2 / c ,


  𝜁 = c


  𝜁 = c


   2  𝜆   Γ  ( 𝜁 / 2 )      (    (   x  𝜆 ) 2 )    𝜁 2 −  1 2  exp ⁡   ( −    (   x  𝜆 ) 2 )


     Γ  y  ( 𝜁 )      Γ  ( 𝜁 ) ,       y =    (   x  𝜆 ) 2


  b = 1 , 𝜁 = c ,


  𝜍 =   𝜁  c d


    𝜁  𝜆   𝜍   Γ  ( 𝜍 )      (   x  𝜆 )  𝜁 − 1  exp ⁡   ( −    (   x  𝜆 )  𝜁 / 𝜍 )


     Γ  y  ( 𝜍 )      Γ  ( 𝜍 ) ,       y =    (   x  𝜆 )  𝜁 / 𝜍


  c = 1


  d = 1 ,   𝜉 = 1 / b


   1  𝜆 𝜉      ( 1 +   x  𝜆 )  −  1  𝜉 − 1


     ( 1 +   x  𝜆 )  −  1  𝜉


  d = 2 ,   b = 1 / 2 


  


   erfc ⁡   (  1   2  ln ⁡   ( 1 +   x  𝜆 ) )


  d = 1 ,   𝜁 = c ,


  𝜉 = 1 / b c


  𝜉 = 1 / b c


   1  𝜆 𝜉    (   x  𝜆 )  𝜁 − 1    ( 1 +    (   x  𝜆 )  𝜁 )  −  1  𝜁 𝜉 − 1


     ( 1 +    (   x  𝜆 )  𝜁 )  −  1  𝜁 𝜉


  b = 1 , 𝜁 = c , 𝜍 = d


    𝜁 𝜍  Γ  ( 1 / 𝜍 )   𝜆      exp ⁡   ( −    (  ln ⁡   ( 1 +    (   x  𝜆 )  𝜁 ) )  𝜍 )     (   x  𝜆 )  1 − 𝜁  ( 1 +    (   x  𝜆 )  𝜁 )


     Γ  z  ( 1 / 𝜍 )    Γ  ( 1 / 𝜍 ) ,    


  z =    (  ln ⁡   ( 1 +    (   x  𝜆 )  𝜁 ) )  𝜍


  z =    (  ln ⁡   ( 1 +    (   x  𝜆 )  𝜁 ) )  𝜍


  f  ( x )


    F -  ( x )


  x ≥ 0


  x ≥ − 𝜆


  F  ( x ) ←     F -  ( x ) )


     lim  x → ∞ ⁡   e  t x   F -  ( x ) = ∞


     lim  x → ∞ ⁡    x  1 / 𝜉   F -  ( x ) =   l 2


    l 2


  E  [     x _  q ] = ∞


    x  1 / 𝜉


     ( − x )  1 / 𝜉


     lim  x → 0 ⁡    x  − 𝜁 F  ( x ) =   l 3


    l 3


     lim  x → 0 ⁡    x  − 𝜁 F  ( x ) =    lim  x → 0 ⁡    x  1 − 𝜁 f  ( x ) / 𝜁


  𝜁 < 1


  f  ( x )


     lim  x → 0 ⁡  f  ( x ) = ∞


  𝜁 > 1


  f  ( x )


  f  ( 0 ) = 0


  𝜁 = 1


  f  ( 0 )


  f  ( x )


  𝛹  ( x )


    c U


    𝜁 ′


     lim  x →   c U ⁡  (   c U −   x )  −   𝜁 ′   F ¯ ( x ) =   l 1


    𝜁 ′ =     F ¯    c U #  ( 0 ) = −   𝛹    c U #  ( 0 )


  𝜉


     lim  x → ∞ ⁡    x   1  𝜉     F ¯  ( x ) =   l 2


  𝜉 = − 1 /     F ¯ # ( ∞ ) = 1 /   𝛹 #  ( ∞ )


    c L


  𝜁


     lim  x →   c L ⁡     ( x −   c L )  − 𝜁 F  ( x ) =   l 3


  𝜁 =   F    c L #  ( 0 ) =   𝛹    c L #  ( 0 )


    𝜉 ′


     lim  x → − ∞ ⁡     ( − x )   1    𝜉 ′ F  ( x ) =   l 4


    𝜉 ′ = − 1 /   F #  ( − ∞ ) = − 1 /   𝛹    c U #  ( 0 )


    l  i , i = 1 , … , 4


    F #  ( c )


  F ( x )


  x = c


    F  c ( x ) ≔ F ( x + c )


    𝛹 # ( c )


  𝜇


    𝜎 2


    𝜎  𝜇 > 1


    𝜎  𝜇 =  1   1 − 2ξ >   1


  x


  T  ( x ) = D /   F -  ( x )


  𝜉 = 0 . 11


  𝜆 = 7 . 78


    x _ .


   (   x _ ,     y _ )


    𝛺  x ,   𝛺  y


   {   x _ ≤ x }


   {   y _ ≤ y }


   {   x _ ≤ x ,   y _ ≤ y }


    𝛺  x y =   𝛺  x ×   𝛺  y


   (   x _ ,     y _ )


   ( x , y )


    F    x _   y _  ( x , y ) ≔   P  {   x _ ≤ x ,   y _ ≤ y }


    x _   y _


    F    x _   y _


    f    x _   y _  ( x , y ) ≔     𝜕 2   F    x _   y _  ( x , y )    𝜕 x   𝜕 y


    F    x _   y _  ( x , y ) =   ∫  − ∞  x    ∫  − ∞  y    f    x _   y _ ( u , v ) d u d v


    F    x _  ( x ) ≔   P  {   x _ ≤ x } =    lim  y → ∞ ⁡    F    x _   y _  ( x , y ) ,       F    y _  ( y ) ≔   P  {   y _ ≤ y } =    lim  x → ∞ ⁡    F    x _   y _  ( x , y )


    x _


    y _


    f    x _  ( x ) =   ∫  − ∞ ∞    f    x _   y _  ( x , y ) d y ,       f    y _  ( y ) =   ∫  − ∞ ∞    f    x _   y _  ( x , y ) d x


  g  (   x _ ,   y _ )


    x _


    y _


  E  [ g  (   x _ ,   y _ )   ] =   ∫  − ∞ ∞    ∫  − ∞ ∞  g  ( x , y )     f    x _   y _  ( x , y ) d x d y


  p , q


    𝜇  p q ′ ≔ E  [     x _  p     y _  q ] =   ∫  − ∞ ∞    ∫  − ∞ ∞    x  p   y  q   f    x _   y _  ( x , y ) d x d y


  p , q


    𝜇  p q ≔ E  [    (   x _ −   𝜇  x )  p    (   y _ −   𝜇  y )  q ] =   ∫  − ∞ ∞    ∫  − ∞ ∞     (   x _ −   𝜇  x )  p    (   y _ −   𝜇  y )  q   f    x _   y _  ( x , y ) d x d y


  p = 0


  q = 0


      𝜇  x ≔ 𝜇 10 ′ ,     𝜇  y ≔   𝜇 01 ′


  var  [   x _ ] ≔ E  [    (   x _ −   𝜇  x ) 2 ] ≡   𝜇 20 ≡   𝛾  x ≡   𝜎  x 2


  var  [   y _ ] =   𝜇 02 ≡   𝛾  y ≡   𝜎  y 2


  cov  [   x _ ,   y _ ] ≔ E  [  (   x _ −   𝜇  x )  (   y _ −   𝜇  y ) ] ≡   𝜇 11 ≡   𝜎  x y = E  [   x _     y _ ] − E  [   x _ ] E  [   y _ ]


    r  x y ≔     𝜎  x y    𝜎  x   𝜎  y


  − 1 ≤   r  x y ≤ 1


  E  [    (   x _ +   y _ ) 2 ] = E  [     x _ 2 ] + E  [     y _ 2 ] +   2 E  [   x _     y _ ] ,  


  E  [   x _ ] = E  [   y _ ] = 0 ,  


  E  [     x _ 2 ] =   𝜎  x 2 ,   E  [     y _ 2 ] =   𝜎  y 2 ,   E  [   x _     y _ ] =   𝜎  x y


    𝜎  x 2 +   𝜎  y 2 + 2   𝜎  x y ≥ 0


      𝜎  x y    𝜎  x   𝜎  y ≥ −  ( 1 / 2 )  (     𝜎  x    𝜎  y +     𝜎  y    𝜎  x ) = −  ( 1 / 2 )    ( a + 1 / a )


  a ≔     𝜎  x    𝜎  y ≥ 0


   ( a + 1 / a )


      𝜎  x y    𝜎  x   𝜎  y ≥ − 1


  E  [    (   x _ −   y _ ) 2 ] = E  [     x _ 2 ] + E  [     y _ 2 ] −   2 E  [   x _     y _ ]


      𝜎  x y    𝜎  x   𝜎  y ≤  ( 1 / 2 )  (     𝜎  x    𝜎  y +     𝜎  y    𝜎  x ) =  ( 1 / 2 )  ( a + 1 / a ) ≤ 1


    𝜎  x y =   r  x y = 0 ⇔   E  [   x _     y _ ] = E  [   x _ ] E  [   y _ ]


    F    x _   y _  ( x , y ) =     F    x _  ( x )   F    y _  ( y ) ,       f    x _   y _  ( x , y ) =     f    x _  ( x )   f    y _  ( y )


  𝛷  [   x _ ,   y _ ] ≔   E  [ − ln   P  (   x _ ,   y _ ) ] =   −   ∑  i , j    P  i j  ln ⁡    P  i j


    P  i j ≔ P  {   x _ =   x  i ,   y _ =   y  j }


  𝛷  [   x _ ,   y _ ] ≔   E  [ −  ln ⁡    f  (   x _ ,   y _ )  b  (   x _ ,   y _ ) ]   = −   ∫  − ∞ ∞    ∫  − ∞ ∞    ln ⁡    f  ( x , y )  b  ( x , y ) f  ( x , y ) d x d y


    x _


    y _ = y


    F    x _ |   y _  (  x |  y ) ≔     ∫  − ∞  x    f    x _   y _  ( 𝜉 , y ) d 𝜉    f    y _  ( y ) ,       f    x _ |   y _  (  x |  y ) ≔     f    x _   y _  ( x , y )    f    y _  ( y )


    x _


    y _


    y _


  g  (   x _ )


    y _ = y


    E  [  g  (   x _ ) |  y ] ≔ E  [  g  (   x _ ) |    y _ = y ] =   ∫  − ∞ ∞  g  ( x )   f    x _ |   y _  (  x |  y ) d x


    x _


  E  [    x _ |  y ] ≔ E  [    x _ |    y _ = y ] =   ∫  − ∞ ∞  x   f    x _ |   y _  (  x |  y ) d x


  var  [    x _ |  y ] ≔ E  [     (   x _ − E  [    x _ |  y ] ) 2 |    y _ = y ] =   ∫  − ∞ ∞     ( x − E  [    x _ |  y ] ) 2   f    x _ |   y _  (  x |  y ) d x


  var  [    x _ |  y ] ≔ E  [      x _ 2 |  y ] −    ( E  [    x _ |  y ] ) 2


  E  [  g  (   x _ ) |  y ]


  h  ( y )


    y _


  E  [  g  (   x _ ) |    y _ ] = h  (   y _ )


    y _


  E  [ E  [  g  (   x _ ) |    y _ ] ] =   ∫  − ∞ ∞  E  [  g  (   x _ ) |  y ]   f    y _  ( y ) d y =   ∫  − ∞ ∞    ∫  − ∞ ∞  g  ( x )   f    x _   y _  ( x , y ) d x d y


  E  [ E  [  g  (   x _ ) |    y _ ] ] = E  [ g  (   x _ ) ]


  E  [ E  [  g  (   x _ ,   y _ ) |    y _ ] ]   = E  [ g  (   x _ ,   y _ ) ]


    y _ = y


  𝛷  [   x _ | y ] ≔   E  [ − ln   P  (   x _ | y ) ] =   −   ∑  i , j    P  i | j  ln ⁡    P  i | j


    P  i | j ≔ P  {   x _ =   x  i |   y _ =   y  j }


  𝛷  [   x _ | y ] ≔   E  [ −  ln ⁡    f  (   x _ | y )  b  (   x _ ) ]   = −   ∫  − ∞ ∞    ln ⁡    f  (  x |  y )  b  ( x ) f  ( x | y ) d x


    y _


    y _


  𝛷  [   x _ |   y _ ] ≔ E  [ E  [ − ln ⁡ P  (   x _ |   y _ ) |   y _ ] ] = E  [ −  ln ⁡  P  (   x _ |   y _ ) ] = −   ∑  j    ∑  i    P  i | j  ln ⁡    P  i | j   P  j


  𝛷  [   x _ |   y _ ]


  E  [ 𝛷  [   x _ |   y _ ] ]


  𝛷  [   x _ |   y _ ] ≔ E  [ E  [ −  ln ⁡    f  (   x _ |   y _ )  b  (   x _ ) |   y _ ]   ] = E  [ −  ln ⁡    f  (   x _ |   y _ )  b  (   x _ ) ]  


  = −   ∫  − ∞ ∞    ∫  − ∞ ∞    ln ⁡    f  (  x |  y )  b  ( x ) f  ( x | y ) f  ( y ) d x d y = −   ∫  − ∞ ∞    ∫  − ∞ ∞    ln ⁡    f  (  x |  y )  b  ( x ) f  ( x , y ) d x d y


  = −   ∫  − ∞ ∞    ∫  − ∞ ∞    ln ⁡    f  (  x |  y )  b  ( x ) f  ( x | y ) f  ( y ) d x d y = −   ∫  − ∞ ∞    ∫  − ∞ ∞    ln ⁡    f  (  x |  y )  b  ( x ) f  ( x , y ) d x d y


  𝛷  [   x _ |   y _ ] ≤ 𝛷  [   x _ ]


  𝛷  [   x _ |   y _ ] ≠ 𝛷  [   x _ | y ]


  𝛷  [   x _ | y ]


  𝛷  [   x _ | y ] ≕   𝛷 c  [   x _ ] ≤ 𝛷  [   x _ ] )


    x _ | y


    x _ |   y _


    y _


  E  [ E  [  g  (   x _ ,   y _ ) |    y _ ] ]


  𝛷  [   x _ |   y _ ]


    x _


    y _


    y _


    x _


    x _


    y _


    x _


    x _


    y _


   {   x _ = 0 }


   {   x _ = 1 }


  P  {   x _ = 1 |   y _ = 1 } = 0 . 4 ,     P  {   x _ = 1 |   y _ = 0 } = 0 . 15


  P  {   x _ = 0 |   y _ = 1 } = 0 . 6 ,     P  {   x _ = 0 |   y _ = 0 } = 0 . 85


  P  {   x _ = 0 } = 0 . 8 ,     P  {   x _ = 1 } = 0 . 2


  𝛷  [   x _ ] = E [ −  ln ⁡  P (   x _ ) ] = − 0 . 8  ln ⁡  0 . 8 − 0 . 2  ln ⁡  0 . 2 = 0 . 500


  𝛷  [   x _ |   y _ = 0 ] = E  [ −  ln ⁡  P  (    x _ |    y _ = 0 ) ]   = − 0 . 85  ln ⁡  0 . 85 − 0 . 15  ln ⁡  0 . 15 = 0 . 423


  𝛷  [   x _ |   y _ = 1 ] = E  [ −  ln ⁡  P  (    x _ |    y _ = 1 ) ] = − 0 . 6  ln ⁡  0 . 6 − 0 . 4  ln ⁡  0 . 4 = 0 . 673


    y _ = 1


  𝛷  [   x _ |   y _ ] = 0 . 423   × 0 . 8 + 0 . 673 × 0 . 2 = 0 . 473 < 0 . 500


  n


      x _ 1 , … ,       x _  n


    F      x _ 1 , … ,     x _  n  (   x 1 , … ,   x  n ) ≔   P  {     x _ 1 ≤   x 1 , … ,       x _  n ≤   x  n }


  n


    F      x _ 1 , … ,     x _  n  (   x 1 , … ,   x  n ) =   ∫  − ∞    x 1  …   ∫  − ∞    x  n    f      x _ 1 , … ,     x _  n (   𝜉 1 , …   𝜉  n ) d   𝜉  n ⋯ d   𝜉 1  


      x _ 1 , … ,       x _  n


    F      x _ 1 , … ,     x _  n  (   x 1 , … ,   x  n ) =   F      x _ 1  (   x 1 ) ⋯     F      x _  n  (   x  n )


  f  (   x 1 , … ,   x  n ) = f  (   x  n |   x  n − 1 , … ,   x 1 ) ⋯   f  (    x 2 |    x 1 ) f  (   x 1 )


  f  (   )


  𝛷  [     x _ 1 , … ,     x _  n ] = 𝛷  [     x _  n |     x _  n − 1 , … ,     x _ 1 ] + ⋯ +   𝛷  [     x _ 2 |     x _ 1 ] + 𝛷  [     x _ 1 ]


  f  (   x 1 , … ,   x  n )


  f  (   x 1 ,   x 3 ) =   ∫  − ∞ ∞    ∫  − ∞ ∞  f  (   x 1 ,   x 2 ,   x 3 ,   x 4 ) d   x 2 d   x 4


  f  (   x 1 ,   x 2 ,   x 3 ,   x 4 ) = f  (    x 1 ,   x 3 |    x 2 ,   x 4 ) f  (   x 2 ,   x 4 )


 


  f  (   x 1 ,   x 3 ) = E  [ f  (    x 1 ,   x 3 |      x _ 2 ,     x _ 4 ) ]


      x _ 2 ,     x _ 4


  E  [   c 1   g 1  (     x _ 1 ,     x _ 2 ) +   c 2   g 2  (     x _ 1 ,     x _ 2 ) ] =   c 1 E  [   g 1  (     x _ 1 ,     x _ 2 ) ] +   c 2 E  [   g 2  (     x _ 1 ,     x _ 2 ) ]


    c 1


    c 2


    g 1


    g 2


    g  i


  E  [   a 1     x _ 1 +   a 2     x _ 2 ] =   a 1 E  [     x _ 1 ] +   a 2 E  [     x _ 2 ]


  var  [   a 1     x _ 1 +   a 2     x _ 2 ] =   a 1 2 var  [     x _ 1 ] +   a 2 2 var  [     x _ 2 ] + 2   a 1   a 2 cov  [     x _ 1 ,     x _ 2 ]


    z _ =     x _ 1 +     x _ 2


      x _ 1


      x _ 2


    f    z _  ( z ) =   ∫  − ∞ ∞    f      x _ 1  ( z −   x 2 )   f      x _ 2  (   x 2 ) d   x 2


    f      x _ 1  ( x )


    f      x _ 2  ( x )


    f    z _  ( z ) =   ∫ 0  z    f      x _ 1  ( z −   x 2 )   f      x _ 2  (   x 2 ) d   x 2 ,     z > 0


      x _ 1


      x _ 2


    𝜇  i


  i   = 1 , 2


    𝜎  i


    𝜎 12


    r 12


      x _  i


    𝜎  i


  var  [  1 2  (       x _ 1    𝜎 1 +       x _ 2    𝜎 2 ) ] =  1 2 +  1 2 cov  [       x _ 1    𝜎 1 ,       x _ 2    𝜎 2 ] =  1 4 E  [    (       x _ 1 −   𝜇 1    𝜎 1 +       x _ 2 −   𝜇 2    𝜎 2   ) 2 ]


    r 12


    𝜌 12 ≔ var  [  1 2  (       x _ 1    𝜎 1 +       x _ 2    𝜎 2 ) ] ,       𝛾 12 ≔   𝜎 1   𝜎 2   𝜌 12 = var  [  1 2  (      𝜎 2    𝜎 1     x _ 1 +      𝜎 1    𝜎 2     x _ 2 ) ]


    𝜌 12 ≔   1 +   r 12 2 ,       𝛾 12 ≔     𝜎 1   𝜎 2 +   𝜎 12 2


    r 12


    𝜌 12


    𝛾 12


    𝜎 1   𝜎 2


    𝜎 1   𝜎 2 / 2


    𝜎 1   𝜎 2


    𝜌 12


    𝛾 12


    r 12


    𝛾 1 =   𝜎 2


    𝜌  𝜅 ≔ var  [       X _  𝜅  𝜅 𝜎 ] =     𝛾  𝜅    𝛾 1 ,       𝛾  𝜅 ≔ var  [       X _  𝜅  𝜅 ] =   𝛾 1   𝜌  𝜅 ,         X _  𝜅 ≔     x _ 1 + … +     x _  𝜅


    𝛾  𝜅


    𝜌  𝜅


   (   0 , 𝛾 1 )


      x _ 1 + … +     x _  𝜅 = 𝜅     x _ 1 + c


      x _ 1 + … +     x _  𝜅 = c


    𝛾  𝜅 ≔   𝛾 1 / 𝜅


    𝜌  𝜅 ≔ 1 / 𝜅


      x _  i


      x _  i


      x _  i


      z _  n


  n


      x _  i


  i = 1 , … ,   n


      z _  n ≔     x _ 1 + … +     x _  n


    𝜇  z


    𝜎  z 2


  n


    z _


  N  (   𝜇  z ,   𝜎  z )


     lim  n → ∞ ⁡    F      z _  n  ( z ) =   ∫  − ∞  z   1    𝜎  z  2 π  e  −  1 2    (   z −   𝜇  z    𝜎  z ) 2


      x _  i


      z _  n


     lim  n → ∞ ⁡    f      z _  n  ( z ) =  1    𝜎  z  2 π  e  −  1 2    (   z −   𝜇  z    𝜎  z ) 2


    F      z _  n  ( z )


    f      z _  n  ( z )


      x _  i


   ( − ∞ , ∞ )


  n   (   (


  n


  n


  n


      x _  i


  n


      x _  i


      x _  i


  n


      x _  i


  n


      x _  i


  n


      x _  i


   ( −  3 ,  3 )


  f  ( x ) =  1  2  3


  f  ( x ) =  e  − x − 1 ,   x ≥ − 1


      z _  n ≔  (     x _ 1 + … +     x _  n ) /  n


  n


   n


      z _  n


      x _  i


  n


  n → ∞


      x _  i


    F - = 0 . 001  


      x _  i


      x _  i


  f  ( x ) =  e  − x − 1 ,   x > − 1


    F -  ( x ) =    ( 4 / 3 +   x  2 3 )  − 4 ,   x ≥ −  1   2  


      z _  n ≔  (     x _ 1 + … +     x _  n ) /  n


  n


  n


      x _  i


      x _  i


  n → ∞


      y _  n ≔  max ⁡   (     x _ 1 , … ,     x _  n )


      x _  n


    F      y _  n  ( y ) =    (   F    x _  ( y ) )  n


      x _  i


    𝜆  n


    𝜀  n


      y _  n ∗ ≔    max ⁡   (     x _ 1 , … ,     x _  n )    𝜆  n −   𝜀  n


  n → ∞


  H  ( y ) ≔   F      y _ ∞ ∗  ( y ) =  exp ⁡   ( −    ( 1 + 𝜉  (   y  𝜆 − 𝜀 ) )  − 1 / 𝜉 ) ,     𝜉 y ≥ 𝜉 𝜆  ( 𝜀 −  1  𝜉 )


    𝜆  n


    𝜀  n )


  n


  n


    𝜆  n


    𝜀  n = 1


      y _  n ∗ ≡     y _  n =  max ⁡   (     x _ 1 , … ,     x _  n )


  n


    x 1


    x 2


  F    ( x )  n  


    H  ( x )


  −   x 1 / 𝜆 + 𝜀 = 0 ,   −   x 2 / 𝜆 + 𝜀 = − 1


    x 1 = 𝜆 𝜀 ,     x 2 = 𝜆 𝜀 + 𝜆


  F    ( 𝜆 𝜀 )  n =  e  − 1 ,   F    ( 𝜆 𝜀 + 𝜆 )  n =  e  −    ( 1 + 𝜉 )  −  1  𝜉


  𝜆 =   F  − 1  (  e  −    1     ( 1 + 𝜉 )   1  𝜉 n ) −   F  − 1  (  e  −    1  n ) ,     𝜀 =     F  − 1  (  e  −    1  n )  𝜆


     ( 1 + 𝜉 )  −  1  𝜉 →  1 e


  H  ( y )


    F    x _  ( x )


  H  ( y ) =  exp ⁡   ( −  exp ⁡   ( − y / 𝜆 + 𝜀 ) )


  𝜆 𝜓 − 𝜆 / 𝜉


  𝜆 𝜓 − 𝜆 / 𝜉


  n


    a  n > 0


    b  n


     ( H  (   a  n y +   b  n ) )  n = H  ( y )


  F  ( x )


    H ¯  ( y )


      z _  n ≔  min ⁡   (     x _ 1 , … ,     x _  n ) = −  max ⁡   (   −   x _ 1 , … , −     x _  n )


  P  {     z _  n ≤ z } = 1 − P  {  max ⁡   (   −   x _ 1 , … , −     x _  n ) ≤ − z }


  G  ( z ) ≔   F      z _ ∞ ∗  ( y ) = 1 −  exp ⁡   ( −    ( 1 + 𝜉  ( −   z  𝜆 − 𝜀 ) )  − 1 / 𝜉 ) ,     𝜉 z ≤ 𝜉 𝜆  (  1  𝜉 − 𝜀 )


  G  ( z ) = 1 −  exp ⁡   ( −  exp ⁡   ( z / 𝜆 + 𝜀 ) )


  𝜉 > 0 ,


 


  𝜉 < 0


  𝜆  ( 1 / 𝜉 − 𝜀 )


  H  ( y )


     ( H  ( y ) )  𝜃


  𝜃 ∈  ( 0 , 1 ]


  n


  F    ( x )  n


    F N


  𝜆 =   F N  − 1  (  e  −    1  e n ) −   F N  − 1  (  e  −    1  n ) ,     𝜀 =  1  𝜆   F N  − 1  (  e  −    1  n )


  F  ( x ) = 1 −    ( 1 + x )  − 1 / 𝜉


  𝜆 =    ( 1 −  e  −    1  n    ( 1 + 𝜉 )  1 / 𝜉 )  − 𝜉 −    ( 1 −  e  −    1  n )  − 𝜉 ,     𝜀 =  1  𝜆  (    ( 1 −  e  −    1  n )  − 𝜉 − 1 )


  n


  n


  n


   ln ⁡  x


  n


  F  ( x ) = 1 −    ( 1 + x )  − 1 / 𝜉


  n


  𝜉 = 0 . 3 /   n  0 . 07


  n


  F  (  x |    x _ > u ) =   P  {   x _ ≤ x |   x _ > u } =   F  ( x ) − F  ( u )  1 − F  ( u )


  H  ( x )


  n


  1 / n


  F  (  x |    x _ > u ) = n  ( F  ( x ) − 1 ) + 1


  1 − F  (  x |    x _ > u ) = n  ( 1 − F  ( x ) )


  F  ( x )


  −  ln ⁡  H  ( x ) ≈ −  ln ⁡     ( F  ( x ) )  n = − n  ln ⁡  F  ( x ) ≈ n  ( 1 − F  ( x ) )


   ln ⁡  F  ( x ) =  ln ⁡  ( 1 −  ( 1 − F  ( x ) ) = −  ( 1 − F  ( x ) ) −    ( 1 − F  ( x ) ) 2 − …


  F  ( x )


  F  (  x |    x _ > 𝜆 𝜀 ) = 1 +  ln ⁡  H  ( x ) = 1 −    ( 1 + 𝜉  (   x  𝜆 − 𝜀 ) )  − 1 / 𝜉 ,     x ≥ 𝜆 𝜀


  𝜆 𝜀


  F  (  u |    x _ > u ) = 0


  F  (  x |    x _ > 𝜆 𝜀 ) = 1 +  ln ⁡  H  ( x ) = 1 −  exp ⁡   (   x  𝜆 − 𝜀 ) ,     x ≥ 𝜆 𝜀


  x


  H  ( x )


   ln ⁡  H  ( x ) ≈ H  ( x ) − 1


  F  (  x |    x _ > 𝜆 𝜀 ) ≈ H  ( x )


  H  ( x ) > 0 . 99


  H  ( x ) > 0 . 9


  F  ( x |   x _ > u ) =   1 −  ( 1 + 𝜉  (   x    𝜆  u −   𝜀  u ) )  −  1  𝜉


    𝜆  u ≔ 𝜆  ( 1 + 𝜉  ( u / 𝜆 − 𝜀 ) ) ,       𝜀  u ≔   u    𝜆  u


  u = 𝜆 𝜀


  u


  F  ( x )


  u


  n


      y _  n ≔  max ⁡   (     x _ 1 , … ,     x _  n )


      x _  i


      y _  n


  n


    F      y _  n  ( y | n ) =    (   F    x _  ( y ) )  n


  n


    F    y _  ( y ) =  exp ⁡   ( − 𝜈  ( 1 − F  ( y ) ) )


  H  ( y )


  F  ( x )


  U


  ⊂  ℝ 2


  x + y = 1


  𝛷 ∈   C 2 ( U )


  𝛷  ( x , y ) = 𝛷  ( y , x ) ,        ∂ 2 𝛷  ∂ x ∂ y ≡ 0


   ∂  x 𝛷 ( x , y )


  x


   ∂  x 𝛷 ( x , y ) =   g ′ ( x )


  g ( x )


  x


  y


  H ( y )


  𝛷 ( x , y ) = g ( x ) + H ( y )


  x =   x 0


  g  (   x 0 ) + H  ( y ) = g ( y ) + H (   x 0 )


  H  ( y ) = g  ( y ) + c


  c ≔ H  (   x 0 ) − g  (   x 0 )


  𝛷 ( x , y ) = 𝜑 ( x ) + 𝜑 ( y )


  𝜑  ( x ) = g ( x ) + c / 2


  𝛷 (   x 1 , … ,   x  n ) =   ∑  i = 1  n  𝜑 (   x  i )


  𝛷 ∈   C 2  ( U ) ,


  U ⊂  ℝ  n


    x 1 + … +   x  n = 1


  j ≠ n


     ∂ 2 F  ∂   x  j ∂   x  n = 0


   ∂    x  n F


    x  j


   ∂    x  n 𝛷 (   x 1 , … ,   x  n ) =   g  n ′ (   x  n )


    x  n


    H  n − 1 (   x 1 , … ,   x  n − 1 )


  𝛷 (   x 1 , … ,   x  n ) =   g  n (   x  n ) +   H  n − 1 (   x 1 , … ,   x  n − 1 )


  1 ≤ i < j ≤ n − 1


     ∂ 2   H  n − 1  ∂   x  i ∂   x  j =    ∂ 2 𝛷  ∂   x  i ∂   x  j = 0


    H  n − 1


  n − 1


    H  n − 1 (   x 1 , … ,   x  n − 1 ) =   g  n − 1 (   x  n − 1 ) +   H  n − 2 (   x 1 , … ,   x  n − 2 )


  𝛷  (   x 1 , … ,   x  n ) =   g  n  (   x  n ) +   g  n − 1  (   x  n − 1 ) + … +   g 1  (   x 1 )


    g 1  (   x 1 ) =   H 1  (   x 1 )


    g  n  ( x ) =   g  n − 1  ( x ) = … =   g 1  ( x ) = 𝜑  ( x )


    x  i = P  (   A  i )


  𝔸 ,   𝔸 ′


  𝔸 =  { A ,   A ¯ }


  𝛺


  P  ( A ) ≕ x


  P  (   A ¯ ) = 1 −   x


  𝛷  [ 𝔸 ] = 𝜑  ( x ) + 𝜑 ( 1 − x )


  𝛺 ,   𝛺 ′ ​


  𝔸 =  { A ,   A ¯ } ,     𝔸 ′ =  { A ′ ,   A ¯ ′ }


    A ′ = A


  𝔸 ⊗   𝔸 ′ =  { A   A ′ , A     A ¯ ′ ,     A ¯   A ′ ,   A ¯     A ¯ ′ }


  𝛺 × 𝛺 ′ ​


  y = P ( A   A ′ )


  P  ( A   A ′ ) + P  ( A     A ¯ ′ ) = P  ( A ) = x , P  ( A   A ′ ) + P  (   A ¯   A ′ ) = P  ( A ′ ) = x


  P  ( A     A ¯ ′ ) = P  (   A ¯   A ′ ) = x − y


  P  (   A ¯   A ′ ) + P  (   A ¯     A ¯ ′ ) = P  (   A ¯ ) = 1 − x


  P  (   A ¯     A ¯ ′ ) = 1 − x −  ( x − y ) = 1 − 2 x + y


  𝛷  ( 𝔸 ⊗   𝔸 ′ ) = 𝜑  ( y ) + 2 𝜑  ( x − y ) + 𝜑  ( 1 − 2 x + y )


  y


  𝛷  ( 𝔸 ⊗   𝔸 ′ )


    𝜕 𝛷  ( 𝔸 ⊗   𝔸 ′ )  𝜕 y =   𝜑 ′  ( y ) − 2   𝜑 ′  ( x − y ) +   𝜑 ′  ( 1 − 2 x + y ) = 0


  A ,   A ′


  y = P  ( A   A ′ ) = P  ( A ) P  (   A ′ ) =   x 2


    𝜑 ′  (   x 2 ) − 2   𝜑 ′  ( x −   x 2 ) +   𝜑 ′  (    ( 1 − x ) 2 ) = 0


  A ,   A ′


  P  ( A     A ¯ ′ ) = P  (   A ¯   A ′ ) = x −   x 2 = x  ( 1 − x ) = P  ( A ) P  (     A ¯ ′ ) = P  (   A ¯ ) P  (   A ′ ) ,


  x


    𝜑 ′  (   x 2 ) − 2   𝜑 ′  ( x ) +   𝜑 ′  ( 1 ) = 0


  x


  x =  e  − s


  g  ( s ) =   f ′  (   e  − s ) −   𝜑 ′  ( 1 )


  g  ( 2 s ) = 2 g ( s )


  g  ( s ) = k   s


  k


    𝜑 ′  ( x ) =   𝜑 ′  ( 1 ) − k  ln ⁡  x ,     𝜑  ( x ) =   ∫ 0  x    𝜑 ′  ( q ) d q = x    (   𝜑 ′  ( 1 ) + k − k  ln ⁡  x )


  𝛷  ( 𝛺 ) = 𝜑  ( 1 ) = 1  (   𝜑 ′  ( 1 )   +   k ) = 0


    𝜑 ′  ( 1 ) = −   k


    𝜑 ′  ( x ) = − k − k  ln ⁡  x ,     𝜑  ( x ) = − k   x  ln ⁡  x


  𝜑  ( x )


    𝜑 ′  (   x 2 ) − 2   𝜑 ′  ( x −   x 2 ) +   𝜑 ′  (    ( 1 − x ) 2 ) =  ( − k − k    ln ⁡  x 2 ) +  ( 2 k + 2 k  ln ⁡   ( x −   x 2 ) ) +  ( − k − k  ln ⁡   (    ( 1 − x ) 2 ) ) = k  ln ⁡       ( x −   x 2 ) 2      x 2  ( 1 − x ) 2 = k  ln ⁡ 1 = 0


  𝔸


  𝛷  ( 𝔸 ) = 𝜑  ( x ) + 𝜑  ( 1 − x ) = − k   x  ln ⁡  x − k   ( 1 − x )  ln ⁡  ( 1 − x )


  𝛷  ( 𝔸 ) ≥ 0


  k > 0


  𝛷  ( 𝔸 )


    𝜑  ′ ′  ( x ) = − k /  ( x  ( 1 − x ) ) < 0


  𝔸 ,   𝔸 ′   of   𝛺 ,   𝛺 ′


  n , n ′


  𝜑  ( x ) = − k   x  ln ⁡  x


  𝔸 ,   𝔸 ′


  𝜑  ( x )


    x  i = P  (   A  i ) ,   x  j ′ = P  (   A  j ′ ) ,   y  i j = P (   A  i   A  j ′ )


    x  i =   ∑  j = 1    n ′    y  i j ,       x  j ′ =   ∑  i = 1  n    y  i j


  𝛷  ( 𝔸 ⊗   𝔸 ′ ) =   − k   ∑  i = 1  n    ∑  j = 1    n ′    x  i j  ln ⁡    x  i j


  𝛷  ( 𝔸 ⊗   𝔸 ′ )


    𝜆  i ,   𝜆  j ′


  L =   − k   ∑  i = 1  n    ∑  j = 1    n ′    y  i j  ln ⁡    y  i j −   ∑  i = 1  n    𝜆  i  (   x  i −   ∑  j = 1    n ′    y  i j ) −   ∑  j = 1    n ′    𝜆  j ′  (   x  j −   ∑  i = 1  n    y  i j )


    𝜕 L    𝜕 y  i j = k  ( − 1 −  ln ⁡    y  i j ) −   𝜆  i −   𝜆  j ′ = 0 ,         𝜕 L  𝜕   𝜆  i = −   x  i +   ∑  j = 1    n ′    y  i j = 0 ,         𝜕 L  𝜕   𝜆  i = −   x  j +   ∑  i = 1  n    y  i j = 0


    y  i j =  exp ⁡   ( −     𝜆  i  k )  exp ⁡   ( −     𝜆  j ′  k )  exp ⁡  ( − 1 ) =  exp ⁡   ( −     𝜆  i  k −  1 2 )  exp ⁡   ( −     𝜆  j ′  k −  1 2 )


    𝜆  i = − k  (  ln ⁡    x  i +  1 2 ) ,       𝜆  j ′ = − k  (  ln ⁡    x  j ′ +  1 2 )


    y  i j =   x  i   x  j ′


  𝔸 ,   𝔸 ′


    𝜆  i ,   𝜆  j ′


    𝜆  i ,     𝜆  j ′


  k


  k = 1


    A 1


  𝔸   = {   A 1 ,   A 2 , … ,   A  n }


  B ,   A 1 − B


  𝔹   = { B ,   A 1 − B ,   A 2 , … ,   A  n }


  𝛷  ( 𝔸 ) = 𝜑  ( P  (   A 1 ) ) +   ∑  i = 2  n  𝜑  ( P  (   A  i ) ) ,


  𝛷  ( 𝔹 ) − 𝛷  ( 𝔸 ) = 𝜑  ( P  ( B ) ) + 𝜑  ( P  (   A 1 − B ) ) − 𝜑  ( P  (   A 1 ) )


  𝜑


    P  i


  L = −   ∑  i = 1  n  P  (   A  i )  ln ⁡  P  (   A  i ) − 𝜆  ( 1 −   ∑  i = 1  n  P  (   A  i ) )


  𝜕 L / 𝜕 P  (   A  i ) = 0


  − 1 −  ln ⁡  P  (   A  i ) + 𝜆 = 0


  P  (   A  i ) =  exp ⁡  ( 𝜆 − 1 )


  P  (   A  i )


  P  (   A  i ) = 1 / n


    a  i ,     b  i


    a 1 + … +   a  n = 1 ,


    b 1 + … +   b  n ≤ 1


  −   ∑  i = 1  n    a  i  ln ⁡    a  i ≤ −   ∑  i = 1  n    a  i  ln ⁡    b  i


    a  i =   b  i


    ∑  i = 1  n  B  (   A  i ) ≤ 1


  𝛷 ( 𝔸 | | B ) ≔ −   ∑  i = 1  n    P  (   A  i ) ln ⁡   (   P  (   A  i )  B  (   A  i ) ) = −   ∑  i = 1  n    P  (   A  i ) ln ⁡  P  (   A  i ) +   ∑  i = 1  n    P  (   A  i ) ln ⁡  B  (   A  i ) ≤ 0


  B  (   A  i ) = P  (   A  i )


    ∑  i = 1  n  B  (   A  i ) = 1


  𝛷 ( 𝔸 | | B ) = 0


  i


  B  (   A  i ) ≠ P  (   A  i )


  𝛷 ( 𝔸 | | B ) < 0


    ∑  i = 1  n  B  (   A  i ) > 1


   ln ⁡    ∑  i = 1  n  B  (   A  i ) > 0


  𝛷 ( 𝔸 |  | B ) = −   ∑  i = 1  n  P  (   A  i )  (  ln ⁡   (   P  (   A  i )  B  (   A  i ) /   ∑  i = 1  n  B  (   A  i ) ) −  ln ⁡    ∑  i = 1  n  B  (   A  i ) ) ≤ 0 −   ∑  i = 1  n  P  (   A  i )  ( −  ln ⁡    ∑  i = 1  n  B  (   A  i ) ) =  ln ⁡    ∑  i = 1  n  B  (   A  i )


  E  [  ln ⁡   (   B ′  (   x _ ) ) ] =   𝛾 2


  d = 1


  f  ( x ) =   A  𝜆  exp ⁡   ( − b   𝛣  ( x )  𝜆 +  ln ⁡   (   B ′  ( x ) ) +   b 2  ln ⁡   (   B ′  ( x ) ) )


  f  ( x ) =   A  𝜆  exp ⁡   ( − b     𝛣  ( x )  𝜆 +  ln ⁡   (   B ′    ( x )  e ) )


  e ≔ 1 +   b 2


  f  ( x ) =   A   c  e  𝜆    (   x  𝜆 )   ( c − 1 ) e    ( 1 +    (   x  𝜆 )  c )  − b − e


  c = 1


  f ( x )


  g ( x )


  𝜇 − 𝛿 , 𝜇 + 𝛿 )


  𝛿


  g ( x )


  f  ( x )


    F -  ( x ) = 1 − F  ( x )


  c = 2 ,   e = 0


  𝜉 =  1  ( b + e − 1 )


   2  𝜆   B  (  1 2 ,  1  2 𝜉 )      ( 1 +    (   x  𝜆 ) 2 )  −  1 2 −  1  2 𝜉


     B    y  1 + y  (  1 2 ,  1  2 𝜉 )  B  (  1 2 ,  1  2 𝜉 ) ,       y =    (   x  𝜆 ) 2


  c = 2 , 𝜁 = e + 1 ,


  


  


  


     B    y  1 + y  (   𝜁 2 ,  1  2 𝜉 )  B  (   𝜁 2 ,  1  2 𝜉 ) ,       y =    (   x  𝜆 ) 2


  𝜍 = c


  𝜁 =  ( c − 1 ) e + 1 ) ,


  


    𝜍    (   x  𝜆 )  𝜁 − 1    ( 1 +    (   x  𝜆 )  𝜍 )  −   𝜁  𝜍 −  1  𝜍 𝜉  𝜆   B  (   𝜁  𝜍 ,  1  𝜍 𝜉 )  


     B    y  1 + y  (   𝜁  𝜍 ,  1  𝜍 𝜉 )  B  (   𝜁  𝜍 ,  1  𝜍 𝜉 ) ,       y =    (   x  𝜆 )  𝜍


  𝜍 = 1


    ∫  𝜇 − 𝛿  𝜇 + 𝛿  g  ( x ) d x = 0 ,       ∫  𝜇 − 𝛿  𝜇 + 𝛿  x   g  ( x ) d x = 0


  c


    ∫  𝜇 − 𝛿  𝜇 + 𝛿  ( x + c ) g  ( x ) d x = 0


    𝛷  g  [   x _ ] = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿   ln ⁡   ( f  ( x ) + g  ( x ) )  ( f  ( x ) + g  ( x ) ) d x = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿   (  ln ⁡  f  ( x ) +  ln ⁡   ( 1 +   g  ( x )  f  ( x ) ) )  ( f  ( x ) + g  ( x ) ) d x


    g  ( x )  f  ( x ) ≪ 1


    g  ( x )  f  ( x ) → 0 )


   ln ⁡   ( 1 +   g  ( x )  f  ( x ) ) =   g  ( x )  f  ( x )


    𝛷  g  [   x _ ] = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿   (  ln ⁡  f  ( x ) +   g  ( x )  f  ( x ) )  ( f  ( x ) + g  ( x ) ) d x = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿   ln ⁡  f  ( x )  ( f  ( x ) + g  ( x ) ) d x −   ∫  𝜇 − 𝛿  𝜇 + 𝛿    g  ( x )  f  ( x )  ( f  ( x ) + g  ( x ) ) d x


  𝛷  [   x _ ] −   ∫  𝜇 − 𝛿  𝜇 + 𝛿   ln ⁡  f  ( x ) g  ( x )   d x


  −   ∫  𝜇 − 𝛿  𝜇 + 𝛿  g  ( x ) d x −   ∫  𝜇 − 𝛿  𝜇 + 𝛿    g    ( x ) 2  f  ( x ) d x = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿    g    ( x ) 2  f  ( x ) d x


  Δ 𝛷 =   𝛷  g  [   x _ ] − 𝛷  [   x _ ] = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿   ln ⁡  f  ( x ) g  ( x )   d x −   ∫  𝜇 − 𝛿  𝜇 + 𝛿    g    ( x ) 2  f  ( x ) d x


  g ( x )


  Δ 𝛷 > 0


  f  ( x ) =  1  𝜆   e  −   x  𝜆 ,     −  ln ⁡  f  ( x ) =  ln ⁡  𝜆 +   x  𝜆


    ∫  𝜇 − 𝛿  𝜇 + 𝛿   (  ln ⁡  𝜆 +   x  𝜆 ) g  ( x )   d x


  Δ 𝛷 = −   ∫  𝜇 − 𝛿  𝜇 + 𝛿    g    ( x ) 2  f  ( x ) d x ≤ 0


  g    ( x ) 2 ≥ 0


  f  ( x ) ≥ 0


  f  ( x ) = 2    ( 1 + x )  − 3 ,     −  ln ⁡  f  ( x ) = 3  ln ⁡   ( 1 + x ) −  ln ⁡ 2 ,     𝜇 = 1


  Δ 𝛷 =   ∫  1 − 𝛿  1 + 𝛿  3  ln ⁡   ( 1 + x ) g  ( x )   d x −   ∫  1 − 𝛿  1 + 𝛿    g    ( x ) 2  2    ( 1 + x )  − 3 d x = 3   ∫  1 − 𝛿  1 + 𝛿   ln ⁡   ( 1 + x ) g  ( x )   d x −  1 2   ∫  1 − 𝛿  1 + 𝛿     ( 1 + x ) 3 g    ( x ) 2 d x


  g  ( x )


  g  ( x ) =   a 0 +   a 1 x +   a 2   x 2 + O (   x 3 )


  g  ( x ) =   a 2  (    ( x − 1 ) 2 −     𝛿 2 3 )


    a 2


  𝛿


  3   ∫  1 − 𝛿  1 + 𝛿   ln ⁡   ( 1 + x ) g  ( x )   d x =  4 3   a 2  ( 𝛿  (   𝛿 2 − 6 ) − 3  (   𝛿 2 − 4 )    tanh  − 1 ⁡   (   𝛿 2 ) )


  −  1 2   ∫  1 − 𝛿  1 + 𝛿     ( 1 + x ) 3 g    ( x ) 2 d x = −  8 315   a 2 2   𝛿 5  ( 28 + 11   𝛿 2 )


    a 2


  𝛿


  Δ 𝛷


    a 2


  A ≔ 𝛿  (   𝛿 2 − 6 ) − 3  (   𝛿 2 − 4 )    tanh  − 1 ⁡   (   𝛿 2 )


  A


  A = −     𝛿 5 20 −   3   𝛿 7 560 −     𝛿 9 1344 +   O  ( 𝛿 ) 11


  A


  Δ 𝛷 ​


  Δ 𝛷 ≤ 0


  𝛿


  x


  x  ( t )


  x


  t


    S  t  


  x  ( 0 )


  x  ( t )


  x  ( t ) =   S  t  ( x  ( 0 ) )


    x _  ( t )


      x _  𝜏


    x _  ( t )


      x _  𝜏 ≔  1  D   ∫   ( 𝜏 − 1 ) D  𝜏 D    x _  ( t ) d t


    𝜏 ∈ ℤ


   [  ( 𝜏 − 1 ) D , 𝜏 D ]


    x _  ( t )


      x _  𝜏


  x  ( t )


    x _  ( t )


    x _  ( t )


  F  ( x ; t ) ≔ P  {   x _  ( t ) ≤ x }


  F  (   x 1 ,   x 2 ;   t 1 ,   t 2 )   ≔ P  {   x _  (   t 1 ) ≤   x 1 ,   x _  (   t 2 ) ≤   x 2 }


  F  (   x 1 ,   x 2 , … ,     x  n ;   t 1 ,   t 2 , … ,     t  n )   ≔ P  {   x _  (   t 1 ) ≤   x 1 ,   x _  (   t 2 ) ≤   x 2 , … ,   x _  (   t  n ) ≤   x  n }


  n


    x  i .


    x _  ( t )


  𝜇  ( t ) ≔ E  [   x _  ( t ) ] =   ∫  − ∞ ∞  x f  ( x ; t ) d x


    x _  ( t )


    𝛾 0  ( t ) ≔ var  [   x _  ( t ) ] =   ∫  − ∞ ∞     ( x − 𝜇  ( t ) ) 2 f  ( x ; t ) d x


    x _  ( t ) ​


    x _  ( t + h )


  c  ( t ; h ) ≔  cov ⁡   [   x _  ( t ) ,   x _  ( t + h ) ] = E  [  (   x _  ( t ) − 𝜇  ( t ) )  (   x _  ( t + h ) − 𝜇  ( t + h ) ) ]


    c  ( t ; 0 ) ≡   𝛾 0  ( t )


    x _  ( t ) ​


    x _  ( t + h )


  r  ( t ; h ) ≔  corr ⁡   [   x _  ( t ) ,   x _  ( t + h ) ] =   c  ( t ; h )     𝛾 0  ( t )   𝛾 0  ( t + h )


    x _  ( t )


    x _  ( t + h )


  E  [   x _  ( t ) ] = 𝜇    ( = constant )


   cov ⁡   [   x _  ( t ) ,   x _  ( t + h ) ] = c  ( h )


    x _  ( t )


    X _  ( t )


    X _  ( t ) =   ∫ 0  t    x _  ( s ) d s


  E  [   X _  ( t ) ] =   𝜇 t


    X _  ( t )


    x _  ( t )


  g  (   x _  ( t ) )


     lim  T → ∞ ⁡   1  T   ∫ 0  T  g  (   x _  ( t ) ) d t = E  [ g  (   x _  ( t ) ) ] ,        lim  T → ∞ ⁡   1  T   ∑  𝜏 = 0  𝛵  g  (     x _  𝜏 ) = E  [ g  (   x _  ( t ) ) ]


  E  [ g  (   x _  ( t ) ) ]


  g  (   x _  ( t ) )


  g  (   x _  ( t ) ) =   x _  ( t )


  E  [   x _  ( t ) ] = 𝜇 )


  g  (   x _  ( t ) ,   y _  ( t )   )


    S  t  ( x )


    S  t  ( x )


  f  ( x ; t )


    S  t  ( x )


    S  t  ( x )


  f  ( x ; t )


  f  ( x )


    X _  ( t )


      x _  𝜏 ≔   X _  ( 𝜏 D ) −   X _  (  ( 𝜏 − 1 ) D )


    x  𝜏


    x  𝜏  


    x  𝜏


      x _  𝜏   −   b 𝜏  


    x _  ( t )


    X _  ( t )


      x _  𝜏


    X _  ( t ) ≔   ∫ 0  t    x _  ( u ) d u


    X _  ( 0 ) ≡ 0


    x _  ( t )


    X _  ( t )


  D


    x _  ( t )


      x _  𝜏  [ D ] ≔  1  D   ∫   ( 𝜏 − 1 ) D  𝜏 D    x _  ( u ) d u =     X _  ( 𝜏 D ) −   X _  (  ( 𝜏 − 1 ) D )  D


      x _  𝜏  [ D ]


      x _  𝜏


  D


  𝜅 D


  𝜅


      x _  𝜏   ( 𝜅 ) ≔     x _  𝜏  [ 𝜅 D ] ≔  1  𝜅 D   ∫   ( 𝜏 − 1 ) 𝜅 D  𝜏 𝜅 D    x _  ( u ) d u =     X _  ( 𝜏 𝜅 D ) −   X _  (  ( 𝜏 − 1 ) 𝜅 D )  𝜅 D


      x _  𝜏   ( 𝜅 )


  k = 𝜅 D


      x _  𝜏


  D


      x _  𝜏   ( 𝜅 ) =  1  𝜅   ∑  j =  ( 𝜏 − 1 ) 𝜅 + 1  𝜏 𝜅      x _  j


    X _  ( t )


  𝛤  ( t ) ≔  var ⁡   [   X _  ( t ) ]


    X _  ( k ) / k


  𝛾  ( k ) ≔  var ⁡   [     X _  ( k )  k ] =   𝛤  ( k )    k 2


   𝛾  ( k ) = : 𝜎 ( k )


    x _  ( t )


  c  ( h ) ≔ cov  [ x  ( t ) ,   x  ( t   +   h ) ] =  1 2      d 2 𝛤  ( h )  d  h 2


    x _  ( t )


    y _  ( t )


    c  x y  ( h ) ≔  cov ⁡   [   x _  ( t ) ,   y _  ( t + h ) ]


    𝛾  x y  ( k ; 𝜂 ) ≔   𝜎  x   𝜎  y   var  [     X _  ( k )    k 𝜎  x +     Y _  (  ( 𝜂 + 1 ) k ) −   Y _  ( 𝜂 k )    k 𝜎  y ]


    Y _  ( k ) ≔   ∫ 0  k    y _  ( t ) d t  


  𝜐  ( h )


  𝜐  ( h ) ≔  1 2 var  [   x _  ( t ) −   x _  ( t + h ) ] = c  ( 0 ) − c  ( h )


  s  ( w ) ≔ 4   ∫ 0 ∞  c  ( h )  cos ⁡   ( 2 π w h ) d h


  s  ( w ) ≥ 0 )


  c  ( h )


  𝛾  ( k )


  𝜓  ( k ) ≔   k  ( 𝛾  ( k ) − 𝛾  ( 2 k ) )   ln ⁡ 2


    𝜓 ~  ( w ) ≔ 𝜓  (  1  w ) =   𝛾  ( 1 / w ) − 𝛾  ( 2 / w )    ( ln ⁡  2 ) w


  s  ( w )


    𝜓 ~  ( w )


    𝛾 0


    x _  ( t )


    X _  ( t ) ≔   ∫ 0  t    x _  ( 𝜉 ) d 𝜉


    𝛾 0 ≔  var ⁡   [   x _  ( t ) ]


  𝛤  ( t ) ≔  var ⁡   [   X _  ( t ) ]


  𝛤  ( 0 ) ≡ 0


  𝛾  ( k ) ≔  var ⁡   [     X _  ( k )  k ] =   𝛤  ( k )    k 2


  𝛾  ( 0 ) =     𝛾 0


  k → 0


  𝜓  ( k ) ≔   k  ( 𝛾  ( k ) − 𝛾  ( 2 k ) )   ln ⁡ 2


  c  ( h ) ≔ cov  [ x  ( t ) ,   x  ( t   +   h ) ]


  c  ( 0 ) =     𝛾 0


  𝜐  ( h ) ≔  1 2 var  [   x _  ( t ) −   x _  ( t + h ) ]


    𝜐  ( h ) =   𝛾 0 − c  ( h )


  s  ( w ) ≔ 4   ∫ 0 ∞  c  ( h )  cos ⁡   ( 2 π w h ) d h


    ∫ 0 ∞  s  ( w ) d w =   𝛾 0


  w   =   1 / k


      x _  𝜏 ≔  1  D   ∫   ( 𝜏 − 1 ) D  𝜏 D    x _  ( u ) d u =     X _  ( 𝜏 D ) −   X _  (  ( 𝜏 − 1 ) D )  D


  𝜏 ≔   t  D


      x _  𝜏   ( 𝜅 ) =  1  𝜅   ∑  j =  ( 𝜏 − 1 ) 𝜅 + 1  𝜏 𝜅      x _  j


    𝛾  𝜅 =  var ⁡   [     x _  𝜏   ( 𝜅 )   ] = 𝛾  ( 𝜅 D ) =   𝛤  ( 𝜅 D )     ( 𝜅 D ) 2


    𝛾 1 =  var ⁡   [     x _  𝜏   ] =   𝛾  ( D )


    𝜓  𝜅 = 𝜓  ( k ) =   𝜅  (   𝛾  𝜅 −   𝛾  2 𝜅 )   ln ⁡ 2


    c  𝜂 ≔  cov ⁡   [     x _  𝜏 ,     x _  𝜏 + 𝜂 ]


    c 0 = 𝛾  ( D ) =   𝛾 1


    𝜐  𝜂 =   𝛾 1 −   c  𝜂


    s d  ( 𝜔 ) =  1  D   ∑  j = − ∞ ∞  s  (   𝜔 + j  D )      sinc 2 ⁡   ( π  ( 𝜔 + j ) )


  𝜔 = w D =  1  𝜅


  𝛾  ( k ) ↔ c  ( h )


  𝛾  ( k ) = 2   ∫ 0 1   ( 1 − 𝜒 ) c  ( 𝜒 k ) d 𝜒  


  c  ( h ) =  1 2      d 2  (  h 2 𝛾  ( h ) )  d  h 2


  s  ( w ) ↔ c  ( h )


  s  ( w ) ≔ 4   ∫ 0 ∞  c  ( h )  cos ⁡   ( 2 π w h ) d h


  c  ( h ) =   ∫ 0 ∞  s  ( w )  cos ⁡   ( 2 π w h ) d w


  𝛾  ( k ) ↔ s  ( w )


  𝛾  ( k ) =   ∫ 0 ∞  s  ( w )      sinc 2 ⁡   ( π w k ) d w


  s  ( w ) = 2   ∫ 0 ∞     d 2  (  h 2 𝛾  ( h ) )  d  h 2  cos ⁡   ( 2 π w h ) d h


  𝜐  ( h ) ↔ c  ( h )


  𝜐  ( h ) =   𝛾 0 − c  ( h )


  c  ( h ) = 𝜐  ( ∞ ) − 𝜐  ( h )


    𝜐  ( ∞ ) = 𝛾 0


  𝜓  ( k ) ↔ 𝛾  ( k )


  𝜓  ( k ) ≔   k  ( 𝛾  ( k ) − 𝛾  ( 2 k ) )   ln ⁡ 2


  𝛾  ( k ) =  ln ⁡ 2   ∑  i = 0 ∞    𝜓  (  2  i k )   2  i k


  = 𝛾  ( 0 ) −  ln ⁡ 2   ∑  i = 1 ∞    𝜓  (  2  − i k )   2  − i k


  = 𝛾  ( 0 ) −  ln ⁡ 2   ∑  i = 1 ∞    𝜓  (  2  − i k )   2  − i k


    𝛾  𝜅 ≡ 𝛾  ( 𝜅 D ) ↔   c  𝜂


    𝛾  𝜅 =  1  𝜅  (   c 0 + 2   ∑  𝜂 = 1  𝜅 − 1   ( 1 −   𝜂  𝜅 )   c  𝜂 ) =   𝛤  ( 𝜅 D )     ( 𝜅 D ) 2


  𝛤  ( 0 ) = 0


  𝛤  ( D ) =   c 0   D 2


  𝛤  ( 𝜅 D ) =


  2 𝛤  (  ( 𝜅 − 1 ) D ) − 𝛤  (  ( 𝜅 − 2 ) D ) + 2   c  j − 1   D 2


    c  𝜂 =  1    D 2  (   𝛤  (  | 𝜂 + 1 | D ) + 𝛤  (  | 𝜂 − 1 | D ) 2 − 𝛤  (  | 𝜂 | D ) )


    c  𝜂 ↔   s d  ( 𝜔 )


    s d  ( 𝜔 ) = 2   c 0 + 4   ∑  𝜂 = 1 ∞    c  𝜂  cos ⁡   ( 2 π 𝜂 𝜔 )


    c  𝜂 =   ∫ 0   1 2    s d  ( 𝜔 )  cos ⁡   ( 2 π 𝜔 𝜂 ) d 𝜔


    𝜐  𝜂 ↔   c  𝜂


    𝜐  𝜂 = 𝛾  ( D ) −   c  𝜂


    c  𝜂 ≔ 𝛾  ( D ) −   𝜐  𝜂


  F  (   x 1 ,   x 2 , … ,     x  n ;   t 1 ,   t 2 , … ,     t  n ) ≠ F  (   x 1 ;   t 1 ) F  (   x 2 ;   t 2 ) ⋯ F  (   x  n ;   t  n )  


  n


      𝛾 ^ 1 =  1 16   ∑  𝜏 = 1 16    x  𝜏 2 = 1 ,         c ^ 1 =  1 16   ∑  𝜏 = 1 16    x  𝜏   x  𝜏 + 1 ,         r ^ 1 =       c ^ 1      𝛾 ^ 1 =     c ^ 1


    x 17 =   x 1


      c ^ 1


    ∑  𝜏 = 1 16    x  𝜏   x  𝜏 + 1 = 7 + 7 − 2 = 12


      r ^ 1 = 0 . 75


      r ^ 1 = 0 . 75


      r ^ 1


  N − 4 ) / N = 1 − 4 / N


      r ^ 1 = 0 . 5


    ∑  𝜏 = 1 16    x  𝜏   x  𝜏 + 1 = − 16 ​ ​


        r ^ 1 = − 1


      r ^ 1 = − 0 . 75


      r ^ 1 = 0


  16 ! /    ( 8 ! ) 2 = 12   870


    𝜇 ^ = − 0 . 05 ,       𝛾 ^ 0 =   0 . 9 2 ,     r ^ 1 = 0 . 05


      r ^ 1 = 0 . 59


  f  ( t )


  t → 0


  f  ( t )   ∝     t  b  


  f  ( t )


    f #  ( t ) ≔   d  (  ln ⁡  f  ( t ) )  d   (  ln ⁡  t )   =   t f  ‌ ′  ( t )  f  ( t )


    f #  ( t )  


  f  ( t )


    f #  ( t ) = b =


    f #  ( t )


  t → 0


    f #  ( 0 )


    f #  ( ∞ )


  0 < f  ( 0 ) < ∞


    f #  ( 0 ) = 0


  f  ( 0 )


    f #  ( 0 ) ≠ 0


     ( 𝜆   f  ( t ) + 𝜇 ) # =   f #  ( t )


     (   f 1  ( t ) +   f 2  ( t ) ) # =     f 1  ( t )   f 1 #  ( t ) +   f 2  ( t )   f 2 #  ( t )    f 1  ( t ) +   f 2  ( t )


     (   f 1  ( t )   f 2  ( t ) ) # =   f 1 #  ( t ) +   f 2 #  ( t )


     (   f 1  ( t )   / f 2  ( t ) ) # =   f 1 #  ( t ) −   f 2 #  ( t )


     ( f    ( t )  𝜆 ) # = 𝜆   f #  ( t )


     (  ( f ∘ g )  ( t ) ) #   =    ( f  ( g ( t ) ) # =   f #  ( g  ( t ) )     g #  ( t )


  t → 0


  t → ∞


  𝛷  [   X _  ( t ) ]


    X _  ( t )


    𝛷 ′  [   X _  ( t ) ] ≔   d 𝛷  [   X _  ( t ) ]  d t


    𝛷 `  ( t ) ≡   𝛷 `  [   X _  ( t ) ] ≔ 𝛷 ΄  [   X _  ( t ) ] t ≡   d 𝛷  [   X _  ( t ) ]  d  (  ln ⁡  t )


  𝛤  ( t )


  𝛷  [   X _  ( t ) ] =    1 2  ln ⁡   ( 2 π e   b 2 𝛤  ( t ) )


    𝛷 `  ( t ) =     𝛤 ′  ( t ) t  2 𝛤  ( t )   =   1 +     𝛾 ′  ( t ) t  2 𝛾  ( t ) =     𝛤 #  ( t ) 2 = 1 +     𝛾 #  ( t ) 2 


  b t


  𝛾  ( t )


    𝛾 C  ( t )


    𝛾 C  ( k ) = 𝜀  ( 𝛾  ( k )   − 𝛾  ( 2 k ) ) ,     𝜀 =  1  1 −  2    𝛾 #  ( ∞ )


      𝛷 ` C  ( t ) = 1 +     𝛾 C #  ( t ) 2 =   1 +   𝜓 #  ( t ) 2 =   1 −     𝜓 ~ #  ( 1 / t ) 2


  M ≔     𝛷 ` C  ( 0 ) − 1 =     𝛾 C #  ( 0 ) 2 =     𝜐 #  ( 0 ) 2 =     𝜓 #  ( 0 ) − 1 2 =     −   s #  ( ∞ ) − 1 2


  H ≔     𝛷 ` C  ( ∞ ) = 1 +     𝛾 C #  ( ∞ ) 2 = 1 +     𝛾 #  ( ∞ ) 2 = 1 +     c #  ( ∞ ) 2 =     𝜓 #  ( ∞ ) + 1 2   =     − s #  ( 0 ) + 1 2


  M = 1


  H = 0


    − s #  ( 0 ) > 1


    − s #  ( 0 ) > 1


    − s #  ( w ) > 1


      𝜓 #  ( ∞ ) =   −   𝜓 ~ #  ( 0 ) < 1


    𝜓 #  ( k )   =   −   𝜓 ~ #  (  1  k ) < − 1


      𝛷 ` C  ( k ) < 0


    𝛤 C ′  ( k ) < 0


    𝛤  C  ( ∞ )


  𝛤  ( ∞ )


    𝛤 C  ( 0 )


    𝜓 #  ( 0 ) = −   s #  ( ∞ ) <   1


    𝜓 #  ( 0 ) = −   s #  ( ∞ )


    𝜓 #  ( 0 ) = −   s #  ( ∞ )


      𝛷 ` C


      𝛷 `  C  ( 0 ) = 2


      𝛷 `  C  ( ∞ ) = 0


      𝛷 `  C  ( 0 ) =  3 2 ,


      𝛷 `  C  ( ∞ ) =  1 2


      𝛷 `  C  ( 0 )


  M > 1 / 2


  M < 1 / 2


      𝛷 `  C  ( ∞ )


  H > 1 / 2


  H < 1 / 2


      𝛷 ` C  ( 0 )


      𝛷 ` C  ( ∞ )


    s #


      𝛷 ` C  ( 0 ) = 2    ( M = 1 )


      𝛷 `  C  ( ∞ ) = 0    ( H = 0 )


      𝛷 ` C  ( 0 ) = 3 / 2    ( M = 1 / 2 )


      𝛷 `  C  ( ∞ ) =  1 2    ( H = 1 / 2 )


    x  𝜏


  < − 1


  < − 1


      v _  𝜏 ′ ,   𝜏 = 1 , 2 …


    𝛾 1


      v _  𝜏 ≔     v _  𝜏 ′ − 𝜇 ​


  E  [     v _  𝜏 ] = 0 ,      var ⁡   [     v _  𝜏 ] = E  [     v _  𝜏 2 ] =   𝜎 2 ,       c  𝜂 =  cov ⁡   [     v _  𝜏 ,     v _  𝜏 + 𝜂 ] =  {      𝜎 2 ,  𝜂 = 0   0 ,  𝜂 ≠ 0


      v _  𝜏   ( 𝜅 ) ≔  1  𝜅   ∑  i =  ( 𝜏 − 1 ) 𝜅  𝜏 𝜅      v _  i


  E  [     v _  𝜏   ( 𝜅 ) ] = 0 ,           𝛾 1   ( 𝜅 ) =  var ⁡   [     v _  𝜏   ( 𝜅 ) ] =     𝜎 2  𝜅 ,           c  𝜂   ( 𝜅 ) =  cov ⁡   [     v _  𝜏   ( 𝜅 ) ,     v _  𝜏 + 𝜂   ( 𝜅 ) ] =  {        𝜎 2  𝜅 ,  𝜂 = 0   0 ,  𝜂 ≠ 0


      v _  𝜏


    v _  ( t )


  k ≔ 𝜅 D :


    𝛾  ( k ) =  var ⁡   [   v _  ( t ) ] =     𝜎 2 D  k


    k → 0


  δ  ( t )


  δ  ( t ) =  {    ∞ ,  t = 0   0 ,  t ≠ 0 ,       ∫  a  b  δ  ( t ) d t = 1


   [ a , b ]


      v _  𝜏


    v _  ( t )


    v _  ( t )


  E  [   v _  ( t ) ] = 0 ,      cov ⁡   [   v _  ( t ) ,   v _  (   t ′ ) ] = E  [   v _  ( t )   v _  (   t ′ ) ] =   𝜎 2 D   δ  ( t −   t ′ )


        v _  𝜏


   var ⁡   [     v _  𝜏 ] =  var ⁡   [     v _ 1 ] =  E ⁡   [    (  1  D   ∫ 0  D    v _  ( t ) d t ) 2 ] =  1    D 2  E ⁡   [   ∫ 0  D    v _  ( t ) d u   ∫ 0  D    v _  ( s ) d s ]


  =  1    D 2   ∫ 0  D    ∫ 0  D  E  [   v _  ( t )   v _  ( s ) ] d t d s =  1    D 2   ∫ 0  D    ∫ 0  D    𝜎 2 D δ  ( t − s ) d t d s =     𝜎 2 D    D 2   ∫ 0  D  1 d s =   𝜎 2


  =  1    D 2   ∫ 0  D    ∫ 0  D  E  [   v _  ( t )   v _  ( s ) ] d t d s =  1    D 2   ∫ 0  D    ∫ 0  D    𝜎 2 D δ  ( t − s ) d t d s =     𝜎 2 D    D 2   ∫ 0  D  1 d s =   𝜎 2


    v _  ( t )


  s  ( w ) =   𝜎 2 D  


    𝜎 2 D


    v _  ( t )


   var ⁡   [   v _  ( t ) ] = E  [    (   v _  ( t ) ) 2 ] =   𝜎 2 D   δ  ( 0 ) = ∞


    v _  ( t )


    w c  


      v _ ~  ( t )


      𝛾 ~ 0 =   𝜎 2 D     w c ,       c ~  ( h ) =   𝜎 2 D     w c   sinc  ( 2 π   w c h ) ,       s ~  ( w ) =  {      𝜎 2 D ,  w ≤   w c   0 ,  w >   w c


      v _ ~  ( t )


      v _  𝜏


    w c ≫ 1 / D


      v _  𝜏


  E  [     v _  𝜏 ] = 0


      V _  𝜏 ≔   ∑  i = 1  𝜏      v _  i


   [ − 𝜏 , 𝜏 ]


  𝜏


  var  [     V _  𝜏 ] = 𝜏


    v _  ( t )


    V _  ( t ) ≔   ∫ 0  t    v _  ( s ) d s


  var  [   V _  ( t ) ] =   𝜎 2 t


    𝜎 2


      𝜎 2 / 2  


      v _  𝜏


  Δ 𝜏


  x


  Δ x


      v _  𝜏 = 0


  Δ 𝜏


  x


      v _  𝜏 =


  x + Δ x


  x − Δ x


  p


      v _  𝜏 =


  1 − p , p / 2


  p / 2


  𝜏


  x


  c ( x )


  x


  Δ x


  N ( x ) = c ( x ) Δ x


  q ( x )


  x


  x   +   Δ x


  q


  q  ( x ) =   q R  ( x ) −   q L  ( x )


    q R  ( x )


  x


  x   +   Δ x


    q L  ( x )


    q R  ( x ) =  ( p / 2 ) N  ( x ) / Δ 𝜏 ,       q R  ( x ) =  ( p / 2 ) N  ( x   +   Δ x ) / Δ 𝜏


  q  ( x ) =  ( p / 2 )  ( c  ( x ) − c  ( x   +   Δ x ) ) Δ x / Δ 𝜏


  c ( x   +   𝛥 x )


  c  ( x   +   Δ x ) =   c  ( x ) +    (   𝜕 c  𝜕 x ) Δ x   + O    ( Δ x ) 2


  Δ x


  q  ( x ) = −   p 2   Δ   x 2  Δ 𝜏  (   𝜕 c  𝜕 x ) = − D  (   𝜕 c  𝜕 x ) ,     D ≔   p 2   Δ   x 2  Δ 𝜏 =     𝜎 2 2


  D


  Δ x → 0 , Δ 𝜏 → 0


    Δ   x 2  Δ 𝜏


    𝜎 2


  p


      v _  𝜏 =


  1 − p


  q ( x )


  T


  c


  𝜅  


  q ( x ) = − 𝜅  (   𝜕 T  𝜕 x )


  v  ( t )


  x  ( t )


  S  ( t )


  d x =   d S  𝛼


    d S  d t = v − x


  d S = 𝛼 d x


  𝛼   d x  ( t )  d t + x  ( t ) = v  ( t )


    v _  ( t )


    x _  ( t )


  𝛼   d   x _  ( t )  d t +   x _  ( t ) =   v _  ( t )


    x _  ( t )


    d   x _  ( t )  d t


    x _  ( t ) =   x _  ( 0 )  e  − t / 𝛼 +    e  − t / 𝛼  𝛼   ∫ 0  t    v _  ( u )  e  u / 𝛼 d u


    x _  ( 0 )


    v _  ( u ) , 0 < u ≤ t


    x _  ( 0 )


    x _  ( t )


  t < 0


  P  {   x _  ( t ) ≤ x |   x _  ( s ) = x ( s ) , s ≤ 0 < t } = P  {   x _  ( t ) ≤ c |   x _  ( 0 ) = x ( 0 ) }


    x _  ( t )


  E  [   x _  ( t ) ] = E  [   x _  ( 0 ) ]  e  − t / 𝛼


   var ⁡   [   x _  ( t ) ] =  var ⁡   [   x _  ( 0 ) ]  e  − 2 t / 𝛼 +     𝜎 2 D    𝛼 2  e  − 2 t / 𝛼   ∫ 0  t   e  2 u / 𝛼 d u =     𝜎 2 D  2 𝛼 +  (  var ⁡   [   x _  ( 0 ) ] −     𝜎 2 D  2 𝛼 )  e  − 2 t / 𝛼


  E  [   x _  ( t ) ]


   var ⁡   [   x _  ( t ) ]


    𝜆 2 ≔     𝜎 2 D  2 𝛼


  E  [   x _  ( 0 ) ]


   var ⁡   [   x _  ( 0 ) ]


  E  [   x _  ( 0 ) ] = 0


   var ⁡   [   x _  ( 0 ) ] =   𝛾 0 =   𝜆 2


    𝜆 2


  D = a


    𝜆 2 =     𝜎 2 2


    x _  ( t + h ) =   x _  ( t )  e  − h / 𝛼 +    e  − h / 𝛼  𝛼   ∫  t  t + h    v _  ( u )  e  u / 𝛼 d u


    x _  ( t )


  c  ( t , h ) = E  [   x _  ( t + h )   x _  ( t ) ] = E  [   x _    ( t ) 2 ]  e  − h / 𝛼


  E  [   x _  ( 0 ) ] = 0


   var ⁡   [   x _  ( 0 ) ] =   𝜆 2


  c  ( h ) =   𝜆 2  e  − h / 𝛼


    𝛾 0 = 𝛾  ( 0 ) = c  ( 0 ) =   𝜆 2


  𝛾  ( k ) =   2   𝜆 2    k  𝛼  ( 1 −   1 −  e  −   k  𝛼    k  𝛼 )


  c  ( h ) =   𝜆 2  e  −  | h | / 𝛼


  𝜂 = h / D


    c 0 = 𝛾  ( D ) ,       c  𝜂 =     𝜆 2    ( 1 −  e  −   D  𝛼 ) 2     (   D  𝛼 ) 2    e  −  ( 𝜂 − 1 )   D  𝛼 ,     𝜂 ≥ 1


  s  ( w ) =   4 𝛼   𝜆 2  1 +    ( 2 π 𝛼 w ) 2


  𝜔 = w D


    s d  ( 𝜔 ) = 4 𝛼   𝜆 2  ( 1 −    sinh ⁡   (   D  𝛼 )    D  𝛼   1 −  cos ⁡   ( 2 π 𝜔 )   cosh ⁡   (   D  𝛼 ) −  cos ⁡   ( 2 π 𝜔 ) )


  M =  1 2 ,           𝛷 ` C  ( 0 ) =  3 2 ,         𝛾 #  ( 0 ) =     c #  ( 0 ) =   0 ,         𝜓 #  ( 0 ) =   2 ,         s #  ( ∞ ) = − 2


  H =  1 2 ,           𝛷 ` C  ( ∞ ) =  1 2 ,         𝛾 #  ( ∞ ) = − 1 ,         c #  ( ∞ ) =   − ∞ ,         𝜓 #  ( ∞ ) =     s #  ( 0 ) = 0


  H =  1 2 ,           𝛷 ` C  ( ∞ ) =  1 2 ,         𝛾 #  ( ∞ ) = − 1 ,         c #  ( ∞ ) =   − ∞ ,         𝜓 #  ( ∞ ) =     s #  ( 0 ) = 0


    𝜆 = 1 ,   𝛼 = 20


  D = 1


      x _  𝜏 = a     x _  𝜏 − 1 +     v _  𝜏 + b     v _  𝜏 − 1


      v _  𝜏


    𝜎  v 2


    


  a =  e  −   D  𝛼 ,       c 0 =   𝛾 1 =   2   𝜆 2    D  𝛼  ( 1 −   1 −  e  −   D  𝛼    D  𝛼 ) ,       c 1 =     𝜆 2    ( 1 −  e  −   D  𝛼 ) 2     (   D  𝛼 ) 2


  a =     c 2    c 1


    𝜎  v 2


    c 0 ≡   𝛾 1


    c 1


  b = 0 ⇔     c 1    c 0 = a


      D  𝛼 → 0


      x _  𝜏 ≔   x _  ( 𝜏 D )


      x _  𝜏 = a     x _  𝜏 − 1 +     v _  𝜏


    c 0 =     𝜎  v 2  1 −   a 2 ,       c  𝜂 =   a   | 𝜂 |   c 0 ,       𝛾   ( 𝜅 ) =   𝜆  𝜅      ( 1 − a ) 2    ( 1 −   a 2 −   2 a  ( 1 −   a  𝜅 )  𝜅 )


      x _  𝜏 =   a 1     x _  𝜏 − 1 +   a 2     x _  𝜏 − 2 +     v _  𝜏  


    c 0 =   a 1   c 1 +   a 2   c 2 +   𝜎  v 2 ,       c 1 =   a 1   c 0 +   a 2   c 1 ,       c  𝜂 =   a 1   c  𝜂 − 1 +   a 2   c  𝜂 − 2 ,       𝜂 ≥ 1  


    c 0 ,   c 1 ,   c 2


    a 1 ,   a 2 ,   𝜎  v 2


  𝛾  ( k ) =   𝜆 2    (   𝛼  k )  2 − 2 𝛨


  H = 1 / 2


    𝛷 `  ( k ) =     𝛷 ` C  ( k ) = H ,         𝛾 #  ( k ) =   c #  ( h ) = 2 H − 2 ,         𝜓 #  ( k ) = −   s #  ( w ) = 2 H − 1


  M = H − 1


    𝛾 0 = 𝛾  ( 0 ) = c  ( 0 ) = + ∞


  𝛾  ( k ) =   𝜆 2    ( 𝛼 / k )  2 − 2 𝛨


  c  ( h ) =  {      𝜆 2 H  ( 2 H − 1 )    (   𝛼 h )  2 − 2 𝛨 ,  H >  1 2     𝜆 2   δ  (  h  𝛼 ) ,  H =  1 2     𝜆 2 H  ( 2 H − 1 )    (   𝛼 h )  2 − 2 𝛨 +  δ  ′ ′  (  h  𝛼 ) ,  H <  1 2


  𝜂 = h / D


    c  𝜂 =   𝜆 2    (   𝛼  D )  2 − 2 𝛨  (      | j − 1 |  2 H +    | j + 1 |  2 H 2 −    | j |  2 H )


  𝜂 > 2 ,       c  𝜂 ≈ H  ( 2 H − 1 )   j  2 H − 2   𝛾 1 ,       𝛾 1 =   𝜆 2    (   𝛼  D )  2 − 2 𝛨 )


  s  ( w ) =   2 𝛼   𝜆 2 Γ  ( 2 𝛨 + 1 )  sin ⁡   ( π H )     ( 2 π 𝛼 w )  2 H − 1


  𝜔 = w D < 0 . 1


    s d  ( 𝜔 ) ≈ s  ( 𝜔 / D )


    𝜆 = 1 ,   𝛼 = 20 ,   H = 0 . 8


  D = 1


    𝜆 2     𝛼  2 − 2 H


   [ t ]


   [ x ]


  1 / 2 < H < 1


  0 < H <  1 2


  c  ( h )


  H <  1 2


  c  ( h )


  h > 0


  h → 0


  h   =   0 ,   c  ( 0 ) = + ∞


  h = 0


  c  ( h )


  H > 1


  t → ∞


  t → 0


    v _  ( t )


    𝛾 #  ( ∞ ) = 2 H − 2


  M =     𝛷 ` C  ( 0 ) − 1 =    (   𝜓 #  ( 0 ) − 1 ) 2 = H


  𝛾  ( k ) =     𝜆 2  ( 1 +    (   k  𝛼 )  2 M )    H − 1  M


  𝛾  ( k ) =   𝜆 2  ( 1 −    ( 1 +    (   k  𝛼 )  2  ( H − 1 ) )    M  H − 1 )


  𝛾  ( k ) =   𝜆 1 2    ( 1 +    (   k    𝛼 1 ) 2 )  H − 1 +   𝜆 2 2  ( 1 −    ( 1 +    (   k    𝛼 2 )  − 2 )  − 𝛭 )


  𝛾  ( k ) =   𝜆 1 2    ( 1 +   k    𝛼 1 )  2 H − 2 +   𝜆 2 2  ( 1 −    ( 1 +     𝛼 2  k )  − 2 𝛭 )


  (   𝛷 ` ( t ) )


      𝛷 ` C ( t )


    c 1   ( 1 ) = 0 . 5


    𝛼 1 =   𝛼 2 = 𝛼


    𝜆 1 =   𝜆 2 = 𝜆


  M = 1 − H


  𝛾  ( k ) =     𝜆 2  1 +    (   k  𝛼 )  2  ( 1 − H )


  k / a


      𝛷 ` C ( 0 )


      𝛷 ` C ( ∞ )


  𝛼 = 10


      𝛷 ` C ( k ) .


      𝛷 ` C ( 0 )


      𝛷 ` C ( ∞ )


      𝛷 ` C ( ∞ )


      𝛷 ` C ( 0 )


      𝛷 ` C ( ∞ )


      𝛷 ` C ( 0 )


      𝛷 ` C ( k )


      𝛷 ` C


      x _  𝜏


      x _  𝜏


    f    x _  (  x |  𝜆 ) = 𝜆    e  − 𝜆 x


  𝜆 ​


  𝜆 = 5


    𝜇  𝜆 = 5  


    f    𝜆 _  ( 𝜆 ) =   𝜆  𝜁 − 1  e  − 𝜆 / Γ  ( 𝜁 )


    𝜁 = 𝜇  𝜆 = 5


      𝜆 _ ′


    𝜆 _


    𝜆 _


    𝜆  i =   𝜆  i ′


    𝜆  i =   𝜆  i − 1


    𝜆  i


    𝜆  i ′


  x


    f  x  ( x ) = 𝜁      ( 1 + x )  𝜁 − 1 .


    x  𝜏


    x  𝜏


      x _  𝜏


    x  𝜏


    𝜆  i


  n


    x _


  F  ( x )


  n


   (     x _ 1 ,     x _ 2 , … ,     x _  n )


      𝛺  n = 𝛺 × ⋯ × 𝛺


  F  ( x )


      x _  i


    x 1 ,   x 2 , … ,   x  n


  n


  n


    z _ ≔ g  (   x _ )


  E  [   x _ ]


  E  [ g  (   x _ ) ]


  x


    x _


  E  [   x _ ] ≔   ∫  − ∞ ∞  x f  ( x ) d x ≕ 𝜇 ,     E  [ g  (   x _ ) ] ≔   ∫  − ∞ ∞  g  ( x ) f  ( x ) d x ,  


  f  ( x )


        G _ ^   ( ∞ ) ≔    lim  T → ∞ ⁡   1  T   ∫ 0  T  g  (   x _  ( t ) ) d t = E  [ g  (   x _  ( t ) ) ] ≕ G


        G _ ^   ( ∞ )


        G _ ^   ( ∞ )


    x _  ( t )


   


    G ^ ≔    1  n ⁡    ∑  𝜏 = 1  n  g  (   x  𝜏 )


    G ^


    x  𝜏


        x _  𝜏  


      G _ ^ ≔    1  n ⁡    ∑  𝜏 = 1  n  g  (     x _  𝜏 )


      G _ ^


      G _ ^


    𝒙 _ ≔    [     x _ 1 ,     x _ 2 , … ,     x _  n ] T .


      G _ ^


  E  [     G _ ^   ] ≠ G


  b ≔ E  [     G _ ^   ] − G


    𝛾  G ≔ var  [     G _ ^   ] ,       e  G ≔ E  [    (     G _ ^ − G ) 2 ] =   𝛾  G +   b 2


  b = 0


      G _ ^ − G → 0


  n → ∞


    e  G


      x _  𝜏


  𝛾 ≔   ∫  − ∞ ∞     ( x − 𝜇 ) 2   f      x _  𝜏  ( x ) d x


    𝛾 ^ ≔    1  n ⁡    ∑  𝜏 = 1  n     (   x  𝜏 −   𝜇 ^ ) 2


    𝜇 ^ ≔    1  n ⁡    ∑  𝜏 = 1  n    x  𝜏


      𝛾 _ ^ ≔    1  n ⁡    ∑  𝜏 = 1  n     (     x _  𝜏 −     𝜇 _ ^ ) 2


      𝜇 ^ _ ≔    1  n ⁡    ∑  𝜏 = 1  n      x _  𝜏


        𝛾 _ ^   ( ∞ ) =    lim  T → ∞ ⁡   1  T   ∫ 0  T     (   x _  ( t ) −       𝜇 ^ _   ( ∞ ) ) 2 d t


        𝜇 ^ _   ( ∞ ) ≔    lim  T → ∞ ⁡   1  T   ∫ 0  T    x _  ( t ) d t


  𝛾


    𝜇  q ′ ,


    x _


        𝜇 _ ^  q ′ ≔  1  n   ∑  i = 1  n      x _  i  q


  E  [       𝜇 _ ^  q ′ ] =     𝜇  q ′


      x _  i


  n


  var  [       𝜇 _ ^  q ′ ] =  1  n  (   𝜇  2 q ′ −   𝜇  q  ′ 2 )


  n → ∞


      x _  i


      𝜇  q


        𝜇 _ ^  q ≔    1  n ⁡    ∑  𝜏 = 1  n     (     x _  𝜏 −     𝜇 _ ^ )  q


      𝜇 ^ _ ≡       𝜇 ^ _ 1 ′


  q > 1


  p


  n


        𝜇 ^ _  q ′  


    x  i


     (   ∑  i = 1  n    x  i  q )  1 / q ≈    max  1 ≤   i ≤ n ⁡   (   x  i )


    x  i


   max  1 ≤   i ≤ n  (   x  i ) >  |  min  1 ≤   i ≤ n  (   x  i ) |


   3 2 +  4 2 =  5 2


   3 3 +  4 3 =   4 . 5 3


   3 8 +   𝟒 8 ≈   𝟒 8


   3 2 +  4 2 +  12 2 =  13 2


   3 3 +  4 3 +  12 3 =   12 . 2 3


   3 8 +  4 8 +   𝟏 𝟐 8 ≈   𝟏 𝟐 8


    𝜇  q ′


      𝜇 ^  q ′ =  1  n   ∑  i = 1  n    x  i  q ≈    1  n  (    max  1 ≤   i ≤ n ⁡   (   x  i ) )  q


  1 / n


    x _


        𝜇 ^ _  q ′


    𝜇  q ′


    𝜇  q ′ .


          𝜇 ^ _  q ′   to     𝜇  q ′


  n


  n


  q


    𝜇  q ′


  n


        𝜇 ^ _  q ′


  n


  n


    ∑  i = 1  n    x  i 8 / n


     (  max  1 ≤   i ≤ n  (   x  i ) ) 8 / n


    ∑  i = 1  n      x _  i 8 / n


     (  max  1 ≤   i ≤ n  (   x  i ) ) 8 / n


  𝜇 =   𝜇 1 ′


      𝜇 _ ^ ≔  1  n   ∑  i = 1  n      x _  i


      x _ ¯


  E  [     𝜇 _ ^ ] = E  [   x _ ] = 𝜇 )


    𝜇 ^ ≔   ( 1  n )   ∑  i = 1  n    x  i


    x ¯


      x _  i


  n


  var  [     𝜇 _ ^ ] =   var  [   x _ ]  n =     𝛾 1  n


    x _


      x _  i


      𝜇 _ ^ =     x _ 1   ( n ) =     X _  ( n D )  n D


  n D


  var  [     𝜇 _ ^ ] =  var ⁡   [     X _  ( n D )  n D ] = 𝛾  ( n D ) =   𝛾  n


    n ′


    x _


    𝛾 1  


    𝛾  n ​


      𝛾 1    n ′ =   𝛾  n ⇔   n ′ =     𝛾 1    𝛾  n


    𝛾  n =   𝜆 2    (   𝛼  n D )  2 − 2 𝛨


    n ′ =   n  2 − 2 H


  H = 0 . 5


    n ′ = n .  


  H = 0 . 9


  n = 100


    n ′ = 4


          𝜇 _ ^ 2 ≡     𝛾 _ ^ 1 ≔    1  n ⁡    ∑  𝜏 = 1  n     (     x _  𝜏 −     𝜇 _ ^ ) 2


  n


  n − 1


        𝛾 _ ^ 1 ∗ ≔    1  n − 1 ⁡    ∑  𝜏 = 1  n     (     x _  𝜏 −     𝜇 _ ^ ) 2 =   n  n − 1       𝛾 _ ^ 1


  n


  n − 1


  E  [       𝛾 _ ^ 1 ] =  1  n   E  [   ∑  𝜏 = 1  n     (  (     x _  𝜏 − 𝜇 ) −  (     x _ 1   ( n ) − 𝜇 ) ) 2 ]


  =  1  n E  [   ∑  𝜏 = 1  n     (     x _  𝜏 − 𝜇 ) 2 ] − 2  1  n   E  [  (     x _ 1   ( n ) − 𝜇 )   ∑  𝜏 = 1  n   (     x _  𝜏 − 𝜇 ) ] + E  [    (     x _ 1   ( n ) − 𝜇 ) 2 ]


  =  1  n E  [   ∑  𝜏 = 1  n     (     x _  𝜏 − 𝜇 ) 2 ] − 2  1  n   E  [  (     x _ 1   ( n ) − 𝜇 )   ∑  𝜏 = 1  n   (     x _  𝜏 − 𝜇 ) ] + E  [    (     x _ 1   ( n ) − 𝜇 ) 2 ]


    ∑  𝜏 = 1  n   (     x _  𝜏 − 𝜇 ) = n  (     x _ 1   ( n ) − 𝜇 )


  E  [       𝛾 _ ^ 1 ] =   𝛾 1 −   𝛾  n =  ( 1 −     𝛾  n    𝛾 1 )   𝛾 1 =  ( 1 −  1    n ′ )   𝛾 1


  ,     𝛾  n =   𝛾 1 / n


   ( 1 − 1 / n )   𝛾 1


  E  [       𝛾 _ ^ 1 ∗ ] =   n  n − 1  (   𝛾 1 −   𝛾  n ) =   1 −     𝛾  n    𝛾 1  1 − 1 / n   𝛾 1 =   1 −  1    n ′  1 − 1 / n   𝛾 1


  k = 𝜅 D


  L = n k


        𝛾 _ ^  𝜅   ≡     𝛾 _ ^  ( k ) ≔    1  n ⁡    ∑  𝜏 = 1  n     (     x _  𝜏   ( 𝜅 ) −     𝜇 _ ^ ) 2 ,           𝛾 _ ^  𝜅 ∗ ≡       𝛾 _ ^ ∗  ( k ) ≔   n  n − 1     𝛾 _ ^  ( k )


  E ‌  [     𝛾 ^ _  ( k ) ‌ ] = 𝛾  ( k ) − 𝛾  ( L ) =  ( 1 −   𝛾  ( L )  𝛾  ( k ) ) 𝛾  ( k ) ,     E ‌  [       𝛾 ^ _ ∗  ( k ) ‌ ] =   1 − 𝛾  ( L ) / 𝛾  ( k )  1 −   k  L 𝛾  ( k )


  n − 1


        𝛾 _ ^ 1 ∗   ( or


        𝛾 _ ^ ∗  ( k ) )


        𝛾 _ ^ 1


      𝛾 ^ _  ( k )


  n


        c _ ^  x y ≔    1  n ⁡    ∑  𝜏 = 1  n   (     x _  𝜏 −     𝜇 _ ^ )  (     y _  𝜏 −     𝜇 _ ^ ) ,           c _ ^  x y ∗ ≔    1  n − 1 ⁡    ∑  𝜏 = 1  n   (     x _  𝜏 −     𝜇 _ ^ )  (     y _  𝜏 −     𝜇 _ ^ )


      x _  𝜏 ​


        y _  𝜏  


        c _ ^  x y


  E  [       c _ ^  x y ] =  ( 1 −  1    n  2 − 2 H )   c  x y =  ( 1 −  1    n ′ )   c  x y


        c _ ^  𝜂 ≔    1  n ⁡    ∑  𝜏 = 1  n − 𝜂   (     x _  𝜏 −     𝜇 _ ^ )  (     x _  𝜏 + 𝜂 −     𝜇 _ ^ )


  n − 1


  n − 𝜂


        c _ ^  𝜂


  E  [       c _ ^  𝜂 ] =  1  n   E  [   ∑  𝜏 = 1  n − 𝜂   (  (     x _  𝜏 − 𝜇 ) −  (     x _ 1   ( n ) − 𝜇 ) )  (  (     x _  𝜏 + 𝜂 − 𝜇 ) −  (     x _ 1   ( n ) − 𝜇 ) ) ] =  1  n E  [   ∑  𝜏 = 1  n − 𝜂   (     x _  𝜏 − 𝜇 )  (     x _  𝜏 + 𝜂 − 𝜇 ) ] −  1  n   E  [  (     x _ 1   ( n ) − 𝜇 )   ∑  𝜏 = 1  n − 𝜂   (  (     x _  𝜏 − 𝜇 ) +  (     x _  𝜏 + 𝜂 − 𝜇 ) ) ] + E  [    (     x _ 1   ( n ) − 𝜇 ) 2 ]


    ∑  𝜏 = 1  n − 𝜂   (     x _  𝜏 − 𝜇 ) =  ( n − 𝜂 )  (     x _ 1   ( n − 𝜂 ) − 𝜇 )


  n


  n − 𝜂


  n


  E  [       c _ ^  𝜂 ] ≈   c  𝜂 −   𝛾  n =  ( 1 −     𝛾  n    c  𝜂 )   c  𝜂 =  ( 1 −     𝛾  n    r  𝜂   𝛾 1 )   c  𝜂 =  ( 1 −  1    r  𝜂   n ′ )   c  𝜂


   ( 0 <   r  𝜂 < 1 )


  −  1    r  𝜂   n ′ )


    𝛾  𝜂


  −  1    n ′


        r _ ^    𝜂 ≔         c _ ^  𝜂        𝛾 _ ^ 1


        r ~ _    𝜂 ≔         c _ ^  𝜂 +   𝛾  n        𝛾 _ ^ 1 +   𝛾  n =         r _ ^  𝜂       𝛾 _ ^ 1 +   𝛾  n        𝛾 _ ^ 1 +   𝛾  n ≈  ( 1 −  1    n ′ )       r _ ^    𝜂 +  1    n ′


    x _


  𝜽 ≔    [   𝜃 1 ,     𝜃 2 ,   ( ,     𝜃  m ] T ,


    x _


  f  ( x , 𝜽 )


      𝒙 _ ≔    [     x _ 1 ,       x _ 2 ,   ( ,       x _  n ] T


    x _


    𝜇  q ′ =     𝜇 ^  q ′ ,     q = 1 , … , m


    𝜇  q ′


    𝜇  q ′ =   ∫  − ∞ ∞    x  q f  ( x , 𝜽 ) d x


   (   𝜃 1 ,     𝜃 2 ,   ( ,     𝜃  m )


  m > 2


  f  ( x , 𝜇 , 𝜎 ) =  1   2 π 𝜎  exp ⁡   ( −      ( x − 𝜇 ) 2  2   𝜎 2 )


  𝜇 =   𝜇 ^ ,       𝜎 2 +   𝜇 2 =     𝜇 ^ 2 +     𝜇 ^ 2 ⇒   𝜎 2 =     𝜇 ^ 2


    𝜇 2 ′ =   𝜇 2 +   𝜇 2 .  


  𝜇 =  1  n   ∑  i = 1  n    x  i ,       𝜎 2 =    1  n ⁡    ∑  𝜏 = 1  n     (   x  𝜏 −   𝜇 ^ ) 2


    𝜎 2


    𝒙 _ = 𝒙


  𝒙


    𝜽 _


    𝜽 _


    f    𝜽 _  ( 𝜽 )


    f    𝜽 _ |   𝒙 _  ( 𝜽 | 𝒙 ) =     f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )    f    𝒙 _  ( 𝒙 )     f    𝜽 _  ( 𝜽 )


  𝒙


    f    𝜽 _  ( 𝜽 )


    f    𝜽 _ |   𝒙 _  ( 𝜽 | 𝒙 )


    f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )


    𝒙 _


    𝜽 _  


  𝜽


      𝒙 _ = 𝒙


    f    𝜽 _ |   𝒙 _  ( 𝜽 | 𝒙 )


    d   f    𝜽 _ |   𝒙 _  ( 𝜽 | 𝒙 )  d 𝜽 = 𝟎 ⇔  1    f    𝒙 _  ( 𝒙 )  (   d   f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )  d 𝜽     f    𝜽 _  ( 𝜽 ) +   f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )   d   f    𝜽 _  ( 𝜽 )  d 𝜽 ) = 𝟎


      f    𝜽 _  ( 𝜽 ) ,  


  𝜽


      d   f    𝜽 _  ( 𝜽 )  d 𝜽 = 0 .


    d   f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )  d 𝜽 = 𝟎


  𝜽


    f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )


    𝒙 _ = 𝒙


  𝒙


    f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 )


  𝒙


    f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 ) =   ∏  i = 1  n    f    x _ |   𝜽 _  (   x  i | 𝜽 )


    d   ∏  i = 1  n    f    x _ |   𝜽 _  (   x  i | 𝜽 )  d 𝜽 = 𝟎


    f    𝒙 _ |   𝜽 _  ( 𝒙 | 𝜽 ) :


  L  ( 𝒙 | 𝜽 ) ≔  ln ⁡    f    x _ |   𝜽 _  ( 𝒙 | 𝜽 ) =   ∑  i = 1  n   ln ⁡    f    x _ |   𝜽 _  (   x  i | 𝜽 )


  ·


    d L  ( 𝒙 | 𝜽 )  d 𝜽 =   ∑  i = 1  n   1    f    x _ |   𝜽 _  (   x  i | 𝜽 )   d   f    x _ |   𝜽 _  (   x  i | 𝜽 )  d 𝜽 = 𝟎


  f  ( x | 𝜇 , 𝜎 ) =  1   2 π 𝜎  exp ⁡   ( −      ( x − 𝜇 ) 2  2   𝜎 2 )


  f  ( 𝒙 | 𝜇 , 𝜎 ) =  1     (  2 π 𝜎 )  n  exp ⁡   ( −  1  2   𝜎 2   ∑  i = 1  n     (   x  i − 𝜇 ) 2 )


  L  ( 𝒙 | 𝜇 , 𝜎 ) = −   n 2  ln ⁡   ( 2 π ) − n  ln ⁡  𝜎 −  1  2   𝜎 2   ∑  i = 1  n     (   x  i − 𝜇 ) 2


    𝜕 L  𝜕 𝜇 =  1    𝜎 2   ∑  i = 1  n   (   x  i − 𝜇 ) = 0 ,       𝜕 L  𝜕 𝜎 = −   n  𝜎 +  1    𝜎 3   ∑  i = 1  n     (   x  i − 𝜇 ) 2 = 0


  𝜇 =  1  n   ∑  i = 1  n    x  i =   𝜇 ^ ,       𝜎 2 =  1  n     ∑  i = 1  n     (   x  i − 𝜇 ) 2 =     𝜇 ^ 2


    x _  ( t )


  𝜏 D ,   𝜏 = 0 , … , n − 1


  L = n D


  n


    x  𝜏


      x _  𝜏


  𝜔 = w D


    w  D =  1  D =   n  L


    𝜔  D =   w  D D = 1


    w N =  1  2 D =   n  2 L


    𝜔 N =   w N D = 0 . 5


    w 1 =  1  L =   w  D / n


    𝜔 1 =     w 1 D =   D  L = 1 / n


    w 2 =  1  2 L =   w  D / 2 n


    𝜔 2 =     w 2 D =   D  2 L = 1 / 2 n


    𝜔 N = 0 . 5


      x _  𝜏


  n


  n


        c _ ^ 0 ,       c ^ _ 1 , … ,       c ^ _  n − 1


        s _ ^ d  ( 𝜔 ) = 2       c _ ^ 0 + 4   ∑  𝜂 = 1  n − 1        c _ ^  𝜂  cos ⁡   ( 2 π 𝜂 𝜔 ) + 2       c ^ _  n  cos ⁡   ( 2 π n 𝜔 )


        c ^ _  n


  n


    x  𝜏


        c ^ _  n ≡ 0


    c  n ≠ 0 )


        s _ ^ d  ( 𝜔 )


    𝜔  j = j   𝜔 0


    𝜔 0


    𝜔 1


    𝜔 2


        c _ ^  𝜂 =   𝜔 0  (         s _ ^ d  ( 0 ) +    ( − 1 )  n       s _ ^ d  ( 0 . 5 ) 2 +   ∑  0 <   𝜔  j < 0 . 5        s _ ^ d  (   𝜔  j )  cos ⁡   ( 2 π 𝜂   𝜔  j ) )


        s _ ^ d  ( 𝜔 )


    x  𝜏 ,   𝜏 = 0 , … , N − 1


    u  j ,   j = 0 , … , N − 1


    u  j =  1  N   ∑  𝜏 = 0  N − 1    x  𝜏  e  − i 2 π 𝜏 j / N ,     j = 0 , … , N − 1


    x  𝜏


    u  j


    x  𝜏 =   ∑  j = 0  N − 1    u  j  e  i 2 π j 𝜏 / N ,     𝜏 = 0 , … , N − 1


  n


        s _ ^ d  ( 𝜔 )


        s _ ^ d  ( 𝜔 ) =   ∑  𝜂 = 0  n  2       c _ ^  𝜂  cos ⁡   ( 2 π 𝜂 𝜔 ) +   ∑  𝜂 = 1  n − 1  2       c _ ^  𝜂  cos ⁡   ( 2 π 𝜂 𝜔 )


  j = 𝜂


  j = 2 n − 𝜂


        s _ ^ d  ( 𝜔 ) =   ∑  j = 0  n  2       c _ ^  j  cos ⁡   ( 2 π j 𝜔 ) +   ∑  j = n + 1  2 n − 1  2       c _ ^  2 n − j  cos ⁡   ( 2 π  ( 2 n − j ) 𝜔 )


  𝜔


    𝜔 2 = 1 / N


  N ≔ 2 n


  2 n 𝜔


   cos ⁡   ( 2 π  ( 2 n − j ) 𝜔 ) =  cos ⁡   ( 2 π j 𝜔 )


      u _  j =  {    2       c _ ^  j ,  0 ≤ j ≤ n   2       c _ ^  2 n − j ,  n ≤ j ≤ N − 1


        s _ ^ d  ( 𝜔 ) =   ∑  j = 0  N − 1      u _  j  cos ⁡   ( 2 π j 𝜔 )


      u _  j


    𝜔  𝜏 = 𝜏 / N


        s _ ^ d  (   𝜔  𝜏 )


      u _  j


  n


  N


      s ^ d  (   𝜔  𝜏 )


      c ^  𝜂


  𝜔


    𝜔 2 = 1 / N = 1 / 2 n


      u _  j = 2       c _ ^  j =  1  N   ∑  𝜏 = 0  N − 1        s _ ^ d  (   𝜔  𝜏 )  cos ⁡   ( 2 π j   𝜔  𝜏 ) ,     0 ≤ j ≤ n


      x _  𝜏


      u _  j =  1  n   ∑  𝜏 = 0  n − 1      x _  𝜏  e  − i 2 π 𝜏 j / n ,     j = 0 , … , n − 1


      x _  𝜏 , 𝜏 = 0 , … , n − 1


    u  j , j = 0 , … , n − 1


      u _  j =     u _  j R + i       u _  j I


      u _  j R


      u _  j I


      u _  j


      x _  𝜏


      u _  j


  2 n


      S _  j ≔ 2 n    |     u _  j | 2 = 2 n  (    (     u _  j R ) 2 +    (     u _  j I ) 2 )


    𝜔  j =   j  n


      x _  𝜏


    s d  ( 𝜔 )


    𝜔 1 =  1  n


    𝜔 2 = 1 / 2 n )


      x _  𝜏


      u _  j


      S _  j


      u _ 0 =     u _ 0 R =     𝜇 _ ^ ,         u _ 0 I = 0


      u _  n − j R =     u _  j R ,         u _  n − j I = −     u _  j I ,         S _  n − j =     S _  j ,     1 ≤ j ≤ n − 1


      u _  n − j R =     u _  j R ,         u _  n − j I = −     u _  j I ,         S _  n − j =     S _  j ,     1 ≤ j ≤ n − 1


      u _  j


      S _  j


    n 2


  n


      u _  n / 2 I = 0


  n


    x  𝜏


  n / 2


      u _  j R


      u _  j I


  n / 2


      S _  j


      S _  j


  𝜔 =   j  n ≤ 0 . 5


   1  n   ∑  𝜏 = 0  n − 1      x _  𝜏 2 =   ∑  j = 0  n − 1     |     u _  j | 2   ,           𝛾 _ ^ 1 =  1  n   ∑  𝜏 = 0  n − 1     (     x _  𝜏 −     𝜇 _ ^ ) 2 =   ∑  j = 1  n − 1     |     u _  j | 2   =  1  n   ∑  1 ≤ j ≤ n / 2      S _  j −       S _  n / 2  2 n


  n


      S _  n / 2


      𝛾 ^ 1


     |   u  j | 2


    𝜔 1 =     w 1 D = 1 / n


    𝜔 N =   w N D = 0 . 5


     |     u _  j | 2


  j / n


    n  j


      S _  j


  j = 1 , … ,  ⌊ n / 2 ⌋


        s _ ^ d  (   𝜔  j )


  j = 1 , … , n


        c _ ^  𝜂


     |     u _  j | 2


  2 n


  − 1 . 24


  − 1


  1 − 2 H = − 0 . 6 > − 1


   (   𝜃 1 ,   𝜃 2 )


    𝜃 1


      𝜃 2 ​ ​


  𝒙


    𝜃 1 =   g 1  ( 𝒙 )


    𝜃 2 =   g 2  ( 𝒙 )


      𝜃 _ 1 =   g 1  (   𝒙 _ )


      𝜃 _ 2 =   g 2  (   𝒙 _ )


   (     𝜃 _ 1 ,     𝜃 _ 2 )


  n = 512


  H = 0 . 8 , 𝜇 = 100 ,   𝛾 1 = 400


  = − 1 . 24


   (     𝜃 _ 1 ,     𝜃 _ 2 )


  P  {     𝜃 _ 1 < 𝜆 <     𝜃 _ 2 }   = C


  0 < C < 1


      𝜃 _ 1 ,     𝜃 _ 2


      𝜃 _ 1 ,     𝜃 _ 2


    𝜃 _ = g  (   𝒙 _ )


    F    𝜃 _  ( 𝜃 )


    𝜃 _ − 𝜆


  P  { 𝜆 −   𝜉 1 <   𝜃 _ < 𝜆 +   𝜉 2 } = C


    𝜃 _


  P  {   𝜃 _ < 𝜆 −   𝜉 1 } = P  {   𝜃 _   >   𝜆 +   𝜉 2 }   =    ( 1 − C )    2


  P  {   𝜃 _ −   𝜉 2 < 𝜆 <   𝜃 _ +   𝜉 1 } = C


        𝜃 _ 1 =   𝜃 _ −   𝜉 2


      𝜃 _ 2 =   𝜃 _ −   𝜉 1


    𝜃 _


    x _


      x _ 1 ,     x _ 2 ,   … ,       x _  n


      x _   ( i : n )


  n


      x _   ( 1 : n ) ≤     x _   ( 2 : n ) ≤ … ≤     x _   ( n : n )


      x _   ( i : n )


    x 1 ,   x 2 ,   … ,     x  n


  g  (   x 1 ,   x 2 ,   … ,     x  n )


    x   ( i : n ) ≔ g  (   x 1 ,   x 2 ,   … ,     x  n ) ≔    min  1 ≤ j ≤ n ⁡   (    x  j |    ∑  k = 1  n   I   {   x  k ≥   x  j } ≥ i )


   I  A


  A


      x _ 1 ,     x _ 2 , … ,     x _  n


    x 1 ,   x 2 ,   … ,     x  n


      x _   ( i : n ) = g  (     x _ 1 ,     x _ 2 ,   … ,       x _  n )


      x _   ( 1 : n ) =  min ⁡   (     x _ 1 ,     x _ 2 ,   … ,       x _  n ) ,         x _   ( n ) ≔     x _   ( n : n ) =  max ⁡   (     x _ 1 ,     x _ 2 ,   … ,       x _  n )  


    x _


  f  ( x )  


    F  ( x )


    y _ ≔     x _   ( i : n )


    f    y _  ( y ) ≔   f   ( i : n )  ( y ) =  ( n − i + 1 )  (    n   i − 1 )    ( F  ( y ) )  i − 1    ( 1 − F  ( y ) )  n − i f  ( y )


    u _ ≔ F  (   y _ ) = F  (     x _   ( i : n ) )


    f    u _  ( u ) =     f    y _  (   F  − 1  ( u ) )  f  (   F  − 1  ( u ) ) =  ( n − i + 1 )  (    n   i − 1 )   u  i − 1    ( 1 − u )  n − i =     u  i − 1    ( 1 − u )  n − i  B  ( i , n − i + 1 )


    F   ( i : n )  ( x ) = P  {     x _   ( i : n ) ≤ x } = P  {   u _ ≤ F  ( x ) } =    B  F  ( x )  ( i , n − i + 1 )  B  ( i , n − i + 1 )


    F   ( 1 : n )  ( x ) =    B  F  ( x )  ( 1 , n )  B  ( 1 , n ) =   1 −  ( 1 − F  ( x ) )  n ,     F   ( n : n )  ( x ) =    B  F  ( x )  ( n , 1 )  B  ( n , 1 ) =    ( F  ( x ) )  n


  p


      x _   ( p )


    K  p ′ ≔ E [     x _   ( p ) ] = E  [  max ⁡   (     x _ 1 ,     x _ 2 ,   … ,       x _  p ) ]


      x _   ( 1 : p )


      K ¯  p ′ ≔ E  [     x _   ( 1 : p ) ] = E  [  min ⁡   (     x _ 1 ,     x _ 2 ,   … ,       x _  p ) ]


      K ¯  p ′ ≤ … ≤     K ¯ 2 ′ ≤     K ¯ 1 ′ =   K 1 ′ = 𝜇 ≤   K 2 ′ ≤ … ≤   K  p ′


    K  p ≔   K  p ′ −   K 1 ′ ,         K ¯  p ≔       K ¯ 1 ′ −     K ¯  p ′ ,       K  p ,     K ¯  p ≥ 0


    x _


    x _


    K  p ′ = p E  [    ( F  (   x _ ) )  p − 1   x _ ] = p   ∫  − ∞ ∞     ( F  ( x ) )  p − 1 x   f ( x ) d x = p   ∫ 0 1  x ( F )   F  p − 1 d F


      K ¯  p ′ = p E  [    (   F ¯  (   x _ ) )  p − 1   x _ ] = p   ∫  − ∞ ∞     (   F ¯  ( x ) )  p − 1 x   f ( x ) d x = p   ∫ 0 1  x (   F ¯ )     F ¯  p − 1 d F


  p


    x _


      K _  p ′  


  n


        K _ ^  p ′ =   ∑  i = 1  n    b  i n p       x _   ( i : n )


          K _ ¯ ^  p ′ =   ∑  i = 1  n    b  i n p       x _   ( n − i + 1 : n ) =   ∑  i = 1  n    b  n − i + 1 , n , p       x _   ( i : n )


    b  i n p =  {    0 ,  i < p   p   Γ  ( n − p + 1 )  Γ  ( n + 1 )     Γ  ( i )  Γ  ( i − p + 1 ) ,  i ≥ p ≥ 0


  ·


      x _  ( i : n )


  p = 1


    b  i n 1 = 1 / n


        K _ ^ 1 ′


  p = n


    b  i n n = 0


  i < n


    b  n n n = 1


        K _ ^  n ′ =     x _  ( n ) =     x _  ( n : n ) =  max ⁡   (     x _ 1 ,     x _ 2 ,   … ,       x _  n )


  p


  i ≥ p ≥ 0


    b  i n p =    (   i − 1  p − 1 )   (   n  p )


  p


    C  p


  p


    D  p


    C  p ≔     K  p ′ +     K ¯  p ′ 2 ,       D  p ≔     K  p ′ −     K ¯  p ′ 2


    D  p ≥ 0


    C 1 =   K 1 ′ =     K ¯ 1 ′ = 𝜇 ,         C 2 =       K 2 ′ +   K ¯ 2 ′ 2 =   K 1 ′ =   C 1 ,         D 1 = 0 ,         D 2 =       K 2 ′ −   K ¯ 2 ′ 2 =   K 2 =     K ¯ 2


    𝛬  p ≔  1  p  ( 1 − F  (   K  p ′ ) )


    𝛬  p


    𝛬 1


    𝛫 1 ′


  F  (   K  p ′ ) = 1 / 2


    𝛬  p ≈ 2


    𝛬 1


    𝛬 1 =  1  1 − F  ( 𝜇 )


    𝛬 ∞


    𝛬 ∞ =  {      Γ ( 1 − 𝜉 )   1  𝜉 ,  𝜉 ≠ 0    e γ ,  𝜉 = 0


    𝛬 1   and     𝛬 ∞


    𝛬  p


    𝛬  p ≈   𝛬 ∞ +     𝛬 1 −   𝛬 ∞  p ,     F  (   K  p ′ ) ≈ 1 −  1    𝛬 ∞ p +  (   𝛬 1 −   𝛬 ∞ )


    K  p ′   i s


    T  (     K ^  p ′ )  D =  1  1 − F  (     K ^  p ′ ) ≈   𝛬 ∞ p +  (   𝛬 1 −   𝛬 ∞ )


  p = n


  𝜉 = 0


    T  (     K ^  n ′ )  D ≈ 1 . 781 n +   𝛬 1 −   𝛬 ∞


  F


  x


    K  p ′


  p ≈  1    𝛬 ∞  ( 1 − F ) + 1 −     𝛬 1    𝛬 ∞


    K  p ′


        K _ ^  p ′ =   ∑  i = 1  n    b  i n p       x _   ( i : n )


    x  ( i : n )


  i = n


  x


  F


  p


  p ≤ n


      𝛬 ¯  p ≔  1  p   F  (   K  p ′ )


      𝛬 ¯  p


    𝛬  p


  p = 1


      𝛬 ¯ 1 =  1  F  ( 𝜇 ) =     𝛬 1  (   𝛬 1 − 1 )


      𝛬 ¯ 1 =   𝛬 1 = 2


      𝛬 ¯ ∞


      𝛬 ¯ ∞ =   Γ  ( 1 +  1  𝜁 )  − 𝜁


  𝜁 = 1


      𝛬 ¯ ∞ = 1


      𝛬 ¯  p


      𝛬 ¯  p ≈     𝛬 ¯ ∞ +       𝛬 ¯ 1 −     𝛬 ¯ ∞  p ,     F  (   K  p ′ ) ≈  1      𝛬 ¯ ∞ p +  (     𝛬 ¯ 1 −     𝛬 ¯ ∞ )


  F


  x


      K ¯  p ′


  p ≈  1      𝛬 ¯ ∞ F + 1 −       𝛬 ¯ 1      𝛬 ¯ ∞


   1      𝛬 ¯ 1 +     𝛬 ¯ ∞ ( n − 1 ) ≤ F ≤ 1 −  1    𝛬 1 +   𝛬 ∞ ( n − 1 )


  W ( M , N ) =   M  N


    W BE ( M , N ) =  (    N + M − 1   N ) =    ( N + M − 1 ) !  N !  ( M − 1 ) !


    W FD  ( M , N ) =  (    M   N ) =   M !  N !  ( M − N ) ! ,     M ≥ N


    W MB ( M , N ) =   W  N ! =     M  N  N !


    W BE  ( M , N ) ≈   W FD ( M , N ) ≈     M  N  N ! =   W MB ( M , N )


    W BE  ( M , a M ) /   W MB ( M , a M )


  a → 0


    W BE  ( M , N ) ≈     N  M − 1   ( M − 1 ) ! =   W MB ( N , M − 1 )


  N ≤ M


    W MB ( 3 , 2 ) = 4 . 5


    W MB


    W MB ( 3 , 9 )


    W MB ( M , N )


  M ≫ N


  N ≫ M


  N


  M


    n  m  N ≤ N


  m ,   1 ≤ m ≤ M


  N − 1


    A  N ≔  {     n _ 1  N =   n 1  N , … ,     n _  m  N =   n  m  N , … ,     n _  M  N =   n  M  N }


    A  N


  N


  M


    n 1 , … ,   n  m , … ,   n  M


  C  (   n 1 , … ,   n  m , … ,   n  M ) ≔   N !    n 1 ! …   n  m !   …   n  M !


    A  N


    A  N + 1


    A  m  N + 1 ≔  {     n _ 1  N + 1 =   n 1  N , , … ,     n _  m  N =   n  m  N + 1 , … ,     n _  M  N =   n  M  N }


  P  (    A  m  N + 1 |    A  N ) ∝ 1 + k   n  m  N


  k


  k > 0


  k = 0


  k < 0


  k =  {    − 1 ,  negative   dependence − fermions     0 ,  independence − classical   particles   + 1 ,  positive   dependence − bosons


  M


    A  m  N + 1


  m = 1 , … , M


  P  {    A  m  N + 1 |    A  N }


    ∑  m = 1  M  P  (    A  m  N + 1 |    A  N ) = 1


  m


    ∑  m = 1  M  P  (    A  m  N + 1 |    A  N ) ∝ M + k N


  P  (    A  m  N + 1 |    A  N ) =   1 + k   n  m  N  M + k N


  k = 0 )


  P  (    A  m  N + 1 |    A  N ) =  1  M


  k = 1


  P  (    A  m  N + 1 |    A  N ) =   1 +   n  m  N  M + N


  k = − 1


  P  (    A  m  N + 1 |    A  N ) =   1 −   n  m  N  M − N =  {    0 ,    n  m  N = 1    1  M − N ,    n  m  N = 0


    n  m  N = 1


  N


  M


     (  1  M )  N =  1  W  ( M , N )


    n 1 , … ,   n  m , … ,   n  M


  P  (   A  N ) = C  (   n 1 , … ,   n  m , … ,   n  M )    (  1  M )  N =   N !    n 1 ! …   n  m !   …   n  M !    (  1  M )  N


    n 1 , … ,   n  m , … ,   n  M


  N =   n 1 + … +   n  m + … +   n  M


  M


  P  (   A  N ) =   P BE  ( M , N ) =   N !  ( M − 1 ) !   ( N + M − 1 ) ! =  1    W BE ( M , N )


  N


  N = 1


  P  (   A 1 ) =   P BE  ( M , 1 ) =    ( M − 1 ) !  M ! =  1  M


  N


  N + 1


    A  m  N + 1


  m


  P  (    A  m  N + 1 |    A  N ) P  (   A  N ) =   1 +   n  m  N  M + N   N !  ( M − 1 ) !   ( N + M − 1 ) ! =   N !  ( M − 1 ) !   ( N + M ) ! ( 1 +   n  m  N )


    A  N


    A  ( 1 )  N =  {     n _ 1  N =   n 1  N − 1 , … ,     n _  m  N =   n  m  N + 1 , … ,     n _  M  N =   n  M  N }


    A  m  N + 1 ​


    A  ( 1 )  N


  N


  N


  N


  M


  P  (    A  m  N + 1 |    A  ( 1 )  N ) P  (   A  ( 1 )  N ) =   1 +   n 1  N − 1  M + N   N !  ( M − 1 ) !   ( N + M − 1 ) ! =   N !  ( M − 1 ) !   ( N + M ) !   n 1  N


    A  ( 2 )  N , … ,   A  ( M )  N =  {     n _ 1  N =   n 1  N = , … ,     n _  m  N =   n  m  N + 1 , … ,     n _  M  N =   n  M  N − 1 }


  P  (   A  m  N + 1 ) =   N !  ( M − 1 ) !   ( N + M ) !  (   n 1  N + … + 1 +   n  m  N + … +   n  M  N ) =   N !  ( M − 1 ) !   ( N + M ) ! ( N + 1 )


  P  (   A  m  N + 1 ) =   ( N + 1 ) !  ( M − 1 ) !   ( N + M ) !


  N + 1


  N


    A  N


    n 1 , … ,   n  m , … ,   n  M


    P  (   A  N )  C  (   n 1 , … ,   n  m , … ,   n  M ) =   N !  ( M − 1 ) !   ( N + M − 1 ) !       n 1 ! …   n  m !   …   n  M !  N ! =     n 1 ! …   n  m !   …   n  M !  ( M − 1 ) !   ( N + M − 1 ) !


  N


    n 1 = N ,   n 2 = … =   n  M = 0


  P  (   A  N ) =  1    W BE ( M , N )


    n 1 , … ,   n  m , … ,   n  M


  N =   n 1 + … +   n  m + … +   n  M


  M


    n  m


  P  (   A  N ) =   P FD  ( M , N ) =   N !  ( M − N ) !  M ! =  1    W FD ( M , N ) ,     M ≥ N


  N = 1


  N


  N + 1


    A  m  N + 1


    n  m = 0


    A  m  N + 1


  m


  P  (    A  m  N + 1 |    A  N ) P  (   A  N ) =  1  M − N   N !  ( M − N ) !  M ! =   N !  ( M − ( N + 1 ) ) !  M !


    n  m = 1


  N


    A  N


    A  m  N + 1


  N


    A  m  N + 1


  P  (   A  m  N + 1 ) = ( N + 1 )   N !  ( M − ( N + 1 ) ) !  M !


  P  (   A  m  N + 1 ) =   ( N + 1 ) !  ( M − ( N + 1 ) ) !  M !


  N + 1


  N


    A  N


    n  m


  0 ! = 1 ! = 1


    P  (   A  N )  C  (   n 1 , … ,   n  m , … ,   n  M ) =   N !  ( M − N ) !  M !    1  N ! =    ( M − N ) !  M !


  k = − 1 ,   0 , + 1


  N = 1 , 2 , 3


  M = 3


  ( M = 3 , N = 3 )


  N


  N = 1 ,   2 ,   3 ,   M = 3


  N


  M = 3


  N = 3


  M = 3


    P BE  ( M ,   n 1 ,   n 2 ,   n 3 )


    P BE  ( M , N ) =


    P BE  ( M ,   n 1 ,   n 2 ,   n 3 ) C (   n 1 ,   n 2 ,   n 3 )


    n 1


    n 2


    n 3


  N


  C (   n 1 ,   n 2 ,   n 3 )


  N = 3


  M = 3


  N = 1 ,   2   or   3


  M = 3


  N


  r = 0


  r , 𝜃


  r


  𝜃


  𝜈


  𝜆


  h  ( r , t )


  r


  t


  h  ( r , t ) = a  ( r )  cos ⁡    𝜑 ,     𝜑 ≔   𝜑 0 + 2 𝜋   r − c t  𝜆


  a  ( r )


  𝜑


    𝜑 0 ​


  r = 0


  t = 0


  c


  V


  c


  c ≈  g y


  g


  y


  T


  𝜈 ≔ 1 / T


  c =   𝜆  T = 𝜆   𝜈


  r


  d A


  𝜌  h m   d A


  𝜌 ​


   h m / 2


   ( 1 / 2 ) 𝜌   g    h m 2   d A


   ( 1 / 2 ) 𝜌   g    h m 2   d A


  t


   cos ⁡  𝜑 = 1


   h  m = h  ( r , t ) = a  ( r )


  e  ( r ) =  ( 1 / 2 )   𝜌   g   a    ( r ) 2


  r


  2 π   r   a    ( r ) 2 = constant


  h  ( r , t ) =   a   r  cos ⁡   (   𝜑 0 + 2 𝜋   r − c t  𝜆 )


  a


   ( 1 / 2 )   𝜌   g     a 2 / r


  r


  π   𝜌   g     a 2


    𝜑 0 = 0 ,   c = 3   m / s


  𝜆 = 4   m , a = 0 . 3    m  3 / 2


  T =   c  𝜆 = 0 . 75   s ,   𝜈 = 1 / T = 1 . 33   Hz


  2 π   r   e  ( r ) = 2 𝜋   r    ( 1 / 2 )   𝜌   g   a    ( r ) 2 = π   𝜌   g     a 2 = π   1000   kg    m  − 3   9 . 81   m    s  − 2     0 . 3 2    m 3 = 2773   kg   m    s  − 2


      𝜕 2 h  𝜕   t 2 −   c 2  ∇ 2 h = 0


    𝜕 h  𝜕 𝜃 ≡ 0


  𝜃


   ∇ 2 h =  1  r   𝜕  𝜕 r  ( r   𝜕 h  𝜕 r )


      𝜕 2 h  𝜕   t 2 −  1  r   𝜕  𝜕 r  (  1  r   𝜕 h  𝜕 r ) = −   a     c 2  4    (  r ) 5  cos ⁡   (   𝜑 0 + 2 𝜋   r − c t  𝜆 )


  r


    r  − 5 / 2


  r


   e  i x =  cos ⁡  x + i  sin ⁡  x


  h  ( r , t ) = Re    ( 𝜓 ( r , t ) ) ,     𝜓  ( r , t ) ≔   a   r  exp ⁡   ( i  (   𝜑 0 + 2 𝜋   r − c t  𝜆 ) )


  𝜓  ( r , t )


  Re    ( 𝜓 )


  h  ( r , t )


     | 𝜓 | 2 = 𝜓   𝜓 ¯


     | 𝜓 | 2 = 𝜓   𝜓 ¯ =    (   a   r ) 2 =   a 2 / r


   r


  r


  r


    r 2


  h  ( r , t ) = Re    ( 𝜓 ( r , t ) ) ,     𝜓  ( r , t ) ≔   a  r  e  i 𝜑 ,     𝜑 =   𝜑 0 + 2 𝜋   r − c t  𝜆


  h  ( r , t )


     | 𝜓 | 2 = 𝜓   𝜓 ¯ ​


     (   a  r ) 2


    𝜕 h  𝜕 𝜃 =   𝜕 h  𝜕 𝜂 ≡ 0


  𝜃   and   𝜂


   ∇ 2 h =  1    r 2   𝜕  𝜕 r  (   r 2   𝜕 h  𝜕 r )


      𝜕 2 h  𝜕   t 2 −  1    r 2   𝜕  𝜕 r  (   r 2   𝜕 h  𝜕 r ) = 0


  𝜓 ( r , t )


  h  ( r , t ) = Re    ( 𝜓 ( r , t ) )


     | 𝜓 | 2 = 𝜓   𝜓 ¯ =    (   a  r ) 2


  r


  e = h ₚ   𝜈


  h ₚ


  e


     (   a  r ) 2


  f = 𝜓   𝜓 ¯


  ( r , 𝜃 , 𝜂 )


  𝜃


  ( r , 𝜃 , 𝜂 )


  e


  ( r , 𝜃 , 𝜂 )


  ( 𝜃 , 𝜂 )


  r


  e


  c ₒ


    f    𝒗 ′ ( 𝒗 ′ ) ≡   f    x ′   y ′  (   x ′ ,   y ′ )


  A


    𝒗 ′ = (   x ′ , y ′ )


    


  𝒗 = ( x , y )


  x


  y = 0


  B


    f  x ( x )


    f  x  ( x ) = f  (  x |  y = 0 ) =   f  x y  ( x , 0 ) /   f  y ( 0 )


    f  x |   𝒗 ′  ( x |   𝒗 ′ )


  B


  𝒗 = ( x , 0 )


  A


  𝒗 ′ = ( x ′ , y ′ )


  𝒗 ′ = ( x ′ , y ′ )


    f  x |   𝒗 ′  ( x |   𝒗 ′ ) =     a 2    l 2 =     a 2    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2


  l


  A


  B


    ∫  − ∞ ∞    f  x |   𝒗 ′  ( x |   𝒗 ′ ) d x = 1


    f  x |   𝒗 ′  ( x |   𝒗 ′ )


    a 2 =      L 2 +   y  ′ 2 π ≈   L π


  y ’ ≪ L


  𝜆


  5 ×  10  − 7


  𝜑


  A


    𝜑 0


  B


    𝜑  x |   𝒗 ′ =   𝜑 0 + 𝜑 ,     𝜑 =   2 𝜋 l  𝜆 ,     l =    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2


  𝜑


  f


  𝜓


  𝜓 =  f  e  i 𝜑 ,     f =    | 𝜓 | 2 = 𝜓   𝜓 ¯ ≥ 0 ,     𝜑 =  arg ⁡  𝜓  


   | 𝜓 |


  𝜓


    𝜓 ¯


  𝜓


  𝜓


    𝒗 ′ = (   x ′ , y ′ )


  ( x , y )


    f  𝒗 ( 𝒗 )


  y = 0


    𝜓  x  ( x ) = a  1  l  exp ⁡   ( i  (   𝜑 0 + 𝜑 ) )


    f  x  ( x ) =    |   𝜓  x | 2 =     a 2    l 2 =     a 2      L 2 +    ( x −   x ′ ) 2 +   y  ′ 2


    𝒗 1 ′ =  (   x 1 ′ ,   y 1 ′ )


    𝒗 2 ′ =  (   x 2 ′ ,   y 2 ′ )


    P 1


    P 2 = 1 −   P 1


    𝜓  x | 1  ( x ) =   a    l 1  exp ⁡   ( i  (   𝜑 0 +   𝜑 1 ) ) ,       𝜓  x | 2  ( x ) =   a    l 2  exp ⁡   ( i  (   𝜑 0 +   𝜑 2 ) )


    f  x | 1  ( x ) =    |   𝜓  x | 1  ( x ) | 2 =     a 2    l 1 2 ,       f  x | 2  ( x ) =    |   𝜓  x | 2  ( x ) | 2 =     a 2    l 2 2


    f  x  ( x ) =   f  x | 1  ( x )   P 1 +   f  x | 2  ( x )   P 2 =   a 2  (     P 1    l 1 2 +     P 2    l 2 2 )


  𝜆


  x


    f  x  ( x ) = E  [   f  x |   w _  ( x ) ]


    w _


    P 1


    P 2


    𝜓  x ( x ) = E  [   𝜓  x |   w _  ( x ) ] =   𝜓  x | 1  ( x )   P 1 +   𝜓  x | 2  ( x )   P 2


    P 1 = 1 ,   P 2 = 0


    P 1


    P 2


    𝜓  x ( x ) = a  (     P 1    l 1  exp ⁡   ( i  (   𝜑 0 +   𝜑 1 ) ) +     P 2    l 2  exp ⁡   ( i  (   𝜑 0 +   𝜑 2 ) ) )


    f  x ( x ) =    |   𝜓  x | 2 =   𝜓  x       𝜓 ¯ _  x =  (   𝜓  x | 1   P 1 +   𝜓  x | 2   P 2 )  (     𝜓 ¯  x | 1   P 1 +     𝜓 ¯  x | 2   P 2 ) =   P 1 2   𝜓  x | 1     𝜓 ¯  x | 1 +   P 1 2   𝜓  x | 2     𝜓 ¯  x | 2 +   P 1   P 2   𝜓  x | 1     𝜓 ¯  x | 2 +   P 1   P 2   𝜓  x | 2     𝜓 ¯  x | 1


     |   P 1   𝜓  x | 1 | 2


     |   P 2   𝜓  x | 2 | 2


    P 1   P 2   𝜓  x | 1     𝜓 ¯  x | 2 +   P 1   P 2   𝜓  x | 2     𝜓 ¯  x | 1 =     a 2     P 1    l 1  exp ⁡   ( i  (   𝜑 0 +   𝜑 1 ) )     P 2    l 2  exp ⁡   ( − i  (   𝜑 0 +   𝜑 2 ) ) +     a 2     P 1    l 1  exp ⁡   ( − i  (   𝜑 0 +   𝜑 1 ) )     P 2    l 1  exp ⁡   ( i  (   𝜑 0 +   𝜑 2 ) ) =   =   a 2     P 1    l 1     P 2    l 2  (  exp ⁡   ( i  (   𝜑 1 −   𝜑 2 ) ) +  exp ⁡   ( − i  (   𝜑 1 −   𝜑 2 ) ) )


    P 1   P 2   𝜓  x | 1     𝜓 ¯  x | 2 +   P 1   P 2   𝜓  x | 2     𝜓 ¯  x | 1 = 2   a 2     P 1    l 1     P 2    l 2  cos ⁡   (   𝜑 1 −   𝜑 2 )


    f  x ( x ) =    |   𝜓  x | 2 =    ( a     P 1    l 1 ) 2 +    ( a     P 2    l 2 ) 2 + 2   a 2     P 1    l 1     P 2    l 2  cos ⁡   (   𝜑 1 −   𝜑 2 )


    f  x  ( x ) =    |   𝜓  x | 2 =   a 2  (    (     P 1    l 1 ) 2 +    (     P 2    l 2 ) 2 + 2     P 1    l 1     P 2    l 2  cos ⁡   (   2 𝜋  (   l 1 −   l 2 )  𝜆 ) )


    𝜑 0


      𝜑 1 −   𝜑 2


    l 1 −   l 2


      f  x  ( x ) + =    (     P 1    l 1 +     P 2    l 2 ) 2 ,         f  x  ( x ) − =    (     P 1    l 1 −     P 2    l 2 ) 2


    l 1 −   l 2 = k 𝜆


    l 1 −   l 2 = ( k + 1 / 2 ) 𝜆


  k


    x 1 ′ = ±  ( D + W / 2 ) ,     y 1 ′ = 0


    l 1 −   l 2 =    L 2 +    ( x − D − W / 2 ) 2 −    L 2 +    ( x + D + W / 2 ) 2


    l 1 −   l 2 = k 𝜆 ​


  k ​


  x


  k 𝜆


  k


  L


  x =  1 2 k 𝜆  1 +    (   L  D + W / 2 ) 2 ≈     k 𝜆 L  2 D + W  


  k = 1


    P 1 = 1 ,   P 2 = 0


    P 1 =   P 2 = 1 / 2


    f  x  ( x ) =    |   𝜓  x | 2 =     a 2 4  (    (  1    l 1 ) 2 +    (  1    l 2 ) 2 +  2    l 1   l 2  cos ⁡   (   2 𝜋  (   l 1 −   l 2 )  𝜆 ) )


    𝜓  x |   𝒗 ′  ( x ) =   a     L 2 +    ( x −   x ′ ) 2 +   y  ′ 2  exp ⁡   ( i  (   𝜑 0 +   2 𝜋  𝜆    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 ) )


    f  x |   𝒗 ′  ( x ) =    |   𝜓  x |   𝒗 ′  ( x ) | 2


    𝜓  x  ( x ) = E  [   𝜓  x |   𝒗 ′  ( x ) ] =   ∫  S    𝜓  x |   𝒗 ′  ( x )   f    𝒗 ′  (   𝒗 ′ ) d 𝒗 ′


    𝜓  x  ( x ) = a   ∬  (   x ′ ,   y ′ ) ∈ S     exp ⁡   ( i   2 𝜋  𝜆    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 )     L 2 +    ( x −   x ′ ) 2 +   y  ′ 2   f    x ′   y ′  (   x ′ ,   y ′ ) d x ′ d y ′


    𝜑 0 = 0


    𝜓  x |


    f  x  ( x ) =   A 2    |   ∬   (   x ′ ,   y ′ ) ∈ S     exp ⁡   ( i   2 𝜋  𝜆    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 )     L 2 +    ( x −   x ′ ) 2 +   y  ′ 2   f    x ′   y ′  (   x ′ ,   y ′ )   d   x ′ d   y ′ | 2


    f    x ′   y ′  (   x ′ ,   y ′ )


    𝜓  x  ( x ) = A   ∬  (   x ′ ,   y ′ ) ∈ S     exp ⁡   ( i   2 𝜋  𝜆    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 )     L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 d x ′ d y ′


  A   =   a /   A  S


    A  S


  S


    f  x  ( x ) =   A 2    |   ∬   (   x ′ ,   y ′ ) ∈ S     exp ⁡   ( i   2 𝜋  𝜆    L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 )     L 2 +    ( x −   x ′ ) 2 +   y  ′ 2 d   x ′ d   y ′ | 2


  x , y = 0


      𝒗 _ ′ = (     x _ ′ ,   y _ ′ )


    f    𝒗 ′ ( 𝒗 ′ ) ≡   f    x ′   y ′  (   x ′ ,   y ′ )


    x _


    f  x  ( x )


    f  x  ( x )


    f    x ′   y ′  (   x ′ ,   y ′ )


  S


    f    x ′   y ′  (   x ′ ,   y ′ )


  − H ≤   y ′ ≤ H


  − D − W ≤   x ′ ≤ − D ,   D ≤   x ′ ≤ D + W


    A  S = 4 W H


  − H ≤   y ′ ≤ H


  D ≤   x ′ ≤ D + W


    A  S = 2 W H


    y ′ = 0


  x ′


      𝒗 _ ′ = (     x _ ′ , 0 )


  − D − W ,     − D


  D , D + W


    A  S = 2 W


  A


    ∫  − ∞ ∞    f  x  ( x ) d x = 1


    y ′ = 0


    f  x  ( x ) =   A 2    |   ∫    x ′ ∈ S     exp ⁡   ( i   2 𝜋  𝜆    L 2 +    ( x −   x ′ ) 2 )     L 2 +    ( x −   x ′ ) 2 d   x ′ | 2


  N


    𝒗 ′ = (   x ′ ,   y ′ )


  S


    𝜓  x |   𝒗 ′  ( x )


    𝜓  x  ( x )


    𝒗 ′


    𝒗 ′


    𝜓  x  ( x )


  N


    f  x  ( x )


    f  x  ( x ) =   A 2    | E  [   𝜓  x |     𝒗 _ ′  ( x ) ] | 2


      𝒗 _ ′ .


  𝜆 = 0 . 5


  5 ×  10  − 7


  W


  D


    f  x  ( x )


  𝒗 = ( x , 0 )


  𝜆 = 0 . 5   μ m = 5 ×  10  − 7


  W = 4 𝜆 = 2   μ m = 2 ×  10  − 6   m  


  D = 2 W = 4   μ m = 4 ×  10  − 6   m


  H = 0 . 1   mm = 0 . 0001   m


  L = 2


  N =


    f  x  ( x )


  x


  v = ( x , 0 )


  x


    x ′


  W


  D


  D


  W


  D =


    f  x ( x )


  W


  D


    f  x  ( x )


  x


  v = ( x , 0 )


  𝜆 = 5 ×  10  − 7


  W = 2   μ m = 2 ×  10  − 6


  H = 5   mm   =   0 . 005   m


  D = 10   mm   =   0 . 01   m


  L = 2


    N a = 6 . 022 ×  10 23


    N a


    x _


    std  [   x _ ]  E  [   x _ ] ∝  1     N a = 1 . 3 ×  10  − 12


  a


  V =   a 3


    m 0


      x _  i  


      u _  i


  i = 1 , 2 , 3


    𝒛 _ =  (     x _ 1 ,     x _ 2 ,     x _ 3 ,     u _ 1 ,     u _ 2 ,     u _ 3 )


  0 ≤     x _  i ≤ a


  𝛺


    x  i


    u  i


  𝛺 ≔ { 0 ≤   x  i ≤ a ,   − ∞ <   u  i < ∞ ; i = 1 , 2 , 3 }


  E  [   m 0     u _  i ] =   m 0   ∫  𝛺    u  i f  ( 𝒛 ) d 𝒛 = 0


  f  ( 𝒛 )


  E  [     u _  i ] = 0 ,     i = 1 , 2 , 3


  E  [     u _  i ]


    u  i − E  [     u _  i ]


  E  [   m 0    ‖   u _ ‖ 2 / 2 ] =   ( m 0 / 2 )   ∫  𝛺     ‖   u _ ‖ 2 f  ( 𝒛 ) d 𝒛 = 𝜀


  𝜀


     ‖   u _ ‖ 2 =   u 1 2 +   u 2 2 +   u 3 2


  E  [    ‖   u _ ‖ 2 ] =   2 𝜀    m 0


  E  [     u _  i ] ≠ 0


 


    𝒛 _


  b ( 𝒛 )


    ln ⁡   (   f  ( 𝒛 )  b  ( 𝒛 ) )


  h ₚ


    m 0


     (   m 0 / h ₚ ) 3


  𝛷  [   𝒛 _ ] = E  [ −  ln ⁡   (    (   h ₚ    m 0 ) 3 f  (   𝒛 _ ) ) ] = −   ∫  𝛺   ln ⁡   (    (   h ₚ    m 0 ) 3 f  ( 𝒛 ) ) f  ( 𝒛 ) d 𝒛


  f  ( 𝒛 ) =    (  1  a ) 3    (   3   m 0  4 π 𝜀 )   3 2  exp ⁡   ( −   3   m 0  4 𝜀    ‖   u _ ‖ 2 ) ,     0 ≤   x  i ≤ a


   (   u 1 ,   u 2 ,   u 3 )


    u  i


  f  ( z ) =


  


  f  ( 𝒛 )


    ∫  𝛺  a ( 𝒛 ) d 𝒛


  a ( 𝒛 )


  𝛺


    ∫  𝛺  f ( 𝒛 ) d 𝒛 = 1 ,       ∫  𝛺    u  i f ( 𝒛 ) d 𝒛 = 0 ,       ∫  𝛺   (   u 1 2 +   u 2 2 +   u 3 2 ) f  ( 𝒛 ) d 𝒛 =   2 𝜀    m 0


      x _  i


  [ 0 , a ]


  f  (   x  i ) =  1  a ,     0 ≤   x  i ≤ a ,     i = 1 , 2 , 3


      u _  i


  f  (   u  i ) =    (   3   m 0  4 π 𝜀 )   3 2  exp ⁡   ( −   3   m 0  4 𝜀   u  i 2 )


    2 𝜀  3   m 0


     ‖   u _ ‖ 2 =   u 1 2 +   u 2 2 +   u 3 2


  f  ( 𝒛 )


  𝒛


   (   x 1 ,   x 2 ,   x 3 ,   u 1 ,   u 2 ,   u 3 )


  𝜀


  𝜀 / 3


   ‖   u _ ‖


  n


  N ( 0 , 1 )


    𝜒 2 ( n )


  f  (  ‖   u _ ‖ ) =    (  2 π )  1 / 2    (   3   m 0  2 𝜀 )  3 / 2    ‖   u _ ‖ 2  exp ⁡   ( −   3   m 0  4 𝜀    ‖   u _ ‖ 2 )


  f  ( 𝒛 )


  −  ln ⁡  f  ( 𝒛 ) = 3  ln ⁡  a +  3 2  ln ⁡   (   4 π 𝜀  3   m 0 ) −   3   m 0  4 𝜀  (   u 1 2 +   u 2 2 +   u 3 2 ) ,      ln ⁡  b  ( 𝒛 ) = 3  ln ⁡      m 0  h ₚ  


  𝛺


  𝛷  [   𝒛 _ ] =  3 2  ln ⁡   (   4 π e 3       m 0    h ₚ 2 𝜀   V  2 / 3 ) =  3 2  ln ⁡    𝜀    𝜀 ∗   +  ln ⁡    V    v ∗


    𝜀 ∗ ,   v ∗


    4 𝜋 e 3       m 0    h ₚ 2   𝜀 ∗   v   ∗  2 / 3 = 1


    𝜀 ∗ ,   v ∗


  𝛷  [   𝒛 _ ]


  (   x 1 ,   x 2 ,   x 3 )


    m  i


    u  i


    ∑  i = 1  N    m  i    ‖   𝒖  i ‖ 2 / 2


    𝒗  i =   𝒖  i − 𝒄


  𝒄


    ∑  i = 1  N    m  i    ‖   𝒖  i − 𝒄 ‖ 2 / 2


  𝒄


  𝒄 =   ∑  i = 1  N    m  i   𝒖  i /   ∑  i = 1  N    m  i


  𝜀


  𝛷 [   𝒛 _ ]  


  V


  𝜀


  E [   u _ ] ,


  𝜀 = E  [   m 0    ‖   u _ − E  [   u _ ] ‖ 2 / 2 ]


  𝜀


    u _


  c


    x 1


    x  i ′


    u  i ′


    x  i


    u  i


  E  [     u _ 1 ′ ] = c ,   E  [     u _ 2 ′ ] = E  [     u _ 3 ′ ] = 0


  E  [   m 0    ‖   u _ ′ − E  [   u _ ′ ] ‖ 2 / 2 ] = E  [   m 0  (    (     u _ 1 ′ − c ) 2 +       u _ 2 ′ 2 +       u _ 3 ′ 2 ) / 2 ] = 𝜀


  f  (   𝒛 ′ ) =    (  1  a ) 3    (   3   m 0  4 π 𝜀 )   3 2  exp ⁡   ( −   3   m 0  4 𝜀  (    (     u _ 1 ′ − c ) 2 +       u _ 2 ′ 2 +       u _ 3 ′ 2 ) ) ,  


    − ln ⁡   (    (   h ₚ    m 0 ) 3 f  (   𝒛 ′ ) ) =   − 3   ln ⁡    h ₚ    m 0 −  3 2  ln ⁡   (   3   m 0  4 π 𝜀 ) +  ln ⁡    a 3 +   3   m 0  4 𝜀  (    (     u _ 1 ′ − c ) 2 +       u _ 2 ′ 2 +       u _ 3 ′ 2 )  


  𝛷  [   𝒛 ′ _ ] =  3 2  ln ⁡   (   4 π e 3       m 0    h ₚ 2 𝜀   V  2 / 3 )


  𝜀


  𝜀   V  2 / 3 =  3  4 π e       h ₚ 2    m 0 ⇔ 𝜀 =  3  4 π e       h ₚ 2    m 0   a 2


  a


  V


    h ₚ   is   6 . 626 ×  10  − 34    m 2   kg    s  − 1


  𝜀   V  2 / 3


   


      m 0


  6 . 65   ×    10  − 27   kg


  𝜀   V  2 / 3 =


  5 . 8   ×    10  − 42     J   m 2


    𝜀 1 =  1 8     h ₚ 2    m 0   a 2


  𝜀 =  (  6  π e )   𝜀 1 ≈ 0 . 7   𝜀 1 <   𝜀 1


    x 4


    x 5


      L 4 2  2 I


      L 5 2  2 I


    x 4


    x 5


    I 4 =   I 5 = I


    m 0


  I


      x _  i


      u _  i   ( i = 1 , 2 , 3 )  


      u _ 4 =     L _ 4 /  I   m 0


      u _ 5 =     L _ 5 /  I   m 0


      u _ 4


      u _ 5


      u _  i


      m 0   u  i 2 2 , i = 4 , 5


      m 0   u 4 2 2 =   m 0     L _ 4 2 / 2 I   m 0 =     L _ 4 2 / 2 I


  i = 5


      x _ 1 ,     x _ 2 ,     x _ 3


      u _  i


    𝒛 _ =  (     x _ 1 ,     x _ 2 ,     x _ 3 ,       u _ 1 ,     u _ 2 ,     u _ 3 ,       u _ 4 ,     u _ 5 )


  b ( x )


    ln ⁡   (   f  ( x )  b  ( x ) )


  h ₚ


    m 0  


    I 0


    m 0 4   I 0 /   h ₚ 5


  𝛷  [   𝒛 _ ] = E  [ −  ln ⁡   (     h ₚ 5    m 0 4   I 0 f  (   𝒛 _ ) ) ] = −   ∫  𝛺   ln ⁡   (     h ₚ 5    m 0 4   I 0 f  ( 𝒛 ) ) f  ( 𝒛 ) d 𝒛


  f  ( 𝒛 ) =    (  1  a ) 3    (   5   m 0  4 π 𝜀 )   5 2  exp ⁡   ( −   5   m 0  4 𝜀    ‖   u _ ‖ 2 ) ,     0 ≤   x  i ≤ a


  𝜀


  i  


  E  [   m 0   u  i 2 / 2 ] = 𝜀 / 5


  E [       L _ 4 2  2 I ]


  E [       L _ 5 2  2 I ]


  𝛷  [   𝒛 _ ] =  5 2  ln ⁡   (   4 π e 5       m 0  3 / 5   I 0  2 / 5    h ₚ 2 𝜀   V  2 / 5 ) =  5 2  ln ⁡    𝜀    𝜀 ∗   +  ln ⁡    V    v ∗


    𝜀 ∗ ,   v ∗


      𝜀 _  i =  1 2   m  i    


      u _  i


    m  i


    m  i


      u _  i


  𝛽


  𝛽


  𝛽 ( x )


      𝜀 _ tot =   ∑  i = 1  𝛽      m  i     u _  i 2 2


  E  [     𝜀 _ tot ] = E  [   ∑  i = 1  𝛽      m  i     u _  i 2 2 ] = 𝜀


    𝒛 _ =  (     x _ 1 ,     x _ 2 ,     x _ 3 ,     u _ 1 ,     u _ 2 , … ,     u _  𝛽 )


  f  ( 𝒛 )


  𝛷  [   𝒛 _ ] = E  [ −  ln ⁡   (   f  (   𝒛 _ )    C  𝛽 ) ] = −   ∫  𝛺   ln ⁡   (   f  (   𝒛 _ )    C  𝛽 ) f  ( 𝒛 ) d 𝒛


  f  (   𝒛 _ ) d 𝒛 =   f  (   𝒛 _ ) d   x 1 d   x 2 d   x 3 d   u 1 … d   u  𝛽


   [   u  i ] = [ 𝜀 /   m  i ]


   [ d   u 1 … d   u  𝛽 ] =    [ 𝜀 /   m G ]  𝛽


    m G


    m  i


    m G ≔    (   m 1 …   m  𝛽 )  1 / 𝛽


   [ d 𝒛 ] = [   x 3


     [ 𝜀 /   m G ]  𝛽 = [   C  − 𝛽 ]   and    [ C ] =  [   x  − 3 / 𝛽 ] [   𝜀  − 1 ] [   m  G ]


  f  ( 𝒛 ) =    (   𝛽   m G  4 π 𝜀 )    𝛽 2  1  V  exp ⁡   ( −   𝛽  2 𝜀   ∑  i = 1  𝛽      m  i   u  i 2 2 )   ,     0 ≤   x  i ≤ a


  𝜀


  i  


  E  [   m  i   u  i 2 / 2 ] = 𝜀 / 𝛽


    𝜀 ∗ ,   v ∗


  𝛷  [   𝒛 _ ] =   𝛽 2  ln ⁡   (   4 π e   C 2  𝛽   m G 𝜀     V  2 / 𝛽 ) =   𝛽 2  ln ⁡    𝜀    𝜀 ∗   +  ln ⁡    V    v ∗


  N


  V


  𝛽


    m  i


    v  i


      x _  i j


  i = 1 , 2 , 3 ; j = 1 , … , N


      u _  i j


  i = 1 , … , 𝛽 ; j = 1 , … , N


  E


  N


  𝜀 =   E  N


    𝒁 _   =   (     𝒛 _ 1 , … ,   𝒛  N )


  E  [   ∑  j = 1  N    ∑  i = 1  𝛽      m  i     u _  i j 2 2 ] = E


  f  ( 𝒁 ) =    (   𝛽   m G  4 π 𝜀 )    𝛽 N 2  1    V  N  exp ⁡   ( −   𝛽  2 𝜀   ∑  j = 1  N    ∑  i = 1  𝛽      m  i     u _  i j 2 2 )   ,     0 ≤   x  i j ≤ a


  𝛽 N


  𝛷  [   𝒁 _ ] =   𝛽 N 2  ln ⁡    𝜀    𝜀 ∗ + N  ln ⁡    V    v ∗


  N  ln ⁡  V


  𝜀


  V


  N


  𝛷  [   𝒁 _ ] = A N


  A


  𝜀 ,   V ,


  N


    V ′ < V


    V ′


    n _


    V ′


    N ′ ≔ E  [   n _ ] = N V ′ / V


  V ′


  n


  𝛷  [   𝒁 _ ′ | n ] = A n


    𝒁 _ ′


    V ′


  𝛷  [   𝒁 _ ′ ] =   ∑  i = 0  N  𝛷  [   𝒁 _ ′ | n ] P ( n ) = A   ∑  i = 0  N  n P ( n ) = A N ′


  P ( n )


  n


  n P ( n )


  n


  V ′


  V


  𝛷


  N


  N


    ∑  j = 1  N    ∑  i = 1  𝛽      m  i     u _  i j 2 2 = E


      u _  i , i = 1 , 2


  𝜀 = E / 2


    m 0


    𝜎 2 ≔ E  [     u _  i 2 ] =   2 𝜀    m 0  


    f E


    f   E 1


    f E  (   u 1 ,   u 2 ) =    ⅇ  −     u 1 2 +   u 2 2  2   𝜎 2  2 π   𝜎 2 ,       f   E 1  (   u 1 ) =    ⅇ  −     u 1 2  2   𝜎 2   2 π 𝜎


      u _ 1 2 +     u _ 2 2 =   4 𝜀    m 0 = 2   𝜎 2


    u 1 2 +   u 2 2 = 2   𝜎 2


    f A  (   u 1 ,   u 2 )


  ( −  2 𝜎 ,  2 𝜎 )


      f A 1  (   u 1 )


  N


    f   E 1


      f A 1


      f A 1  (   u 1 | N ) =   Γ  ( N / 2 )   π N   𝜎   Γ  (  ( N − 1 ) / 2 )    ( 1 −     u 1 2  N   𝜎 2 )    N − 3 2 ,      |   u 1 | ≤  N 𝜎  


  N


  d > 0


  a ≫ d


    x 1 , x ₂


    x 2 −   x 1 ≥ d


       ( a − d ) 2 2


      a 2 2


    x 2 −   x 1 < d


  V


  N


    𝛷  [   𝒁 _ ] / N =  (   𝛽 2 )  ln ⁡   (   𝜀    𝜀 ∗ ) +  ln ⁡  (   V    v ∗ )


  𝛷  ( E ,   V ,   N ) ≔ 𝛷 [   𝒁 _ ]


  a > 0


  𝛷  ( 𝛼 E , V , 𝛼 N ) − 𝛼 𝛷  ( E , V , N ) = 0


  𝛷  ( 𝛼 E , 𝛼 V , 𝛼 N ) − 𝛼 𝛷  ( E , V , N ) = 𝛼 𝛮  ln ⁡  𝛼 ≠ 0


  V


  V


  N


  N


  V


  N


    N  N


  N


  N


    𝛷 1  ( 𝔹 ) =  ln ⁡  N


    𝛷  𝛮  ( 𝔹 ) = N  ln ⁡  N


    𝛷 1  ( 𝔹 ) =   𝛷  N  ( 𝔹 ) = 0


   ln ⁡ 1 = 0


  𝛷  [   𝒁 _ ] = 𝛷  [ 𝕍 ]


  N


  𝛷  [   𝒛 _ | 𝔹 ] =   𝛷 1  [ 𝕍 ] −   𝛷 1  ( 𝔹 ) = 𝛷  [   𝒛 _ ] −   𝛷 1  ( 𝔹 ) = 𝛷  [   𝒛 _ ] −  ln ⁡  N


  𝛷  [   𝒁 _ | 𝔹 ] =   𝛷  𝛮  [ 𝕍 ] −   𝛷  𝛮  ( 𝔹 ) = 𝛷  [   𝒁 _ ] −   𝛷  𝛮  ( 𝔹 ) = 𝛷  [   𝒁 _ ] − N  ln ⁡  N


  𝛷  [   𝒁 _ | 𝔹 ] =   𝛷  𝛮  [ 𝕍 ] −   𝛷  𝛮  ( 𝔹 ) = 𝛷  [   𝒁 _ ] −   𝛷  𝛮  ( 𝔹 ) = 𝛷  [   𝒁 _ ] − N  ln ⁡  N


  v ≔   V  N


    𝜑 ∗  ( 𝜀 , v ) ≔ 𝛷  [   𝒛 _ | 𝔹 ] =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡    v    v ∗


    𝛷 ∗  ( E ,   V ,   N ) ≔ 𝛷  [   𝒛 _ | 𝔹 ] =  ln ⁡   (   𝛦  𝛮   𝜀 ∗ ) + N  ln ⁡   (   V  N   v ∗ )


    𝛷 ∗  ( E ,   V ,   N ) = N   𝜑 ∗  ( 𝜀 , v )


    𝜑 ∗  ( 𝜀 , v )


    𝛷 ∗  ( E ,   V ,   N )


  v


    𝜑 ∗


    𝛷 ∗


  𝛷  [   𝒛 _ ]   or   𝛷  [   𝒁 _ ]


    𝛷 1  ( 𝔹 )


    𝛷  𝛮  ( 𝔹 )


    𝛷 ∗ ( E , V , N )


    𝜑 ∗ ( 𝜀 , v )


  𝜀


  v


    𝜑 ∗  ( 𝜀 , v )


  E


  V


  N


  𝛼 V


  𝛼


  𝛼 N


  𝛼 E


    𝛷 ∗  ( E ,   V ,   N )


   ( E , V , N )


    𝛷 ∗  ( 𝛼 E , 𝛼 V , 𝛼 N ) = 𝛼   𝛷 ∗  ( E , V , N )


    𝛷 ∗


    k B


  S =   k B   𝛷 ∗


  𝛷


    𝛷 ∗


    𝛷 ∗


  𝛷


    𝛷 ∗


  𝛷


    𝛷 ∗


  𝛷


    𝛷 ∗


  𝛷


  𝛷


    𝛷 ∗


  N


  V


  𝜑


    V A


    V B


    V A +   V B = V


  V


    𝛺 1   and     𝛺 2 ​


    𝛺 1 ×   𝛺 2 ​ ​


    𝕍 1   and     𝕍 2 .


    𝜑 1 = 𝛷  (   𝕍 1 ) =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡    V    v ∗ =   𝜑 2 = 𝛷  (   𝕍 2 )


  𝛷 = 𝛷  (   𝕍 1 ⊗   𝕍 2 ) =   𝜑 1 +   𝜑 2 = 2  (   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡    V    v ∗ )


    𝛷 a =   𝛷 a  (   𝕍 1 ⊗   𝕍 2 ) =   𝜑 1 =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡    V    v ∗ <   𝜑 1 +   𝜑 2


    P A


    P B = 1 −   P A


    𝜑 A


    𝜑 B


  𝔹 =  { 𝒛   in   A ,   𝒛   in   B }


    𝜑  P ≔ 𝛷  ( 𝔹 ) = −   P A  ln ⁡    P A −   P B  ln ⁡    P B


    𝜑 1 =   P A   𝜑 A +   P B   𝜑 B +   𝜑  P >   P A   𝜑 A +   P B   𝜑 B


    𝜑 A =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡      V A    v ∗ ,       𝜑 B =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡      V B    v ∗


    𝜑 1 =   𝜑 A =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B    ln ⁡      V B    v ∗ +   P A  ln ⁡    V A +   P B  ln ⁡    V B −   P A  ln ⁡    P A −   P B  ln ⁡    P B


    𝜑 1 =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +   P A  ln ⁡      V A    v ∗   P A +   P B    ln ⁡      V B    v ∗   P A


      V A    P A =       V B    P B = V


    𝜑 1


    𝜑 1 = 𝛷  (   𝕍 1 ) =   𝜑 A   ,     𝜑 2 = 𝛷  (   𝕍 2 ) =   𝜑  B


    𝛷 b =   𝛷 b  (   𝕍 1 ⊗   𝕍 2 ) =   𝜑 1 +   𝜑 2 = 2  (   𝛽 2  ln ⁡    𝜀    𝜀 ∗ ) +  ln ⁡      V A    v ∗ +  ln ⁡      V  𝐁    v ∗ <   𝛷 a


   ln ⁡    V  A +  ln ⁡    V  B < 2  ln ⁡  (   V  A +   V  B )


    ln ( ⁡    V  A   V  B ) <  ln ⁡     (   ( V  A +   V  B ) 2 )


    V  A   V  B <    (   V  A +   V  B ) 2


    𝛷 b <   𝛷 a


    N A / N


    P Α


    N  B / N


    P B


    N A


    N B


  𝜑   =       N A  N   𝜑 A +     N B  N   𝜑 B −     N A  N  ln ⁡      N A  N −     N B  N  ln ⁡      N B  N


  N 𝜑   =     N A   𝜑 A +   N B   𝜑 B −   N A  ln ⁡    N A −   N B  ln ⁡    N B + N  ln ⁡  N


  𝛷   =     𝛷 A +   𝛷 B   + N  ln ⁡  N −   N A  ln ⁡    N A −   N B  ln ⁡    N B


    𝛷 ∗ =   𝛷 A ∗ +   𝛷 B ∗


  𝛷


    𝛷 ∗


    𝛺 A ×   𝛺 B ​


      𝛺 A   and     𝛺 B ​


  𝛷 ( 𝔸 ⊗ 𝔹 ) ​


  𝛷   =     𝛷 A +   𝛷 B


    𝛷 ∗


  𝛷 − N  ln ⁡  N


    𝛷 A ∗ +   𝛷 B ∗


  N =   N  A +   N  B


  N =   N  A +   N  B


  V =   V  A +   V  B


  v = V / N


  V =   V  A +   V  B


    v A =   V A / N ,     v B =   V B / N


  E =   E  A +   E  B


  𝜀 = E / N


  E =   E  A +   E  B


    𝜀 A =   E A / N ,     𝜀 B =   E B / N


  𝛷 =   𝛷 A +   𝛷 B + N   𝜑  P


  𝜑 = 𝛷 / N


    𝛷 A +   𝛷 B


    𝜑 A =   𝛷 A / N ,     𝜑 B =   𝛷 B / N


    𝛷 ∗ =   𝛷 A ∗ +   𝛷 B ∗


    𝜑 ∗ =   𝛷 ∗ / N


    𝛷 ∗ =   𝛷 A ∗ +   𝛷 B ∗


    𝜑 A ∗ =   𝛷 A ∗ / N ,     𝜑 B ∗ =   𝛷 B ∗ / N


    𝛷 A ∗ =   𝛷 A −   N A  ln ⁡    N A =   𝛽 𝛮 2  ln ⁡   (     𝛦 Α    𝛮 Α   𝜀 ∗ ) + N  ln ⁡   (     V Α    𝛮 Α   v ∗ )


    𝜑 A ∗ =     𝛷 A ∗  𝛮 =   𝛽 2  ln ⁡      𝛦 Α    𝛮 Α   𝜀 ∗ +  ln ⁡      V Α    𝛮 Α   v ∗ =   𝛽 2  ln ⁡     ε A    𝜀 ∗ +  ln ⁡      V Α    v ∗ −  ln ⁡    P  A −  ln ⁡  N


    𝜑 A ∗ =   𝜑 A −  ln ⁡    P  A −  ln ⁡  N


    𝜑 A


    P A


    𝜑 A ∗


  −  ln ⁡  N


    𝜑 A ∗ =   𝜑 A −  ln ⁡    P  A


  N = 1


  N


    𝜑 A ∗ −   𝜑 B ∗ =   ( 𝜑 A −  ln ⁡    P  A ) −  (   𝜑 B −  ln ⁡    P  B )


  N


  E


  V


  𝛷 ( E , V , N )


  2 𝛷 ( E , V , N )


  𝛷 ( 2 E , 2 V , 2 N )  


  2 N  ln ⁡ 2


  N


  2 N


    N A  


    N B


  N


  2 𝛷 ( E , V , N )


  −


    𝛷 ∗ ( E , V , N )


  2   𝛷 ∗ ( E , V , N )


    𝛷 ∗ ( 2 E , 2 V , 2 N )  


  2   𝛷 ∗ ( E , V , N )


  2 N  ln ⁡ 2


  V


  2 V


  𝜑


    𝜑 A < 𝜑


    𝜑 A


    𝜑 A


  𝜑


  𝛷


  2 N  ln ⁡ 2


  𝛷


    𝛷 ∗


   1  𝜃 ≔   𝜕 𝛷  𝜕 𝛦


   1  𝜃 =   𝜕 𝛷  𝜕 𝛦 =   𝜕   𝛷 ∗  𝜕 𝛦 =   𝜕 𝜑  𝜕 𝜀 =   𝜕   𝜑 ∗  𝜕 𝜀 =   𝛽  2 𝜀


  𝜃 =   2 𝜀  𝛽


  𝜃


    𝜑 ∗  ( 𝜃 , v ) =   𝛽 2  ln ⁡    𝜃    𝜃 ∗ +  ln ⁡    v    v ∗ ,       𝜃 ∗ ≔   2   𝜀 ∗  𝛽


  𝛷


  E


  d S ≔   δ Q  T


  Q


  d S =   δ Q  T


  d S >   δ Q  T


  S =   k B     𝛷 ∗ ,     T =   𝜃    k B


    k B


  k


  1   K =  (   1 . 380   649   ×    10  − 23  k )   kg    m 2  s  − 2


  k T


    k B


    k B = 1


  T


  S


  𝜃   and   𝛷


    T C


  T


    T C / ° C =   T K − 273 . 15


  𝛷


  ,     𝛷 ∗


  S


   1  T =   𝜕 S  𝜕 𝛦


    m 0


  𝛽


    x 3 ≤ −   u 3 δ t


    x 3 = 0


  (   x 3 ,   u 3 )


  f  (   x 3 ,   u 3 ) =  1  a    (   𝛽   m 0  4 π 𝜀 )  1 / 2  exp ⁡   ( −   𝛽   m 0  4 𝜀   u 3 2 )


    q _ ( δ t )


    x 3 = 0


  δ t


  E  [   q _  ( δ t ) ] = N   ∫ 0  a    ∫  − ∞  −   x 3 / 𝛿 t    m 0   u 3   f  (   x 3 ,   u 3 ) d   u 3 d   x 3


    x 3


    x 3 = 0


  δ t


    x 3 ≤ −   u 3 δ t


    x 1


    u 1


  δ t


    u 3


  E  [   q _  ( δ t ) ] =   N 𝜀   δ t  a 𝛽


  erf  (  (   a  2 δ t )    𝛽   m 0  𝜀 )


  E  [   u 3 2 ] =   2 𝜀  𝛽   m 0 ) ​


  rf  (   a   ( δ t  2 E  [   u 3 2 ] ) )


  δ t → 0


  F = 2 E  [   q _  ( δ t ) ] / δ t


  p = F /   a 2 = 2 N 𝜀 / ( 𝛽 V )


  p = N 𝜃 / V = 𝜃 / v ⇔ p V = N 𝜃 ⇔ p v = 𝜃


    R ∗ ≔   k B   N a =   8   314 . 463   J    K  − 1   kmo  l  − 1


    M 0 ≔   N a   m 0


  𝜌 ≔   m  V =   n   M 0  V =     m 0  v


  V


  J    K  − 1    kg  − 1


  R ≔   R ∗ /   M 0


  p V = n   R ∗ T   ⇔         p  𝜌 = R T


  a


  −   m 0 g   x 3


    p B   a 2 =   p T   a 2 + N   m 0 g


  Δ p ≔   p T −   p B = −   N   m 0 g    a 2 = −   a   m 0 g  v


  d p


  Δ p


  d   x 3


  a :


    d p  d   x 3 = −     m 0 g  v = − 𝜌 g


      m 0  v ​


  𝜌


  𝜌 g


    𝜑 ∗  ( 𝜃 , p ) =  ( 1 +   𝛽 2 )  ln ⁡    𝜃    𝜃 ∗ −  ln ⁡    p    p ∗ ,       p ∗ ≔     𝜃 ∗    v ∗ =   2   𝜀 ∗  𝛽   v ∗


    𝜕 𝛷  𝜕 V =   𝜕   𝛷 ∗  𝜕 V =   𝜕 𝜑  𝜕 v =   𝜕   𝜑 ∗  𝜕 v =   p  𝜃 ,       𝜕 𝜑  𝜕 V =  1  V


    𝜕 𝛷  𝜕 N = N   𝜕 𝜑  𝜕 N ,       𝜕   𝛷 ∗  𝜕 N =   𝜑 ∗ + N   𝜕   𝜑 ∗  𝜕 N


    𝜕   𝛷 ∗  𝜕 N


  −   𝜇  𝜃 ≔   𝜕   𝛷 ∗  𝜕 N =   𝜑 ∗ + N   𝜕   𝜑 ∗  𝜕 N


  d 𝛷 =  1  𝜃 d E +   p  𝜃 d V +  ( −   𝜇  𝜃 + 1 +  ln ⁡  N ) d N ,     d   𝛷 ∗ =  1  𝜃 d E +   p  𝜃 d V −   𝜇  𝜃 d N  


  𝜃 d   𝛷 ∗ = d E + p d V − 𝜇 d N


   (   𝜃 0 ,   p 0 )


    𝜑 ∗  (   𝜃 0 ,   p 0 )


    𝜑 ∗  ( 𝜃 , p )


    𝜑 ∗  ( 𝜃 , p ) =   𝜑 ∗  (   𝜃 0 ,   p 0 ) +  ( 1 +   𝛽 2 )  ln ⁡    𝜃    𝜃 0 −  ln ⁡    p    p 0


  s


    𝜑 ∗


  R ≔   k B /   m 0


    T 0 ≔     𝜃 0    k B ,   p 0


  s =  (  ( 1 +   𝛽 2 )  ln ⁡    T    T 0 −  ln ⁡    p    p 0 ) R  


    T ∗


    p ∗


   ( 1 +   𝛽 2 ) R = :   c  p ,       𝛽 2 R = :   c  v ,       c  p −   c  v = R


    c  p


    c  v


  s =   c  p  ln ⁡    T    T 0 − R  ln ⁡    p    p 0


    k B =


    R ∗ ≔   k B   N a =   8   314 . 463   J    K  − 1   kmo  l  − 1


    M 0 ≔   N a   m 0


  J    K  − 1    kg  − 1


  R ≔     R ∗    M 0 =     k B    m 0


  S =   k B   𝛷 ∗


  J    K  − 1    kg  − 1


  s =   S  m = R   𝜑 ∗


  T =   𝜃    k B


  𝜌 =     m 0  v


  J    K  − 1    kg  − 1


    c  p =  ( 1 +   𝛽 2 ) R =  ( 1 +   𝛽 2 )     k B    m 0


  J    K  − 1    kg  − 1


    c  v =   𝛽 2 R =   𝛽 2     k B    m 0


    m 0


  𝛽


    M 0


  R


  J    K  − 1  kg  − 1


    c  v


  J    K  − 1  kg  − 1


    c  p ,  


    c  p


  J    K  − 1  kg  − 1


  Q


  W


  δ Q


  d E


  δ W


  Q


  W


   ∫  d E =   E 2 −   E 1


  Q


  W


    Q 1


   ∫  δ Q = 𝛥   Q  1 → 2


  p


  δ Q = d E + δ W


  A


  d x


  δ W = p A d x = p d V


  δ w = p   A   d x / N = p   d v


  δ Q = d E + p   d V


  δ q = d 𝜀 + p   d v


  𝜃   d   𝛷 ∗ = d E + p   d V


  δ Q = 𝜃 d   𝛷 ∗ ,   or  


  d   𝛷 ∗ =   δ Q  𝜃


    𝜃 1


    𝜃 2 ​


  ( Δ Q = 0


    Δ   𝛷 ∗ > 0 .


  d   𝛷 ∗ ≥   δ Q  𝜃


  ( Δ Q = 0


  Δ   𝛷 ∗ = 0 ​


  𝜂 ≔ 𝜀 + p v


  𝜂 = 𝜀 + 𝜃 =  (   𝛽 2 + 1 ) 𝜃


  h =   c  p T


    𝜀 st = h + g z =   c  p T + g z


  g


    N A


    𝛽 A


    N B


    𝛽 B


  N


  N =   N A +   N B


  V


    N A   𝜀 A +   N B   𝜀 B = E


  𝛷 =     𝛽 A   𝛮 Α 2  ln ⁡      𝜀 A    𝜀 A ∗ +     𝛽 B   𝛮 B 2  ln ⁡      𝜀 B    𝜀 B ∗ +   N A  ln ⁡    V    v A ∗ +   N B  ln ⁡    V    v B ∗


    𝜀 A ,   𝜀 B  


      𝜀 A  2   𝛽 Α =     𝜀 B  2   𝛽 B = 𝜃


  𝛷 =  (     𝛽 A   𝛮 Α 2 +     𝛽 B   𝛮 B 2 )  ln ⁡  𝜃 −  (     𝛽 A   𝛮 Α 2  ln ⁡    𝜃 A ∗ +     𝛽 B   𝛮 B 2  ln ⁡    𝜃 B ∗ )


  +   N A  ln ⁡  V +   N B  ln ⁡  V −  (   N A  ln ⁡    v A ∗ +   N B  ln ⁡    v B ∗ )


  +   N A  ln ⁡  V +   N B  ln ⁡  V −  (   N A  ln ⁡    v A ∗ +   N B  ln ⁡    v B ∗ )


  𝛷 =   𝛽 𝛮 2  ln ⁡    𝜃    𝜃 ∗ + N  ln ⁡    V    v ∗


  𝛽 ≔     N A   𝛽 A +   N B   𝛽 B  N


   ln ⁡    𝜃 ∗ ≔     𝛽 A   𝛮 Α  𝛽 𝛮  ln ⁡    𝜃 A ∗ +     𝛽 B   𝛮 B  𝛽 𝛮  ln ⁡    𝜃 B ∗ ,      ln ⁡    v ∗ ≔     N A  N  ln ⁡    v A ∗ +     N B  N  ln ⁡    v B ∗


  𝛷 ​


  𝛽  


    𝜃 ∗ ,   v B ∗


  N =   N A +   N B


  M   =     N A   m   0 A +   N B   m   0 b


    m 0 =  (   N A   m   0 A +   N B   m   0 b ) / N


  E =   E A +   E B =   N A   𝜀 Α +   N B   𝜀 Β


  𝜀 = E / N


  N 𝛽   =     N A   𝛽 A +   N B   𝛽 B


  𝛽 = (   N A   𝛽 A +   N B   𝛽 B ) / N


   ln ⁡    𝜃 ∗ =     𝛽 A   𝛮 Α  𝛽 𝛮  ln ⁡    𝜃 A ∗ +     𝛽 B   𝛮 B  𝛽 𝛮  ln ⁡    𝜃 B ∗


   ln ⁡    v ∗ =     N A  N  ln ⁡    v A ∗ +     N B  N  ln ⁡    v B ∗


    m 0


    M 0


  R


    c  p =


    c  p =


    V A


    N A


    𝜀 A


    𝛽 A


    V Β


    N B


    𝜀 B


    𝛽 B


    V A


    N A


    𝛽 A ,


    V Β


    N B


    𝛽 B


    𝜀 A  ( 0 )


    𝜀 B  ( 0 )


    N A   𝜀 A +   N B   𝜀 B = E =   N A   𝜀 A  ( 0 ) +   N B   𝜀 B  ( 0 )


    𝛷 A =     𝛽 A   𝛮 Α 2  ln ⁡      𝜀 A    𝜀 A ∗ +   N A  ln ⁡    V    v A ∗ ,       𝛷 B =     𝛽 B   𝛮 B 2  ln ⁡      𝜀 B    𝜀 B ∗ +   N B  ln ⁡    V    v B ∗


  𝛷 =     𝛽 A   𝛮 Α 2  ln ⁡      𝜀 A    𝜀 A ∗ +     𝛽 B   𝛮 B 2  ln ⁡      𝜀 B    𝜀 B ∗ +   N A  ln ⁡    V    v A ∗ +   N B  ln ⁡    V    v B ∗


  𝛷  


    𝜀 A


    𝜀 B


      𝜀 A    𝛽 Α =     𝜀 B    𝛽 B


    𝜃 A =   𝜃 Β


    𝛷 ∗


  𝛷 −   𝛷   ( 0 ) =   𝛷 ∗ −   𝛷  ∗  ( 0 ) ≥ 0


    P  A


    P  B


    P A +   P B = 1


    P A   𝜀 A +   P B   𝜀 B = 𝜀 =   E   ( 0 ) / N


    E   ( 0 )


  N


    𝛽 A =   𝛽 B = 𝛽


    𝜀 A ∗ =   𝜀 B ∗ =   𝜀 ∗


    v A =   v B = v


    𝜑 A =   𝛽 2  ln ⁡      𝜀 A    𝜀 ∗ +  ln ⁡      V A    v ∗ ,       𝜑 B =   𝛽 2  ln ⁡      𝜀 B    𝜀 ∗ +  ln ⁡      V B    v ∗


  𝜑 =   P A   𝜑 A +   P B   𝜑 B +   𝜑  P


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B


  L = 𝜑 −   𝜆 1  (   P A +   P B − 1 ) −   𝜆 2  (   P A   𝜀 A +   P B   𝜀 B − 𝜀 ) =


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 A ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 B ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B −   𝜆 1  (   P A +   P B − 1 ) −   𝜆 2  (   P A   𝜀 A +   P B   𝜀 B − 𝜀 )


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 A ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 B ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B −   𝜆 1  (   P A +   P B − 1 ) −   𝜆 2  (   P A   𝜀 A +   P B   𝜀 B − 𝜀 )


      𝜀 Α   and     𝜀 B ​


    𝜕 L  𝜕   𝜀 Α =   𝛽   P A  2   𝜀 Α −   𝜆 2   P A ,       𝜕 L  𝜕   𝜀 B =   𝛽   P B  2   𝜀 B −   𝜆 2   P B


    𝜀 Α =   𝜀 B = 𝜀


    𝜃 A =   𝜃 B = 𝜃 =   2 𝜀  𝛽


    P Α   and     P B


    𝜕 L  𝜕   P Α = − 1 −   𝜆 1 −   𝜆 2   𝜀 A +     𝛽 2  ln ⁡      𝜀 A    𝜀 ∗ +  ln ⁡      V A    v ∗ −  ln ⁡    P A ,       𝜕 L  𝜕   P Β = − 1 −   𝜆 1 −   𝜆 2   𝜀 Β +     𝛽 2  ln ⁡      𝜀 B    𝜀 ∗ +  ln ⁡      V A    v ∗ −  ln ⁡    P Β


      𝜀 Α =   𝜀 B  


  −  ln ⁡    P A +  ln ⁡    P B +  ln ⁡    V A −  ln ⁡    V B = 0


    P A =     V A  V ,       P B =     V B  V


  V ≔   V A +   V B


    𝜑 A =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡      V A    v ∗ ,       𝜑 B =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡      V B    v ∗ ,     𝜑 =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡    V    v ∗


    𝜑 A ∗ =   𝜑 B ∗ =   𝜑 ∗ =   𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡    v    v ∗


  v =   V  N


  𝜌 =     m 0  v  


  z


  z


    P A (   𝜀 A +   m 0 g z ) +   P B   𝜀 B =   𝜀 tot


    𝜀 tot


  L = 𝜑 −   𝜆 1  (   P A +   P B − 1 ) −   𝜆 2  (   P A  (   𝜀 A +   m 0 g z ) +   P B   𝜀 B −   𝜀 tot ) =


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B −   𝜆 1  (   P A +   P B − 1 ) −   𝜆 2  (   P A  (   𝜀 A +   m 0 g z ) +   P B   𝜀 B −   𝜀 tot )


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B −   𝜆 1  (   P A +   P B − 1 ) −   𝜆 2  (   P A  (   𝜀 A +   m 0 g z ) +   P B   𝜀 B −   𝜀 tot )


      𝜀 Α   and     𝜀 B


    𝜕 L  𝜕   𝜀 Α =   𝛽   P A  2   𝜀 Α −   𝜆 2   P A ,       𝜕 L  𝜕   𝜀 B =   𝛽   P B  2   𝜀 B −   𝜆 2   P B


    𝜀 Α =   𝜀 B = 𝜀


    P Α   and     P B ​


    𝜕 L  𝜕   P Α = − 1 −   𝜆 1 −   𝜆 2 ( 𝜀 +   m 0 g z ) +     𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡      V A    v ∗ −  ln ⁡    P A ,       𝜕 L  𝜕   P Β = − 1 −   𝜆 1 −   𝜆 2   𝜀 B +     𝛽 2  ln ⁡    𝜀    𝜀 ∗ +  ln ⁡      V B    v ∗ −  ln ⁡    P Β


      𝜀 Α =   𝜀 B  


  −   𝛽 2     m 0 g z  𝜀 −  ln ⁡    P A +  ln ⁡    P B +  ln ⁡    V A −  ln ⁡    V B = 0


      𝜆 2 ​


   exp ⁡   ( −   𝛽 g     m 0   z  2   𝜀 )     P B   V A    P Α   V Β = 1


    m 0 g z = a     𝜀 tot ​


  a


  1 −   P A


    P B


    P A


   exp ⁡   ( −   𝛽 2   a  1 − a   P  A )  ( 1 −   P A )   V A =   P A   V Β


  z


  a


    P  A


   exp ⁡   ( −   𝛽 a 2 )  ( 1 −   P A )   V A ≈   P A   V Β


    P A ≈     V A    V A +  exp ⁡   (   𝛽 a 2 )   V Β


  a


  a


  z = 0


  z


  a


    P  A


  z


  1 − a   P  A


  z


  a


  a =   m 0 g z /   𝜀 tot


  ,  


  z


  f ( z )


  z


    𝜑  P = −   ∫ 0 ∞   ln ⁡  f ( z ) f ( z ) d z


  V


  z


  z


    𝜑  z ( z ) =   𝛽 2  ln ⁡    𝜀  ( z )    𝜀 ∗   +  ln ⁡    V    v ∗


  𝜑 =   ∫ 0 ∞    𝜑  z ( z ) f ( z ) d z +   𝜑  P


    ∫ 0 ∞  f ( z ) d z = 1


    ∫ 0 ∞   ( 𝜀  ( z ) +   m 0 g   z ) f ( z ) d z =   𝜀 tot


  𝜀  ( z )


  z


    𝜀 tot


  L =   𝛽 2   ∫ 0 ∞   ln ⁡  𝜀  ( z ) f ( z ) d z −   ∫ 0 ∞   ln ⁡  f ( z ) f ( z ) d z −   𝜆 1  (   ∫ 0 ∞  f ( z ) d z − 1 ) −   𝜆 2  (   ∫ 0 ∞   ( 𝜀  ( z ) +   m 0 g   z ) f ( z ) d z −   𝜀 tot )


    𝜀 ( z )


    𝜕 L  𝜕 𝜀  ( z ) =   𝛽 f ( z )  2 𝜀  ( z ) −   𝜆 2 f ( z )


  𝜀  ( z ) =   𝛽  2   𝜆 2 ≕ 𝜀


  𝜀


  z .  


  f  ( z ) ​


    𝜕 L  𝜕 f ( z ) = − 1 −   𝜆 1 −   𝜆 2 ( 𝜀 +   m 0 g z ) +     𝛽 2  ln ⁡  𝜀 −  ln ⁡  f ( z )  


  f ( z ) ​


      𝜆 2 ​


    𝜆 1 ​


  f  ( z ) =   𝛽 g   m 0  2 𝜀  exp ⁡   ( −   𝛽 g   m 0 z  2 𝜀 )


    𝛽 + 2  𝛽 𝜀 =   𝜀 tot


  𝜀 ​


  ,     𝜀 G ​


  𝜀 =   𝛽  𝛽 + 2   𝜀 tot ,       𝜀 G =  2  𝛽 + 2   𝜀 tot


      𝜀 tot


  𝜃 =   2 𝜀  𝛽


  f  ( z ) =   ( 𝛽 + 2 ) g   m 0  2   𝜀 tot  exp ⁡   ( −   ( 𝛽 + 2 ) g   m 0 z  2   𝜀 tot ) ,     f  ( z ) =   g   m 0  𝜃  exp ⁡   ( −   g   m 0 z  𝜃 )


  𝜌 ( z )


    f  ( z )


  p v = 𝜃


  𝜌


    v ,   i . e .   𝜌 =     m 0  v


  v


  p


  z


  𝜌  ( z ) =   𝜌 0  exp ⁡   ( −   g   m 0 z  𝜃 ) ,       v ( z ) =   v 0  exp ⁡   (   g   m 0 z  𝜃 ) ,       p  ( z ) =   p 0  exp ⁡   ( −   g   m 0 z  𝜃 )


    p 0


  z = 0


    v 0 ≔   𝜃    p 0   and       𝜌 0 ≔   m 0   p 0  𝜃


   


    d p  d z = −   g   m 0  𝜃 p ( z ) = − g 𝜌 ( z )


  V


  z


  𝜑  ( z ) =   𝛽 2  ln ⁡    𝜃    𝜃 ∗   +  ln ⁡    V    v ∗


    𝜑  z ∗  ( z ) =   𝛽 2  ln ⁡    𝜃    𝜃 ∗   +  ln ⁡    v ( z )    v ∗ =   𝜑 0 ∗ +  ln ⁡    v ( z )    v 0 =   𝜑 0 ∗ +   g   m 0 z  𝜃 ,           𝜑 0 ∗ ≔   𝛽 2  ln ⁡    𝜃    𝜃 ∗   +  ln ⁡      v 0    v ∗


  z


  𝜑 ( z )


  g = 0


    𝜀 A   and     𝜀 B >   𝜀 A


    P A   and     P B


  δ t


  E  [     q _  A → B  ( δ t ) ]


   [     q _  B → A  ( δ t ) ]


  p =     𝜃 A    v A =     𝜃 B    v B


    𝜃 A = 2   𝜀 A / 𝛽


    v A =   V A /   N A =   V A / (   P  A N


      𝜀 A   P A    V A =     𝜀 B   P B    V B


    P A =       V A    𝜀 A      V A    𝜀 A +     V B    𝜀 B ,       P B =       V B    𝜀 B      V A    𝜀 A +     V B    𝜀 B


    P A ,   P B


    𝜑 A ∗ =  ( 1 +   𝛽 2 )  ln ⁡      𝜃 A    𝜃 ∗ −  ln ⁡    p    p ∗ ,       𝜑 B ∗ =  ( 1 +   𝛽 2 )  ln ⁡      𝜃 B    𝜃 ∗ −  ln ⁡    p    p ∗


    𝜑 B ∗ −   𝜑 A ∗ =  ( 1 +   𝛽 2 )  ln ⁡      𝜃 B    𝜃 A =  ( 1 +   𝛽 2 )  ln ⁡      𝜀 B    𝜀 A > 0


  q


  q =   𝜅 A  z  (   𝜃 B −   𝜃 A )


  𝜅


  z


    𝛷 Α ∗ =   𝛮 Α   𝜑 Α ∗ ,     𝛷 Β ∗ =   𝛮 Β 𝜑 Β ∗


  d   𝛷 Α ∗ / d t = d   𝛷 B ∗ / d t = 0 ​


    𝜃 Α ,   𝜃 Β


    d   𝛷   Α G ∗  d t =   q    𝜃 A ,       d   𝛷   B G ∗  d t = −   q    𝜃 B ,       d   𝛷 G ∗  d t =   q    𝜃 A −   q    𝜃 B =   𝜅 A  z      (   𝜃 B −   𝜃 A ) 2    𝜃 B   𝜃 A > 0


    𝜀 A   and     𝜀 B >   𝜀 A .


   


    P A


    P B


    𝜀 A   and     𝜀 B .


  L = 𝜑 −   𝜆 1  (   P A +   P B − 1 ) =


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B −   𝜆 1  (   P A +   P B − 1 )


  =   𝛽   P A 2  ln ⁡      𝜀 A    𝜀 ∗ +   𝛽   P B 2  ln ⁡      𝜀 B    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ +   P B  ln ⁡      V B    v ∗ −   P A  ln ⁡    P A −   P B  ln ⁡    P B −   𝜆 1  (   P A +   P B − 1 )


    P Α  


      P B


    𝜕 L  𝜕   P Α = − 1 −   𝜆 1 −     𝛽 2  ln ⁡      𝜀 A    𝜀 ∗ +   P A  ln ⁡      V A    v ∗ −  ln ⁡    P A ,       𝜕 L  𝜕   P Β = − 1 −   𝜆 1 +     𝛽 2  ln ⁡      𝜀 B    𝜀 ∗ +  ln ⁡      V B    v ∗ −  ln ⁡    P Β


  −  ln ⁡    P A +  ln ⁡    P B +     𝛽 2  ln ⁡      𝜀 A    𝜀 ∗ −     𝛽 2  ln ⁡      𝜀 B    𝜀 ∗ +  ln ⁡      V A    v ∗ −  ln ⁡      V B    v ∗ = 0


      P B    P A =    (     𝜀 B    𝜀 A )    𝛽 2     V B    V A


    𝜃 A =   2   𝜀 A  𝛽 ,       𝜃 B =   2   𝜀 B  𝛽 ,       v A =     V A    N A =     V A    P  A N ,       v B =     V B    N B =     V B    P  B N


    p A =     𝜃 A    v A =   2   𝜀 A / 𝛽    V A / (   P  A N ) =   2 N  𝛽     𝜀 A   P A    V A ,       p B =     𝜃 B    v B =   2 N  𝛽     𝜀 B   P B    V B


   ln ⁡    p B −  ln ⁡    p A =  ( 1 +   𝛽 2 )  (  ln ⁡    𝜀 B −  ln ⁡    𝜀 A ) =  ( 1 +   𝛽 2 )  (  ln ⁡    𝜃 B −  ln ⁡    𝜃 A )


    𝜑 B ∗ −   𝜑 A ∗ =  ( 1 +   𝛽 2 )  (  ln ⁡    𝜃 B −  ln ⁡    𝜃 A ) −  (  ln ⁡    p B −  ln ⁡    p A )


    𝜑 B ∗ −   𝜑 A ∗ = 0


    𝜑 ∗ ,       𝜃    𝛽 2 v ,         𝜃  1 +   𝛽 2  p ,     p   v  1 +  2  𝛽


  d   𝛷 ∗ = 0


  d   𝛷 ∗ =   δ Q  𝜃


  q


  q = 𝜅   𝛤  𝛵


    𝛤  𝛵 =    (   𝛵 B −   𝛵 A ) / z


    𝛤  𝜃 =  (   𝜃 B −   𝜃 A ) / z =   k B   𝛤  𝛵 )


    𝛤  𝛵 =   6 . 5   K / km


  𝜅


    q = 𝜅   𝛤  𝛵 = 0 . 02  W  ( m   K ) ×   0 . 0065  K m ≈    10  − 4 W /  m 2 ​


    𝛤  𝛵 = 0


  z = 0


  z = h


    𝜀 0   and     𝜀 h ​


    𝜀 0 > 𝜀 >   𝜀 h ,     𝜀 =   𝛽  𝛽 + 2   𝜀 tot


  𝜀


      𝜀 tot


  𝜀  ( z ) =  {      𝜀 0 ,  z = 0     𝜀 h  z = h   𝜀  otherwise


  z = 0


  z = h


  𝜀  ( z ) = 0


  𝜀  ( z ) =   𝜀 h ​


    d 𝜀  d z ∝   d 𝜃  d z ​


  z


     ∂ 2 T  ∂   z 2 = 0


  z


  𝜃 =   𝜃 0 −   𝛤  𝜃 z


    𝜃 0


  z = 0


    𝛤  𝜃


    𝛤  T =   6 . 5   K / km


    𝜅  T


    H cond = −   𝜅  T   ∂ T  ∂ z = 𝜅   𝛤  T = 0 . 02    (  W   ( m   K ) ) × 0 . 0065  (  K m )   ≈  10  − 4  W   m 2


   10  − 4  W   m 2


   10  − 8  W   m 3


    𝛤  T


  𝜌 ​


  v ,   i . e . ,   𝜌 =     m 0  v ​


  z


  p


    d p  d z =     m 0 g p    𝜃 0 −   𝛤  𝜃 z


  p  ( z ) =   p 0    ( 1 −     𝛤  𝜃 z    𝜃 0 )      m 0 g    𝛤  𝜃


    p 0


  z = 0


    𝛤  𝜃 → 0


    𝛤  𝜃 > 0


  z =     𝜃 0    𝛤  𝜃 ,  


    𝛤  𝜃


  𝜌  ( z ) =     m 0   p 0    𝜃 0    ( 1 −     𝛤  𝜃 z    𝜃 0 )      m 0 g    𝛤  𝜃 − 1 ,     v ( z ) =     𝜃 0    p 0    ( 1 −     𝛤  𝜃 z    𝜃 0 )  1 −     m 0 g    𝛤  𝜃


  z


  𝜌  ( z )


  f  ( z ) =   g   m 0    𝜃 0    ( 1 −     𝛤  𝜃 z    𝜃 0 )      m 0 g    𝛤  𝜃 − 1


  V


  z


    𝜑  z  ( z ) =   𝛽 2  ln ⁡    𝜃 ( z )    𝜃 ∗   +  ln ⁡    V    v ∗ =   𝜑 0 +   𝛽 2  ln ⁡   ( 1 −     𝛤  𝜃 z    𝜃 0 ) ,       𝜑 0 ≔   𝛽 2  ln ⁡      𝜃 0    𝜃 ∗   +  ln ⁡    V    v ∗


  z


    𝜑  z ∗  ( z ) =   𝛽 2  ln ⁡    𝜃 ( z )    𝜃 ∗   +  ln ⁡    v ( z )    v ∗ =     𝜑 0 ∗ +  (   𝛽 2 + 1 −     m 0 g    𝛤  𝜃 )  ln ⁡   ( 1 −     𝛤  𝜃 z    𝜃 0 ) ,       𝜑 0 ∗ ≔   𝛽 2  ln ⁡    𝜃    𝜃 ∗   +  ln ⁡      v 0    v ∗


    𝛤  𝜃 → 0


  z


   (   𝜑  z ∗  ( z ) −   𝜑 0 ∗ )


  (     k B    m 0 )


  z


  s  ( z ) −   s 0 =  (   c  p −   g    𝛤  T )  ln ⁡   ( 1 −     𝛤  T z    T 0 ) =  (   c  p −   g    𝛤  T )  ln ⁡   (   T    T 0 )


    𝛤  T


    𝛤  T = g /   c  p ≕   𝛤 D =  ( 9 . 81   m    s  − 2 ) /  ( 1004   J    K  − 1    kg  − 1 ) = 0 . 0098  K m


  = 9 . 8  K km


    c  p


  s  ( z ) −   s 0


    c  p  (   T 0 −  ( g /   c  p ) z ) + g z =   c  p   T 0


  z


    𝛤  T =   6 . 5   K / km


  9 . 8  K km


    𝛤  𝜃 =   m 0 g   or     𝛤  T = g / R =


    𝛤  T > g /   c  p = 9 . 8


  z


    𝛤  T = 0  


    𝛤  T = g /   c  p =


    𝛤  T = g / R


    𝛤  T =


    𝛤  T =


    T 0


    𝛤  T =


    𝛤  T =


  6 . 5   K / km


    𝜑 A =       𝛽 A 2  ln ⁡      𝜀 Α    𝜀 Α ∗ +  ln ⁡      V A    v A ∗   ,       𝜑 B =     c B +     𝛽 B 2  ln ⁡      𝜀 B    𝜀 B ∗ +  ln ⁡      V B    v B ∗  


  V


  N


    v  B =     V B    N B =     V B    P B N


    𝜑 A =       𝛽 A 2  ln ⁡      𝜀 Α    𝜀 Α ∗ +  ln ⁡    V −   v B   P B N    v A ∗   ,       𝜑 B =       𝛽 B 2  ln ⁡      𝜀 B    𝜀 B ∗ +  ln ⁡      v B   P B N    v B ∗


  𝜑 =   P Α   𝜑 A +   P Β   𝜑 B +   𝜑  P


    𝜑  P = −   P Α  ln ⁡    P Α −   P B  ln ⁡    P B


  𝜉


    P Α +   P B = 1 ,       P Α   𝜀 Α +   P B  (   𝜀 B − 𝜉 ) = 𝜀


  L ≔     P A   𝜑 A +   P B   𝜑 B −   𝜆 1  (   P Α +   P B − 1 , ) −   𝜆 2  (   P Α   𝜀 Α +   P B  (   𝜀 B − 𝜉 ) − 𝜀 ) −   P A  ln ⁡    P A −   P B  ln ⁡    P B


  𝜑  


      𝜀 Α   and     𝜀 B


    𝜕 L  𝜕   𝜀 Α =     𝛽 A   P A  2   𝜀 Α −   𝜆 2   P A ,       𝜕 L  𝜕   𝜀 B =     𝛽 B   P B  2   𝜀 B −   𝜆 2   P B


      𝛽 A  2   𝜀 Α =     𝛽 B  2   𝜀 B =   𝜆 2


    𝜃 A =   𝜃 A = 𝜃 =   2   𝜀 A    𝛽 A =   2   𝜀 B    𝛽 B


      P Α   and     P B


    𝜕 L  𝜕   P Α =   𝜑 A − 1 −   𝜆 1 −     𝛽 A 2 −  ln ⁡    P A ,       𝜕 L  𝜕   P Β = −     v B   P A N  V −   v B   P B N +   𝜑 B −   𝜆 1 −     𝛽 B 2  ( 1 −   𝜉    𝜀 Β ) −  ln ⁡    P Β


      𝜕 L  𝜕   P Β


      v A   p A N


    v B /   v A


    v B ≪   v A


      𝜆 1


    𝜑 A − 1 −     𝛽 A 2 −  ln ⁡    P A =   𝜑 B −     𝛽 B 2  ( 1 −   𝜉    𝜀 Β ) −  ln ⁡    P Β


    𝜑 A ∗ =   𝜑 A −  ln ⁡    P A


    𝜑 A ∗ −   𝜑 B ∗ = 1 +     𝛽 A 2 −     𝛽 B 2 +     𝛽 B 2   𝜉    𝜀 Β =   𝜉  𝜃 −  (     𝛽 B 2 −     𝛽 A 2 − 1 )


  𝜃


  𝜆 ≔  (   𝜑 A ∗ −   𝜑 B ∗ ) 𝜃 = 𝜉 −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) 𝜃


  𝜃 , p ,   v B


    𝜑 A ∗ =  ( 1 +     𝛽  A 2 )  ln ⁡    𝜃    𝜃 A ∗   −  ln ⁡    p    p A ∗ ,       𝜑 B ∗ =       𝛽 B 2  ln ⁡    𝜃    𝜃 B ∗   +  ln ⁡      v B    v B ∗


    𝜑 A ∗ −   𝜑 B ∗ = −   c 1 −  (     𝛽 B 2 −     𝛽 A 2 − 1 )  ln ⁡    𝜃    𝜃 A ∗   −  ln ⁡    p    p A ∗ ,       c 1 ≔  ln ⁡      v B    v B ∗ +     𝛽 B 2  ln ⁡      𝜃 A ∗      𝜃 B ∗  


    𝜉  𝜃 −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) = −   c 1 −  (     𝛽 B 2 −     𝛽 A 2 − 1 )  ln ⁡    𝜃    𝜃 A ∗   −  ln ⁡    p    p A ∗


   ln ⁡  p


    𝜑 A ∗ =   c 1 −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) +     𝛽 B 2  ln ⁡    𝜃    𝜃 A ∗   +   𝜉  𝜃 ,       𝜑 B ∗ =   c 1 +     𝛽 B 2  ln ⁡    𝜃    𝜃 A ∗  


      𝛽 B 2


      𝛽 A 2


    𝜑 A ∗


  p =     p A ∗   e    c 2  exp ⁡   ( −   𝜉  𝜃 )      (   𝜃    𝜃 A ∗   )  −  (     𝛽 B 2 −     𝛽 A 2 − 1 )


  p =   p 0  exp ⁡   (   𝜉    𝜃 0  ( 1 −     𝜃 0  𝜃 ) )      (     𝜃 0  𝜃 )      𝛽 B 2 −     𝛽 A 2 − 1 =   p 0  exp ⁡   (   𝛼 1  ( 1 −     𝜃 0  𝜃 ) )      (     𝜃 0  𝜃 )    𝛼 2


    𝛼 1 ≔   𝜉    𝜃 0 ,       


  p =   p 0  exp ⁡   (   𝛼 1  ( 1 −     T 0  T ) )      (     T 0  T )    𝛼 2


  p


  𝜃


  T


  T =   T 0     𝛼 1    𝛼 2  1    − W  − 1  ( −     𝛼 1    𝛼 2 ⅇ xp  ( −     𝛼 1    𝛼 2 )    (   p    p 0 )   1    𝛼 2 )


    W  − 1 ( z )


  d  (   𝜑 A ∗ −   𝜑 B ∗ ) = −   𝜉    𝜃 2 d 𝜃 = −   𝜉  𝜃   d 𝜃  𝜃 =  ( −  (   𝜑 A ∗ −   𝜑 B ∗ ) −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) )   d 𝜃  𝜃


  d  (   𝜑 A ∗ −   𝜑 B ∗ ) = −  (     𝛽 B 2 −     𝛽 A 2 − 1 )   d 𝜃  𝜃 −   d p  p


   (   𝜑 A ∗ −   𝜑 B ∗ )   d 𝜃  𝜃 =   d p  p


    d p  d 𝜃 =  (   𝜑 A ∗ −   𝜑 B ∗ )   p  𝜃


  𝜆 =  (   𝜑 A ∗ −   𝜑 B ∗ ) 𝜃 = 𝜉


  p = c  exp ⁡   ( −   𝜆  𝜃 )


    𝛽 A = 6


    𝛽 A


    𝛽 L = 18


  p


  e


  p


    L v ≔   𝜆    m 0


    L   v ∗ =   𝜉    m 0


      k B    m 0 = R


    L v =   𝜉    m 0 −  (     𝛽 B 2 −     𝛽 A 2 − 1 )     k B    m 0 T =   L   v ∗ −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) R T


    L v =   L   v ∗ −  (   c L −   c  p ) T


    c L


    T 0


    e 0


    c  p


    c L −   c  p


    c L −   c  p ) / R


      L v 0


      L v 0


      L  v ∗ =   L 0 +  (   c  L −   c  p )   T 0 =   3 . 139   ×    10 6   J    kg  − 1 ,      


    𝛼 1 =     L   v ∗    R T 0   =   24 . 921 ,       𝛼 2 =     ( c L −   c  p )  R = 5 . 06


    𝛼 1 =     L   v ∗    R T 0   =   24 . 921 ,       𝛼 2 =     ( c L −   c  p )  R = 5 . 06


      L  v ∗


    𝛼 2 =     𝛽 B 2 −     𝛽 A 2 − 1 = 5


    𝛼 2 =


    𝛼 1


    L v


    L v /  ( J    kg  − 1 ) = 3 . 139 ×  10 6 − 2336   T / K = 2 . 501 ×  10 6 − 2336   T / ° C


  e =   e 0  exp ⁡   ( 24 . 921  ( 1 −     T 0  T ) )      (     T 0  T )  5 . 06 ,       T 0 = 273 . 16   K ,       e 0 = 6 . 117   hPa


  e =   e 0  exp ⁡   ( 19 . 84  ( 1 −     T 0  T ) )


    T 0 / T = 1


    L v /  ( J    kg  − 1 ) = 2 . 501 ×  10 6 − 2361   T / ° C


  e / hPa = 6 . 1094  exp ⁡   (   ( 17 . 625   T / ° C )  ( 243 . 04 + T / ° C ) )


    c L


    c I


    a I


    a 1


    c Ι = 2097   J   k  g  − 1    K  − 1


   (   c I −   c  p ) / R = 0 . 461 .


      𝛼 1 I = 22 . 812 .


    e I  ( T ) =   e 0  exp ⁡   ( 22 . 812  ( 1 −     T 0  T ) )      (     T 0  T )  0 . 461 ,       T 0 =   273 . 16   K ,     e 0 = 6 . 117   hPa
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  U ≔     e a  e  ( T )
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    T d ≔   e  − 1  (   e a ) ⇔   e a = e  (   T d )


    e  − 1


  e ( T )


  q


  r


  q ≔     𝜌 V    𝜌 D +   𝜌 V ,     r ≔     𝜌 V    𝜌 D ,      ( q =   r  1 + r ,     r =   q  1 − q )


    𝜌 V


    𝜌 D


  U


  q


  r


  q =     𝜖 M   e a  p −  ( 1 −   𝜖 M )   e a =     𝜖 M U e  p −  ( 1 −   𝜖 M ) U e ⇔ U =   p  e     q    𝜖 M +  ( 1 −   𝜖 M ) q


    𝜖 M


    𝜖 M


  U =   e  (   T d )  e  ( T ) =  exp ⁡   (   a 1  (     T 0  T −     T 0    T d ) )      (   T    T d )    a 2


    T 0


    a 1


    a 2


    T d =   T 0     a 1    a 2  1    − W  − 1  ( −     a 1    a 2     T 0  T ⅇ xp  ( −     a 1    a 2     T 0  T )   U   1    a 2 )


    W  − 1 ( z )


    𝜑 D ∗ =  ( 1 +     𝛽 D 2 )  ln ⁡    𝜃    𝜃 D ∗ −  ln ⁡    p    p D ∗


  e


    𝜑 D ∗ =  ( 1 +     𝛽 D 2 )  ln ⁡    𝜃    𝜃 D ∗ −  ln ⁡    p − e    p D ∗


    N D


    N V


    N L


    𝛷 ∗ =   N D  (  ( 1 +     𝛽 D 2 )  ln ⁡    𝜃    𝜃 D ∗ −  ln ⁡    p − e    p D ∗ ) +   N V  (   c 1 −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) +     𝛽 B 2  ln ⁡    𝜃    𝜃 A ∗   +   𝜉  𝜃 ) +   N L  (   c 1 +     𝛽 B 2  ln ⁡    𝜃    𝜃 A ∗   )


    N V +   N L ≕   N W


    N D


      𝛷 ∗    N D =  ( 1 +     𝛽 D 2 )  ln ⁡    𝜃    𝜃 D ∗ −  ln ⁡    p − e    p D ∗ +     N W    N D  (   c 1 +     𝛽 B 2  ln ⁡    𝜃    𝜃 A ∗   ) +   N V  (   𝜉  𝜃 −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) )


      𝛷 ∗    N D


    N  i =     M  i    m   0  i


  i = D , V , W


    N  i


    M  i


    m   0  i


    L v ≔   𝜆    m 0


    𝜉  𝜃 −  (     𝛽 B 2 −     𝛽 A 2 − 1 ) =   𝜆  𝜃 =     L v  R T


    S    M D =   c    p D  ln ⁡    T    T D ∗ −   R D  ln ⁡    p − e    p D ∗ +   r W   R W   c 1 +   r W   c L  ln ⁡    T    T A ∗ + r     L v  T


    r W


  r


  r


    T 0 ,   p 0 ,   r 0 ,   L    v 0 ,   S 0


    M D ,   M W =   r W   M D


    S −   S 0    M D =   c    p D  ln ⁡    T    T 0 −   R D  ln ⁡    p − e    p 0 −   e 0 +   r W   c L  ln ⁡    T    T 0 + r     L v  T −   r 0     L   v 0    T 0


    s D −     s D 0 =  (   c    p D +   r W   c L )  ln ⁡    T    T 0 −   R D  ln ⁡    p − e    p 0 −   e 0 +   r   L v  T −     r 0     L v 0    T 0


    s D ≔   S    M D


  s


    s D


    M D / M = 1 −   q W


    r W  ( 1 −   q W ) =   q W


  s −   s 0 =  (  ( 1 −   q W )   c    p D +   q W   c L )  ln ⁡    T    T 0 −  ( 1 −   q W )   R D  ln ⁡    p − e    p 0 −   e 0 +  ( 1 −   q W )  (   r   L v  T −     r 0     L v 0    T 0 )


    q W = q =   q 0


  s −   s 0 =  (  ( 1 − q )   c    p D + q   c L )  ln ⁡    T    T 0 − ( 1 − q )   R D  ln ⁡    p − e    p 0 −   e 0 + q  (     L v  T −       L v 0    T 0 )


  1 −   q W ≈ 1


  s =   s D


  s −   s 0 =  (   c    p D +   r W   c L )  ln ⁡    T    T 0 −   R D  ln ⁡    p − e    p 0 −   e 0 +   r   L v  T −     r 0     L v 0    T 0


    r W


  s −   s 0 =   c    p D  ln ⁡    T    T 0 −   R D  ln ⁡    p − e    p 0 −   e 0 +   r   L v  T −     r 0     L v 0    T 0


    s 1 −   s 0 = 0


    s D −     s D 0


    q W


  r , T , p , e


    r W


  0 =  (   c    p D +   r W   c L )  ln ⁡      T 1    T 0 −   R D  ln ⁡      p 1 −   e 1    p 0 −   e 0 +     r 1     L v 1    T 1 −     r 0     L v 0    T 0


    T 1 <   T 0


    r W =   r 0


    r W


    r   W 1 =   r   W 0 =   r W =   r 0


  Δ p ≔   p 0 −   p 1


    r W =   r 0


    T 1


    r 1


    T 1


    r 1 −   r 0


  Δ p  


    r W


    r 1


    r W


  p


  T


    p 0 = 1010


    T 0


    p 0 =


    T 0 =


  Δ p   =   10


  0 =   c    p D  ln ⁡      T 1    T 0 −   R D  ln ⁡      p 1    p 0


    p 0 =


    T 0 =


    T 0 =


    T 0 =


  p


  z


  T ( p )


  T ( z )


  𝜌 g


  𝜌 = p / R T


  − d T / d z


  (   𝛤 D = g /   c  p = 9 . 8 ​


    𝛤 M ,


    E st =   M D   c    p D T +   M V   c V T + (   M W −   M V )   c L T + M g z +   M V   L  v


    e st =  (  ( 1 −   q W )   c    p D + q   c    p V + (   q W − q )   c L ) T + g z +   L  v q


    q W = q


  q


    e st =   c    p D T + g z +   L  v q


  z


    T 0


  𝛤 = 0


  𝛤 =


  𝛤 = g /   c  p   =


  s ( z ) −   s 0 = 0


    c    p D T


    c    p D T + g z


  z = 0


    e st  ( z ) −   e   st 0 =   c    p D  ( T −   T 0 ) + g z +   L v  ( z ) q  ( z ) −   L   v 0   q 0


  Δ p   =   10


    e st  ( z ) −   e   st 0


  s  ( z ) −   s 0


    𝜀 st  ( z ) −   𝜀   st 0


  s  ( z ) −   s 0


  𝛤 ≔ − d T / d z


  z = 0


    T ¯


  m


  H


  z = 0


  m =   ∫ 0 ∞  𝜌  ( z ) d z


  H =   ∫ 0 ∞    c  p T  ( z ) 𝜌  ( z ) d z ,     H =   m   c  p   T ¯


  H


    T ¯ =     ∫ 0 ∞  T  ( z ) 𝜌  ( z ) d z    ∫ 0 ∞  𝜌  ( z ) d z


  d p = 𝜌 g d z


    p T


    T ¯ =  1    p B −   p T   ∫    p T    p B  T  ( p ) d p


    p B


  g


    𝛤 IE


    𝛤 D ,


    𝛤 M ,


  𝛤


    z 0


    T 0


    𝛤 IE


      z 0


  z >   z 0


  z


    T IE =   T 0 −   𝛤 IE ( z −   z 0 )


  T =   T 0 − 𝛤  ( z −   z 0 )


  𝛤 <   𝛤 IE


  T >   T IE


  𝜌 <   𝜌 I


  z <   z 0


    𝛤 <   𝛤 IE  


  𝛤 >   𝛤 IE


  𝛤 =   𝛤 IE


    𝛤 D


    𝛤 M <   𝛤 D ,


  𝛤


  𝛤 >   𝛤 D :


  𝛤 =   𝛤 D


    𝛤 M < 𝛤 <   𝛤  D


  𝛤 =   𝛤 M :


  0 < 𝛤 <   𝛤 M :


  𝛤 = 0


  𝛤 < 0


  𝛤 = 0


  𝛤 =   𝛤 IE ​


  ​ 𝛤


  𝛤


    𝛤 IE


  𝛤 =


      u _  i , i = 1 , 2


  𝜀


    m 0


    𝜎 2 ≔ E  [     u _  i 2 ] =   2 𝜀    m 0  


  f  (   u  i ) =    ⅇ  −     u  i 2  2   𝜎 2   2 π 𝜎


  f  (   u 1 ,   u 2 ) =    ⅇ  −     u 1 2 +   u 2 2  2   𝜎 2  2 π   𝜎 2


    𝜑  i = −   ∫  − ∞ ∞    ln ⁡ ( ⁡  f  (   u  i )   u ∗ ) f  (   u  i ) d   u  i =   ∫  − ∞ ∞   (     u  i 2  2   𝜎 2 +  ln ⁡   (  2 π   𝜎    u ∗ ) )    ⅇ  −     u  i 2  2   𝜎 2   2 π 𝜎 d   u  i =  1 2 +  ln ⁡   (  2 π   𝜎    u ∗ ) =  1 2 +  1 2  ln ⁡   ( 2 π    (   𝜎    u ∗ ) 2 ) =  1 2 +  1 2  ln ⁡    4 π 𝜀    m 0     u ∗ 2 =  1 2  ln ⁡    𝜀    𝜀 ∗


    u ∗


    𝜀 ∗ ≔   m 0     u ∗ 2 / 4 π e


  𝜑 = −   ∬  − ∞ ∞   ln ⁡   ( f  (   u 1 ,   u 2 )     u ∗ 2 ) f  (   u 1 ,   u 2 ) d   u 1 d   u 2 =   ∬  − ∞ ∞   (     u 1 2 +   u 2 2  2   𝜎 2 +  ln ⁡   ( 2 π    (   𝜎    u ∗ ) 2 ) )      ⅇ  −     u 1 2 +   u 2 2  2   𝜎 2  2 π   𝜎 2 ⁡  d   u 1 d   u 2 = 1 +  ln ⁡   ( 2 π    (   𝜎    u ∗ ) 2 ) = 1 +  ln ⁡    4 π 𝜀    m 0     u ∗ 2 =  ln ⁡    𝜀    𝜀 ∗ = 2   𝜑  i


    𝜑  i


  𝜌 ≠ 0


  f  (   u 1 ,   u 2 ) =    ⅇ  −     u 1 2 +   u 2 2 − 2 𝜌   u 1   u 2  2    ( 1 −   𝜌 2 ) 𝜎 2  2 π  1 −   𝜌 2     𝜎 2


  𝜑 = −   ∬  − ∞ ∞   ln ⁡   ( f  (   u 1 ,   u 2 )     u ∗ 2 ) f  (   u 1 ,   u 2 ) d   u 1 d   u 2 =   ∬  − ∞ ∞   (     u 1 2 +   u 2 2 − 2 𝜌   u 1   u 2  2    ( 1 −   𝜌 2 ) 𝜎 2 +  ln ⁡   ( 2 𝜋    1 −   𝜌 2  (   𝜎    u ∗ ) 2 ) )      ⅇ  −     u 1 2 +   u 2 2 − 2 𝜌   u 1   u 2  2    ( 1 −   𝜌 2 ) 𝜎 2  2 𝜋  1 −   𝜌 2     𝜎 2 ⁡  d   u 1 d   u 2 = 1 +  ln ⁡   ( 2 π  1 −   𝜌 2      (   𝜎    u ∗ ) 2 ) = 1 +  ln ⁡    4 π 𝜀    m 0     u ∗ 2 +  1 2  ln ⁡   ( 1 −   𝜌 2 )


  𝜑 =  ln ⁡    𝜀    𝜀 ∗ +  1 2  ln ⁡  ( 1 −   𝜌 2 )


  0 ≤ 1 −   𝜌 2 ≤ 1


  𝜑 ≤   𝜑 1 +   𝜑 2


  𝜌 =  


    𝜑  i


    𝜑  ( 1 ) =  1 2  ln ⁡    𝜀    𝜀 ∗ +  1 4  ln ⁡  ( 1 −   𝜌 2 ) =  1 2  ln ⁡    𝜀    𝜀 ∗ +  1 4  ln ⁡  ( 1 + 𝜌 ) +  1 4  ln ⁡   ( 1 − 𝜌 )


      u _  ( 2 ) =       u _ 1 +     u _ 2 2


   (   u 1 ,   u 1 + d   u 1 )   and   (   u 2 + d   u 2 ) )


   (   u 1 +   u 2 ,   u 1 +   u 2 + d  (   u 1 +   u 2 ) )


      u _  ( 2 )


    𝜎 2 2 ≔ E  [    (     u _   ( 2 ) ) 2 ] =    ( 1 + 𝜌 )   𝜎 2 2 =    ( 1 + 𝜌 ) 𝜀  2   m 0


  f  (   u  ( 2 ) ) =    ⅇ  −     u  ( 2 )   ( 1 + 𝜌 )   𝜎 2   π  ( 1 + 𝜌 ) 𝜎


    𝜑  ( 2 ) ≔ 𝛷 [     u _   ( 2 ) ] =  1 2 +  1 2  ln ⁡   ( 2 π    (     𝜎 2    u ∗ ) 2 ) =  1 2 +  1 2  ln ⁡   ( 2 π    (     𝜎 2    u ∗ ) 2 ) =  1 2 +  1 2  (  ln ⁡    4 π 𝜀    m 0     u ∗ 2 −  ln ⁡ 4 +  ln ⁡   ( 1 + 𝜌 ) ) =  1 2 +  1 2  ln ⁡    4 π 𝜀    m 0     u ∗ 2 +  1 2  ln ⁡    1 + 𝜌 4


    𝜑  ( 2 ) =  1 2  ln ⁡    𝜀    𝜀 ∗ +  1 2  ln ⁡    1 + 𝜌 4


    𝜑  ( 1 ) =  1 2  ln ⁡    𝜀    𝜀 ∗ +  1 4  ln ⁡  ( 1 + 𝜌 ) +  1 4  ln ⁡   ( 1 − 𝜌 ) ,       𝜑  ( 2 ) =  1 2  ln ⁡    𝜀    𝜀 ∗ +  1 2  ln ⁡    1 + 𝜌 4
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  𝜌 = 1


  𝜌 = 15 / 17
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  1 − w


    𝜑  w ≔ w   𝜑   ( 1 ) +  ( 1 − w )   𝜑   ( 2 ) =  1 2  ln ⁡    𝜀    𝜀 ∗ +  (  1 2 −   w 4 )  ln ⁡   ( 1 + 𝜌 ) +   w 4  ln ⁡   ( 1 − 𝜌 ) −  ( 1 − w )  ln ⁡ 2


    𝜑  w ≔   𝜑  𝜀 +   𝜑  𝜌 ,       𝜑  𝜀 ≔  1 2  ln ⁡    𝜀    𝜀 ∗ ,       𝜑  𝜌 ≔  (  1 2 −   w 4 )  ln ⁡   ( 1 + 𝜌 ) +   w 4  ln ⁡   ( 1 − 𝜌 ) −  ( 1 − w )  ln ⁡ 2
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  𝛤


    𝛤 IE


  𝛤 =   w g    c  p = w   𝛤 IE


    T    T 0 =    (   p    p 0 )    w R    c  p ,       p    p 0 =    (   T    T 0 )      c  p  w R


  w


  s  ( z ) =  ( 1 − w )   s m  ( z )


    s m  ( z )


  w


  w = 0 . 0054   ( T / K − 174 ) − 4 . 96   q


  𝛤 = w   𝛤 IE


  𝛤 / ( K / km ) = 0 . 053   ( T / K − 174 ) − 48 . 5   q


  T


  q


  𝛤


  𝛤 / ( K / km ) = 0 . 071   ( T / K − 186 ) − 161   q


  𝛤 ( T , q )


  𝛤 ( T , 0 )


  𝛤 ≡   𝛤  T


  q


  𝛤 ( T , q ) .


  𝛤 ( T , 0 )


  𝛤 ( T ,   q  e )


  q


    q  e


  𝛤 ( T , q )


  𝛤 ( T , 0 )


  T < 270


  q ₑ = (   1 . 06      T 1000 / K − 253   − 0 . 3 ) / 1000


  𝛤 ( T ,   q e )


  q ₑ


  q


  q


  T = 288 . 2   K ,   q = 0 . 0093 ,   𝛤 = 5 . 84


  T


  q


  w =


  𝛤 =


  T


  q


  𝛤 =


  T


  q =


  𝛤 =


  T


  d q / q ∝ d T


  δ Q


  d E )


  δ W


  d   𝛷 ∗


  d z


  A


  R


  Q


  Q


  d Q


  𝜌 w


  𝜌


  w


  𝜌 w


  A


  d z


  𝜃


  R


  Q


  𝜌 w


  𝜌


  w


  𝜌 w


  𝜂 =  (   𝛽 2 + 1 ) 𝜃


    𝜂    m 0 =  (   𝛽 2 + 1 )   𝜃    m 0 ,     𝜌 A d z   𝜂    m 0 =   𝜌 A  (   𝛽 2 + 1 )   𝜃    m 0 d z


    H acc =   𝜕  𝜕 t  ( 𝜌 A d z   𝜂    m 0 ) =     𝜌 A    m 0  (   𝛽 2 + 1 )   𝜕 𝜃  𝜕 t d z


  𝜌


    F conv =     A    m 0  (   𝛽 2 + 1 ) 𝜌 w 𝜃 −     A    m 0  (   𝛽 2 + 1 ) 𝜌 w  ( 𝜃 + d 𝜃 ) = −   𝜌 A    m 0  (   𝛽 2 + 1 ) w d 𝜃


    F cond = − 𝜅 A      ∂ 𝜃  ∂ z |  z + 𝜅 A      ∂ 𝜃  ∂ z |  z + d z = A  ∂  ∂ z  ( 𝜅   ∂ 𝜃  ∂ z ) d z


    F  Q = − A d Q


    F  R = − A d R


    H acc =   F conv +   F cond +   F  Q +   F  R


    𝜌 A    m 0  (   𝛽 2 + 1 )   𝜕 𝜃  𝜕 t d z = −   𝜌 A    m 0  (   𝛽 2 + 1 ) w d 𝜃 + A  ∂  ∂ z  ( 𝜅   ∂ 𝜃  ∂ z ) d z − A d Q − A d R


  A d z


  d 𝜃 / d z


    ∂ 𝜃  ∂ z


    𝜌    m 0  (   𝛽 2 + 1 )   𝜕 𝜃  𝜕 t = −   𝜌    m 0  (   𝛽 2 + 1 ) w   ∂ 𝜃  ∂ z +  ∂  ∂ z  ( 𝜅   ∂ 𝜃  ∂ z ) −   d Q  d z −   d R  d z


    𝜌    m 0  (   𝛽 2 + 1 )  (   𝜕 𝜃  𝜕 t + w   ∂ 𝜃  ∂ z ) =  ∂  ∂ z  ( 𝜅   ∂ 𝜃  ∂ z ) −   d Q  d z −   d R  d z


    k B


  𝜃 =   k B T


    𝜅  T = 𝜅   k B


    c  p 𝜌  (   𝜕 T  𝜕 t + w   ∂ T  ∂ z ) =  ∂  ∂ z  (   𝜅  T   ∂ T  ∂ z ) −   d Q  d z −   d R  d z


    c  p 𝜌   𝜕 T  𝜕 t = −   d Q  d z −   d R  d z


    c  p 𝜌 w   ∂ T  ∂ z =  ∂  ∂ z  (   𝜅  T   ∂ T  ∂ z ) −   d Q  d z −   d R  d z


  w = 0


   ∂  ∂ z  (   𝜅  T   ∂ T  ∂ z ) =   d Q  d z +   d R  d z


  z


  z


     ∂ 2 T  ∂   z 2 = 0


    c  p 𝜌   𝜕   T _  𝜕 t = −   c  p 𝜌   w _   ∂   T _  ∂ z +  ∂  ∂ z  (   𝜅  T   ∂   T _  ∂ z ) −   d   Q _  d z −   d   R _  d z


  E  [   w _ ] = 0


    w _


    ∂   T _  ∂ z


  E  [   w _   ∂   T _  ∂ z ] ≠ E  [   w _ ] E  [   ∂   T _  ∂ z ] = 0


    c  p 𝜌 E  [   w _   ∂   T _  ∂ z ] = −   K  T E  [    ∂ 2   T _  ∂   z 2 ]


    K  T


    c  p 𝜌 E  [   𝜕   T _  𝜕 t ] =   K  T E  [    ∂ 2   T _  ∂   z 2 ] − E  [   d   Q _  d z ] − E    [   d   R _  d z ]


    𝜕   T _  𝜕 z


  z


  E  [    ∂ 2   T _  ∂   z 2 ] = 0


    c  p 𝜌 E  [   𝜕   T _  𝜕 t ] = − E  [   d   Q _  d z ] − E    [   d   R _  d z ]


  z = f  ( w ) ≔ w  e  w


    W  k  ( z ) ≔   f  − 1 ( z )


    W  k  ( z )  e    W  k  ( z ) = z


  − 1 / e ≤ z < 0


    W  k  ( z )


    W 0  ( z )


    W  − 1  ( z )


  z ≥ 0


    W 0  ( z )


    W 0  ( z )


    W  k  ( z )


    W 0  ( z ) ≥ − 1


    W  − 1  ( z )


    W  − 1  ( z ) ≤ − 1


    W  − 1  ( z )


    W  k  ( z )


  −   W  − 1  ( z ) = 1 . 285    ( −  ln ⁡   ( − z ) )  0 . 933 + 0 . 872    (  ln ⁡   ( −  ln ⁡   ( − z ) ) )  0 . 612


  3 ×  10  − 5


  − 0 . 07 ≤ z ≤ − 0 . 015


  −   W  − 1  ( z )


    s m  ( z ) =   s 0 − R  ln ⁡    p    p 0


    s M  ( z ) =   s 0


  w = 0


  w = 1


  s  ( z ) = w   s M  ( z ) +  ( 1 − w )   s m  ( z ) =   s 0 − ( 1 − w ) R  ln ⁡    p    p 0


  s  ( z ) =   s 0 +   c  p  ln ⁡    T    T 0 − R  ln ⁡    p    p 0


  −  ( 1 − w ) R  ln ⁡    p    p 0 =   c  p  ln ⁡    T    T 0 − R  ln ⁡    p    p 0


    c  p  ln ⁡    T    T 0 = w R  ln ⁡    p    p 0


    c  p     T ′ ( z )  T ( z ) = w R     p ′ ( z )  p ( z )


      p ′ ( z )  p ( z ) = −   𝜌  ( z ) g  p  ( z ) = −   g  R T ( z )


    c  p     T ′ ( z )  T ( z ) = − w   g  T ( z ) ⇒   c  p   T ′  ( z ) = − w g


    T ′  ( z )


  𝛤 =   − T ′  ( z )


    T ′  ( z ) = −   w g    c  p ,     𝛤 =   w g    c  p


  s  ( z ) −   s 0 = −  (  1  w − 1 )   c  p  ln ⁡    T    T 0 = −  ( 1 − w )   R  ln ⁡    p    p 0


    T    T 0 =    (   p    p 0 )    w R    c  p ,       p    p 0 =    (   T    T 0 )      c  p  w R


  𝜀


    𝜀 R


  𝜑


    𝜑 R


    𝜑 tot = 𝜑 +   𝜑 R


    d 𝜀 R


  d 𝜀 =   −   d 𝜀 R


    𝜀 R


    d   𝜑 tot    d 𝜀 R =   d 𝜑    d 𝜀 R +   d   𝜑 R    d 𝜀 R =   d 𝜑  d 𝜀   d 𝜀    d 𝜀 R +   d   𝜑 R    d 𝜀 R = −   d 𝜑  d 𝜀 +   d   𝜑 R    d 𝜀 R


  𝜃


    d 𝜑  d 𝜀


  1 / 𝜃


    d   𝜑 R    d 𝜀 R


    𝜃 R


  d   𝜑 tot = 0


    𝜃 R = 𝜃 =     k B T


    𝜑 R


    e min = h ₚ   𝜈


  h ₚ


  𝜈


  e = j   h ₚ   𝜈


  j = 0 , 1 , …


    j _


    P  j ≔ P  {   j _ = j }


    𝜑 R = −   ∑  j = 0 ∞    P  j   ln ⁡    P  j


    ∑  j = 0 ∞    P  j = 1 ,     E  [ j ]   h ₚ   𝜈 =   ∑  j = 0 ∞    P  j   j   h ₚ   𝜈 =   𝜀 R


    𝜑 R


  L =   𝜑 R −   𝜆 1  (   ∑  j = 0 ∞    P  j = 1 ) −   𝜆 2  (   ∑  j = 0 ∞    P  j   j   h ₚ   𝜈 −   𝜀 R )


    𝜆 1


    𝜆 2


    P  j


  − 1 −  ln ⁡    P  j −   𝜆 1 −   𝜆 2 h ₚ   𝜈   j = 0


    P  j =  ( 1 −  e  −   𝜆 2 h ₚ   𝜈 )  e  −   𝜆 2 h ₚ   𝜈   j


    P  j   =    1  1 + 𝜇    (   𝜇  1 + 𝜇 )  j ,     𝜇 = E  [ j ] =  1   e    𝜆 2 h ₚ   𝜈 − 1


  𝜇 = E  [ j ] =     𝜀 R  h ₚ   𝜈


    𝜆 2


    𝜆 2 =    ln ⁡   ( 1 +   h ₚ   𝜈    𝜀 R )  h ₚ   𝜈


    𝜑 R =  ln ⁡   (      ( 𝜇 + 1 )  𝜇 + 1    𝜇  𝜇 ) =  (     𝜀 R  h ₚ   𝜈 + 1 )  ln ⁡   (     𝜀 R  h ₚ   𝜈 + 1 ) −     𝜀 R  h ₚ   𝜈  ln ⁡   (     𝜀 R  h ₚ   𝜈 )


    𝜀 R


   1  𝜃 =   ∂   𝜑 R    ∂ 𝜀 R =   𝜆 2 =    ln ⁡   ( 1 +   h ₚ   𝜈    𝜀 R )  h ₚ   𝜈


    P  j =  ( 1 −  e  −   h ₚ 𝜈    𝜃 )  e  −   h ₚ 𝜈    𝜃   j


    𝜀 R


    𝜀 R =   h ₚ 𝜈   e    h ₚ 𝜈  𝜃 − 1


    𝜑 R =    ln ⁡   (  e    h ₚ 𝜈  𝜃 − 1 )   e    h ₚ 𝜈  𝜃 − 1 −    ln ⁡   ( 1 −  e  −   h ₚ 𝜈  𝜃 )  1 −  e  −   h ₚ 𝜈  𝜃


    𝜑 R


  𝜈


      𝜕 𝜑 R  𝜕 𝜈 = −   h  ₚ 2 𝜈  4   𝜃 2    sinh 2 ⁡   (   h ₚ 𝜈  2 𝜃 ) < 0


      𝜕 𝜑 R  𝜕 𝜈


    𝜑 R


  𝜈


    ∂   𝜑 R    ∂ 𝜀 R =  1  𝜃 > 0


    𝜑 R


  𝜃


      𝜕 𝜑 R  𝜕 𝜃 =   h  ₚ 2   𝜈 2  4   𝜃 3    sinh 2 ⁡   (   h ₚ 𝜈  2 𝜃 ) > 0


  𝜈


    𝜀 R 𝜈


  c ₒ


  𝜈


      𝜈 2    c ₒ 2


      𝜈 2    c ₒ 2 =  1    𝜆 2


   1    𝜆 3


    𝜈 3


    𝜈 2


    𝜀 R     𝜈 3    c ₒ 2


  𝜈


    B  𝜈  ( 𝜈 , 𝜃 ) =   2     𝜈 2    c ₒ 2   𝜀 R = 2     h ₚ 𝜈 3    c ₒ 2  1   e    h ₚ 𝜈  𝜃 − 1


  2 π


  2 π     B  𝜈  ( 𝜈 , 𝜃 ) = 2  (     𝜈 2    c ₒ 2 )     𝜀 R


    B  𝜈  ( 𝜈 , 𝜃 ) =  (     𝜈 2    c ₒ 2 )     𝜀 R / π


  1 / π


  r


  d


    I  𝜈  ( 𝜈 , 𝜃 , d ) = 2 π    (   r  d ) 2    (   𝜈  c ₒ ) 2   𝜀 R  ( 𝜈 , 𝜃 ) = π    (   r  d ) 2   B  𝜈  ( 𝜈 , 𝜃 )


  d = r


    I  𝜈  ( 𝜈 , 𝜃 , r ) =   M  𝜈  ( 𝜈 , 𝜃 ) ≔ π   B  𝜈  ( 𝜈 , 𝜃 ) =   2 π h ₚ   𝜈 3    c ₒ 2  (  e    h ₚ 𝜈  𝜃 − 1 )


  π


  π    (   r  d ) 2


    𝛺  d


    I  𝜈  ( 𝜈 , 𝜃 , d ) =   𝛺  d     B  𝜈  ( 𝜈 , 𝜃 ) =     𝛺  d π     M  𝜈  ( 𝜈 , 𝜃 ) =   2   𝛺  d h ₚ   𝜈 3    c ₒ 2  (  e    h ₚ 𝜈  𝜃 − 1 )


  B , M , I


  𝜆


  w


  𝜈


  𝜆 =   c ₒ  𝜈 ,     d 𝜆 = −   c ₒ    𝜈 2 d 𝜈 ,     w ≔  1  𝜆 =   𝜈  c ₒ ,     d w =  1  c ₒ d 𝜈


    M  𝜈  ( 𝜈 , 𝜃 ) d 𝜈 =   M  𝜆  ( 𝜆 , 𝜃 ) d 𝜆 =   M  w  ( w , 𝜃 ) d w


    M  𝜆  ( 𝜆 , 𝜃 ) =     2 π h ₚ   c ₒ 2   (    e    h ₚ c ₒ  𝜆 𝜃 ⁡  − 1 )   𝜆 5 ,       M  w  ( w , 𝜃 ) =   2 π h ₚ   c ₒ 2   w 3     e    h ₚ c ₒ w  𝜃 ⁡  − 1


    B  𝜈  ( 𝜈 , 𝜃 )


    I  𝜈  ( 𝜈 , 𝜃 , d )  


  𝜆   or   w


    M  𝜆  ( 𝜆 , 𝜃 )


   e    h ₚ c ₒ  𝜆 𝜃  (   h ₚ c ₒ  𝜃 − 5 𝜆 ) + 5 𝜆 = 0


    𝜆 max   =  1  5 + W  ( − 5  e  -5 )     h ₚ c ₒ  𝜃 = 0 . 2014   h ₚ c ₒ  𝜃


  ·


    𝜆 max


    M  𝜆  ( 𝜆 , 𝜃 ) ,   for   𝛵 =


  𝜃 = 𝛵 /   k B


    I  𝜆  ( 𝜆 , 𝜃 , d ) =   𝛺  d     B  𝜆  ( 𝜆 , 𝜃 )


    𝛺  d = 6 . 794 ×  10  − 5


    M  𝜆  ( 𝜆 , 𝜃 ) ,   for   𝛵 =


  𝜃 = 𝛵 /   k B


  𝛵 =


    I  𝜆  ( 𝜆 , 𝜃 , d ) =   𝛺  d     B  𝜆  ( 𝜆 , 𝜃 )


    𝛺  d = 6 . 794 ×  10  − 5


    M  𝜆  ( 𝜆 , 𝜃 ) ,


  e = j   h ₚ   𝜈


  j


  f ( j )


    𝜑 R = −   ∫ 0 ∞  f ( j )   ln ⁡  f ( j ) d j


    ∫ 0 ∞  f ( j ) d j = 1 ,     E  [ j ]   h ₚ 𝜈   =   ∫ 0 ∞  h ₚ 𝜈 j f ( j ) d j =   𝜀 R


    𝜑 R


  L =   𝜑 R −   𝜆 1  (   ∫ 0 ∞  f ( j ) d 𝜈 − 1 ) −   𝜆 2  (   ∫ 0 ∞    ∫ 0 ∞  h ₚ 𝜈   j f ( j ) d j −   𝜀 R )


  f  ( j )


  − 1 −  ln ⁡  f  ( j ) −   𝜆 1 −   𝜆 2 h ₚ   𝜈   j = 0


  𝜇


  f  ( j ) =   e  − j / 𝜇   / 𝜇 ,     𝜇 =   𝜀 R / h ₚ 𝜈


    𝜑 R = 1 +  ln ⁡  𝜇 = 1 +  ln ⁡   (   𝜀 R / h ₚ   𝜈 )


    𝜀 R


   1  𝜃 =   d   𝜑 R    d 𝜀 R =  1    𝜀 R


    𝜀 R = 𝜃


  𝜈


    B  𝜈 RJ  ( 𝜈 , 𝜃 ) = 2     𝜈 2    c ₒ 2 𝜃


    B  𝜈 W  ( 𝜈 , 𝜃 ) =   2   h ₚ    c ₒ 2  exp ⁡   ( −     h ₚ 𝜈  𝜃 )   𝜈 3


     lim  𝜈 → 0 ⁡      B  𝜈  ( 𝜈 , 𝜃 )    B  𝜈 RJ  ( 𝜈 , 𝜃 ) = 1 ,        lim  𝜈 → ∞ ⁡      B  𝜈  ( 𝜈 , 𝜃 )    B  𝜈 RJ  ( 𝜈 , 𝜃 ) = 0 ,        lim  𝜈 → 0 ⁡      B  𝜈  ( 𝜈 , 𝜃 )    B  𝜈 W  ( 𝜈 , 𝜃 ) = ∞ ,        lim  𝜈 → ∞ ⁡      B  𝜈  ( 𝜈 , 𝜃 )    B  𝜈 W  ( 𝜈 , 𝜃 ) = 1


  𝜈 → 0 )  


  ( as   𝜈 → ∞


    B  𝜈  ( 𝜈 , 𝜃 ) = 2     h ₚ 𝜈 3    c ₒ 2  1   e    h ₚ 𝜈  𝜃 − 1


  𝛾  ( k ) =     𝜃 2  6   h ₚ c ₒ 2   k 2  ( 1 −  3     (   2  π 2 𝜃  h ₚ k ) 2 +  3   sinh 2  (   2  π 2 𝜃  h ₚ k ) )


  k = 1 / 𝜈


  k → 0


  𝛾  ( 0 ) =  2 15    π 4   𝜃 4  h  ₚ 3   c ₒ 2


  h


  c  ( h ) =  1 2      d 2  (  h 2 𝛾  ( h ) )  d  h 2 =   2  π 4   𝜃 4  h  ₚ 3   c ₒ 2  (    (  cosh ⁡   ( 2   2  π 2 𝜃  h ₚ h ) + 2 )   sinh 4  (   2  π 2 𝜃  h ₚ h ) −  3     (   2  π 2 𝜃  h ₚ h ) 4 )


    𝛾  A  ( k ) ≈    2 15    π 4   𝜃 4  h  ₚ 3   c ₒ 2  1 +   A  (   2  π 2 𝜃  h ₚ k ) 2


  A


  𝛾  ( k ) /   𝛾  A  ( k ) → 1


  k → ∞


  A = 1 / 5


  k


  𝛾  ( k ) −   𝛾  A  ( k )


  A = 10 / 63


  O (   k 4 )


  h   𝜈 / 𝜃


     A π


    𝜈 3


    𝜈 2


  H = 0


  M = 1


      𝛷 ` C  ( 0 ) = 2 )


      𝛷 ` C  ( ∞ ) = 0


    𝛷 ` ( t )


    X _ ( t )


  A


  𝛾  ( k )


      𝜃 2  6   h ₚ c ₒ 2   k 2  ( 1 −  3     (   2  π 2 𝜃  h ₚ k ) 2 +  3   sinh 2  (   2  π 2 𝜃  h ₚ k ) )


     2 15    π 4   𝜃 4  h  ₚ 3   c ₒ 2  1 +   A  (   2  π 2 𝜃  h ₚ k ) 2


  c  ( h )


    2  π 4   𝜃 4  h  ₚ 3   c ₒ 2  (    (  cosh ⁡   ( 2   2  π 2 𝜃  h ₚ k ) + 2 )   sinh 4  (   2  π 2 𝜃  h ₚ k ) −  3     (   2  π 2 𝜃  h ₚ k ) 4 )


   2  15   A 2    π 4   𝜃 4  h  ₚ 3   c ₒ 2    (  1  A − 3    (   2  π 2 𝜃  h ₚ h ) 2 )     (  1  A +    (   2  π 2 𝜃  h ₚ h ) 2 ) 3


 


  


  2     h ₚ 𝜈 3    c ₒ 2  1   e    h ₚ 𝜈  𝜃 − 1


    π 𝜃  15   A  3 / 2   c ₒ 2  exp ⁡   ( −     h ₚ   A π 𝜃 𝜈 )   𝜈 2


  𝜆 ,     s  𝜆  ( 𝜆 )


    2 h ₚ   c ₒ 2   (    e    h ₚ c ₒ  𝜆 𝜃 ⁡  − 1 )   𝜆 5


    π c ₒ 𝜃  15   A  3 / 2  exp ⁡   ( −   h ₚ c ₒ   A π 𝜃 𝜆 )  1    𝜆 4  


      𝛷 ` C ( k )


  𝜏 = 1


   (   20 π 𝜃  h ₚ ) t


  𝛾 ( 1 ) = 1


    B  𝜈  ( 𝜈 , 𝜃 )


  𝜈


    ∫ 0 ∞    B  𝜈  ( 𝜈 , 𝜃 ) d 𝜈 = 𝛾  ( 0 ) =  2 15    π 4   𝜃 4  h  ₚ 3   c ₒ 2


    M  𝜈  ( 𝜈 , 𝜃 )


    I 0


    𝜎 SB


  𝜖 < 1


    I 0 = 𝜖     𝜎 SB   T 4  


  r


  x


  z


  I ( 1 − 𝛼 ) ,  


  I  


  𝛼


  d A


  𝜑


  𝜆


  d A


  y z


  d   A P


  d A =   r 2  cos ⁡  𝜑 d 𝜆   d 𝜑 ,     d   A P =  cos ⁡  𝜑  cos ⁡  𝜆 d A =   r 2    cos 2 ⁡  𝜑  cos ⁡  𝜆 d 𝜆   d 𝜑


  d A


  d   A P


  d   A P


  d A


   cos ⁡  𝜑  cos ⁡  𝜆


  π   r 2


  4 π   r 2


  𝛼


  I  ( 1 − 𝛼 ) π   r 2


  4 π   r 2


    T eff =    (   I  ( 1 − 𝛼 )  4 𝜖     𝜎 SB )   1 4 =     T 0   2 = 0 . 707     T 0 ,       T 0   =  (   I ( 1 − 𝛼 )  𝜖     𝜎 SB )   1 4


    T eff


    T 0


  I  ( 1 − 𝛼 )


    T eff


  d A


  d   A P = I  ( 1 − 𝛼 )  cos ⁡  𝜑  cos ⁡  𝜆 d A


  𝜖   𝜎 SB T    ( 𝜑 , 𝜆 ) 4 d A


  T  ( 𝜑 , 𝜆 ) =    (   I  ( 1 − 𝛼 )  4 𝜖   𝜎 SB )   1 4


      T ¯ D =       ∫  −  π 2   π 2    ∫  −  π 2   π 2     (   I  ( 1 − 𝛼 )  𝜖     𝜎 SB )   1 4 ⁡     (  cos ⁡  𝜑  cos ⁡  𝜆 )  1 / 4   r 2  cos ⁡  𝜑 d 𝜆   d 𝜑    ∫  −  π 2   π 2    ∫  −  π 2   π 2    r 2  cos ⁡  𝜑 d 𝜆   d 𝜑 =     T 0   ( 8 π / 5 )  2 π =   4   T 0 5


    T ¯ =       T ¯ d + 0 2 =   2   T 0 5   = 0 . 4   T 0


    T eff


    T eff


  𝒛


  𝜑


  𝜆  


  ( 𝜑 , 𝜑 + d 𝜑 )


  I  ( 1 − 𝛼 )   ∫   π 2   π 2    r 2    cos 2 ⁡  𝜑  cos ⁡  𝜆 d 𝜆   d 𝜑 = 2 I  ( 1 − 𝛼 )   r 2    cos 2 ⁡  𝜑 d 𝜑


    ∫ π π    r 2  cos ⁡  𝜑 d 𝜆   d 𝜑 = 2 π     r 2  cos ⁡  𝜑   d 𝜑


  I  ( 1 − 𝛼 )    cos ⁡  𝜑 π


  𝜑


  T  ( 𝜑 ) =    (   I  ( 1 − 𝛼 )  π   𝜖     𝜎 SB  cos ⁡  𝜑 )   1 4


    T ¯ =     ∫  −  π 2   π 2  T ( 𝜑 )     r 2  cos ⁡  𝜑   d 𝜑    ∫  −   𝜋 2    𝜋 2      r 2  cos ⁡  𝜑   d 𝜑 =     ∫  −  π 2   π 2     (   I  ( 1 − 𝛼 )  π   𝜖     𝜎 SB  cos ⁡  𝜑 )   1 4  cos ⁡  𝜑   d 𝜑    ∫  −   𝜋 2    𝜋 2  cos   𝜑   d 𝜑 =       T 0   π  1 / 4    π  Γ ⁡   (  1 8 )  5 Γ (  5 8 ) 2


    T ¯ =     𝜋  1 / 4   𝛤 ⁡   (  1 8 )  10   𝛤 ⁡   (  5 8 )   T 0 = 0 . 699   T 0


    T eff


  x


  y


  𝒛


  𝜑


    T D ( 𝜑 )


    T N ( 𝜑 )


  T  ( 𝜑 )


    T D ( 𝜑 ) =   a D T ( 𝜑 ) ,       T N ( 𝜑 ) =   a N T ( 𝜑 )


         (   a D T ( 𝜑 ) ) 4 +  (   a N T  ( 𝜑 ) ) 4 2 =   T ( 𝜑 ) 4 ⇔   a D 4 +   a N 4 = 2


    a D


    a N


  𝜑


    T DN ( 𝜑 ) =     a D +   a N 2 T ( 𝜑 ) =   a AD T ( 𝜑 ) ,         T ¯ DN =     a D +   a N 2   T ¯ =   a AD   T ¯


    a AD =     a D +   a N 2 =      ( 2 −   a N 4 )  1 / 4 +   a N 2 =   a N      ( 2 /   a N 4 − 1 )  1 / 4 + 1 2


      T ¯ DN


    T ¯


    e AD ≔ 1 −   a AD = 1 −   a N      ( 2 /   a N 4 − 1 )  1 / 4 + 1 2


    e AD =  3 2    ( 1 −   a N ) 2 + O    ( 1 −   a N ) 3


    a N


   (  3 2 ) ×   0 . 05 2 =


    a AD


    a N


    a N = 0 ,


    a D =  2  1 / 4 ,   a AD =  2  − 3 / 4 = 0 . 595 .


      T ¯ DN = 0 . 595 × 0 . 699   T 0 = 0 . 416


  𝒙


  x


  z


    𝛿 0


  z


  𝛿


    − 𝛿 0   and     𝛿 0


  𝜔


  𝜔 t = 0


  𝜔 t = −   𝜔  s


  𝜔 t =   𝜔  s


  t


  𝜑


  I  ( 𝜑 , 𝛿 , t ) = I  ( 1 − 𝛼 )  (  sin ⁡  𝜑  sin ⁡  𝛿 +  cos ⁡  𝜔 t  cos ⁡  𝜑  cos ⁡  𝛿 )


  I  ( 𝜑 , 𝛿 , t ) = 0


    𝜔  s =  cos  − 1 ( − tan ⁡ ( 𝛿 ) tan ⁡ ( 𝜑 ) )


  𝜑 | ≤ π / 2 + 𝛿 .   For   𝜑 < − ( π / 2 + 𝛿 )   and   𝛿 < 0


  𝜑 > π / 2 + 𝛿   and   𝛿 < 0


  𝛿 > 0


  − π / 2 − 𝛿 ≤ 𝜑 ≤ π / 2 + 𝛿


  𝜑


  I  ( 1 − 𝛼 )  ( 2   𝜔  s  sin ⁡  𝜑  sin ⁡  𝛿 + 2  sin ⁡    𝜔  s  cos ⁡  𝜑  cos ⁡  𝛿 )


  I  ( 1 − 𝛼 )     𝜔  s π  (  sin ⁡  𝜑  sin ⁡  𝛿 +  sinc ⁡    𝜔  s  cos ⁡  𝜑  cos ⁡  𝛿 ) = I  ( 1 − 𝛼 )     B 1  ( 𝜑 , 𝛿 ) π


    B 1  ( 𝜑 , 𝛿 ) ≔   𝜔  s  (  sin ⁡  𝜑  sin ⁡  𝛿 +  sinc ⁡    𝜔  s  cos ⁡  𝜑  cos ⁡  𝛿 )


  𝜑


  T  ( 𝜑 ) =    (   I  ( 1 − 𝛼 )   B 1  ( 𝜑 , 𝛿 )  π   𝜖     𝜎 SB )   1 4


  𝛿 = 0 ,       𝜔  s = π / 2 ,  sinc ⁡    𝜔  s =  2 π ,   𝜔  s  sinc ⁡    𝜔  s = 1


  𝜑 ≤ − π / 2 − 𝛿 ,   𝛿 < 0


  𝜑


  I  ( 1 − 𝛼 ) 2 π  sin ⁡  𝜑  sin ⁡  𝛿


  I  ( 1 − 𝛼 )     B 2  ( 𝜑 , 𝛿 ) π


    B 2  ( 𝜑 , 𝛿 ) ≔ π  sin ⁡  𝜑  sin ⁡  𝛿


  𝜑
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      T ¯ 0 = 0 . 699   T 0


    𝛿 0 =


  𝛿 =   − 𝛿 0
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    𝜖 A = a + b      e A / hPa


  a   and   b


  a   and   b


    𝜖 A = 0 . 44 + 0 . 08    e A / hPa


      L N  𝜎   T A 4 = 0 . 56 − 0 . 08    e A / hPa
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    ∂ T  ∂ t = 0 ,       d Q  d z = −   d R  d z


    T S   and     T TP


    T IT


    T S   and     T TP


      d R S  d z   and       d R TP  d z
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    L S −   L TOA


    L TOA


    L S −   L TOA
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    F  i
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    𝛿   F 2    F 2


    F 2


  a


    F 1


     (   δ L  L ) 2 =   L    F 2 # a
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    F 1 = 1 ,   F 2 = 1


  L  (   F 1 ,   F 2 ) =   F 1    a 1   F 2    a 2 ,       L    F 1 #    L    F 2 # =   a 1 /   a 2 ,     a 1 = 2 ,     a 2 = 1


    F 1 = 1 ,   F 2 = 0 . 1


    F 1 = 1 ,   F 2 = 1
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